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Fourier transform and the Sobolev space H!(R).

THE FOURIER TRANSFORM FOR COMPLEX-VALUED FUNCTIONS IN R

For every function ¢ € C°(R;C), we define its Fourier transform @ : R — C as

Fie) =20 = —= [ el do.

We recall the following properties of the Fourier transform F:

Proposition 1. For every ¢ € C°(R,C), we have that
F (@) (&) = i€P().
Proposition 2. For every ¢ € C°(R,C), we have that
18172 = lell7e.

Proposition 3. The Fourier transform

F:CX(R,C) — L*(R,C),
extends to a bounded linear functional

F: L*(R,C) — L*(R,C),

such that

/u(az)v(x) dazz/ﬂ(f)i;\(f)df for all u,v € L*(R;C),
R R

and, in particular,

| F(u)|22 = |[ul32  for all u € L*(R;C).

Moreover, F is tnvertible and its inverse is given by

—1 x :L eifz
FW)(a) \/%/R (E) dt.

FOURIER TRANSFORM AND (REAL-VALUED) SOBOLEV FUNCTIONS

Theorem 4. Given a function u € L*(R), the following are equivalent:
(1) ue H'(R);
(2) [¢llal(€) € LE(R).

Moreover, for the weak derivative u' € L?*(R) we have the identity

o~

u/(§) = igu(§).



Proof. We first prove that (1) implies (2).
Let ¢, € C2°(R) be a sequence that converges strongly in H!(R) to u. First, we notice that the strong
L? convergence of the functions and their derivatives implies that

On = U and On — U,

—

o, —u  and @, >,

strongly in L?. Moreover, since

195 — @inllzz = [|lE1(@n(€) = Zml(€)) || 2

we get that the sequence £, () is a Cauchy sequence in L?(R;C). Let v € L?(R;C) be the strong L?
limit of i€p,(£). Since the L? convergence implies the pointwise convergence along subsequences we
obtain the following pointwise limits

u@) = lim @,(§) and  w(§) = lim i£pn(E).

n—-+00 n—-+o00

Thus,
v(§) = i&u(§),

and so we get

~

i€0(§) = lim i€Ga(€) = lim (€)= u'(&).

n—-+o0o

We will next show that (2) implies (1). Thanks to the fact that the Fourier transform is an isometry,
we can find a function v € L?(R; C) such that

(&) = i€u(§).

We will prove that v is the weak derivative of u. Consider a function ¢ € C°(R). Then,

[ u@e @~ [ oz

R

U
'

We now notice that v(z) is a real valued function. Indeed, if we write v = vy + vy for two real-valued
v19 € L*(R) we get that for all real-valued ¢ € C°(R), we have:

/Ru(x)gp’(x)dm:/Rv(x)go(x) dx
:—/va(:c)go(ac) da:—i/vg(:v)go(:v) dz,

R

which implies that
/ va(z)p(x) dx = 0.
R

Since, ¢ is arbitrary, we get that vo = 0. This concludes the proof. O



