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The weak topology on a Banach space

A GENERAL CONSTRUCTION

Let X be a set and let F be a collection of functions

f:F—=R
We consider all the subsets
ACX
of the form
N
A=) fi " (w),
i=1
where:
e NeN;

o ficF,i=1,...,N,is a collection of maps;

e w; CR,i=1,...,N, is a collection of open sets.
For simplicity, if A C W is as above, we will say that

Ae N(X,F).
Proposition 1. Let now o(X,F) be the collection of all sets A of the form
A=A,
el

where:

e 7 is a finite or infinite set of indices;

o for eachi € I, A; € N(X,F).
Then, o(X,F) is a topology on X.

Remark 2. Every map f € F is continuous with respect to o(X, F). Moreover, if 7 is a topology on
X for which all the maps f € F are continuous, then 7 contains o(X, F). That is,

o(X,F) is the coarsest topology
(said also weakest topology, most economical topology, least fine topology)
on X that makes all the maps f € F continuous.

Proposition 3. Let z, be a sequence in X and let x € X. Then, the following are equivalent:
(1) x, — x in the topology of o(X,F);
(2) f(xn) — f(x), for every f € F.

Exercise 4. Let Z be a topological space and let ¢ : Z — X. Prove that the following are equivalent:
(1) ¢ is continuous with respect to the topology o(X,F);

(2) f(p): Z — R is continuous for every f € F.



THE WEAK TOPOLOGY ON A BANACH SPACE B

Let B be a Banach space and let B’ be its dual.
Definition 5 (Weak topology). The weak topology on B is the topology o(B,B'), which is:
the weakest topology on B that makes all the maps in B’ continuous.
Remark 6 (Strong topology). The strong topology on B is the topology induced by the norm || - ||5.

Remark 7 (Weak topology and weak convergence). Let z, be a sequence in B and let x € B. Then,
the following are equivalent:

(1) xy, — x in the topology of o(B,B');
(2) T(xn) = T(x), for every T € B'.
We will say that x,, converges to x weakly in B and we will write x,, — x.

Proposition 8 (The weak topology is Hausdorff). Let B be a Banach space and let o(B,B') be the weak
topology on B. Then, for every couple of distinct points x,y € B, there are open sets V,W € o(B,B')
such that:

xeV, yeW, VW =0

Proof. The claim follows from the Hahn-Banach’s theorems. We consider three cases.
Case 1. Suppose that one between x and y is zero, say © = 0 and y # 0. By Hahn-Banach, there is
T € B’ such that:

T(0)=1 and T(y)=1>0.

1 1

Case 2. Suppose that z # 0 and y = tz for some ¢t > 1. By Hahn-Banach, there is T' € B’ such that:

Then,

T(x)=1 and T(y)=t>0.

144 1+t
xE{T<—2i_} and yE{T>;}.

Then,

Case 3. Suppose that y ¢ {tx s te ]R}. By Hahn-Banach, there is T' € B’ such that:

T(x)=0 and T(y) =1

1 1
me{T<2} and xE{T>2}.

Proposition 9 (Boundedness and semicontinuity of the norm). Let z, be a sequence in B and let
x € B. If x,, = x, then the sequence of norms ||xy||B is bounded and

Then,

O]

< limi .
Jells < liminf [lz,]ls



Proof. The sequence of norms is bounded thanks to Banach-Steinhaus. In order to prove the lower-
semicontinuity of the norms, we consider an operator

TeB, T@=lls, Tz =1
which exists thanks to Hahn-Banach. Now, take a subsequence x,, such that
tm inf |7, 15 = linn inf 1 15,
and compute

I . L |
lalls = T(x) = lim T(an,) < lim [T, s = lminf o5

O

Proposition 10. Let z, be a sequence in B and let x € B. Let T, be a sequence in B’ and let T € B'.
If

Ty — T and T, — T,
then
T(x)= lim T,(x,).

n—-+4o0o

Proof. We write

Tn(2n) = T(2)| = |Ta(wn) — T(xn)| + [T(2n) — T(2)|
<|[Tn =Tl l|lznlls + T (2n) = T(2)].

By the strong convergence of T), to T', we have ||T,, — T||g — 0, while the weak convergence of x,, gives
that ||z, is bounded. Thus,
|Tn — Tl [|@nlls — 0.

On the other hand, the weak convergence of x, gives
|T(zp) — T(z)] = 0,

which concludes the proof. O

COMPARISON OF THE WEAK AND THE STRONG TOPOLOGIES ON B

Proposition 11. Suppose that B is a finite dimensional Banach space, that is, B =RY.
Then, the weak and the strong topologies on B are equivalent.

Proposition 12. Suppose that B is an infinite dimensional Banach space.
Let S1 be the unit sphere

Si = {af eB : |z|p= 1}.

Then, the closure of Sy with respect to the weak topology o(B,B') is the closed unit ball
By = {x eB : |z|s < 1}.

Proof. Let zg € By. It is sufficient to prove that any neighborhood V € N(B,B’) defined as

N
V= ﬂ T (—ei + Ti(wo), Ti(wo) + &4)),
=1

contains a point on the sphere. Notice that since B is finite dimensional the map

L:B—RY, L(z) = (Ty(z),..., Tn(z)),



cannot be injective. Then, there is y € B, y # 0, such that
Ti(y) = =Tn(y) =0.
But then, there is ¢ € R such that

|z + ty|| =1 and xo+ty V.

Corollary 13. Suppose that B is an infinite dimensional Banach space.
Then, the unit ball

By = {x €B : ||zl < 1},

is not an open set with respect to the weak topology o(B,B'). In particular, the weak and the strong
topologies on B are not the same.

Proof. 1t is sufficient to notice that the set {:z: eB : |z|lp > 1} is closed with respect to the strong
topology, but its closure with respect to (B, B') is th whole space B. O

THE WEAK TOPOLOGY ON B IS NOT INDUCED BY A METRIC

Lemma 14. Let V be a vector space and let
T,:V—-R, i=1,...,N,
be linear maps. Suppose that T : V — R is a linear map with satisfying the following property:
if v €V is such that T;(v) =0 for everyi=1,...,N, then T'(v) = 0.
Then, T is a linear combination of T;.

Proof. Consider the linear map
L:V RV L) = (T(v),Tl(v), . ,TN(U)).

Then, L(V) is a linear subspace of R¥*! and e; = (1,0,...,0) ¢ L(V). Then, there is a linear functional

N
RV SR, £(n) = A+ ) Njwg
j=1

such that
€(er1) =1 and &=0on L(V).

Since £(T'(v)) = 0 we have
N

0=AT(v) + > NT;(v).

=1

On the other hand, by construction we have A # 0, so

N
1
T(v) = Y ZAﬂ}-(v) for every v e V.
j=1



Lemma 15. Let B be a Banach space. If B' is finite dimensional, then also B is finite dimensional.

Proof. Suppose that Ty, k =1,..., N is a basis of B’. Consider the map
L:B=RY, L(v)= (Tl(v), .. ,TN(U)).

First we notice that by the Hahn-Banach’s theorem the kernel of L contains only the origin. Then L is
injective. ]

Lemma 16. Let B be a Banach space. Suppose that there is a countable family of vectors v, that spans
B. Then, B is finite dimensional.

Proof. Follows from the Baire’s lemma. O

Theorem 17. Let B be an infinite dimensional Banach space. Then, the weak topology o(B,B') is
NOT induced by a norm or a metric on B.

Proof. Suppose by contradiction that there is a distance § on B. Let now T € B’. Then, the set
W={xeB : |T(z)| <1}

is an open neighborhood of 0. Since T is continuous, there is a metric ball
B ={zeV : §0) <r}.

Since o (B, B') is induced by 4§, there is a neighborhood V € N'(B,B’) defined as

V=T (== + Tilwo), Ti(wo) + &),

Then, for all t € R,
Ti(ty) = ... Tn(ty) = 0.

Thus ty € V for every t > 0. By construction
tye{zxeB : |T(x)] <1}
for every t € R. But then T'(y) = 0. By the previous lemma, T is of the form:
T=oa1T1 +asTy+---+anTh.

This means that B’ is generated by a countable family of operators T, k € N. But then, B’ has to be
finite dimensional. But then also B has to be finite dimensional. O

THE WEAK TOPOLOGY ON THE UNIT BALL OF B CAN BE INDUCED BY A METRIC

Proposition 18. Let B be a Banach space with separable dual B'. Then, the weak topology o(B,B’)
on the unit ball

B = {x eB : ||z|ls < 1},

is metrizable.



Proof. Consider a countable dense subset (7},)n,>1 of B and set

~ 1
T, =—T1mT,€chB.
Tl "
Define
+o0 1 ~
5(,y) = 3 5ol Tl = ).
n=1

Step 1. 0 is a metric on B. Indeed, it is immediate to check that since
To(@ = 2)| < |Tulx — )| + |Tuly — 2)],
the triangular inequality
6(z,2) < 0(z,y) +6(y, 2),
holds for all z,y, z € B. Moreover, if 6(x,y) = 0, then

T.(x—y)=0 forall n>1.
Suppose now that x — y # 0. By the Hahn-Banach’s theorem, there is T' € B such that
T(x—y) =llz—ylls and [T[p =1.

But, the density of (T,),>1 implies that there is a subsequence (7, )r>1 such that

Ty, — T strongly in B,
which also implies that _

T, — T strongly in B’
Then, B
and so, for large enough k, T, n, (@ —y) # 0, which is a contradiction.

Step 2. The topology of ¢ is equivalent to o(B,B’). Suppose that z, is a sequence in B
converging weakly to some z € By. Then:

o |Th(zp —x)| <2foralln>1andall k> I;
o for all fixed n > 1, |T,,(x — )] — 0 as k — +oo.

As a consequence
lim d(xg,x) =0.
LR
Conversely, suppose that
lim §(xg,z) =0.

k——+o0

Then, for every fixed n > 1 we have

lim |7, (zx —2)| =0,

k—+oo
so also
kll}t—il-loo |1 (x —x)| = 0.
Since the sequence (xj — x) is bounded in B, we have that zj; — x. ]



