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An example of a Banach space which is not a dual space

Proposition 1. The space L'((0,1)) is not the dual space of any Banach space.

Proof. Suppose that B is a Banach space such that its dual B’ is precisely L'((0,1)). Let E’l be the
unit ball in B’ B
B&Z{TEB, : HT”B/Sl}

Given a set
EC B,
we will say that F is extremal if it has the following property:

1) { if S,T € By and if there is t € (0,1) such that (1 —t)S +tT € E,

then S € Eand T € E.
Consider the family ¥ of all sets E C E/l such that:

e F is extremal;
e F is closed with respect to the weak-x topology o (B, B);
e F is non-empty.
Consider the following order relation on :
E1 < Ey if Ey C Ej.
Step 1. FEuxistence of maximal elements. Let I' be a totally ordered subset of 3. Then, the intersection

M E

FEel
is in ¥. Indeed:

e since the sets E € I' are closed also their intersection is closed in the weak-* topology;

e suppose that S,T € E/l and that there is ¢ € (0,1) such that
(1-t)S+tT e ) E.
Eel
Since every E € I has the property , we have that S,T € F for all E € I'. Then,
S, Te()E.

Eel

e Finally, we notlce that since all the sets E € T are non-empty and closed in the weak-* topology,
and since Bl is compact in the weak-* topology, the intersection ()gcp £ is non-empty.

By the Zorn’s lemma, there is a set E € ¥ which is maximal with respect to the order relation <.
Step 2. The set E has only one element. Suppose by contradiction that there are
S, T € E suchthat S#T.
Then, there is an element
x € B such that S(z) # T'(x).

Consider the set B N
E = {T €EFE : T(x)= supT(x)}.
TEE

E’ has the following properties:



o I is non-empty.
Let T}, € E be a maximizing sequence:

lim T,(x) = sup(x).
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Since B’ = L'(0, 1) is separable, we have that B is separable, so that the unit ball E’l _is compact
with respect to the weak-* convergence. Then, there is a subsequence T},, and T, € E such that

Ty, —* Too.

Then,

Too(z) = lim T, (z) = sup7(z).
ko0 TEE

o ' is closed with respect to the weak-x topology.
Indeed, set
A :=sup 7(x).
TeE

Then, the set {S € B’ : S(z) = A} is closed with respect to the weak-* topology. Then,
E'=En{SeB : S(x)=\}
is also closed in the weak-* topology.

o £ is extremal in the sense of .
Suppose that 17,71 € E’l and that there exists ¢ € (0, 1) such that

(1—t)Ty +tTy € E.
Since E' C E , the extramality property of E implies that 17,75 € E. Then, since

sup7(z) = (1 —t)T1(z) + tTa(z) < (1 —t)sup 7(x) + tsup 7(z) = sup 7(z),
TEE TEE TEE TEE

so we have the identities
T (z) =Ty(z) = sup T(z).
TEE

Thus, by definition 17, T, € E’, which proves that E'isin 3.

e E' is a proper subset of E. N
Indeed, since S(x) # T'(z) it is not possible that both S and T are in E’.

Since by assumption E is maximal, this is a contradiction. In conclusion F contains only one element.

Step 3. If a set E C L'(0,1) has only one element, then it cannot be extremal. Suppose that
f € LY(0,1) is the only element of E. We consider two cases:

e If |f||z1 < 1, then we can find a function ¢ € L', ¢ # 0, such that

If+ollpr <1 and [[f = ¢l <1.

Since

1 1
=5+ +5( -9

we get that E is not extremal.



e If || f]|;1 = 1, then we can find a € (0,1) such that

[in=[n=3

fi:=2finf and fo:=2finf.
[0,a] la,1]

and consider the functions

Then,
1 1
f= §f1 + §f2 ;o Al =1, fallp =1

This prove that E is not extremal, which concludes the proof.



