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Exercices

Exercice 1. Let u € WYP((a,b)) with p € [1,+00] and (a,b) C R. Let c € R.
Prove that the function v(z) := u(z — ¢) is in WiP((a + ¢, b+ c)).

Exercice 2. Let u € WYP((a,b)) with p € [1, +o0].
Suppose that n € C*(a,b) N C([a,b]) and suppose that ' is bounded on (a,b).
b

(1) Prove that un € WP ((a,b));

(2) Prove that if n(a) = n(b) =0, then
b b
/ u(x)n (z) dz = —/ u'(z)n(z) dx.

(3) Prove that if n(a) = n(b) = 0, then the function un, extended as zero outside (a,b), is in WHP(R).

Exercice 3. Let u € W'P((a,b)) with p € [1,+00]. Suppose that u(a) = u(b) = 0.
Prove that the function

ii(z) = {u(w) if x € (a,b),
0 if z¢(ab),

is in WHP(R).

Exercice 4. Consider the interval (a,b) C R and a function u € WP ((a,b)).
Using the second point of FExercice [2, prove that the function

() = { u(x) if x € (a,b),
u(2b—x) if x¢ (b,2b—a),

is in WHP((a,2b — a)).
Exercice 5. Let u € WP ((a,b)) with p € [1,+0c]. Suppose that for every ¢ € C°(R) (so the support

of ¢ is not necessarily contained in (a,b)) we have

/abu(x)gol(x) do = — /ab o (@) () da.

Prove that the function
ﬂ(fL’) _ U((L‘) Zf LS (CL, b)7
0 if z¢(ab),
is in W1P(R).

Exercice 6. Let u € W'P((—o0,a)) and u € W'P((a, +00)) with a € R and p € [1,+oo]. Prove that
the following are equivalent:

(1) u(a) =v(a);
(2) the function

is in WHP(R).



