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A skew brace is a triple (A, -, 0), where (A,-), (A, o) are groups and
ao(b-c)=(aob)-at (aocc).

Here a—! denotes the inverse of a in (4, ).

Skew braces are connected with
® radical rings;
® solutions of the set-theoretic Yang—Baxter equation;
® regular subgroups of holomorphs of groups;

® Hopf—Galois structures.
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A bi-skew brace is a skew brace (A, -, o) such that also (A,o,-) is a
skew brace.

Let (A, o) be a group.
® A trivial skew brace (A, o,0) is a bi-skew brace.

® An almost trivial skew brace (A, ogp, 0), where aog, b= bo a,
is a bi-skew brace.

(Z,+,3) is a bi-skew brace, where a&b = a+ (—1)?b.
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Byott's conjecture



Let (A,-,0) be a finite skew brace. If (A,-) is soluble, then (A, o) is
soluble.

Let (A,-,0) be a bi-skew brace. Then (A, ) is soluble if and only if
(A, o) is soluble.
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Recall that ideals of skew braces are the substructures to consider
in order to define quotient skew braces.

Let (A,-,0) be a bi-skew brace. Then there exists an ideal | of
(A, -, 0) such that

® (/,-,0) is a trivial skew brace;
® (A/l,-,0) is an almost trivial skew brace.
GECEE Agp.)
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Suppose that (A, ) is soluble. Then (/,-) and (A//,-) are soluble.
As (/7 ) = (I7O) and (A/l7 ) = (A/I7 O)' also (/7 O) and (A/I7 O)
are soluble. We conclude that (A, o) is soluble. O

This argument works also for skew braces (A, -,0) admitting series
1=A11 CA,C---C A C A = A where Aj11 is an ideal of A;
with (A,'/A,'+1, ) = (Ai/Ai—i—la O) for all i.

In particular, Byott's conjecture holds for soluble skew braces, so
also for skew braces that are right nilpotent, left nilpotent, strongly,
central nilpotent, metatrivial, y-homomorphic, . ..
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A classification result



Recall that (Z, +,3) is a bi-skew brace, where a&b = a+ (—1)?b.

Let (Z,+,0) be a skew brace. If (Z,+,0) is not trivial, then
(Z,0) = (Z,53).

Determine the skew braces of the form (Z, -, +).

Let (Z,-,+) be a skew brace such that (Z,-) is abelian. Then
(Z,-,+) is trivial.
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We remark that we always have the skew braces (Z, +, +),
(Z,8,+), and (Z, 8op, +).

Let (Z,-,+) be a skew brace. If (Z,-,+) is not trivial, then

(Z,) = (2,8) or (Z,) = (Z,50p)

e If (Z,-) is abelian, then (Z, -, +) is trivial.

® If (Z,-) is not abelian, then we can show that either (Z, -, +)
or (Z,-op, +) is a bi-skew brace.
In particular, either (Z,+,-) or (Z,+, -op) is a skew brace.
We obtain that either (Z,-) = (Z,3) or (Z, op) = (Z,3).

O
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The Yang—Baxter equation



Let (X, r) be a (nondegenerate bijective) solution (of the
set-theoretic Yang—Baxter equation). Write

* r(x,y) = (ox(¥), 7y (x));

L ril(xd/) = (6x()/), %y(x))-
Define the structure group of (X, r) to be

G(X,r)=(X|xoy =o0x(y)ory(x))

then (X, r) is injective if the natural map X — G(X, r) is injective.

For example, this is the case when (X, r) is involutive, that is, when
2 .
r<=id.

We remark that G(X, r) has a natural structure of a skew brace.
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When is G(X,r) a bi-skew brace?

Let (X, r) be a solution.
e [fforall x,y € X,
T6.(y) = 9y>
then G(X,r) is a bi-skew brace.

e |f (X, r) is injective, then also the opposite implication holds.

When (X, r) is involutive, we find solutions studied
in [Jedlicka et al., 2020].
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