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(Bi-)skew braces

Definition ([Rump, 2007], [Guarnieri and Vendramin, 2017])
A skew brace is a triple (G , ·, ◦), where (G , ·) and (G , ◦) are groups
and for all g , h, k ∈ G ,

g ◦ (h · k) = (g ◦ h) · g−1 · (g ◦ k).

(Here −1 denotes the inverse with respect to ·.)

Definition ([Childs, 2019])
A bi-skew brace is a triple (G , ·, ◦), where both (G , ·, ◦) and
(G , ◦, ·) are skew braces.
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Brace blocks

Definition ([Koch, 2021b], [Caranti and LS, 2021a])
Let G be a nonempty set. A brace block on G is a family
(◦i | i ∈ I ) of group operations on G , where I is an index set, such
that (G , ◦i , ◦j) is a (bi-)skew brace for all i , j ∈ I .

Main goal: find an explicit way to construct brace blocks.
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The main construction
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Koch’s first construction

In [Koch, 2021a], the following construction was introduced.

Let (G , ·) be a finite group, and let ψ be an abelian endomorphism
of G (meaning that the image ψ(G ) is abelian).
Then (G , ·, ◦) is a bi-skew brace, where

g ◦ h = g · ψ(g)−1 · h · ψ(g).
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Koch’s second construction

In [Koch, 2021b], Koch observed that if ψ is an abelian
endomorphism of G yielding the bi-skew brace (G , ·, ◦), where

g ◦ h = g · ψ(g)−1 · h · ψ(g),

then ψ is also an abelian endomorphism of (G , ◦).
Iterating his first construction, he found a brace block (◦n | n ∈ N)
on G , with ◦0 = · and ◦1 = ◦.
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A first generalisation

Let (G , ·) be a group.
In [Caranti and LS, 2021b], we characterised the endomorphisms ψ
of G such that (G , ·, ◦) is a bi-skew brace, where

g ◦ h = g · ψ(g)ε · h · ψ(g)−ε.

(Here ε = ±1.)
For example, the result holds if ψ([G ,G ]) ≤ Z (G ).
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The key observation

We can generalise Koch’s second construction assuming that ψ
satisfies the weaker condition ψ([G ,G ]) ≤ Z (G ).

But we do not have to use that ψ is an endomorphism!
As it appears always inside a conjugation, what is really important
is that ψ is an “endomorphism modulo the center”, that is,

ψ(g · h) ≡ ψ(g) · ψ(h) (mod Z (G )).
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The setting

Let (G , ·) be a group, let K be a subgroup of G contained in Z (G ),
and let A be a subgroup of G such that A/K is abelian.
Consider the ring

A = {ψ ∈ End(G/K ) | ψ(G/K ) ≤ A/K}.

For all ψ ∈ A, define ψ↑ to be a lifting of ψ, that is, a set-theoretic
map ψ↑ : G → A such that

ψ↑(g)K = ψ(gK ).

Finally, on the model of [Caranti, 2018], consider the set

B = {α : G × G → K | α is bilinear and α(K ,G ) = α(G ,K ) = 1}.
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The main theorem

Recall: K ≤ Z (G ), A/K abelian,

A = {ψ ∈ End(G/K ) | ψ(G/K ) ≤ A/K},
B = {α : G × G → K | α is bilinear and α(K ,G ) = α(G ,K ) = 1}.

For all (ψ,α) ∈ A× B, define

g ◦ψ,α h = g · ψ↑(g) · h · (ψ↑(g))−1 · α(g , h).

Then (G , ·, ◦ψ,α) is a bi-skew brace.

Theorem ([Caranti and LS, 2021a])
The family (◦ψ,α | (ψ,α) ∈ A× B) is a brace block on G .
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The construction can be iterated!

Assume the previous setting, and set ◦0 to be ·.

Theorem ([Caranti and LS, 2021a])
Let ((ψn,αn) | n ≥ 1) be a sequence of elements of A× B, and for
all n ≥ 1 define

g ◦n h = g ◦n−1 ψ
↑
n(g) ◦n−1 h ◦n−1 ψ

↑
n(g) ◦n−1 αn(g , h).

(Here an overline denotes the inverse with respect to ◦n−1.)
Then for all n ≥ 1, there exists (qn,βn) ∈ A× B such that

g ◦n h = g · q↑n(g) · h · (q↑n(g))−1 · βn(g , h).

In particular, (◦n | n ∈ N) is a brace block on G .
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Examples and applications
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Koch’s first construction revisited

We can recover Koch’s constructions in the following way.
Let (G , ·) be a group, let ϕ be an abelian endomorphism of G , let
K = 1, and let A be an abelian subgroup of G with ϕ(G ) ≤ A.
Consider

ψ = −ϕ ∈ A = {φ ∈ End(G ) | φ(G ) ≤ A}.

Then (G , ·, ◦ψ) is a bi-skew brace, where

g ◦ψ h = g · ψ(g) · h · ψ(g)−1 = g · ϕ(g)−1 · h · ϕ(g).
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Koch’s second construction revisited

We can iterate the construction with (ψn | n ≥ 1), taking

ψn = ψ = −ϕ

for all n ∈ N, to find that (◦n | n ∈ N) is a brace block on G , where

g ◦n h = g · qn(g) · h · qn(g)−1.

Here

qn =
n!

i=1

"
n

i

#
ψi =

n!

i=1

"
n

i

#
(−ϕ)i .

16 / 27



Groups of class two

Let (G , ·) be a group of nilpotence class two, let K = [G ,G ], and
let A = G . In this case A = End(G/K ).
For all n ∈ N and g ∈ G , write

ψn(gK ) = (gK )n.

Then ψn ∈ A and
ψ↑
n : g → gn

is a lifting of ψn.

We derive that (◦ψn | n ∈ N) is a brace block on G , where

g ◦ψn h = g · gn · h · g−n = g · h · [g , h]n.
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A pleasant example

Let p be a prime number, and let G = {(a, b, c) | a, b, c ∈ Zp} be
the p-adic Heisenberg group, with group operation

(a, b, c) · (a′, b′, c ′) = (a+ a′, b + b′, c + c ′ + ab′).

Then G is a topological group of class two, so (◦ψpn
| n ∈ N) is a

brace block for G , where for all g = (a, b, c), h = (a′, b′, c ′) ∈ G ,

g ◦ψpn
h = g · h · [g , h]pn = g · h · (0, 0, pn(ab′ − a′b)).

In particular, the following facts hold:
• The brace block consists of infinitely many distinct operations.
• The skew braces of the kind (G , ·, ◦ψpn

) are not isomorphic.
• The operations ◦ψpn

converge to the original operation:

lim
n→∞

g ◦ψpn
h = g · h.
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The Yang–Baxter equation

Definition ([Drinfel’d, 1992])
A (set-theoretic nondegenerate) solution of the Yang–Baxter
equation is a couple (X , r), where X is a nonempty set and

r : X × X → X × X

(x , y) )→ (σx(y), τy (x))

is a bijective map such that

(r × idX )(idX ×r)(r × idX ) = (idX ×r)(r × idX )(idX ×r)

and σx and τx are bijective for all x ∈ X .

19 / 27



Bi-skew braces and solutions

By the work in [Rump, 2007], [Guarnieri and Vendramin, 2017],
every skew brace yields a solution of the Yang–Baxter equation:

(G , ·, ◦) ⇝ r(g , h) = (g−1 · (g ◦ h), g−1 · (g ◦ h) ◦ g ◦ h).

(Here −1 denotes the inverse with respect to · and an overline
denotes the inverse with respect to ◦.)
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Yang–Baxter in our setting

Let (G , ·) be a group, and assume our main setting.

Theorem ([Caranti and LS, 2021a])
Let (ψ,α), (ϕ,β) ∈ A× B. Then the following is a solution for G :

r(g , h) = ((ψ − ϕ)↑(g) · h · ((ψ − ϕ)↑(g))−1 · β(g−1, h) · α(g , h),
(ψ↑(h))−1 · (ψ − ϕ)↑(g) · h−1 · ((ψ − ϕ)↑(g))−1

· g · ψ↑(g) · h · (ψ↑(g))−1 · ψ↑(h) · β(g , h) · α(h−1, g)).
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Regular subgroups

Let (G , 1) be a pointed set, and let Perm(G ) be the group of
permutations on G .

Definition
A subgroup N of Perm(G ) is regular if the map

N → G

η )→ η[1]

is a bijection.
We can write N = {ν(g) | g ∈ G}, where ν(g)[1] = g .
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Bi-skew braces and regular subgroups

Fact
There is a bijective correspondence between operations ◦ on G
such that (G , ◦) is a group with identity 1 and regular subgroups
N = {ν(g) | g ∈ G} of Perm(G ), given by

g ◦ h = ν(g)[h].

Theorem ([Guarnieri and Vendramin, 2017], [Caranti, 2020])
Let (G , ◦) and (G , ⋄) be groups with identity 1, and let N◦ and N⋄
the corresponding regular subgroups. Then (G , ◦, ⋄) is a bi-skew
brace if and only if N◦ and N⋄ normalise each other.
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Brace blocks and graphs

Definition
The normalising graph of G is the undirected graph whose vertices
are the regular subgroups of Perm(G), and where two vertices are
joined by an edge if and only if the corresponding subgroups
normalise each other.

Fact
Brace blocks on G correspond to complete subgraphs in the
normalising graph of G .
Can we explore this correspondence to find information in both
settings?
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