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ABSTRACT. This paper provides the first algebraic characterization of an algebra of cohomological
Hecke operators associated with modifications of coherent sheaves on a smooth surface X along a
fixed proper curve Z ⊂ X (possibly singular and reducible), establishing a direct connection with
Yangians. It is based on the theory of equivariant nilpotent cohomological Hall algebras HAT

X,Z ,
developed by the same authors in [DPSSV25a].

More precisely, let X be a resolution of a Kleinian singularity (for example, X := T∗P1) and let Z
be the exceptional divisor. One of the main results of this paper is an explicit isomorphism

HAT
X,Z ≃ Y+

∞(g) ,

where Y+
∞(g) is a completed, nonstandard, positive half of the affine Yangian Y(g) of the correspond-

ing affine ADE Lie algebra g. Under this identification, the natural action of Pic(X) on HAT
X,Z cor-

responds to the action of the extended affine braid group on Y(g). Furthermore, the generators of
HAT

X,Z–given by fundamental classes of substacks of zero-dimensional sheaves and of pushforwards
of line bundles on Z–are expressed explicitly in terms of Yangian generators.

Our main tools, which may be of independent interest, are
(i) A ‘continuity’ theorem describing the behavior of cohomological Hall algebras of objects in the

heart of t-structures τn when the sequence (τn)n converges, in an appropriate sense, to a fixed
t-structure τ∞.

(ii) The definition of a multi-parameter Yangian YQ for an arbitrary quiver Q, given by generators
and relations.

(iii) A theorem relating the algebraic action of the braid group BQ on the Yangian YQ to the action
of BQ on the equivariant 2-dimensional cohomological Hall algebra HAT

Q of Q, where the
latter can be described in terms of derived reflection functors of the bounded derived category
of modules over the preprojective algebra of Q.
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INTRODUCTION

Let X be a smooth quasiprojective variety. A punctual modification of a coherent sheaf E on X is
a subsheaf F ⊂ E for which E/F is zero-dimensional. Hecke operators associated with punctual
modifications have traditionally played a central role in studying of moduli stacks or moduli
spaces of (semi)stable vector bundles on smooth projective curves. There are several instances in
which one can consider algebras of such Hecke operators. The oldest and most studied context
involves functions on the moduli stack of vector bundles on a smooth projective curve defined
over a finite field, as in the function field version of the original Langlands program, and their
constructible sheaf analogs, as in the geometric Langlands program. In these cases, the resulting
algebra is fully understood: it decomposes as a product of spherical affine Hecke algebras, which
are commutative polynomial algebras.

The study of cohomological Hecke operators associated with punctual modifications of torsion-
free sheaves on smooth surfaces has played a central role in geometric representation theory
and algebraic geometry. This line of research originates in the pioneering works of Nakajima
[Nak97, Nak99] and Grojnowski [Gro96] in the 1990s, which investigated the cohomology of
Hilbert schemes of points on surfaces. The structure of the resulting algebra of operators has
been intensively studied by many authors over the last three decades, culminating in a complete
understanding in [MMSV23]. We will revisit the cornerstones of this theory below.

The goal of this paper, together with its companions [DPSSV25a, DPSSV25b] is to go beyond the
punctual case, developing a framework to study modifications along curves and providing the
first systematic structural results in this case. More precisely, let X be a smooth quasiprojective
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complex surface; a curve modification of a coherent sheaf E on X is a subsheaf F ⊂ E with E/F
set-theoretically supported on a proper (possibly singular and reducible) curve. In the context of
this work, we fix once and for all the curve Z along which modifications happen. A prototypical
example arises when X := Tot(L) is the total space of a line bundle L over a smooth projective
curve C, with modifications along the zero section Z := C.

We begin by briefly reviewing the known results concerning Hecke operators associated with
punctual modifications and the motivations related to those of curve modifications, before pre-
senting our main results.

Punctual modifications of coherent sheaves on smooth surfaces. Let X be a smooth quasipro-
jective complex surface. The first occurrence of cohomological Hecke operators associated with
punctual modifications on surfaces can be traced back to the foundational works of Nakajima
[Nak97, Nak99] and Grojnowski [Gro96]. Using such operators, they constructed an action of the
Heisenberg-Clifford algebra HeisX , modeled on the cohomology H•(X) of X, on the direct sum
VX of the Borel-Moore homologies of Hilbert schemes Hilbℓ(X) of ℓ points on X. This yields a
canonical isomorphism between VX and the Fock space representation of HeisX , thereby creating
an extremely powerful dictionary between the representation theory of Heisenberg algebras and
the geometry of Hilbert schemes of points on smooth surfaces. This dictionary was later further
enriched by the work of many authors. Notably, Lehn [Leh99] provided a geometric construction
of the action of the Virasoro algebra on VX .

By the work of Baranosky [Bar00] (see also [LS10]), this construction admits natural extensions
to other moduli spaces, such as the instanton moduli space MP2(r), parametrizing rank r framed
torsion-free sheaves on P2 (see [Nak99, Chapter 2]), and the moduli spaces of Gieseker-stable
torsion-free sheaves with fixed rank and first Chern class on a smooth projective complex surface
X, which are higher-rank versions of Hilbℓ(C2) and Hilbℓ(X), respectively.

As noted in [Bar00], higher-rank moduli spaces no longer yield irreducible or cyclic HeisX-
modules. For the instanton moduli space MP2(r), a solution emerged from the Alday-Gaiotto-
Tachikawa correspondence [AGT10], which relates two-dimensional conformal field theories to
supersymmetric gauge theories on R4. This correspondence suggests replacing HeisC2 with the
affine W-algebra W(gl(r)), endowing the equivariant cohomology of MP2(r) with the structure
of a Verma module of W(gl(r)), as proved in [SV13b, MO19, BFN16, RSYZ20, CCDS21]. A key
aspect of [SV13b]’s construction involves the (equivariant) cohomological Hall algebra (COHA) of
zero-dimensional sheaves on C2. This COHA serves as the biggest algebra of cohomogical Hecke
operators associated with punctual modifications which acts on the (equivariant) cohomology of
instanton moduli spaces.

The COHA HA0(X) of zero-dimensional sheaves on a smooth surface X has been introduced
in [Zha21, KV23], generalizing [SV13b] when X = C2, and in [Min20, SS20] when the surface
is the cotangent of a curve. This algebra naturally acts on the homology of moduli spaces of
(semi)stable sheaves via punctual modifications (see, e.g. [KV23, MMSV23]), recovering the ‘pos-
itive half’ of the algebras of cohomological Hecke operators associated with punctual modifica-
tions introduced in [Nak97, Nak99, Gro96, Bar00] and discussed above.

The algebraic structure of HA0(X) has been determined explicitly for A2 in [SV13b, Dav22],
and for an arbitrary cohomologically pure surface X in [MMSV23]1. Concretely, HA0(X) is iso-
morphic to the positive half of the deformed H•(X)-colored W1+∞-algebra defined in [MMSV23] (see
[Neg22b] and references therein for the K-theoretical version). Equivalently, it realizes a H•(X)-
colored version of the Yangian of ĝl1, which is a deformation of the enveloping algebra of the
Lie superalgebra ĝl1[z] ⊗ H•(X). The zero-degree modes subalgebra ĝl1 ⊗ H•(X) recovers the
Heisenberg-Clifford algebra, while degree ≤ 1 modes yield Lehn’s Virasoro algebra.

The explicit algebraic description of HA0(X) has played a crucial role in several important
applications. If X = C2, it was essential for proving the Alday-Gaiotto-Tachikawa conjectures for

1In loc.cit., the cohomological Hall algebra is denoted H0(X).
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pure supersymmetric gauge theories on R4 in [SV13b]. If X is the cotangent bundle of a smooth
projective complex curve, this explicit algebraic description proved fundamental in establishing
the proof of the P = W conjecture in [HMMS22].

Curve modifications of coherent sheaves on smooth surfaces. Similarly to the case of punctual
modifications, interest in Hecke operators associated with curve modifications also dates back to
the 1990s. For example, in their work on a ‘surface analog’ of the geometric Langlands program,
the fifth-named author, together with Ginzburg and Kapranov [GKV95], introduced an algebra
of Hecke operators associated with modifications of coherent sheaves on a smooth surface X
along an ADE configuration of P1’s, acting on the space of functions of certain moduli stacks of
coherent sheaves on X. For an elliptic surface and a special fiber of affine type ADE, this algebra
was extended to a two-parameter version of the quantum toroidal algebra of the same ADE
quiver. Around the same time, motivated by gauge-theoretic considerations, Nakajima [Nak96]
speculated about the existence of an algebra of cohomological Hecke operators associated with
curve modifications. The potential role of such operators in gauge theories on four-manifolds
remains an active area of investigation in theoretical physics, see, e.g., [FG20].

The construction of algebras of cohomological Hecke operators for curve modifications of per-
verse coherent sheaves was initiated in Nakajima’s work on ALE spaces [Nak94], preceding his in-
vestigations of punctual modifications on Hilbert schemes. In this setting, where perverse coher-
ent sheaves correspond to specific quiver representations, the algebras of these Hecke operators
can be explicitly described via two-dimensional cohomological Hall algebras associated with quivers.
These were originally introduced by the fourth and fifth-named authors in [SV12, SV13a, SV13b]
(see also [YZ18a]), with a different terminology. Recently, a complete algebraic characterization
of these COHAs in terms of Maulik-Okounkov Yangians [MO19] was given independently in
[BD23], building on [DM20], and [SV23], extending [SV20, SV17]. Furthermore, the study of
modification of perverse coherent sheaves has been extended to the three-dimensional setting
[RSYZ23, BR23], relating them to Kontsevich-Soibelman’s three-dimensional COHAs [KS11] and
conjecturally to Li-Yamazaki quiver Yangians [LY20]. Finally, quiver varieties have played a piv-
otal role in realizing geometric actions of Lorentzian Kac-Moody algebras (resp. toroidal algebras)
on the homology of moduli spaces of rank one sheaves on K3 surfaces (resp. elliptic surfaces) in
[DeH20, DeH23], making use of the birational geometry of these moduli spaces.

The original approach outlined in [Nak96] uses Hecke modifications associated with para-
bolic bundles. This framework was later formalized in [Nak03, Yos10], yielding actions of Lie
algebras, associated with exceptional objects, on the cohomology of moduli spaces of Gieseker-
stable sheaves on K3 surfaces. This yields the first instance where Hecke operators associated
with curve modifications of coherent sheaves, as opposed to perverse coherent sheaves, are con-
structed. As the preceding examples show, these Lie algebras constitute only a small part of the
full algebra of cohomological Hecke operators one seeks to construct. In this context, the theory
of two-dimensional COHAs offers a promising framework to realize the full algebra of cohomo-
logical Hecke operators associated with curve modifications.

The existing theory of COHAs for coherent sheaves on smooth surfaces [KV23], which gener-
alizes earlier work on both the zero-dimensional case [Zha21] and properly supported coherent
sheaves on cotangent bundles of smooth curves [Min20, SS20], needs to be modified for the ef-
fective study of these Hecke operators, especially for modifications along a fixed curve. This
adaptation is crucial for establishing a direct connection to Yangians, analogous to the estab-
lished correspondence between (possibly nilpotent) quiver COHAs and Maulik-Okounkov Yan-
gians [SV17, SV23]. Such a connection to Yangian-type algebras is a first important step towards
studying and exploiting the action of these algebras on moduli spaces of interest.

Our work. A central objective of this work is to develop a unified framework achieving two
fundamental aims: first, the construction of the largest algebra of cohomological Hecke operators
associated with curve modifications of coherent sheaves along a fixed proper curve Z, which may
be singular and reducible; and second, the derivation of an explicit connection to Yangian-type
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quantum groups. This program is initiated and in part achieved through the sequence of works
[DPSSV25a, DPSSV25b], and the present paper.

In [DPSSV25a], we developed the general theory of the COHA HAX,Z of coherent sheaves
on a smooth quasiprojective complex surface X with set-theoretic support on a proper curve
Z ⊂ X. One may view this algebra as a nilpotent version of the COHA introduced in [KV23]. The
companion paper [DPSSV25b] establishes a PBW-type theorem relating the COHA HAX,Z for a
reducible curve Z with the COHAs HAX,Zi of the irreducible components Zi of Z. This allows in
principle to reconstruct HAX,Z from the individual pieces HAX,Zi , and from local commutation
relations between intersecting irreducible components Zi, Zj.

The present paper provides the first computation of HAX,Z and consequently of the algebra
of cohomological Hecke operators of curve modifications of coherent sheaves, in the important
case of Kleinian singularities. Using the results of [DPSSV25b], this paves the way to the study of
the COHA HAX,Z whenever Z is a union of (−2) rational curves which intersect transversally.

More precisely, fix a finite subgroup G ⊂ SL(2, C), let π : X → Xcon be the minimal resolution
of the Kleinian singularity Xcon := C2/G, and let Z = C := π−1(0) ⊂ X be the exceptional
divisor. We also allow an arbitrary diagonal torus T ⊂ GL(2, C) which commutes with the action
of G. Let Q = (I, Ω) denote the McKay quiver of G, and let gf and g := ĝf be the corresponding
simple Lie algebra and its affinization. The affine Yangian YQ is a deformation of the enveloping
algebra U(gell) of the universal central extension

gell := gf [s
±1, t]⊕ K with K :=

⊕
ℓ∈N

Qcℓ ⊕
⊕

ℓ∈N, ℓ⩾1
k∈Z, k ̸=0

Qck,ℓ

of the double loop algebra gf [s±1, t]. Consider the following nonstandard positive half of gell

g+ell := n+[s±1, t]⊕ s−1h[s−1, t]⊕ K− where K− :=
⊕
k<0

Qck,ℓ .

The first main result of the paper is the following.

Theorem A (Theorems III.7.8 & III.7.25). The following hold.

(i) Assume that T = {id}. There is an algebra isomorphism

ΘX,C : HAX,C Û(g+ell)
∼

where Û(g+ell) is an explicit completion of U(g+ell).

(ii) There is an algebra isomorphism

ΘX,C : HAT
X,C Y+

∞
∼

where Y+
∞ is a filtered deformation of Û(g+ell) defined over H•

T .

The algebra Y+
∞ is defined as a limit of quotients of the standard negative half Y−

Q ⊂ YQ in
which the transition morphisms are given by truncated braid group operators.

Remark. The isomorphisms ΘX,C intertwine the action of X̌f on HAT
X,C and Û(g+ell) or Y+

∞ given
by tensor product by line bundles, under the isomorphism Pic(X) ≃ X̌f , and braid group action,
respectively. Furthermore, the isomorphisms ΘX,C also intertwine the action of multiplication
by tautological Chern classes on Cohnil

ps (X̂C) and the action of explicit derivations on Û(g+ell) and
Y+

∞. △

Furthermore, we can compute explicitly the image under ΘX,C of the fundamental classes
of some natural irreducible components of Cohnilps (X̂C). More precisely, let Ci be an irreducible
component of Cred and let

γi : sl2 −→ gf and γi,ell : gl2,ell −→ gell
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be the canonical embeddings of the corresponding root subalgebras. Let Zi,n be the irreducible
component of Cohnilps (X̂C) parametrizing sheaves scheme-theoretically supported on Ci, of rank 1
and degree n− 1 on Ci, and let Yi,d be the irreducible component parametrizing zero-dimensional
sheaves of length d with punctual support at a point of Ci.

The second main result of the paper is the following.

Theorem B (Theorem III.8.6, Corollary III.8.8).

(i) Assume that G = Z/2Z, X = T∗P1, and C = P1. Then, for any n ∈ Z and d ∈ N

∑
n∈Z

(−1)nΘT∗P1,P1([Zn])u−n =

(
∑

n∈Z

x+s−nu−n

)
· exp

(
∑
k≥1

hs−k u−k

k

)
,

ΘT∗P1,P1([Yd]) = (−1)d−1hs−d ,

where x+, f , x− is the standard basis of sl2.

(ii) For an arbitrary G and any irreducible component Ci of C, we have a commutative square

HAT∗P1,P1 HAX,Ci HAX,C

Û(gl+2,ell) Û(g+ell)

ΘT∗P1,P1

∼

ΘX,C

γi,ell

of algebra morphisms, where the top left arrow is induced by the isomorphism of formal

neighborhoods T̂∗P1
P1 ≃ X̂Ci , while the top right arrow by the functoriality of COHAs

with respect to closed embeddings.

Combining the claims (i) and (ii) yields an explicit description of ΘX,C([Zi,n]) and ΘX,C([Yi,d])
for any i, n, d.

Corollary (Corollary III.8.7). HAA
X,C is topologically generated, as an algebra over SX,C

2, by the funda-
mental classes [Yi,d], [Zi,n] for i ∈ If , d ∈ N and n ∈ Z.

Strategy of proof. The construction of the isomorphisms ΘX,C is obtained by a ‘limit’ process, using
the derived McKay equivalence [KV00, VdB04] Db

ps(Coh(X)) ≃ Db
ps(Mod(ΠQ)) together with the

weak action of Bex on these triangulated categories. More precisely, we show that the derived
McKay correspondence restricts to an equivalence

PC(X/Xcon) ≃ nilp(ΠQ)

where PC(X/Xcon) is the heart of perverse coherent sheaves on X with set-theoretic support in
C. Composing this equivalence with the autoequivalence S-θ̌f

given by the tensor product by
line bundles L-θ̌f

, with θ̌f ∈ X̌f ≃ Pic(X), and letting θ̌f tend to infinity in the strictly dominant
chamber yields a sequence of hearts

S-θ̌f
(nilp(ΠQ)) ,

in Db(CohC(X)), each equivalent to nilp(ΠQ), which converges to Coh(X̂C). By the main result
of Part I, Theorem C below, we thus get an algebra isomorphism between HAA

X,C and the limit
cohomological Hall algebra of the sequence of hearts S-θ̌f

(nilp(ΠQ)). Note that the COHA of
each of these hearts is isomorphic to the negative half Y−

Q of the Yangian of gQ via the morphism
Φ introduced in §II.6. To understand this limit COHA, we identify the operation of tensoring by
a line bundle L-θ̌f

with the action T-θ̌f
of the lattice element of the affine braid group Bex. This,

combined with the main result of Part II, Theorem D below, allows us to identify the limit COHA
with an adequate limit of Y+

∞ quotients of affine Yangians, with transition morphisms given by
the action of the algebraic braid group operators.

2The ring of universal tautological classes SX,C in Formula III.7.6.
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The precise computation of the image under the isomorphisms ΘX,C of fundamental classes
[Zi,n] and [Yi,d] uses the functoriality of nilpotent cohomological Hall algebras, which allows us
to eventually reduce the problem to some explicit computations in the case of type A1, i.e., the
case of the surface T∗P1. On the way, we perform several geometric computations which are
interesting in their own right, and valid in the general context of a symplectic surface S and a
possibily reduced curve C whose irreducible components are smooth and intersect transversally.

Let us now describe two auxiliary results of Parts I and II which could be of independent
interest.

Part I. Variation of t-structures and 2-dimensional Cohomological Hall algebras. In Part I, we address
the following question: how are cohomological Hall algebras related when constructed from hearts of
different t-structures on the same triangulated category?

The answer to the above question is well-known in the setting of the usual Hall algebras of
functions on moduli stacks of objects in a finitary hereditary category: Cramer [Cra10] proved
that even though the Hall algebras of derived equivalent hereditary categories need not be iso-
morphic, their Drinfeld doubles are. In other words, they may be viewed as two different positive
halves of the same quantum group (see also [Sch12b, Lecture 5]). Although we believe that some-
thing along these lines should also hold for cohomological Hall algebras3, the situation is much
more subtle. For instance, there is no general construction of a comultiplication, hence no recipe
to define a natural Drinfeld double.

One can ask a simpler question. Given a sequence of t-structures τn on a fixed triangulated
category C, assume that τn converges in a suitable sense to a t-structure τ∞. Assume also that
one may define cohomological Hall algebras HAτn , for any n ∈ N, and HAτ∞ . Note that the
construction of cohomological Hall algebras associated with hearts of t-structures on triangu-
lated categories is given in [DPS22] and we refer to loc.cit. for details. In what sense does HAτn

‘converge’ to HAτ∞ ? In Part I, we develop a framework to answer this question for variations
of t-structures arising from slicings on a triangulated category C. Under suitable assumptions
on the moduli stacks of τn-objects we define a limiting cohomological Hall algebra associated to the
sequence τn and we prove a ‘stabilization’ theorem relating such an algebra to HAτ∞ .

Let P be a slicing on C in the sense of Bridgeland (cf. Definition I.1.1). Let (ak) be a decreasing
sequence of real numbers converging to a∞ ∈ (0, 1]. We define for each k ∈ N∪ {∞} a t-structure

τk :=
(
P(> ak − 1),P(⩽ ak)

)
,

for a pair of integers k ⩾ ℓ we write Ik,ℓ := (aℓ − 1, ak] and we consider the derived stack

Cohps(C, Iℓ,k) := Cohps(C, τk) ∩ Cohps(C, τℓ)

as well as the induced simplicial derived stack

S•Cohps
(
C, Iℓ,k

)
.

When ℓ = k (including ∞) we simply write Cohps(C, Ik) and S•Cohps(C, Ik). Here, the stack
Cohps(C, τn) is the derived moduli stack of pseudo-perfect objects of C which are τn-flat for n ∈
N ∪ {∞}.

Theorem C (Theorem I.4.2, Corollary I.4.4). Let C,P and (ak)k be as above. Under Assump-
tion I.1, we have:

(i) For any k ≤ ℓ, S•Cohps
(
C, Iℓ,k

)
satisfies the 2-Segal condition.

(ii) The ind-pro derived stack

S•Cohps(C, τ+
∞ ) := “colim”

ℓ
“lim”

k⩾ℓ
S•Cohps(C, Iℓ,k)

satisfies the 2-Segal condition.

3In fact, Theorem A provides a first nontrivial example of such a principle for cohomological Hall algebras. It also
illustrates the need to consider adequate completions.
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(iii) Under also Assumption I.2, we get

HAτ+∞
:= HBM

•
(
Cohps

(
C, τ+

∞
)
) := “lim”

ℓ
colim

k⩾ℓ
HBM
•
(
Cohps

(
C, Iℓ,k

))
carries a canonical graded associative algebra structure. We call it the limiting cohomologi-
cal Hall algebra associated to τn.

(iv) Under Assumptions I.1, I.2, and I.3, there is an equivalence of ind-pro derived stacks

S•Cohps
(
C, τ∞

)
−→ S•Cohps

(
C, τ+

∞
)

which induces an isomorphism of cohomological Hall algebras

HAτ∞ −→ HAτ+∞
.

Under the presence of a compatible torus action, the above theorem holds equivariantly as
well.

Point (iv) establishes that the limiting COHA HAτ+∞
coincides with the COHA HAτ∞ of the

limit t-structure τ∞ under specific conditions: Assumption I.1 ensures the openness of the derived
stacks Cohps(C, τℓ) in the derived stack of pseudo-perfect complexes; Assumption I.2 guarantees
the derived lci nature of the map q, which is automatic for our choice of C, and the properness
of p. These assumptions are necessary in order to obtain a limiting COHA. Assumption I.3 is
the most relevant one here and essentially requires quasi-compactness for the derived stacks
Cohps(C, Iℓ,k) parametrizing objects of a fixed class, whose HN factors belong to the interval Iℓ,k.

Part II. COHAs of quivers, reflection functors, Yangians, and braid group actions. Let Q = (I, Ω) be a
quiver without edge loops. Let ΠQ denote the associated preprojective algebra and let ΛQ be the
stack of nilpotent finite-dimensional ΠQ-modules. There is a torus T acting on ΛQ by rescaling
the edges of Q. We consider the twisted T-equivariant nilpotent cohomological Hall algebra

HAT
Q := HT

• (ΛQ) ,

which is a (Z × NI)-graded associative H•
T-algebra, where H•

T denotes the equivariant coho-
mology of a point. Following [NSS25] in the K-theoretical context, we define a multi-parameter
Yangian YQ by generators and relations and prove in Theorem II.6.3 that there exists a surjective
algebra morphism

Φ : Y−
Q −→ HAT

Q

from the negative half Y−
Q ⊂ YQ to HAT

Q which we conjecture to be an isomorphism. This
conjecture is proved in the case of affine quivers in Part III. An analogous result for the full
COHA, rather than the nilpotent one, is established in [Jin24] for affine type A quivers. In the
K-theoretical context, this conjecture is addressed in [VV22].

One of the key features of the bounded derived category Db(mod(ΠQ)) of the abelian category
mod(ΠQ) of finite-dimensional representations of ΠQ is that it carries an action of the braid group
BQ associated with Q by derived autoequivalences, generated by the derived reflection functors
RSi for each i ∈ I. This action has important consequences for the representation theory of the
associated Kac-Moody Lie algebra g and for the associated quantum groups, see e.g. [BK12].

The main result of Part II relates this action of BQ on Db(mod(ΠQ)) to the standard algebraic
action of BQ on the Yangian YQ given by the usual triple exponential

Ti := exp
(
ad
(

x+i
))

◦ exp
(
− ad

(
x−i
))

◦ exp
(
ad
(

x+i
))

.

Just as the functors RSi do not preserve the heart of the standard t-structure of Db(mod(ΠQ)), the
action of BQ does not preserve Y−

Q. Let Λ(i)
Q and Λ(i)

Q be the open substacks of finite-dimensional
ΠQ-representations which are injective and surjective at i, respectively. Then, the functor RSi
induces an equivalence

Si,∗ : Λ(i)
Q Λ(i)

Q
∼ .
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Let (αi)i∈I denote the canonical basis of NI.

Theorem D (Corollary II.7.1,Proposition II.5.3, and Theorem II.7.2). The following holds:

(i) The restriction map induces isomorphisms

HT
• ( Λ(i)

Q) HA(i) T
Q := HAT

Q

/(
HAT

Q

)
αi
· HAT

Q

HT
• (Λ

(i)
Q ) HAT,(i)

Q := HAT
Q

/
HAT

Q ·
(

HAT
Q

)
αi

∼

∼
,

where
(

HAT
Q

)
αi

is the graded piece of degree αi.

(ii) The action of the braid operator Ti ∈ Aut(YQ) induces an isomorphism

Ti : Y(i)
Q := Y−

Q

/
Yi · Y−

Q Y
(i)
Q := Y−

Q

/
Y−

Q · Yi
∼ .

(iii) The following diagram commutes, up to an explicit sign

Y(i)
Q Y

(i)
Q

HA(i) T
Q HAT,(i)

Q

Ti

Φ Φ

Si, ∗

.

The sign involved in the commutativity of the above diagram comes from the twisting of the
multiplication in HAT

Q.

Further directions. To finish this introduction, we very briefly gather some of the natural direc-
tions of research suggested by the present work and to which we hope to return in the future.

A description by generators and relations of HAT
X,C. As proved in [SS20, Theorem 5.1] for X = T∗P1

and conjectured for an arbitrary minimal resolution X of a Kleinian singularity, the fundamental
classes [Zi,n] and [Yi,d] are expected to generate topologically HAT

X,C. Then, Theorem B provides
an approach for determining the relations among these generators by using their realization in
terms of Yangian generators and the relations between Yangian generators. We plan to compute
the relations between these geometric generators in the future.

Representations of HAT
X,Z and a realization of the double. The formalism developed in [DPS22] for

constructing representations of cohomological Hall algebras should extend naturally to the nilpo-
tent COHA case. This generalization would enable the construction of representations of the al-
gebra HAT

X,Z by considering appropriate moduli stacks of semistable sheaves or complexes of
sheaves, including their framed versions when X is an open surface. Such geometric representa-
tions of HAT

X,Z would be essential for defining the right notion of ‘double’ of HAT
X,Zby studying

the commutator between positive and negative operators. In the case of Kleinian resolution of sin-
gularities, we anticipate that this double algebra recovers a completion of the Maulik-Okounkov
Yangian [MO19] associated with a non-dominant coweight.

This approach to the representation theory of HAT
X,Z should recover and generalize known

constructions of Lie algebra actions on the homology of moduli spaces of Gieseker-stable sheaves
on K3 or elliptic surfaces, as studied in [Nak03, Yos10, DeH20, DeH23].

We further hope and anticipate that the action of HAT
X,Z could help precisely determine the

Ext-operator on the cohomology of smooth moduli spaces of stable sheaves on smooth surfaces.
This application would be particularly valuable when combined with Theorems A and B in the
context of Alday-Gaiotto-Tachikawa conjectures for ALE spaces, see [Neg22a, Neg23].
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Triple loop Yangians. When X = T∗P1 and Z = P1, the algebra HAT
X,Z is isomorphic to the

quantum group Y+
∞(ĝl2), which may be thought of as a double loop version of the Drinfeld

positive half of the Yangian Y(ĝl2). The case of a Kleinian resolution of type A2 gives rise to two
copies of Y+

∞(ĝl2) which satisfy commutation relations specified by their respective embeddings
in Y+

∞(ĝl3).
For Q a quiver without edge-loops or multiple edges, it is therefore tempting to define a dou-

ble loop Yangian associated to Q generated by subalgebras Y+
∞(ĝl2)i isomorphic to Y+

∞(ĝl2) for
each vertex of i ∈ Q and by imposing that Y+

∞(ĝl2)i and Y+
∞(ĝl2)j commute if i, j are not adjacent

and satisfy the above type A2 relations if i, j are adjacent in Q. When Q is taken to be itself an
affine quiver, the above quantum group could be taken to be a definition of a positive half of a
triple loop Yangian. It would be interesting to compare this with the quiver Yangians defined by
Li and Yamazaki in the context of the algebra of BPS states for non-compact CY3 in [LY20].

Limiting COHAs. It is worth noting that the limiting COHA (cf. Theorem C) has potential appli-
cations extending beyond the scope of this paper. In particular, the theorem becomes valuable
in situations where directly defining a two-dimensional COHA associated with the heart of a
t-structure proves difficult.

Consider the case where X is a minimal resolution of the singular surface C2/G, for G ⊂
GL(2, C) a finite subgroup. The derived GL(2, C) McKay correspondence yields an equivalence
QCoh(X) ≃ A-Mod, where A is the endomorphism algebra from Van der Bergh’s construction
[VdB04]. When G ⊂ SL(2, C), this algebra A coincides with the preprojective algebra of the asso-
ciated McKay quiver. According to [Wem11, Corollary 1.1], the algebra A has global dimension
three when G ̸⊂ SL(2, C), despite being derived equivalent to a surface. In such cases, we an-
ticipate constructing a limiting COHA for A in the sense of Theorem C–(iii) and characterizing
it.

Structure of the paper. Part I consists of four sections. §I.1 recall the notions of slicing and Bridge-
land pre-stability condition of a triangulated category. In §I.2 we introduce the derived moduli
stacks of objects of interest and discuss their 2-Segal space structure, which is used in §I.3 to in-
troduce the limiting COHA HAτ+∞

. Furthermore, in §I.4 we compare the limiting COHA with
HAτ∞ .

Part II consists of seven sections and one appendix. In §II.1, we recall the Lie theory associated
with a quiver, in particular the notions of Weyl and braid groups. §II.2 concerns the construction
of the two-dimensional (nilpotent) COHA of a quiver. In §II.3 we recall the theory of (derived)
reflection functors which will be used later in the part. In §II.4 we introduce the multi-parameter
Yangian associated with an arbitrary quiver, while in §II.5 we define the action of the braid group
of a quiver on the multi-parameter Yangian associated with the same quiver. §II.6 establishes the
relation between the Yangian and the nilpotent COHA associated with a quiver. Finally, in §II.7
we prove the main result of this Part, which is the compatibility between the braid group actions
on the Yangian and the nilpotent quiver COHA. Appendix II.8 concerns the sign twist appearing
in the compatibility result.

Part III is formed by eight sections and three Appendices. In §III.1 we recall the structure of
the root and weight lattices in the affine quiver case, moreover we recall the notions of affine
and extended affine braid groups. §III.2 concerns the introduction of a two-parameter Yangian
associated with an affine quiver: we discuss its classical limit and we compare with the multi-
parameter Yangian introduced in §II.4. In §III.3 we introduce quotients of the Yangian and of
the affine quiver COHA which will play a crucial role in the description of HAT

X,C in terms of
affine Yangians. §III.4 provides a summary of the derived McKay equivalence following [VdB04]
and a description of the category of (nilpotent) perverse coherent sheaves. In §III.5, we define a
weak action of the extended braid group on the bounded derived category Db(mod(ΠQ)), while
in §III.6 we discuss the relation between such an action and a slicing induced by a King stabil-
ity condition on Db(mod(ΠQ)). Our first main result, the characterization of HAT

X,C in terms of
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affine Yangians, is given in §III.7, while in §III.8 we provide a description of the (conjectural) geo-
metric generators of HAT

X,C, which are fundamental classes of certain stacks, in terms of Yangian
generators. Finally, Appendices III.9 and III.10 contain proofs of statements given in this part,
while Appendix III.11 discusses some purity results for quotient stacks.
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PART I. VARIATION OF t-STRUCTURES AND 2-DIMENSIONAL COHOMOLOGICAL
HALL ALGEBRAS

In this part we introduce the construction of the limiting COHA. Given a slicing P on a tri-
angulated category D0 and a decreasing sequence of real numbers {ak}k∈N with a0 = 1 and
limit a∞ ∈ (0, 1), we associate to the abelian category P((a∞ − 1, a∞]) an associative algebra,
defined as a suitable limit of the cohomological Hall algebras attached to the abelian categories
P((ak − 1, ak]) for k ∈ N.

Remark. The construction of the limiting COHA can equivalently be formulated in terms of an
increasing sequence of real numbers {ak}k∈N with a0 = 0 and limit a∞ ∈ (0, 1), together with the
abelian categories P([ak − 1, ak)) for k ∈ N ∪ ∞. △

Notation. In this part, we follow the notation introduced in [PS23, §1.6], with the difference that
we denote with Spc instead of S the ∞-category of spaces. In particular, we use the implicitly
derived convention: given a morphism of derived stacks f : X → Y, we let

f ∗ : QCoh(Y) → QCoh(X)

be the derived pullback functor, and we let

f∗ : QCoh(X) → QCoh(Y)

be the derived pushforward. All fiber products, Hom sheaves and spaces, and tensor products
will be understood in the derived sense, unless otherwise stated.

I.1. SLICINGS

Let C be a triangulated category.

Definition I.1.1 ([Bri07, Definition 3.3]). A slicing P of C consists of full additive subcategories
P(ϕ) ⊂ C for each ϕ ∈ R, such that

• for all ϕ ∈ R, we have P(ϕ + 1) = P(ϕ)[1],

• if ϕ1 > ϕ2 and Ej ∈ P(ϕj) for j = 1, 2, then HomC(E1, E2) = 0,

• (HN filtrations) for every nonzero object E ∈ C there exists a finite sequence of morphisms

0 =: Es+1 Es · · · E1 := E
fs f1 (I.1.1)

such that the cofiber of fi is in P(ϕi) for some sequence ϕs > ϕs−1 > · · · > ϕ1 of real
numbers.

⊘
Remark I.1.2. Note that the sequence (I.1.1) is unique up to isomorphism. △

We write ϕ+(E) := ϕ1 and ϕ−(E) := ϕs. For an interval I ⊂ R, we write

P(I) :=
{

E ∈ C | ϕ+(E), ϕ−(E) ∈ I
}
= ⟨P(ϕ) | ϕ ∈ I⟩ ⊂ C .

Notation I.1.3. For any ϕ ∈ R, we set

P(> ϕ) := P((ϕ,+∞)) and P(⩾ ϕ) := P([ϕ,+∞)) ,

P(< ϕ) := P((−∞, ϕ)) and P(⩽ ϕ) := P((−∞, ϕ]) .

⊘
Remark I.1.4. For any ϕ ∈ R, one has pairs of orthogonal subcategories (P(> ϕ)),P((⩽ ϕ)) and
(P(⩾ ϕ)),P(< ϕ)). Note that the subcategories P(> ϕ) and P(≥ ϕ) are closed under left shifts
and thus define t-structures on C, where P((ϕ, ϕ + 1]) and P([ϕ, ϕ + 1)) are the corresponding
hearts, respectively.

In the following, we shall denote by τϕ the t-structure with heart P((ϕ, ϕ + 1]). △
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Definition I.1.5. Let C be a triangulated category. Fix a finite rank free abelian group Λ and a
group homomorphism

v : K0(C) −→ Λ .

A pre-stability condition4 on C with respect to Λ is a pair σ = (Λ, v,P , Z) where P is a slicing of
C and Z : Λ → C is a group homomorphism, called a central charge, that satisfy the following
condition: for all 0 ̸= E ∈ P(ϕ), we have Z(v(E)) ∈ R>0 · eıπϕ.

We will often abuse notation and write Z(E) for Z(v(E)). The nonzero objects of P(ϕ) are
called σ-semistable of phase ϕ. ⊘

I.2. 2-SEGAL DERIVED STACK OF FLAT OBJECTS

In this section, we shall introduce a suitable derived stack of flat objects and its simplicial
version, which would inherit the structure of a 2-Segal derived stack.

I.2.1. Recollection of 2-Segal stacks. We refer the reader to [PS23, §4.1] and [DPS22, § I.11]
for background material on the notion of 2-Segal object introduced by Dyckerhoff-Kapranov in
[DK19].

Let k be an algebraically closed field of characteristic zero. We start by reviewing the Wad-
hausen construction. Given an integer n we let [n] denote the linearly ordered poset {0 < 1 <
· · · < n} and we set

Tn := Fun([1], [n]) .

The collection of the various Tn determines a functor

T• : ∆ −→ Cat∞ .

Given a stable ∞-category C, we set

Sn ⊆ Fun(Tn, C)
be the full subcategory spanned by those functors F : Tn → C satisfying the following two condi-
tions:

(1) F(i, i) ≃ 0;

(2) for every 0 ⩽ i < j ⩽ n − 1, the square

F(i, j) F(i + 1, j)

F(i, j + 1) F(i + 1, j + 1)

is a pullback in C.

The ∞-categories SnC depends simplicially on n, i.e., they assemble into a simplicial object

S•C : ∆op −→ Cat∞ ,

known as the Waldhausen construction of C. One of the main observations of [DK19] is that this
satisfies the 2-Segal condition. The functoriality of this construction allow to replace C by a func-
tor

C : dAffop
k −→ Catst∞ ,

giving rise to a 2-Segal object in derived prestacks

S•C : ∆op −→ PreStk ,

which we refer to as the Waldhausen construction of C. Besides, this construction is obviously
functorial in C.

4In [Bri07], this is the notion of a stability condition.
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Notation I.2.1. Given a stable ∞-category C, we refer to F ∈ SnC as an n-flag of objects in C. Given
0 ⩽ i ⩽ j ⩽ n, we set

evi,j(F) := F(i, j) , (I.2.1)

We also denote by

∂i(F) ∈ Sn−1C
the (n − 1)-flag obtained restricting F along the morphism [n − 1] → [n] in ∆ that misses i. In
particular, when n = 2 we have the overlap of notation

∂0 = ev1,2 , ∂1 = ev0,2 , ∂2 = ev0,1 . (I.2.2)

⊘

Remark I.2.2. Let (Λ,+) be an abelian group. The group structure can be encoded into the struc-
ture of a simplicial set satisfying the (1- and hence) 2-Segal condition, that we denote

Λ• : ∆op −→ Set .

We write π : Λop → ∆op for the associated cocartesian fibration.
We can modify the above construction by replacing ∆op with Λop and accordingly define a

natural Λ-graded variant of the 2-Segal condition (cf. [DPS22, §I.6]). △

Let D ∈ PrL,ω
k be a compactly generated k-linear ∞-category of finite type. Given a derived

affine scheme S ∈ dAffk, we write

DS := QCoh(S)⊗k D ,

and we write Dps
S for the full subcategory of DS spanned by S-pseudo-perfect objects. The functor

Mcat
D : dAffop

k −→ Catst∞ (I.2.3)

that sends S to D
ps
S is a étale hypersheaf, and Toën-Vaquié [TVa07] moduli of objects MD is by

definition given by the rule

MD(S) :=
(
Mcat

D (S)
)≃ ,

where for an ∞-category C, we denote by C≃ its maximal ∞-groupoid. Applying the Waldhausen
construction to (I.2.3) and passing to the maximal ∞-groupoid at the end, we obtain a 2-Segal
object

S•MD : ∆ −→ PreStC .

When n = 1, there is a canonical identification

S1MD ≃ MD .

Notation I.2.3. Given a full categorical substack Mcat
0 ⊆ Mcat

D , we write

D0 := M0(Spec(k)) ⊆ Dps .

We also write

M0 :=
(
Mcat

0
)≃

for the associated derived stack. ⊘

Definition I.2.4. A full categorical substack Mcat
0 of Mcat

D is said to be admissible if:

(1) the associated derived stack M0 is an admissible indgeometric derived stack in the sense
of [DPSSV25a, Definition 2.16]5,

(2) the map M0 → MD is formally étale.

⊘
5Roughly speaking, M0 is a derived stack, which is essentially characterized by the property that their underlying

reduced stack is geometric.
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Following [DPS22], we define a simplicial object S•M0 by declaring that for every [n] ∈ ∆ the
square

SnM0 SnMD

∏
0⩽i<j⩽n

M0 ∏
0⩽i<j⩽n

MD

(evi,j)

is a pullback, where the maps evi,j are introduced in Formula (I.2.1).

Definition I.2.5. A full categorical substack Mcat
0 of Mcat

D is said to be closed under extensions if
the square

S2M0 S2MD

M0 ×M0 MD ×MD

∂0×∂2 ∂0×∂2

is a pullback, where ∂i is defined in Formula (I.2.2) for i = 0, 1, 2. ⊘

Now, we introduce a Λ-graded 2-Segal object structure on S•M0.
Let Mcat

0 be a categorical substack of Mcat
D closed under extensions. We set D0 := Mcat

0 (Spec(k))
and we fix a morphism of abelian groups

v : K0(D0) −→ Λ .

Given v ∈ Λ, we let M0(v) be the substack of M0 defined by the following property: given S ∈
dAffk, an S-point x : S → M0 belongs to M0(v) if and only if for every k-point y : Spec(k) → S
the image in Λ of the composite x ◦ y : Spec(k) → M0 via v coincides with v.

More generally, given a positive integer n ⩾ 0 and

v = (v0,1, v1,2, . . . , vn−1,n) ∈ Λn ,

we define SnM0(v) as the fiber product

SnM0(v) SnM0

n−1

∏
i=0

M0(vi,i+1)
n−1

∏
i=0

M0

(ev0,1,ev1,2,...,evn−1,n)
.

Concretely, SnM0(v) parametrizes families of flags {Mi,j}0⩽i<j⩽n such that

v(Mi,j) = ∑
i⩽k<j

vk,k+1 ∈ Λ .

Since v is additive, it is straightforward to check that the assignment

([n], v) 7−→ SnM0(v)

forms a Λ-graded 2-Segal object with values in dStk. In particular, [DPS22, Theorem I.1.1] shows
that S•M0 determines an E1-monoid in Corr×Λ(Fun(Λ, dStk)), the (∞, 2)-category of correspon-
dences with values in Fun(Λ, dStk) with monoidal structure induced by Λ (for details, see [DPS22]).
In what follows, we tacitly consider S•M0 as a Λ-graded 2-Segal derived stack.
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I.2.2. Derived stack of flat objects. Let Mcat
0 be a categorical substack of Mcat

D and let τ be a
t-structure on D0 := Mcat

0 (Spec(k)).

Construction I.2.6. We let Coh(D0, τ) be the full substack of M0 defined as follows: given S ∈
dAffk, an S-point x : S → M0 belongs to Coh(D0, τ) if and only if for every k-point y : Spec(k) →
S the composite x ◦ y : Spec(k) → M0 is τ-flat. Given a morphism of abelian groups

v : K0(D0) −→ Λ ,

a positive integer n ⩾ 0 and v ∈ Λn, we write

SnCoh(D0, τ; v) := SnCoh(D0, τ) ∩ SnM0(v) .

⊘

This gives rise to a Λ-graded 2-Segal derived stack S•Coh(D0, τ).

Definition I.2.7. Let Mcat
0 be a full categorical substack of Mcat

D .

(1) We say that a t-structure τ on D0 is open if the canonical map

Cohps(D0, τ) −→ M0

is representable by open Zariski immersions.

(2) We say that a pair (Λ, v : K0(D0) → Λ) is open if for every v ∈ Λ, the canonical map

M0(v) −→ M0

is representable by open Zariski immersions.

(3) We say that a triple (τ, Λ, v) is open if both τ and (Λ, v) are open, and moreover the
derived stack Cohps(D0, τ; v) is both open and closed inside Cohps(D0, τ).

⊘

I.3. THE LIMITING 2-SEGAL STACK

Fix a full categorical substack Mcat
0 of Mcat

D . We also fix a slicing P on D0 in the sense of
Definition I.1.1 and an open pair (Λ, v) in the sense of Definition I.2.7. Finally, we introduce a
decreasing sequence of real numbers {ak}k∈N starting at a0 = 1 and converging at a∞ ∈ (0, 1).
Following Remark I.1.4, for k ∈ N ∪ {∞}, we denote by τk the t-structure on D0 defined by

τk :=
(
P(> ak − 1),P(⩽ ak)

)
,

and we make the following assumption:

Assumption I.1. The triples {(τk, Λ, v)}k∈N are open. ⊘

Under this assumption, we have

Cohps(D0, τ) = ⨿
v∈Λ

Cohps(D0, τ; v) .

For this reason, we commit an abuse of notation and consider Cohps(D0, τ) as a Λ-graded 2-Segal
derived stack.

Notation I.3.1. Given two positive integers ℓ ⩽ k ⩽ ∞, we denote by Iℓ,k the interval (aℓ − 1, ak].
Our assumptions on the sequence {ak} guarantee that Iℓ,k has length less than one. When ℓ = k,
we simply write Ik := (ak − 1, ak] instead of Ik,k. ⊘

Construction I.3.2. Let k ⩾ ℓ be two positive integers, we write

Cohps(D0, Iℓ,k) := Cohps(D0, τk) ∩ Cohps(D0, τℓ) .

Notice that Assumption I.1 automatically implies that this is an open substack of M0, and even
of Cohps(D0, τ0). We let

S•Cohps
(
D0, Iℓ,k

)
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be the induced simplicial derived stack, which we further consider over S•Λ. Notice that for
[n] ∈ ∆ and v ∈ Λn and k′ ⩾ k, there are canonical open immersions

SnCohps
(
D0, Iℓ,k′ ; v

)
−→ SnCohps

(
D0, Iℓ,k; v

)
.

We set

SnCohps
(
D0, I+ℓ,∞; v

)
:= “lim”

k⩾ℓ
SnCohps

(
D0, Iℓ,k; v

)
∈ Pro(dStk) .

This allows to consider S•Cohps
(
D0, I+ℓ,∞

)
as a Λ-graded simplicial object. ⊘

Lemma I.3.3. In the setting of the above construction, for any ℓ ∈ N, the Λ-graded simplicial pro-derived
stack S•Cohps

(
D0, I+ℓ,∞) satisfies the Λ-graded 2-Segal condition.

Proof. To begin with, observe that each S•Cohps
(
D0, Iℓ,k

)
∈ Fun(∆op, dStk) satisfies the Λ-graded

2-Segal condition. At this point, the conclusion follows from the fact the 2-Segal condition is
closed under limits and that whenever E is an ∞-category with finite limits, the inclusion

E −→ Pro(E)

preserves them. □

Construction I.3.4. For ℓ′ ⩾ ℓ, observe that there is a canonical map

S•Cohps
(
D0, I+ℓ,∞

)
−→ S•Cohps

(
D0, I+ℓ′ ,∞

)
.

We set

S•Cohps(D0, τ+
∞ ) := “colim”

ℓ
S•Cohps(D0, I+ℓ,∞) ∈ Fun

(
∆op, Ind(Pro(dStk))

)
.

As before, we can perform this construction at the Λ-graded level, and we can therefore consider
S•Cohps(D0, τ+

∞ ) as a Λ-graded simplicial object in Ind(Pro(dStk)). ⊘

Lemma I.3.5. The Λ-graded simplicial ind-pro-derived stack S•Cohps
(
D0, τ+

∞
)

satisfies the Λ-graded
2-Segal condition.

Proof. We know from Lemma I.3.3 that each S•Cohps
(
D0, I+ℓ,∞

)
satisfies the Λ-graded 2-Segal

condition. At this point, the conclusion follows from the fact that the 2-Segal condition is closed
under limits and that whenever E is an ∞-category with finite limits, the inclusion

E −→ Ind(E)

preserves them. □

Definition I.3.6. We refer to S•Cohps
(
D0, τ+

∞
)

as the limiting Λ-graded 2-Segal derived stack asso-
ciated to the sequence {ak}k. ⊘

In order to attach a cohomological Hall algebra to Cohps
(
D0, τ+

∞
)
, we need some extra as-

sumptions.

Notation I.3.7. For positive integers ℓ1 ⩽ ℓ2 ⩽ k and v = (v0,1, v1,2), we write

S2Cohps
(
D0, Iℓ2,k × Iℓ1,k × Iℓ2,k; v

)
for the open substack of S2Cohps(D0, τk; v) parametrizing extensions F0,1 → F0,2 → F1,2 such that
F0,1 and F1,2 are τℓ2 and τk-flat, and F0,2 is τℓ1 and τk-flat. ⊘

Assumption I.2.

(1) For any k ∈ N, the map

∂0 × ∂2 : S2Cohps
(
D0, τk

)
−→ Cohps

(
D0, τk

)
× Cohps

(
D0, τk

)
is derived lci.
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(2) For any ℓ1 ∈ N and for every pair v = (v0,1, v1,2) ∈ Λ2, there exists an integer N ⩾ ℓ1
such that for every k′ ⩾ k ⩾ ℓ2 ⩾ N, the square

S2Cohps
(
D0, Iℓ2,k′ × Iℓ1,k′ × Iℓ2,k′ ; v

)
Cohps

(
D0, Iℓ1,k′ ; v0,1 + v1,2

)

S2Cohps
(
D0, Iℓ2,k × Iℓ1,k × Iℓ2,k; v

)
Cohps

(
D0, Iℓ1,k; v0,1 + v1,2

)
∂1

∂1

is a pullback and the horizontal arrows are representable by proper algebraic spaces.

⊘

Remark I.3.8. Note that if for any k ∈ N, the smooth Serre functor6 S!
D[2] of D restricts to D0 and

it is τk-exact for k ∈ N, then Assumption I.2–(1) holds. △

Proposition I.3.9. Let D be a motivic formalism, and let A ∈ CAlg(D(Spec(k))) and let Γ ⊆ Pic(D∗(Spec(k)))
be an abelian subgroup. Assume that A is oriented and that Γ is closed under Thom twists. Under As-
sumptions I.1 and I.2,

HD,Γ
0
(
Cohps

(
D0, τ+

∞
)
;A
)

:=
⊕
v∈Λ

“lim”
ℓ

colim
k⩾ℓ

HD,Γ
0
(
Cohps

(
D0, Iℓ,k; v

))
∈ Fun(Λ,Pro(Mod♡k ))

carries a canonical Λ-graded algebra structure.

Proof. In virtue of [DPSSV25a, Theorem 3.9] and of Lemma I.3.5, it suffices to argue that As-
sumption I.2 ensures that for every pair v = (v0,1, v1,2) ∈ Λ2, writing v := v0,1 + v1,2, the
correspondence

S2Cohps
(
D0, τ+

∞ ; v
)

Cohps
(
D0, τ+

∞ ; v1,2
)
× Cohps

(
D0, τ+

∞ ; v0,1
)

Cohps
(
D0, τ+

∞ ; v
)∂0×∂2 ∂1

For the left diagonal morphism, it suffices to observe that for fixed positive integers k ⩾ ℓ, As-
sumption I.2-(1) guarantees that the canonical map

∂0 × ∂2 : S2Cohps
(
D0, Iℓ,k; v

)
−→ Cohps

(
D0, Iℓ,k; v1,2

)
× Cohps

(
D0, Iℓ,k; v0,1

)
is derived lci, and Assumption I.1 guarantees that the transition maps as k and ℓ vary are open
immersions. We can therefore apply HD,Γ

0 (−;A) and pass to the colimit in k and the limit in ℓ to
obtain a well defined morphism

(∂0 × ∂2)
! :

⊕
v0,1+v1,2=v

HD,Γ
0
(
Cohps

(
D0, I+∞ ; v1,2

)
;A
)
⊗HD,Γ

0
(
Cohps

(
D0, I+∞ ; v0,1

)
;A
)

−→
⊕

v0,1+v1,2=v
HD,Γ

0
(
S2Cohps

(
D0, I+∞ ; v

)
;A
)

.

As for ∂1, we first observe that a simple cofinality argument yields

“colim”
ℓ

S2Cohps
(
D0, I+ℓ,∞; v

)
≃ “colim”

ℓ1
“colim”
ℓ2⩾ℓ1

S2Cohps
(
D0, I+ℓ2,∞ × I+ℓ1,∞ × I+ℓ2,∞; v

)
.

Fix ℓ1. Assumption I.2–(2) guarantees that there exists an integer N such that for every k ⩾ ℓ2 ⩾
N the map

S2Cohps
(
D0, Iℓ2,k × Iℓ1,k × Iℓ2,k; v

)
−→ Cohps

(
D0, Iℓ1,k; v

)
is proper, and therefore it induces a well defined morphism

∂1,∗ : HBM,Γ
0

(
S2Cohps

(
D0, Iℓ2,k × Iℓ1,k × Iℓ2,k; v

)
;A
)
−→ HBM,Γ

0
(
Cohps

(
D0, Iℓ1,k; v

)
;A
)

.

6See e.g. [DPS22] for its definition.
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Since the square obtained varying k is a pullback by assumption, we can pass to the colimit in k
to obtain a well defined morphism

∂1,∗ : HBM,Γ
0

(
S2Cohps

(
D0, I+ℓ2,∞ × I+ℓ1,∞ × I+ℓ2,k; v

)
;A
)
−→ HBM,Γ

0
(
Cohps

(
D0, I+ℓ1,∞; v

)
;A
)

.

By composition with the natural open restriction map

HBM,Γ
0

(
S2Cohps

(
D0, I+∞ × I+ℓ1,∞ × τ+

∞ ; v
)
;A
)
−→ HBM,Γ

0
(
S2Cohps

(
D0, I+ℓ2,∞ × I+ℓ1,∞ × I+ℓ2,∞; v

)
;A
)

we also obtain a well defined morphism

∂1,∗ : HBM,Γ
0

(
S2Cohps

(
D0, I+∞ × I+ℓ1,∞ × τ+

∞ ; v
)
;A
)
−→ HBM,Γ

0
(
Cohps

(
D0, I+ℓ1,∞

)
;A
)

.

At last, for ℓ′1 ⩾ ℓ1, the square

S2Cohps
(
D0, I+∞ × I+ℓ1,∞ × τ+

∞ ; v
)

S2Cohps
(
D0, I+∞ × I+ℓ1,∞ × τ+

∞ ; v
)

Cohps
(
D0, I+

ℓ′1,∞; v
)

Cohps
(
D0, I+

ℓ′1,∞; v
)

is obviously a pullback. This allows to pass to the (formal) limit in ℓ1, and to define

∂1,∗ :
⊕

v0,1+v1,2=v
HBM,Γ

0
(
S2Cohps

(
D0, τ+

∞ ; v
)
;A
)
−→ HBM,Γ

0
(
Cohps(D0, τ+

∞ ; v
)
;A
)

.

□

Remark I.3.10. When D∗ := Dtop is the topological formalism of [DPS22, §II.1.11], A := Q, and
Γ := Z⟨1/2⟩ (see Remark II.1.24 of loc.cit.), we simply write

HAD0,τ+∞

for the cohomological Hall algebra HD,Γ
0
(
Cohps

(
D0, τ+

∞
)
;A
)
. Moreover, instead of seeing it as a

pro-ind-(Λ-graded)-vector space, we see it as a Λ-graded vector space endowed with the quasi-
compact topology7. We shall call it the limiting cohomological Hall algebra.

If by varying of ℓ, k the derived stacks Cohps(D0, Iℓ,k) admit an action of a torus T such that
Constructions I.3.2 and I.3.4 are T-equivariant, we denote by

HAT
D0,τ+∞

the corresponding T-equivariant limiting cohomological Hall algebra. △

I.4. STABILIZATION AND COMPARISON

Observe that for fixed k ⩾ ℓ there is a canonical map

S•Cohps
(
D0, Iℓ,∞

)
−→ S•Cohps

(
D0, Iℓ,k

)
.

This map propagates first to a map

S•Cohps
(
D0, Iℓ,∞

)
−→ S•Cohps

(
D0, I+ℓ,∞

)
and then to a map

ϕ : “colim”
ℓ

S•Cohps
(
D0, Iℓ,∞

)
−→ S•Cohps

(
D0, τ+

∞
)

(I.4.1)

of Λ-graded simplicial objects in Ind(Pro(dStk)). In practice, we are interested in knowing that ϕ
is an equivalence. This can be ensured under some more stringent conditions.

7In the sense of [DPSSV25a, Remark 3.1].
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Construction I.4.1. Fix a slicing P and an open pair (Λ, v) on D0. Moreover, fix a group homo-
morphism Z : Λ → C such that (Λ, v,P , Z) is a pre-stability condition on D0 (cf. Definition I.1.5).

Fix now ℓ ∈ N. We say that an object E ∈ P(Iℓ) is of class ṽ = (v1, v2, . . . , vs) ∈ Λs if for the
HN factor Ei/Ei+1 of the Harder-Narasimhan filtration (I.1.1) of E we have v(Ei/Ei+1) = vi for
i = 1, . . . , s. In such a case, we set ϕi = ϕ(Ei/Ei+1) =: ϕ(vi) for i = 1, . . . , s.

Given v ∈ Λ, we denote by HN(v) the set of tuples ṽ = (v1, v2, . . . , vs) of variable length
satisfying

v1 + · · ·+ vs = v

and

ϕ(vs) > ϕ(vs−1) > · · · > ϕ(v1) .

Following [Bay19, §3], we write HNP(ṽ) for the convex hull of the set

{0, Z(v1), Z(v2), . . . , Z(vs), Z(v)} ⊂ C .

Given two elements ṽ, w̃ ∈ HN(v), we write

ṽ ⪯ w̃ ⇐⇒ HNP(ṽ) ⊂ HNP(w̃) .

This makes HN(v) into a countable poset.

We let CohHN
ps (D0, τℓ; ṽ) be the full substack of Coh(D0, τ) defined as follows: given S ∈

dAffk, an S-point x : S → Coh(D0, τ) belongs to CohHN
ps (D0, τℓ; ṽ) if and only if for every k-point

y : Spec(k) → S the object E ∈ D0 associated to the composite x ◦ y : Spec(k) → M0 admits an
Harder-Narasimhan filtration of the form (I.1.1) such that v(Ei/Ei+1) = vi for i = 1, . . . , s. We
shall call CohHN

ps (D0, τℓ; ṽ) an Harder-Narasimhan stratum of Coh(D0, τ). ⊘

Assumption I.3.

(1) In addition to the slicing P and the open pair (Λ, v) on D0, we assume the existence of
a central charge Z : Λ → C in such a way that (Λ, v,P , Z) is a pre-stability condition on
D0.

(2) For every ℓ ∈ N, every v ∈ Λ and every ṽ ∈ HN(v), the corresponding Harder-
Narasimhan stratum

CohHN
ps (D0, τℓ; ṽ)

is a locally closed substack of Cohps(D0, τℓ).

(3) For every Mukai vector v ∈ Λ and every pair of positive integers k ⩾ ℓ, the derived stack
Cohps(D0, Iℓ,k; v) is quasi-compact.

⊘

Under this assumption, the Harder-Narasimhan strata form a stratification

Cohps(D0, τℓ; v) =
⊔

ṽ∈HN(v)

CohHN
ps (D0, τℓ; ṽ) .

of Cohps(D0, τℓ; v).

Theorem I.4.2. Under Assumptions I.1 and I.3, for every ℓ ∈ N, [n] ∈ ∆ and v ∈ Λn, there exists
N ∈ N such that for every k ⩾ N, the canonical comparison map

SnCohps
(
D0, Iℓ,∞; v

)
−→ SnCohps

(
D0, Iℓ,k; v

)
is an equivalence. Moreover, N does not depend on the simplicial variable [n]. In particular:

(1) The canonical comparison map

Cohps
(
D0, Iℓ,∞

)
−→ Cohps

(
D0, I+ℓ,∞

)
is an equivalence of Λ-graded pro-derived stacks.
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(2) The map (I.4.1) is an equivalence of Λ-graded simplicial objects.

Proof. It is clearly enough to prove the first statement, as items (1) and (2) are obvious conse-
quences. Fix ℓ ∈ N, [n] ∈ ∆ and

v = (v0,1, v1,2, . . . , vn−1,n) ∈ Λn .

We have to prove that the induced map

SnCohps
(
D0, Iℓ,∞; v

)
−→ SnCohps

(
D0, I+ℓ,∞; v

)
is an equivalence in Pro(dStk). Thanks to the Λ-graded 2-Segal property, it is enough to deal
with the cases n = 1 and n = 2. Since Mcat

0 is closed under extensions by assumption and
v : K0(D0) → Λ is additive, we see that it is in fact enough to deal with the case n = 1.

Fix two positive integers k ⩾ ℓ and v ∈ Λ. As shown in Construction I.4.1, there is a strati-
fication of Cohps(D0, τℓ; v) in locally closed substacks parametrized by the Harder-Narasimhan
types HN(v):

Cohps(D0, τℓ; v) =
⊔

ṽ∈HN(v)

CohHN
ps (D0, τℓ; ṽ) .

Since Cohps(D0, Iℓ,k; v) is quasi-compact for every ℓ < k ⩽ ∞, it must encounter only finitely
many strata of the above stratification. In particular, the set J(k) of phases θ that satisfy θ > a∞
and that occur for families in Cohps(D0, Iℓ,k; v) is finite. Define

θmin(k) :=

{
min(J(k)) if J(k) ̸= ∅
aℓ if J(k) = ∅ .

Since ℓ is fixed, for k′ ⩾ k ⩾ ℓ one has J(k′) ⊂ J(k), and therefore one has

θmin(k′) ⩾ θmin(k) .

On the other hand, one also as a∞ < θmin(k), and furthermore for k > ℓ one has

θmin(k) ⩽ ak if and only if J(k) ̸= ∅ .

In particular, if N is such that aN < θmin(ℓ), it follows that for every k ⩾ N one has J(k) = ∅.
This immediately implies that for k ⩾ N the natural inclusion

Cohps
(
D0; Iℓ,∞; v

)
⊂ Cohps

(
D0; Iℓ,k; v

)
is an equality, and the conclusion follows. □

Corollary I.4.3. Under Assumptions I.1 and I.3, for any ℓ1 ∈ N and for every pair v = (v0,1, v1,2) ∈
Λ2, there exists an integer N ⩾ ℓ1 such that for every k′ ⩾ k ⩾ ℓ2 ⩾ N, the square

S2Cohps
(
D0, Iℓ2,k′ × Iℓ1,k′ × Iℓ2,k′ ; v

)
Cohps

(
D0, Iℓ1,k′ ; v0,1 + v1,2

)

S2Cohps
(
D0, Iℓ2,k × Iℓ1,k × Iℓ2,k; v

)
Cohps

(
D0, Iℓ1,k; v0,1 + v1,2

)
∂1

∂1

is a pullback.

Proof. It follows from Theorem I.4.2 that we can choose N such that the vertical maps become
equivalences. □

Corollary I.4.4. Under Assumptions I.1, I.2, and Assumption I.3, and the additional assumptions

(1) the t-structure τ∞ := τa∞ is open;

(2) the map

∂0 × ∂2 : S2Cohps
(
D0, τ∞

)
−→ Cohps

(
D0, τ∞

)
× Cohps

(
D0, τ∞

)
is derived lci;
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(3) the map

∂1 : S2Cohps
(
D0, τ∞

)
−→ Cohps

(
D0, τ∞

)
of Λ-graded derived stacks is representable by proper algebraic spaces;

the cohomological Hall algebra HAD0,τ∞ associated to Cohps(D0, τ∞) is well defined and it is isomorphic
to HAD0,τ+∞

. A similar statement holds in the T-equivariant setting.

Remark I.4.5. Note that if the smooth Serre functor S!
D[2] restricted to D0 is τ∞-exact, then the

condition (2) above holds. △
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PART II. COHAS OF QUIVERS, REFLECTION FUNCTORS, YANGIANS, AND BRAID
GROUP ACTIONS

II.1. LIE THEORY ASSOCIATED TO QUIVERS

We fix a quiver Q with vertex set I and edge set Ω. We assume that both I and Ω are finite,
and that Ω does not contain any edge-loop.

II.1.1. (Co)root and (co)weight lattices. We denote by YQ := ZI the free abelian group on I and
we denote its canonical basis by ∆Q := {αi | i ∈ I}. We call the αi’s the simple roots, ∆Q the set of
simple roots, and YQ the root lattice of Q. Let {ω̌i}i∈I be the dual basis in X̌Q := (ZI)∨. Thus, ω̌i
is the fundamental coweight defined by the linear form d ∈ YQ 7→ di ∈ Z for any i ∈ I. Set

ρ̌ := ∑
i∈I

ω̌i . (II.1.1)

We consider the canonical pairing

(−,−) : X̌Q × YQ −→ Z . (II.1.2)

For any i ∈ I, we define the simple coroot α̌i ∈ X̌Q by setting (α̌i, αi) := 2 and (α̌i, αj) is the
negative of the number of edges between the vertices i and j in the quiver Q for i ̸= j. The matrix
A = (ai,j)i,j∈I , with ai,j := (α̌i, αj), is a symmetric generalized Cartan matrix. It gives rise to a
derived Kac-Moody algebra gQ, which is ZI-graded.

Notation II.1.1. Let nQ be the negative nilpotent Lie subalgebra of gQ, graded by the negative
roots. ⊘

II.1.2. Weyl and braid groups. The Weyl group WQ of Q is the subgroup of GL(ZI) generated by
the simple reflections

si : αj → αj − (α̌j, αi)αi .

This is a Coxeter group, subject to s2
i = 1 for any i ∈ I, and the braid relations{
sisj = sjsi if ai,j = 0 ,
sisjsi = sjsisj if ai,j = −1 .

(II.1.3)

The length ℓ(w) of w ∈ WQ is the minimal ℓ such that w = si1 · · · siℓ . Such an expression is called
a reduced expression. The Weyl group WQ acts on CI = YQ ⊗Z C and (CI)∨ = X̌Q ⊗Z C by

si(d) = d − (α̌i, d)αi and si(λ) = λ − (λ, αi)α̌i ,

with d ∈ CI and λ ∈ (CI)∨.
The Braid group BQ of Q is the group with generators Ti with i ∈ I and the braid relations

(II.1.3) with Ti in place of si. If w = si1 · · · siℓ ∈ WQ is a reduced expression, we set Tw := Ti1 · · · Tiℓ .
These elements are well-defined, i.e., they do not depend on the chosen reduced expression, and
satisfy Tuv = TuTv when ℓ(uv) = ℓ(u) + ℓ(v).

II.2. THE NILPOTENT COHOMOLOGICAL HALL ALGEBRA OF A QUIVER

In this section, we introduce the 2-dimensional cohomological Hall algebra associated to nilpo-
tent finite-dimensional representations of the preprojective algebra of a fixed quiver Q.

II.2.1. Moduli stack of (nilpotent) finite-dimensional representations of the preprojective al-
gebra of a quiver. In this section, we shall introduce the moduli stacks of finite-dimensional
representations of the preprojective algebra of a quiver and their nilpotent counterparts.
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II.2.1.1. Quiver representations. Let CQ be the path algebra of Q. As customary, we call a represen-
tation of Q a (right) CQ-module.

We denote by Mod(Q) be the category of representations of Q and by mod(Q) the subcat-
egory of Mod(Q) consisting of finite-dimensional representations. For each dimension vector
d ∈ NI, let mod(Q)d be the subcategory of representations of dimension d. Assigning to a
finite-dimensional representation of Q its dimension vector yields a map from the complexified
Grothendieck group K0(mod(Q))⊗ C to CI. The Euler form on CI is given by

⟨d1, d2⟩ := ∑
i∈I

d1,i d2,i − ∑
e : i→j∈Ω

d1,i d2,j = dimHom(M1, M2)− dimExt1(M1, M2) (II.2.1)

where M1, M2 are two representations of Q of dimension d1, d2, respectively. We introduce the
symmetric bilinear form

(d1, d2) := ⟨d1, d2⟩+ ⟨d2, d1⟩

for d1, d2 ∈ NI.

II.2.1.2. Preprojective algebras. Recall that Q = (I, Ω) is the double quiver of Q. The preprojective
algebra ΠQ is the quotient of the path algebra CQ by the relations

∑
e∈Ω

(e∗e − ee∗) = 0 .

Let Mod(ΠQ) be the abelian category of representations of ΠQ and let mod(ΠQ) be the subcate-
gory of Mod(ΠQ) consisting of finite dimensional representations. There is an obvious forgetful
functor mod(ΠQ) → mod(Q). For each dimension vector d ∈ NI, let mod(ΠQ)d be the subcate-
gory of representations of ΠQ of dimension d. Since Q has no edge-loops, there is for any i ∈ I a
unique ΠQ-module σi with dimension αi. Furthermore, it is simple.

We shall need the following crucial property of mod(ΠQ) (cf. [SY13, Lemma 2.18] or [SV20,
Proposition 3.1]):

Theorem II.2.1. Assume that Q is not a finite type Dynkin quiver. Then the algebra ΠQ is Calabi-Yau
of homological dimension two, i.e., there are functorial isomorphisms

Exti
ΠQ

(M, N)∨ ≃ Ext2−i
ΠQ

(N, M)

for any two finite-dimensional ΠQ-modules M, N. Moreover, we have

2

∑
i=0

(−1)i dimExti
ΠQ

(M, N) = (dM, dN) ,

where dM, dN are the dimension vectors of M and N.

Remark II.2.2. The condition on the quiver is not an issue for us: if Q is of finite type then we may
embed it in a larger quiver Q′ (which is not of Dynkin type) and extend trivially any representa-
tion of Q to Q′. △

II.2.1.3. Nilpotent representations. Let I be the two-sided ideal of ΠQ which is generated by all
the arrows of Q.

Definition II.2.3 ([SY13, Definition 2.14]). A representation M of ΠQ is nilpotent if there exists
ℓ ≥ 1 such that MIℓ = 0. ⊘

Remark II.2.4. Let M be a finite-dimensional representation of ΠQ. It is nilpotent if and only if M
has finite length and its composition factors consist of σ0, . . . , σe. △

Nilpotent representations form Serre subcategories of Mod(ΠQ) and mod(ΠQ). In particular,
they are stable by extensions. We denote by nilp(ΠQ) the category of nilpotent finite-dimensional
representations of ΠQ.
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II.2.1.4. Stability conditions. Fix θ̌ ∈ X̌Q. In what follows, we shall call θ̌ also a stability condition.

Definition II.2.5. The (θ̌-)degree of a dimension vector d = (di)i∈I ∈ NI ∖ {0} ⊂ YQ is defined
as

degθ̌(d) := (θ̌, d) .

The (θ̌-)slope of d is

µθ̌(d) :=
degθ̌(d)
(ρ̌, d)

,

where ρ̌ is introduced in Formula (II.1.1).
Let M be a finite-dimensional representation of ΠQ. Its degree (resp. slope) is the degree (resp.

slope) of its dimension vector. ⊘

Definition II.2.6. A representation M of ΠQ of dimension d ̸= 0 is θ̌-semistable if for any subrep-
resentation N of M of dimension d′ we have

µθ̌(d
′) ≤ µθ̌(d) .

A nonzero representation M is called θ̌-stable if the strict inequality holds for any nonzero proper
subrepresentation N ⊂ M. ⊘

A finite-dimensional ΠQ-module M has a unique filtration

0 =: Ms+1 ⊂ Ms ⊂ · · · ⊂ M1 = M

with subsequent quotients being θ̌-semistable of strictly decreasing θ̌-slopes ℓs > · · · > ℓ1. This
filtration is called the Harder-Narasimhan (HN) filtration of M and the successive quotients are
the HN factors of M. For each representation M, we define the rational numbers µθ̌-min(M) and
µθ̌-max(M) to be the minimal and maximal θ̌-slopes of the HN-factors of M: we have

µθ̌-min(M) := ℓ1 = µθ̌(M1/M2) and µθ̌-max(M) := ℓs = µθ̌(Ms) .

II.2.1.5. Moduli stacks of representations. We denote by Rep(ΠQ) the classical moduli stack parame-
trizing finite-dimensional representations of ΠQ. It splits as a disjoint union

Rep(ΠQ) =
⊔
d

Repd(ΠQ)

into closed and open connected components, according to the dimension vector d ∈ YQ. Each
Repd(ΠQ) is a finite-type classical geometric stack.

The stack Repd(ΠQ) may be realized as a quotient stack as follows. The group Gd := ∏i GL(di)
acts by conjugation on the space

Ed :=
⊕

e : i→j∈Ω

Hom(Cdi , Cdj)

of d-dimensional representations of Q. Consider the Gd-equivariant map

µd : Ed −→
⊕

i
gl(di) ,

(
xe
)

e∈Ω 7−→ ∑
e∈Ω

(xexe∗ − xe∗xe) .

Then

Repd(ΠQ) ≃ µ−1
d (0)/Gd .

For any i ∈ I, there is a tautological vector bundle Vi on Repd(ΠQ) of rank di, which is pulled
back from BGL(di), and for any arrow e : i → j ∈ Ω there is a tautological map xe : Vi → Vj. The
maps (xe)e∈Ω satisfy the preprojective relations. We will refer to the data (Vi, xe)i∈I,e∈Ω as the
tautological ΠQ-module on Repd(ΠQ), and sometimes abusively denote it Vd. The collection of
tautological ΠQ-modules on Repd(ΠQ) gives rise to a locally free sheaf V on Rep(ΠQ).
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We let ΛQ stand for the closed substack of Rep(ΠQ) parametrizing nilpotent representations.
We have

ΛQ =
⊔

d∈NI
Λd .

This is a finite type classical geometric stack. Furthermore, it is pure of dimension

dim Λd = −⟨d, d⟩ .

There exists a derived enhancement Repd(ΠQ) of Repd(ΠQ) which is of (virtual) dimension
equal to −(d, d) (cf. [VV22, §2.1.4] or [DPS22, § I.2]). In particular, thanks to Theorem II.2.1 we
deduce8 that Rep(ΠQ) is a derived lci derived geometric stack, of finite type over C.

Let θ̌ ∈ X̌ be a stability condition. The subfunctor of θ̌-semistable ΠQ-representations of di-
mension d ∈ YQ forms an open substack Repθ̌-ss

d (ΠQ) of Repd(ΠQ). The former admits a canon-
ical enhancement, so there is also a derived open substack Repθ̌-ss

d (ΠQ) of Repd(ΠQ). Note that
the construction of a canonical derived enhancement of an open embedding of a geometric clas-
sical stack into a geometric derived stack follows from [STV15, Proposition 2.1]. We shall use this
result also in the rest of this Part without explicitly mentioning it.

Definition II.2.7. The derived moduli stack ΛQ of nilpotent finite-dimensional representations of
ΠQ is the formal completion of ΛQ inside Rep(ΠQ). ⊘

We denote by Λθ̌-ss
d the derived moduli stack of θ̌-semistable nilpotent representations of ΠQ

of dimension d.

Remark II.2.8. One can show that Repd(ΠQ) is equipped with a symplectic structure and that Λd
is a generically Lagrangian substack (cf. [BSV20]). We will not use this. △

II.2.2. Definition of the preprojective Cohomological Hall algebra. We shall now define, fol-
lowing [SV20] (see also [SV13b]) the cohomological Hall algebra (COHA for short) associated to the
category mod(ΠQ). Since we will mostly be interested in the nilpotent case in this paper, we
focus on that. Rather than the Hamiltonian formalism used in loc. cit., we will use here the for-
malism developed in [PS23, DPS22, DPSSV25a]. The two approaches coincide thanks to [KV23,
Proposition 6.1.5] and [PS23, §5]. Note that [KV23] considers the COHA of the one-loop quiver,
while, in [PS23], the authors compared their construction of the K-theoretical Hall algebra via
Derived Algebraic Geometry with the construction in [KV23]. Both arguments used in loc.cit. can
be readapted to the present setting.

II.2.2.1. Equivariant Borel-Moore homology of the stack of nilpotent ΠQ-representations. Consider the
action of the torus

Tmax :=
{
(γe)e∈Ω ∈ (C∗)Ω

∣∣∣ γeγe∗ = γ f γ f ∗ ∀ e, f ∈ Ω
}
≃ (Gm)

Ω × Gm

on the stack ΛQ, which is given by the following formula

(qe)e · xh := qhxh

for h ∈ Ω. Fix a subtorus T ⊆ Tmax and let H•
T be the cohomology ring of the classifying stack

BT := pt/T. Set

HAT
Q := HT

• (ΛQ) ≃ HT
• (ΛQ) and HAT

d := HT
• (Λd) ≃ HT

• (Λd)

for d ∈ NI. The obvious NI-grading on HAT
Q is called the horizontal grading. The space HAT

Q
carries a shifted cohomological grading, called the vertical grading, such that

HAT
d,k := HT

k−(d,d)(Λd)

8Recall that if Q is of finite Dynkin type then we embed it into a larger quiver.
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for k ∈ Z. The top homological degree is in zero vertical degree, i.e., we have

HAT
0 := HT

top(ΛQ) =
⊕

d

HT
−(d,d)(Λd) .

For a future use, let us quote the following important structural results.

Theorem II.2.9 ([SV20, Theorem A], [Dav24]). For any d ∈ NI, the following holds:

(1) HAT
d is free as a H•

T-module.

(2) HAT
d is concentrated in even degrees and carries a pure mixed Hodge structure (in particular, it

is equivariantly formal).

(3) for any i ≥ 0, the equivariant cycle map Hmot,T
i (Λd; 0) → HT

2i(Λd) is surjective.

(4) The graded dimension of HAT
Q is given by the following generating function

∑
d,k

dim HAT
d,2k zdqk = (1 − q−1)−dim AExp

( 1
1 − q−1 ∑

d∈NI
Ad(q−1)zd

)
,

where AQ,d(t) is Kac’s polynomial counting absolutely indecomposable representations of Q over
finite fields.

Remark II.2.10. It is in fact possible to prove that the cycle map Hmot,T
i (Λd; 0) → HT

2i(Λd) is an
isomorphism. △

II.2.2.2. Hall multiplication. Consider the convolution diagram

Rep(ΠQ)× Rep(ΠQ) Repext(ΠQ) Rep(ΠQ)
pq

, (II.2.2)

where Repext(ΠQ) is the derived stack parametrizing short exact sequence 0 → M → R →
N → 0 of finite-dimensional ΠQ-modules, and where the maps q and p associate to such a
sequence the pair of representations (N, M) and the representation R respectively. We use the
notation Repext(ΠQ) := S2Rep(ΠQ) and q = ∂0 × ∂2, p = ∂1, where the maps ∂i are defined in
Formula (I.2.2), because it is more standard.

Note that p is a proper representable map, while q is a derived lci map, see [VV22, §2.2] or
[DPS22, § I.4].

As nilpotent representations form a Serre subcategory, the diagram (II.2.2) restricts by base
change to a diagram involving ΛQ in place of Rep(ΠQ):

ΛQ × ΛQ Λext
Q ΛQ

pq
. (II.2.3)

By arguing as in [DPSSV25a, §5] (and using [DPS22, § II.5.2] instead of [PS23, §4]), we obtain
a well-defined associative algebra structure on both

HT
• (Rep(ΠQ)) and HAT

Q := HT
• (ΛQ) =

⊕
d

HT
• (Λd) ,

by the map p∗q!.

We summarize the main properties of HAT
Q as follows.

Theorem II.2.11 ([SV20, §5]). The multiplication p∗q! endows HAT
Q with the structure of an associative

NI-graded algebra. Moreover, the multiplication is of degree zero with respect to the vertical grading, i.e.,
it factors as m : HAT

d, k ⊗ HAT
d′ , k′ → HAT

d+d′ , k+k′ . In particular, HAT
0 is a NI-graded subalgebra of

HAT
Q.
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II.2.2.3. Orientations and sign twists. Let Q′ = (I, Ω′) be another orientation of Q and let Γ ⊂ Ω
be the set of arrows in Ω which are reversed in Ω′. There is a natural isomorphism

uQ,Q′ : Rep(ΠQ) Rep(ΠQ′)

(xe)e∈Ω (ϵexe)e∈Ω

∼

,

where

ϵe :=

{
1 if e ∈ Ω ∖ Γ ,
−1 if e ∈ Γ ,

which extends to the derived enhancements Rep(ΠQ) ≃ Rep(ΠQ′), and restricts to isomor-
phisms ΛQ ≃ ΛQ′ and ΛQ ≃ ΛQ′ . It is easy to check that this isomorphism is compatible with
the diagram (II.2.3). It follows that uQ,Q′ induces an isomorphism of algebras

HAT
Q HAT

Q′
∼ ,

which we will denote with the same notation uQ,Q′ .
Note that the composition uQ′ ,Q ◦ uQ,Q′ is not the identity map at the level of stacks as it

reverses the sign of xe for e ∈ Γ ∪ Γ∗, but the corresponding isomorphism at the level of COHAs
is the identity. In other words, uQ,Q′ are canonical identifications between the COHAs HAT

Q for
all orientations of the underlying graph of Q.

In order to relate COHAs with Yangians in §II.6, it will however be necessary to twist the
multiplication on HAT

Q by appropriate signs.

Definition II.2.12. A twist is a bilinear form

Θ : ZI × ZI −→ Z/2Z

satisfying

Θ(d, e) + Θ(e, d) = (d, e) . (II.2.4)

⊘

We set

mΘ
d1,d2

:= (−1)Θ(d1,d2)p∗q! : HAT
d1

⊗ HAT
d2

−→ HAT
d1+d2

.

Notation II.2.13. HAT,Θ
Q denotes the vector space HT

• (ΛQ) endowed with the twisted multipli-
cation ⊕d1,d2 mΘ

d1,d2
. By abuse of notation, from now on, the untwisted COHA will be denoted by

HAT,untw
Q , while we shall use the notation HAT

Q for the COHA whose multiplication is twisted
by the Euler form Θ = ⟨−,−⟩Q, which is introduced in Formula II.2.1. ⊘

As shown in Proposition II.8.1, the isomorphism class of HAT,Θ
Q is independent of the choice

of Θ. Furthermore, the isomorphism restricts to a sign twist on each weight space HAT
d and can

be chosen to be the identity for d ∈ {αi | i ∈ I}. By [SV20, Theorem B], HAT
Q is generated as

an algebra by HAT
d for d ∈ {αi | i ∈ I} and hence any two choices of twistings as above yield

canonically isomorphic algebras. We obtain the following result.

Proposition II.2.14. There are compatible graded algebra isomorphisms

γQ,Q′ : HAT
Q HAT

Q′
∼

between the COHAs of any two orientations Q,Q′ of the same underlying graph. These are uniquely
characterized by the condition that

γQ,Q′ |HAT
αi
= uQ,Q′ |HAT

αi
,

for any i ∈ I.
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Remark II.2.15. Proposition II.2.14 extends to arbitrary pairs (Θ, Θ′) of bilinear forms satisfying
Equation (II.2.4). △

II.3. DERIVED REFLECTION FUNCTORS AND COHOMOLOGICAL HALL ALGEBRAS OF QUIVERS

In this section, we recall the theory of (derived) reflection functors and describe the relations
between it and the theory of nilpotent quiver COHAs.

For simplicity, we shall assume here that the quiver Q is not a finite ADE quiver9.

II.3.1. (Derived) reflection functors for preprojective algebras. In this section, we shall de-
fine (derived) reflection functors for representations of ΠQ. We follow the treatment given in
[SY13]. Note that the results we cite from [SY13] have been already proven in [BIRS09] for finite-
dimensional modules over the completed preprojective algebra ΛQ, i.e., the completion of ΠQ
with respect to the augmentation ideal. In [SY13], the authors reproved some of the results of
[BIRS09] to show that they also hold for ΠQ. Derived reflection functors were also treated in
[BK12, BKT14].

Fix a vertex i ∈ I. Let ei be the primitive idempotent of ΠQ attached to the vertex i ∈ I. We
define a two-sided ideal Ii of ΠQ by

Ii := ΠQ(1 − ei)ΠQ .

As Q has no edge loops, Ii is an ideal of codimension 1 and there is an exact sequence

0 Ii ΠQ σi 0 ,

where σi is the unique simple ΠQ-module of dimension αi.

Theorem II.3.1 ([SY13, Theorem 2.20, Lemma 2.21, Proposition 2.25, and Theorem 2.26]). Let w
be an element of WQ with a reduced expression w = si1 si2 · · · sir .

• The multiplication in ΠQ gives rise to an isomorphism of (ΠQ, ΠQ)-bimodules

Ii1 ⊗
L
ΠQ

Ii2 ⊗
L
ΠQ

· · · ⊗L
ΠQ

Iir ≃ Ii1 ⊗ΠQ Ii2 ⊗ΠQ · · · ⊗ΠQ Iir ≃ Ii1 · · · Iir .

• The product Ii1 · · · Iir depends only on w; we can thus denote it by Iw. It has finite codimension
in ΠQ.

• Iw is a tilting (ΠQ, ΠQ)-bimodule of projective dimension at most one and EndΠQ(Iw) ≃ ΠQ.

For any w ∈ WQ, we define the following subcategories of mod(ΠQ):

Tw := {M ∈ mod(ΠQ) | Iw ⊗ΠQ M = 0} ,

Fw := {M ∈ mod(ΠQ) |Tor1ΠQ
(Iw, M) = 0} .

and

T w :=
{

M ∈ mod(ΠQ) |Ext1ΠQ
(Iw, M) = 0} ,

Fw :=
{

M ∈ mod(ΠQ) |HomΠQ(Iw, M) = 0} .

Remark II.3.2. Since Iw is of projective dimension one, Ext2ΠQ
(Iw, M) = 0 and Tor2ΠQ

(Iw, M) = 0
for any module M. △

We define the following endofunctors of Mod(ΠQ):

Sw := HomΠQ(Iw,−) and S′
w := Iw ⊗ΠQ − . (II.3.1)

Proposition II.3.3 ([SY13, Proposition 2.7] and [BKT14, Theorem 5.4]).

9Again, in the case that Q is a Dynkin quiver, we may embedd it into a larger quiver.
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• The pair (T w,Fw) is a torsion pair of mod(ΠQ). For any finite-dimensional representation M of
ΠQ, the evaluation map

Iw ⊗ΠQ HomΠQ(Iw, M) −→ M

is injective and its image is the torsion object of M with respect to the torsion pair (T w,Fw).

• The pair (Tw,Fw) is a torsion pair of mod(ΠQ). For any finite-dimensional representation M of
ΠQ, the coevaluation map

M −→ HomΠQ(Iw, Iw ⊗ΠQ M)

is surjective and its kernel is the torsion object of M with respect to the torsion pair (Tw,Fw).

• There are mutually inverse equivalences

T w Fw

Sw

S′
w

.

Remark II.3.4. Note that M ∈ T w if and only if Iw ⊗ΛQ HomΛQ(Iw, M) → M is surjective, while
M ∈ Fw if and only if M → HomΛQ(Iw, Iw ⊗ΛQ M) is injective. Thus, T w and Fw are open, in the
sense of [DPS22, Definition II.2.57], thanks to the semicontinuity theorem. △
Proposition II.3.5 ([BKT14, Proposition 5.7]). Let u, v, w ∈ WQ be such that ℓ(uvw) = ℓ(u) +
ℓ(v) + ℓ(w). Then, one has mutually inverse equivalences

Fu ∩ T vw Fuv ∩ T w
Sv

S′
v

. (II.3.2)

The ideal Iw gives rise to two quasi-inverse auto-equivalences RSw := RHomΠQ(Iw,−) and
LSw := Iw ⊗L

ΠQ
−, see [SY13, Theorem 2.3 and Lemma 2.22],

Db(Mod(ΠQ)) Db(Mod(ΠQ)) ,

Db
ps(Mod(ΠQ)) Db

ps(Mod(ΠQ)) ,

Db
ps,nil(Mod(ΠQ)) Db

ps,nil(Mod(ΠQ)) .

RSw

LSw

RSw

LSw

RSw

LSw

(II.3.3)

Remark II.3.6. We have Db
ps(Mod(ΠQ)) ≃ Db(mod(ΠQ)) and Db

ps,nil(Mod(ΠQ)) ≃ Db(nilp(ΠQ)).
The latter is proved in [Lew24, Theorem 1.4]. △
Proposition II.3.7 ([SY13, Proposition 2.27]). For w an element of WQ with a reduced expression
w = sir · · · si2 si1 , we have

RSw ≃ RSir ◦ · · · ◦ RSi2 ◦ RSi1 and LSw ≃ LSir ◦ · · · ◦ LSi2 ◦ LSi1 .

Remark II.3.8. As a consequence of the previous proposition, it is straightforward to deduce that
the assignments Ti 7→ RSi and T−1

i 7→ LSi, for i ∈ I give rise to a (weak) action of the braid
group BQ on Db(Mod(ΠQ)). At the K-theoretical level, the corresponding action of BQ on the
dimension vector ZI is the standard action of WQ. △

The following result is a direct consequence of Theorem II.3.1 and Remark II.3.2, which will
be used later on.

Proposition II.3.9. Let u, v, w ∈ WQ be such that ℓ(uvw) = ℓ(u) + ℓ(v) + ℓ(w). Then the derived
functor RSv restricted to Fu ∩ T vw coincides with the reflection functor Sv, while the derived functor LSv
restricted to Fuv ∩ T w coincides with the reflection functor S′

v.
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II.3.1.1. An equivalent description of Si. In this section, we provide an equivalent description of the
functors Si and S′

i for i ∈ I at the level of the categories of finite-dimensional representations of
ΠQ following [BK12, §2.2]. First, it is convenient to view a ΠQ-module as a pair (V, x) consisting
of an I-graded vector space

V =
⊕
i∈I

Vi

with linear maps xe : Vi −→ Vj and xe∗ : Vj −→ Vi for each arrow e : i → j in Ω satisfying the
preprojective relation. We will denote the pair (V, x) simply by x.

For each i ∈ I, we associate to a representation (V, x) of ΠQ the following diagram

Ṽi Vi Ṽi
x(i) x(i) , (II.3.4)

where

Ṽi :=
⊕
e∈Ω

t(e)=i

Vs(e) ,

and

x(i) :=
⊕
e∈Ω

t(e)=i

ε(e)xe and x(i) :=
⊕
e∈Ω

t(e)=i

xe∗ .

Here, ε(e) = 1 if e ∈ Ω and −1 else. The preprojective relation at the vertex i is x(i) ◦ x(i) = 0.
We now define two new ΠQ-modules Si(x) and S′

i(x) as follows. The underlying vector spaces
for Si(x) at the vertices j ̸= i, as well as the maps Vj → Vk for j, k ̸= i, coincide with those of x. We
replace Vi by ker

(
x(i) ), and define the maps adjacent to the vertex i by replacing Formula (II.3.4)

with the canonical diagram

Ṽi ker
(

x(i) ) Ṽi
x(i)◦ x(i)

.

We define S′
i(x) in the same way, replacing Vi by Coker

(
x(i)
)

and using now the canonical diagram

Ṽi Coker
(
x(i)
)

Ṽi
x(i)◦ x(i)

.

It is not difficult to check that the endofunctors

Si , S′
i : mod(ΠQ) −→ mod(ΠQ)

introduced in (II.3.1) coincide with those which associate to (V, x) the representations Si(x) and
S′

i(x), respectively. In particular, T si and Fsi are equivalent to the full subcategories of mod(ΠQ)

consisting of the modules such that the maps x(i) and x(i) are surjective and injective, respectively.

II.3.2. (Derived) reflection functors and COHAs. For any v, w ∈ WQ, let Rep(ΠQ)
v
w be the open

substack of Rep(ΠQ) parameterizing finite-dimensional representations of ΠQ, which belong to
T v ∩ Fw. Let Rep(ΠQ)

v
w be its canonical derived enhancement. Define

Λv
w := ΛQ ×Rep(ΠQ) Rep(ΠQ)

v
w and Λv

w := ΛQ ×Rep(ΠQ) Rep(ΠQ)
v
w . (II.3.5)

In addition, set

Λ(i)
Q := Λsi and Λ(i)

Q := Λsi ,

Λ(i)
Q := Λsi and Λ

(i)
Q := Λsi



32 D.-E. DIACONESCU, M. PORTA, F. SALA, O. SCHIFFMANN, AND E. VASSEROT

for any i ∈ I. The derived equivalences (II.3.2) induces mutually inverse auto-equivalences
of Rep(ΠQ). Thanks to Proposition II.3.9, the equivalences (II.3.3) induces mutually inverse
equivalences

Rep(ΠQ)
vw
u Rep(ΠQ)

w
uv

RSv

LSv

,

hence also equivalences

Λvw
u Λw

uv

RSv

LSv

. (II.3.6)

Note that the isomorphism of classical stacks, which are open in their respective full stack, lifts
automatically to the derived level by using the construction of the canonical derived enhance-
ment of [STV15, Proposition 2.1].

For w, v ∈ WQ, set

HA(w) T
Q := HT

• (Λ
w) , HAT,(w)

Q := HT
• (Λw) , and HA(v) T,(w)

Q := HT
• (Λ

v
w) .

The stack equivalences (II.3.6) yield mutually inverse isomorphisms

HA(w) T
Q HAT,(w)

Q

(Sw)∗

(S′
w)∗

(II.3.7)

and

HA(vw) T,(u)
Q HA(w) T,(uv)

Q

(Sv)∗

(S′
v)∗

. (II.3.8)

When w = si with i ∈ I, we set

HA(i) T
Q := HA(w) T

Q and HAT,(i)
Q := HAT,(w)

Q ,

and Si, ∗ := (Ssi )∗ and S′
i, ∗ := (S′

si
)∗.

Proposition II.3.10.

(1) There are right and left HAT
Q-modules structures on HA(i) T

Q and HAT,(i)
Q , respectively, such that

both restriction maps res(i) : HAT
Q → HA(i) T

Q and res(i) : HAT
Q → HAT,(i)

Q are HAT
Q-module

homomorphisms.

(2) The mixed Hodge structures on both HA(i) T
Q and HAT,(i)

Q are pure and the maps res(i) and res(i)

are surjective.

(3) ker
(
res

(i)
d : HAT

d → HAT,(i)
d

)
= HAT

d−αi
∗ HAT

αi
and ker

(
res

(i)
d : HAT

d → HA(i) T
d
)
=

HAT
αi
∗ HAT

d−αi
.

(4) The graded dimensions of HA(i) T
Q and HAT,(i)

Q are equal and given by

dim HA(i) T
Q = Exp

( 1
1 − q−1 ∑

d∈NI∖Nαi

Ad(q−1)zd
)
= dim HAT,(i)

Q ,

where zd := ∏i∈I zdi
i and Ad is the Kac’s polynomial of the quiver Q with dimension vector d.

Proof. Since Tsi is the torsion part of a torsion pair, it is closed under quotients, while since Fsi
is the torsion-free part of a torsion pair, it is closed under subobjects. This implies that upon the
open base change, the convolution diagram (II.2.3) gives rise to diagrams

Λ(i)
Q × ΛQ Λext

Q ×ΛQ Λ(i)
Q Λ(i)

Q
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and

ΛQ × Λ
(i)
Q Λext

Q ×ΛQ Λ
(i)
Q Λ

(i)
Q .

From this, (1) is a consequence of standard open base change properties.

We now prove (2). Fix a dimension vector d ∈ NI. We shall concentrate on HAT,(i)
d , since the

other case is similar. By [SY13, Lemma 2.23-(4)], a finite-dimensional ΠQ module belongs to T si if
and only if it does not contain any submodule supported at the vertex i. Fix a stability condition
θ̌ ∈ X̌ such that θ̌i = 1 and θ̌j < 1 for each j ̸= i. Then, we also get that a finite-dimensional
ΠQ module M belongs to Tsi if and only M does not have any submodule of θ̌-slope equal to
1. Equivalently, the maximal θ̌-slope of M is strictly less than 1. Thus, the classical stack Λ(i)

d is
a union of the (finitely many) Harder-Narasimhan strata with µθ̌-max < 1. Likewise, the closed

complement Λd ∖ Λ(i)
d is the union of all Harder-Narasimhan strata with µθ̌-max = 1.

Since the category of finite-dimensional representations of ΠQ is 2-Calabi-Yau, each Harder-
Narasimhan stratum is a vector bundle stack (in the sense of [DPS22, Definition II.1.31]) over a
product of stacks of θ̌-semistable nilpotent representations of ΠQ of a fixed dimension vector.
Now, By [Dav23, Theorem B] the mixed Hodge structure of the T-equivariant Borel-Moore ho-
mology of Λθ̌-ss

d is a direct summand of HAd and the latter is cohomologically pure by [SV20,

Theorem A] or [Dav23, Theorem A]. This proves that both Λ(i)
d and Λd ∖ Λ(i)

d have a pure mixed
Hodge structure, from which we deduce (2).

We next prove the first statement in (3) (the proof of the second one is similar). The kernel of the
restriction res

(i)
d : HAT

d → HAT,(i)
d is the image of the pushforward map HT

• (Λd ∖ Λ(i)
d ) → HAT

d .
Because of [SY13, Lemma 2.23-(4)], the map

t0(pd−αi , αi ) : t0(Λext
αi ,d−αi

) −→ Λd

factors via the inclusion of the stack Λd ∖ Λ(i)
d into Λd. Thus, the multiplication md−αi , αi =

(pd−αi , αi )∗ ◦ q!
d−αi , αi

factors as

HAT
d−αi

⊗ HAT
αi

HT
• (Λd ∖ Λ(i)

d ) HAT
d

ν .

Thus we are reduced to proving that the map ν is surjective. The following argument is similar
to that used in [SV20, §5.8].

Fix i ∈ I and ℓ ∈ N. For any dimension vector d, define the derived stack Λ(i,ℓ), d by the
pullback square

Λ(i,ℓ), d Λext
d−ℓαi ,ℓαi

Λ
(i)
d−ℓαi

× Λℓαi
Λd−ℓαi

× Λℓαi

j

q(i) q . (II.3.9)

For any short exact sequence of nilpotent representations of the form 0 → N → E → M → 0 such
that N is of the form σ⊕ℓ

i for some ℓ ∈ N and M belongs to Fsi , N is the torsion part of E and M is
the torsion-free part of E with respect to the torsion pair (Tsi ,Fsi ) of mod(ΠQ). In particular, such
a short exact sequence is canonical, and N is the unique submodule of E of dimension vector ℓαi.
Now, HomΠQ(σi, M) = 0 by the defining properties of the torsion pair (Tsi ,Fsi ). The latter and
the 2-Calabi-Yau property of the category of finite-dimensional representations of ΠQ imply that
the map q(i) is a vector bundle stack morphism. Since Λ

(i)
d−ℓαi

× Λℓαi
is cohomologically pure,

Λ(i,ℓ), d is cohomologically pure as well.
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In addition, the analysis above yields that the composition of the top horizontal map j in
(II.3.9) with the map p : Λext

d−ℓαi ,ℓαi
→ Λd is the inclusion of a locally closed geometric substacks.

In particular, Λ(i,ℓ), d parametrizes d-dimensional nilpotent representations M of ΠQ such that
dimHom(σi, M) = ℓ. Let Λ(i,ℓ), d denote the truncation of Λ(i,ℓ), d. Therefore,

Λd ∖ Λ(i)
d =

⊔
ℓ>0

Λ(i,ℓ), d .

We also define

Λ(i,>ℓ), d :=
⊔
ℓ′>ℓ

Λ(i,ℓ′), d and Λ(i,⩾ℓ), d :=
⊔
ℓ′⩾ℓ

Λ(i,ℓ′), d ,

Λ(i,>ℓ), d :=
⊔
ℓ′>ℓ

Λ(i,ℓ′), d and Λ(i,⩾ℓ), d :=
⊔
ℓ′⩾ℓ

Λ(i,ℓ′), d .

Set

HAT,(i,ℓ)
d := HT

• (Λ(i,ℓ), d) , HAT,(i,>ℓ)
d := HT

• (Λ(i,>ℓ), d) , HAT,(i,⩾ℓ)
d := HT

• (Λ(i,⩾ℓ), d) .

By cohomological purity, we have the short exact sequence

0 −→ HAT,(i,>ℓ)
d −→ HAT,(i,⩾ℓ)

d −→ HAT,(i,ℓ)
d −→ 0 . (II.3.10)

We now prove by descending induction on ℓ that HAT,(i,>ℓ)
d is contained in the image of the

map ν. Assume that HAT,(i,>ℓ)
d ⊂ Im(ν) for some ℓ > 0. By Formula (II.3.10), to prove that

HAT,(i,⩾ℓ)
d ⊂ Im(ν) we consider the following diagram

Λ
(i)
d−ℓαi

× Λℓαi
Λ(i,ℓ), d Λ(i,ℓ), d

Λd−ℓαi
× Λℓαi

Λext
d−ℓαi ,ℓαi

Λ(i,⩾ℓ), d

u j

q(i) p(i)

u′

q p

,

where both squares are cartesian. Note that by construction q(i) is an equivalence. Then, the
composition

(p(i))∗ ◦ (q(i))! : HAT,(i)
d−ℓαi

⊗ HAT
ℓαi

−→ HAT,(i,ℓ)
d

is an isomorphism. Since the map

u∗ : HAT
d−ℓαi

⊗ HAT
ℓαi

−→ HAT,(i)
d−ℓαi

⊗ HAT
ℓαi

is surjective by purity, we deduce that the map (u′)∗ ◦ p∗ ◦ q! is also surjective.

Finally, we prove (4). By [SV20, Corollary 2.2], since Λ(i)
d and Λ

(i)
d are pure by (2) and have

polynomial count (cf. [BSV20, §5]), the computation of the graded dimensions of HAT,(i)
d and

HA(i) T
d reduces to a finite field points count: this is performed in loc.cit (see in particular, Corol-

lary 5.2 of loc.cit.). □

II.4. YANGIANS

In this section, we introduce an extended version of a Yangian associated to Q, as an algebra
given by some explicit set of generators and relations.

Recall the torus

Tmax =
{
(γe)e∈Ω ∈ (C∗)Ω

∣∣∣ γeγe∗ = γ f γ f ∗ ∀ e, f ∈ Ω
}

. (II.4.1)
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Let εe and h̄ be the first Chern classes of the tautological characters γe and γeγe∗ of the group
Tmax. Then

H•
Tmax

:= H∗
Tmax

(pt) = Q
[
εe

∣∣∣ e ∈ Ω
]/{

εe + εe∗ = h̄ ∀ e ∈ Ω
}

.

In what follows, we use the standard notation for (anti) Lie brackets: set {a, b} := ab + ba and
[a, b] := ab − ba.

II.4.1. Definition of the Yangian. For any i, j ∈ I, with i ̸= j, set

ζi,j(t) := ∏
e∈Ω

e : i→j

(t + εe) . (II.4.2)

The following “functional equation” holds:

ζi,j(t) = (−1)ai,j ζ j,i(−t − h̄) . (II.4.3)

Definition II.4.1. The extended (multi-parameter) Yangian Ye
Q of Q is the unital associative H•

Tmax
-

algebra generated by x±i,ℓ, hi,ℓ, κi,ℓ, with i ∈ I and ℓ ∈ N, subject to the following relations:

• for any i ∈ I and ℓ ∈ N

κi,ℓ ∈ Z
(
Ye

Q
)

, (II.4.4)

• for any i, j ∈ I and r, s ∈ N [
hi,r, hj,s

]
= 0 , (II.4.5)[

x+i,r, x−j,s
]
= δi,jhi,r+s , (II.4.6)

• for i ∈ I

(u − w ∓ h̄)hi(u)x±i (w)
•
= (u − w ± h̄)x±i (w)hi(u) , (II.4.7)

(u − w ∓ h̄)x±i (u)x±i (w)
•
= (u − w ± h̄)x±i (w)x±i (u) , (II.4.8)

• for i, j ∈ I, with i ̸= j

ζi,j(u − w)hi(u)x+j (w)
•
= ζi,j(u − w − h̄)x+j (w)hi(u) , (II.4.9)

ζi,j(u − w − h̄)hi(u)x−j (w)
•
= ζi,j(u − w)x−j (w)hi(u) , (II.4.10)

ζi,j(u − w)x+i (u)x+j (w)
•
= ζi,j(u − w − h̄)x+j (w)x+i (u) , (II.4.11)

ζi,j(u − w − h̄)x−i (u)x−j (w)
•
= ζi,j(u − w)x−j (w)x−i (u) , (II.4.12)

• Serre relations:

∑
σ∈Sm

[
x±i (uσ(1)),

[
x±i (uσ(2)),

[
· · · ,

[
x±i (uσ(m)), x±j (w)

]
· · ·
]]]

= 0 (II.4.13)

for i, j ∈ I, with i ̸= j, where m := 1 − ai,j and Sm denotes the m-th symmetric group.

• for any i, j ∈ I, with i ̸= j, and any e : i → j ∈ Ω

ζ j,i(w − u)ζ j,i(w − v)
(v − w − h̄ + εe)

x−i (u)x−i (v)x−j (w)

+
(u − v − h̄)ζi,j(u − w)ζ j,i(w − v)
(v − w − h̄ + εe)(u − w + εe)

x−i (v)x−j (w)x−i (u)

+
ζi,j(v − w)ζi,j(u − w)

(u − w + εe)
x−j (w)x−i (u)x−i (v) •

= 0 ,
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ζ j,i(w − u)ζ j,i(w − v)
(v − w − h̄ + εe)

x+j (w)x+i (v)x+i (u)

+
(u − v − h̄)ζi,j(u − w)ζ j,i(w − v)
(v − w − h̄ + εe)(u − w + εe)

x+i (u)x+j (w)x+i (v)

+
ζi,j(v − w)ζi,j(u − w)

(u − w + εe)
x+i (v)x+i (u)x+j (w)

•
= 0 , (II.4.14)

Here,

hi(u) := 1 + h̄ ∑
ℓ∈N

hi,ℓu−ℓ−1 and x±i (u) := ∑
ℓ∈N

x±i,ℓu
−ℓ−1 ∈ Ye

QJu−1K ,

and for A(u1, . . . , us), B(u1, . . . , us) ∈ Ye
QJu±1

1 , . . . , u±1
s K the equality A(u1, . . . , us)

•
= B(u1, . . . , us)

means an equality of the coefficient of each monomial involving strictly negative powers of the
variables associated to associated to x±i,ℓ for i ∈ I and ℓ ∈ N.

The (multi-parameter) Yangian YQ of Q is the unital associative algebra over H•
Tmax

, which is the
quotient of Ye

Q by the two-sided ideal generated by the κi,ℓ’s, with i ∈ I and ℓ ∈ N. ⊘

Remark II.4.2. The first definition of the Yangian of a quiver without edge-loops is as an alge-
bra over Q[h̄] (e.g. [Dri86, Dri87, Var00, Gua07, GRW19]). In our terminology, it would be the
one-parameter Yangian. Recently, also the two-parameters Yangian has been introduced, when
the quiver is an affine type A quiver, as an algebra over Q[ε1, ε2], see [Kod19a, BT19, Kod21].
Since we are interested in the relation between Yangians and two-dimensional cohomological
Hall algebras of quivers, for us it is more natural to consider the largest torus Tmax which acts
on representations of the double quiver and from this point of view define the Yangian as an
algebra over H•

Tmax
. We shall consider the two-parameters Yangian when the quiver is an affine

ADE quiver in §III.2.1.
The inclusion of the additional set of central elements {κi,ℓ} in the definition of the extended

Yangian is motivated by an analogous construction for the Maulik-Okounkov Yangian (see e.g.
[MO19, §5.3.4 and §6.1.1]). From their perspective, our extended Yangian corresponds to the Yan-
gian and our Yangian would be closer to their core Yangian.
△

Remark II.4.3. The set of equations above recovers the usual relations of Yangians in particular
cases, as we shall show below.

First, note that (II.4.6) is equivalent to

h̄
[

x+i (u), x−j (w)
]
= δi,j

hi(w)− hi(u)
u − w

. (II.4.15)

Let r, s ∈ N. By taking the u−r−1w−s−1 coefficient of (II.4.7) and (II.4.8) for i ∈ I, we get[
hi,r+1, x±i,s

]
−
[

hi,r, x±i,s+1

]
= ±h̄

{
hi,r, x±i,s

}
, (II.4.16)[

x±i,r+1, x±i,s
]
−
[

x±i,r, x±i,s+1

]
= ±h̄

{
x±i,r, x±i,s

}
, (II.4.17)

respectively.

Let i, j ∈ I, with i ̸= j. Let r, s ∈ N. If ai,j = 0, the u−r−1w−s−1 coefficients of (II.4.9) – (II.4.12)
are [

hi,r+1, x±j,s
]
−
[

hi,r, x±j,s+1

]
= 0 ,[

x±i,r+1, x±j,s
]
−
[

x±i,r, x±j,s+1

]
= 0 .
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If there exists a unique edge e between i and j in Ω, the u−r−1w−s−1 coefficients of (II.4.9) –
(II.4.12) are [

hi,r+1, x±j,s
]
−
[

hi,r, x±j,s+1

]
= ∓ h̄

2

{
hi,r, x±j,s

}
− mi,j

εe − εe∗

2

[
hi,r, x±j,s

]
,[

x±i,r+1, x±j,s
]
−
[

x±i,r, x±j,s+1

]
= ∓ h̄

2

{
x±i,r, x±j,s

}
− mi,j

εe − εe∗

2

[
x±i,r, x±j,s

]
,

where

mi,j :=

{
1 if i → j ∈ Ω ,
−1 if j → i ∈ Ω .

If there are two edges e1, e2 from i to j, the u−r−1w−s−1 coefficients of (II.4.9) – (II.4.12) are[
hi,r+2, x±j,s

]
− 2
[

hi,r+1, x±j,s+1

]
+
[

hi,r, x±j,s+2

]
=

∓ (εe1 + εe2)hi,r+1x±j,s ∓ (εe∗1
+ εe∗2

)x±j,shi,r+1 ± (εe1 + εe2)hi,rx±j,s+1 ± (εe∗1
+ εe∗2

)x±j,s+1hi,r

∓ εe1 εe2 hi,rx±j,s ± εe∗1
εe∗2

x±j,shi,r ,[
x±i,r+2, x±j,s

]
− 2
[

x±i,r+1, x±j,s+1

]
+
[

x±i,r, x±j,s+2

]
=

∓ (εe1 + εe2)x±i,r+1x±j,s ∓ (εe∗1
+ εe∗2

)x±j,sx±i,r+1 ± (εe1 + εe2)x±i,rx±j,s+1 ± (εe∗1
+ εe∗2

)x±j,s+1x±i,r

∓ εe1 εe2 x±i,rx±j,s ± εe∗1
εe∗2

x±j,sx±i,r .

These relations simplify to the standard ones appearing in the affine Yangian of ŝl2 under the
specialization εe1 + εe2 = h̄ (cf. [Kod19a, Definition 5.1] and [BT19, §1.2]).

Finally, note that (II.4.9) and (II.4.10) yield a relation involving only the generators hi,0, . . . , hi,k
and x±j,r, . . . , x±j,r+k for any r and any k < |ai,j|. For instance, when k = 0, we get[

hi,0, x±j,r
]
= ±ai,jx±j,r , (II.4.18)

while when k = 1, we have[
hi,1, x±j,r

]
= ∓2

(
|ai,j|

2

)
x±j,r+1 ∓

|ai,j|
2

h̄
{

hi,0, x±j,r
}
± ∑

e∈Ω
e : i→j

(
εe −

h̄
2

)
x±j,r .

Again, in the case |ai,j| = 2 and εe1 + εe2 = h̄ we recover the usual relation[
hi,1, x±j,r

]
= ∓2x±j,r+1 ∓ h̄

{
hi,0, x±j,r

}
appearing in [BT19, §1.2]. △

Remark II.4.4. The cubic relations (II.4.14) are additive analogues of similar relations appearing
in [NSS25, §3]. In loc.cit., it was shown that together with the usual quadratic relations, these
provide a presentation of the (localized) K-theoretical Hall algebra of an arbitrary quiver Q, for a
full set of equivariant parameters. Although we do expect a similar result to hold in the cohomo-
logical Hall algebra context, we also imposed the usual Serre relation. As an illustration of this,
we prove below that the Serre relation (II.4.13) for i, j two vertices joined by a single edge e : i → j
is a formal consequence of the other relations. In order to unburden the notation, we set

U := x−i (u) , V := x−i (v) , W := x−j (w) .

The quadratic relations read

(u − v + h̄)UV + (v − u + h̄)VU •
= 0 , (II.4.19)
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(u − w − εe∗)UW − (u − w + εe)WU •
= 0 , (II.4.20)

(v − w − εe∗)VW − (v − w + εe)WV •
= 0 , (II.4.21)

while the cubic relation is

(w − u + εe∗)UVW − (u − v − h̄)VWU + (v − w + εe)WUV •
= 0 . (II.4.22)

Let us denote by RUV , RUW , RVW and RUVW the left-hand-side of (II.4.19), (II.4.20), (II.4.21) and
(II.4.22) respectively, and let us denote by RVUW the cubic relation with the roles of U and V
exchanged. Then a direct computation shows that

RUVW + RVUW + 2{RUV , W}+ [U, RVW ] + [V, RUW ]
•
= h̄

(
(UV + VU)W − 2(UWV + VWU) + W(UV + VU)

)
which is the usual Serre relation (II.4.13) with ai,j = −1. △

When Q is clear from the context, we will sometimes simply denote YQ, Ye
Q, . . . by Y, Ye, . . ..

II.4.2. Gradings and truncations of the Yangians. In this section, we shall introduce a grading
and a truncation of the Yangian, which will play a relevant role later on.

II.4.2.1. Horizontal and vertical gradings. Let Y±
Q and Y

e, 0
Q be the subalgebras of Ye

Q generated by
{x±i,ℓ | i ∈ I, ℓ ∈ N} and {hi,ℓ, κi,ℓ | i ∈ I, ℓ ∈ N}. Let Y

e,⩾0
Q be the subalgebra generated by Y

e, 0
Q

and Y+
Q and let Y

e,⩽0
Q be the subalgebra generated by Y

e, 0
Q and Y−

Q. Similarly, we introduce Y
⩾0
Q ,

Y0
Q, and Y

⩽0
Q .

The algebras Ye
Q, Y±

Q, and Y
e, 0
Q are Z × ZI-graded with

deg
(

x±i,ℓ
)

:= (−2ℓ,±αi) , deg
(
hi,ℓ
)

:= (−2ℓ, 0) , deg
(
κi,ℓ
)

:= (−2ℓ, 0) , (II.4.23)

and deg
(
ϵe
)

:= (−2, 0).

Let Ye
Q[ℓ, d], Y±

Q[ℓ, d], and Y
e, 0
Q [ℓ, d] (resp. Ye

d, Y±
d , and Y

e, 0
d ) be the graded pieces of degree

(−2ℓ, d) (resp. of degree d) of Ye
Q, Y±

Q, and Y
e, 0
Q , respectively. The Z-grading is called the vertical

grading, the ZI-grading the horizontal one.
It is also fruitful to consider the filtration on the same algebras obtained by putting the gener-

ators in the same degree as in (II.4.23) but the scalars ϵe in degree 0. We shall call this the standard
filtration of Ye

Q, YQ, . . ..

Set x±i := x±i,0, hi := hi,0, and κi := κi,0 with i ∈ I. The elements x±i , hi, κi with i ∈ I generate the
subalgebra Ye

0 of Ye
Q consisting of all elements of vertical degree zero. Similarly, we define Y0.

Set Y±
0 := Y±

Q ∩ Ye
0 = Y±

Q ∩ Y0.

Lemma II.4.5. The algebra Y0 is isomorphic to the enveloping algebra U(gQ) of the Kac-Moody Lie
algebra associated to Q.

Proof. Since all the relations defining YQ are homogeneous, Y0 is isomorphic to the algebra gen-
erated by {x±i , hi}i∈I modulo the degree zero part of the relations. It suffices to observe that these
reduce to the usual Serre presentation of gQ. □

II.4.2.2. Augmentation ideal and truncations of the Yangian. For i ∈ I, let Yi be the subalgebra gen-
erated by the elements x±i,ℓ and hi,ℓ with ℓ ∈ N. The subalgebras Y±

i and Y0
i , etc., are defined as

above.
Let I be the augmentation ideal in YQ. We abbreviate

I± := I ∩ Y±
Q , I⩾0 := I ∩ Y

⩾0
Q , I⩽0 := I ∩ Y

⩽0
Q , I±i := Yi ∩ I± .
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For a future use, we now introduce some truncations of the algebra Y−
Q. Fix i ∈ I and define

Y(i)
Q := Y−

Q/ I−i Y−
Q and Y

(i)
Q := Y−

Q/ Y−
QI−i .

There are right and left Y−
Q-modules structures on Y(i)

Q and Y
(i)
Q , respectively, such that the

canonical maps

π(i) : Y−
Q −→ Y(i)

Q and π(i) : Y−
Q −→ Y

(i)
Q (II.4.24)

are Y−
Q-module homomorphisms. Let Y(i)

0 and Y
(i)
0 be the subspaces of vertical degree zero.

II.4.3. Triangular decomposition. In this section, we prove the triangular decomposition of Ye
Q:

Theorem II.4.6. The multiplication yields the following isomorphisms

Y+
Q ⊗ Y

e, 0
Q ⊗ Y−

Q Ye
Q

∼ , (II.4.25)

and

Y+
Q ⊗ Y

e, 0
Q Y

e,⩾0
Q and Y

e, 0
Q ⊗ Y−

Q Y
e,⩽0
Q

∼ ∼ . (II.4.26)

Theorem II.4.6 yields the existence of a canonical projection

pr : Ye
Q −→ Y−

Q = Ye
Q/I⩾0Ye

Q .

Furthermore, note that there exists a version of Theorem II.4.6 for the Yangian YQ, which
yields the canonical projection

pr : YQ −→ Y−
Q = YQ/I⩾0YQ . (II.4.27)

Our method of proof Theorem II.4.6 will follow the standard approach in the case of quantum
loop algebras (see e.g. Hernandez [Her05, §3]). First, let us recall the following useful lemma.

Let A be an algebra with a triangular decomposition (A+, H, A−). Let τ+ (resp. τ−) be a two-
sided ideal of A+ (resp. A−). Let B := A/(A · (τ+ + τ−) · A) and denote by B± the image of A±

in B.

Lemma II.4.7 ([Her05, Lemma 4]). If τ− · A ⊆ A · τ− and A · τ+ ⊆ τ+ · A, then (B+, H, B−) is a
triangular decomposition of B and the algebra B± is isomorphic to A±/τ±.

Definition II.4.8. Let ˜̃Ye
Q be the unital associative H•

Tmax
-algebra generated by x±i,ℓ, hi,ℓ, κi,ℓ, with

i ∈ I and ℓ ∈ N, subject to the relations (II.4.4), (II.4.5), (II.4.6), (II.4.7), (II.4.9), and (II.4.10).

Let Ỹe
Q be the quotient of ˜̃Ye

Q by the relations (II.4.8), (II.4.11) and (II.4.12). ⊘

It is easy to see that the triple
((˜̃

Ye
Q

)+
, Y

e, 0
Q ,
(˜̃

Ye
Q

)−)
gives rise to a triangular decomposition

of ˜̃Ye
Q, where

(˜̃
Ye

Q

)±
is generated by the x±i,ℓ without relations (see the end of Remark II.4.3).

Let τ̃± be the two-sided ideal of
(˜̃

Ye
Q

)±
generated by[

(u − w − h̄)x+i (u)x+i (w)− (u − w + h̄)x+i (w)x+i (u)
]
<0

for i ∈ I ,[
ζi,j(u − w)x+i (u)x+j (w)− ζi,j(u − w − h̄)x+j (w)x+i (u)

]
<0

for i, j ∈ I , i ̸= j ,

and [
(u − w + h̄)x−i (u)x−i (w)− (u − w − h̄)x−i (w)x−i (u)

]
<0

for i ∈ I ,[
ζi,j(u − w − h̄)x−i (u)x−j (w)− ζi,j(u − w)x−j (w)x−i (u)

]
<0

for i, j ∈ I , i ̸= j ,
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respectively, where [−]<0 denotes truncation in negative degree of the power series.

Lemma II.4.9. The following inclusions hold:

τ̃− ·
(˜̃

Ye
Q

)−
⊆
(˜̃

Ye
Q

)−
· τ̃− and

(˜̃
Ye

Q

)+
· τ̃+ ⊆ τ̃+ ·

(˜̃
Ye

Q

)+
.

In particular, the triple ((
Ỹe

Q

)+
, Y

e, 0
Q ,
(

Ỹe
Q

)−)
is a triangular decomposition of Ỹe

Q, where
(

Ỹe
Q

)±
is the subalgebra generated by the x±i,ℓ.

Proof. First, a direct computation shows that[
(u − w + h̄)x+i (u)x+i (w)− (u − w − h̄)x+i (w)x+i (u), x−k (z)

] •
= 0 ,

by using the relations (II.4.16) and (II.4.17). In addition, by using the relation (II.4.15), one can
show that [

ζi,j(u − w − h̄)x+i (u)x+j (w)− ζi,j(u − w)x+j (w)x+i (u), x−k (z)
] •
= 0 ,

where the last equality follows from the relation (II.4.9) and the “functional equation” (II.4.3). A
similar but tedious computation shows that

τ̃− · Y
e, 0
Q ⊆ Y

e, 0
Q · τ̃− .

Using the triangular decomposition ˜̃Ye
Q =

(˜̃
Ye

Q

)+
· Y

e, 0
Q ·

(˜̃
Ye

Q

)−
we easily deduce that

τ̃− · ˜̃Ye
Q ⊆ ˜̃

Ye
Q · τ̃− .

The case of τ̃− may be shown in the same way. We conclude using Lemma II.4.7. □

Now, set

τ± := ker
((

Ỹe
Q

)±
−→ Y±

Q

)
.

Proof of Theorem II.4.6. The proof boils down to some direct but lengthy computations, which we
sketch below. Using Lemma II.4.7 again, it is enough to show that

τ− · Ỹe
Q ⊆ Ỹe

Q · τ− and Ỹe
Q · τ+ ⊆ τ+ · Ỹe

Q .

First, using relations (II.4.7), (II.4.9), and (II.4.10), one shows that

τ− · Y
e, 0
Q ⊂ Y

e, 0
Q · τ− and Y

e, 0
Q · τ+ ⊂ τ+ · Y

e, 0
Q .

It follows that

τ− ·
(

Ye
Q

)⩽0
⊂
(

Ye
Q

)⩽0
· τ− and

(
Ye

Q

)⩽0
· τ+ ⊂ τ− ·

(
Ye

Q

)⩾0
,

where
(

Ỹe
Q

)⩾0
and

(
Ỹe

Q

)⩽0
are the subalgebras of Ỹe

Q generated by
(

Ỹe
Q

)+
and Y

e, 0
Q and by(

Ỹe
Q

)−
and Y

e, 0
Q , respectively. The isomorphisms in (II.4.26) for Y

e,⩽0
Q and Y

e,⩾0
Q thus hold by

Lemma II.4.7.
Using the relations (II.4.6), one see that

[τ+, x−i,ℓ] ∈
(

Ỹe
Q

)⩾0
and [τ−, x+i,ℓ] ∈

(
Ỹe

Q

)⩽0
.

By projecting to Y
⩾0
Q and (Y⩽0

Q , respectively, we get that

[τ+, x−i,ℓ] ∈ ker
((

Ỹe
Q

)⩾0
−→ Y

e,⩾0
Q

)
= τ+ · Y

e, 0
Q · ,
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[τ−, x+i,ℓ] ∈ ker
((

Ỹe
Q

)⩽0
−→ Y

e,⩽0
Q

)
= Y

e, 0
Q · τ− .

Here the equalities on the right-hand-side follow from the isomorphisms in (II.4.26). Therefore,
the triangular decomposition (II.4.25) of Ye

Q holds thanks again to Lemma II.4.7. □

Remark II.4.10. Note that a priori we could have defined

˜̃τ±
:= ker

((˜̃
Ye

Q

)±
−→ Y+

Q

)
,

and proved that

Y±
Q ≃

(˜̃
Ye

Q

)±
/˜̃τ±

gives rise to a triangular decomposition of Ye
Q by using the same arguments as in the proof of

Theorem II.4.6. By introducing the algebra Ỹe
Q and proving the triangular decomposition for it,

we deduce that Y±
Q can be seen as the algebra generated by the x±i,ℓ, with i ∈ I and ℓ ∈ N, subject

to the relations (II.4.8), (II.4.11), (II.4.12), respectively, the cubic and the Serre relations and ‘only’
the extra relations obtained by applying ad(x±i,ℓ) to the cubic and the Serre relations. △

II.5. BRAID GROUP ACTION ON THE YANGIAN

In this section, we shall introduce the braid group action on the Yangian, its negative nilpotent
half, and certain quotients of the latter.

II.5.1. The braid group actions on YQ and on Y−
Q. There is a BQ-action on YQ by algebra auto-

morphisms defined as

BQ −→ Aut(YQ) , (II.5.1)

Ti 7−→ exp
(
ad
(

x+i
))

◦ exp
(
− ad

(
x−i
))

◦ exp
(
ad
(
x+i
))

for i ∈ I. These operators are well-known in the context of Kac-Moody algebras. In the context
of Yangians they were first considered in [GNW18], see Formula (3.15) in loc.cit., for Yangians of
affine ADE quivers and further studied in [Kod19b]. This gives well-defined operators since the
adjoint representation of the Yangian, restricted to each root sl2, is integrable.

Lemma II.5.1. Let d ∈ ZI.

(1) We have Ti(Yd) = Ysi(d) and Ti(Y
+
d ) ⊂ ∑e Y

⩾0
e Y−

i , where e runs over the set si(d) + Nαi.

(2) Ti(I
−
i ) ⊂ I+i Yi, and Ti(Y

−
Q) ⊂ Y

⩾0
i Y−

Q.

Moreover, let w = siℓ · · · si2 si1 be a reduced expression of w ∈ WQ and βr := siℓ · · · sir+1(αir ) for
r = 1, . . . , ℓ. We have:

(3) Tw(Y
−
Q) ⊂ ∑e Y

⩾0
e Y−

Q, where e runs over the set ∑ℓ
r=1 Nβr.

Proof. The first claim is straightforward and well-known (see e.g. to [Kod19b, Proposition A.2]).
Thanks to Theorem II.4.6 (the triangular decomposition), the second claim in (1) follows from the
inclusion

Ti
(
Y+

d
)
⊂
(
Y

⩾0
Q Y−

i
)

si(d)
,

where (−)si(d) is the degree si(d) part of (−). We next turn to (2). Clearly, Ti(Yi) = Yi. Since
I−i ⊂ ∑ℓ∈N x−i,ℓYi, it is enough to check that Ti(x−i,ℓ) ∈ I+i for each integer ℓ. Now, the relations
(II.4.9) (see also (II.4.18)) and (II.4.10) (see also (II.4.16)) yield

x−i,ℓ = −1
2

[
hi,0, x−i,ℓ

]
=

1
2

([
hi,1, x−i,ℓ−1

]
+ h̄
{

hi,0, x−i,ℓ−1

})
.
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Thus, the claim follows by iteratively applying [Kod19b, Proposition A.2]. The second statement
in (2) follows from the above argument together with the equalities

Y+
QY0

Q = Y0
QY+

Q and Y
⩽0
i Y+

Q = Y+
QY

⩽0
i .

Finally, (3) follows from (2) and (1) by induction. □

For any w ∈ WQ, we define the linear operator Tw given by the composition

Tw : Y−
Q YQ YQ Y−

Q
Tw pr

, (II.5.2)

where the last map is the projection (II.4.27). We call Tw the truncated braid group operator
associated to w.

Let B+
Q ⊂ BQ be the submonoid generated by the elements Tw with w ∈ WQ. We call B+

Q the
positive braid monoid of Q. It is known that B+

Q is isomorphic to the monoid generated by the Ti’s
modulo the braid relations (II.1.3).

Proposition II.5.2. The assignment Tw 7→ Tw for w ∈ WQ gives rise to a representation of B+
Q on Y−

Q,
i.e., to a morphism of groupoids B+

Q → End(Y−
Q).

Proof. Let w = siℓ · · · si2 si1 be a reduced expression and βr = siℓ · · · sir+1(αir ) for r = 1, . . . , ℓ. We
shall argue by induction on r.

Let v := siℓ−1
· · · si2 si1 and i = iℓ. We will prove that Tw = TiTv. Fix an element x ∈ Y−

Q. By
Lemma II.5.1, we have Tv(x) = y + z, with y = Tv(x) ∈ Y−

Q and

z ∈ ∑
e

I⩾0
e Y−

Q with 0 ̸= e ∈
ℓ−1

∑
r=1

Nsiℓ · · · sir+1(αir ) .

We have Tw(x) = Ti(y) + Ti(z) and

Ti(z) ∈ ∑
e

Ti(I
⩾0
e )Ti(Y

−
Q) with 0 ̸= e ∈

ℓ−1

∑
r=1

Nsiℓ · · · sir+1(αir ) .

Note that all weights siℓ · · · sir+1(αir ) in the formula above are positive roots, which are different
from αi, hence Ti(z) ∈ I⩾0Ti(Y

−
Q) ⊂ I⩾0YQ. Thus Ti(z) belongs to the kernel of the projection

(II.4.27). Therefore Tw(x) is the image of TiTv(x) by the projection (II.4.27), proving the proposi-
tion. □

II.5.2. Truncated braid group action.

Proposition II.5.3. There exists a unique map Ti : Y(i)
Q → Y

(i)
Q such that the diagram

Y−
Q Y−

Q

Y(i)
Q Y

(i)
Q

Ti

π(i) π(i)

Ti

is commutative. Here, the vertical arrows are the canonical projections (II.4.24).

Proof. We have an inclusion Ti(I
−
i Y−

Q) ⊂ I+i YQ ⊂ I⩾0YQ hence there is a factorization

Y−
Q YQ

Y(i)
Q Y−

Q

Ti

π(i)
Ti pr
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We now compose with the projection π(i) : Y−
Q → Y

(i)
Q to obtain the desired commutative dia-

gram. □

II.6. RELATION BETWEEN THE YANGIAN AND THE NILPOTENT COHA OF THE QUIVER

In this section, we construct a surjective algebra homomorphism from the negative half Y−
Q of

the Yangian to the cohomological Hall algebra HAT̃
Q for T̃ := Tmax. We shall use the notation T̃

and Tmax interchangeably.

II.6.1. The algebra S. Define the Z × NI-graded commutative algebra

S := H•
T̃ [pℓ(zi) | i ∈ I, ℓ ≥ 0] ,

where

deg(εe) = (2, 0) , deg(pℓ(zi)) = (2ℓ, αi) .

For any i ∈ I, we set

ch(zi) := p0(zi) + ∑
ℓ≥1

pℓ(zi)

ℓ!
.

We endow the algebra S with a cocommutative bialgebra structure by setting

∆(ch(zi)) := ch(zi)⊗ 1 + 1 ⊗ ch(zi)

for each i ∈ I.

Remark II.6.1. It can be helpful to think of pℓ(zi) as the ℓ-th power sum in an infinite set of vari-
ables zi,1, zi,2, . . . and of p0(zi) as an extra formal variable. △

For each dimension vector d ∈ NI, there is a canonical algebra homomorphism

ι : S −→ H•
T̃×Gd

(pt) , ch(zi) 7−→ ch(Vi) ,

where Vi is the tautological vector bundle on BGd pulled back from BGL(di) introduced in
§II.2.1.5. Observe that ι(p0(zi)) = di for any i ∈ I. Composing the natural H•

T̃×Gd
-action on

HAT̃
d with the map ι and taking the sum over all dimensions d, we get an action of S on the

H•
T̃

-algebra HAT̃
Q, which we denote as

∩ : S ⊗ HAT̃
Q −→ HAT̃

Q .

Lemma II.6.2. The action ∩ is Hopf, i.e., for any c ∈ S and a1, a2 ∈ HAT̃
Q we have

c ∩ (a1 · a2) = ∑
j
(c′j ∩ a1) · (c′′j ∩ a2) ,

where ∆(c) = ∑j c′j ⊗ c′′j .

Proof. Fix d1, d2 ∈ NI and consider the convolution diagram (II.2.3)

Λd1 × Λd2 Λext
d1,d2

Λd1+d2 .
pq

There is a short exact sequence of tautological bundles

0 −→ Vd2 −→ Vd1+d2 −→ Vd1 −→ 0 .

The lemma follows from the additivity of the Chern character and the projection formula, as in
[SS20, Proposition 4.2]. □
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On the other hand, there is an action of S on Ye
Q

∩ : S ⊗ Ye
Q −→ Ye

Q

such that for each vertex i ∈ I and each positive integer ℓ, the polynomial pℓ(zi) acts as the
derivation satisfying

pℓ(zi) ∩ x±j,k = ±δi,j x±j,k+ℓ , pℓ(zi) ∩ hj,k = 0 , pℓ(zi) ∩ κj,k = 0 , (II.6.1)

and p0(zi) acts as di · id on the d-graded piece Ye
d. This action preserves the subalgebras Y±

Q and
Y

e, 0
Q . It is of degree zero with respect to the ZI-grading.

II.6.2. The homomorphism Φ. The goal of this section is to prove the following theorem.

Theorem II.6.3. There is a surjective Z × NI-graded H•
T̃

-algebra homomorphism

Φ : Y−
Q −→ HAT̃

Q ,

x−i,ℓ 7−→ (zi,1)
ℓ ∩ [Λαi ]

(II.6.2)

for i ∈ I and ℓ ∈ N. Moreover, we have:

(1) Φ intertwines the vertical gradings on Y−
Q and HAT̃

Q.

(2) Φ intertwines the S-actions on Y−
Q and HAT̃

Q.

(3) Φ restricts to an algebra isomorphism Y−
0 → HAT̃

0 .

Proposition II.2.14 yields the following.

Corollary II.6.4. For any choice of twist Θ : ZI × ZI → Z/2Z, there exists a surjective algebra mor-
phism

ΦΘ : Y−
Q −→ HAT̃,Θ

Q
satisfying the same conditions as in Theorem II.6.3. The isomorphisms γΘ,Θ′ are compatible with the
morphisms Φ, i.e., we have γΘ,Θ′ΦΘ = ΦΘ′ .

When there is no risk of confusion, we will simply write Φ for ΦΘ. Motivated by the main
result of [NSS25], we make the following conjecture:

Conjecture II.6.5. The map Φ induces an isomorphism Y−
Q ⊗ Frac

(
H•

T̃

) ∼−→ HAT̃
Q ⊗ Frac

(
H•

T̃

)
.

Warning II.6.6. Note that with our conventions, the map Φ does not preserve weights, but rather
sends the graded piece of Y−

Q of weight −α ∈ YQ to the graded piece of HAT̃
Q of weight α. △

To prove Theorem II.6.3, we first recall the shuffle algebra presentation of the cohomological
Hall algebra of a quiver.

II.6.2.1. Shuffle algebra and cohomological Hall algebra of quiver. For d ∈ NI, define

Shd := H•
T̃

[
zi,ℓ

∣∣∣ i ∈ I , 1 ≤ ℓ ≤ di

]Sd
,

where Sd is the permutation group of d letters and Sd := ∏i Sdi
is permuting the set of variables

{zi,1, · · · , zi,di
} for each vertex i.

When considering elements of Shd, we will indicate the range of variables in bracket: for
instance, P(z[1,d]) is a function in the variables (zi,ℓ) for i ∈ I and 1 ≤ ℓ ≤ di, while P(z[d+1,d+e])

is a function in variables (zi,ℓ) for i ∈ I and di + 1 ≤ ℓ ≤ di + ei.

Note that there is a canonical identification Shd = HT̃
∗ (Repd(Q)). We define a graded asso-

ciative algebra structure on ShQ := HT̃
∗ (Rep(Q)) such that, for each P ∈ Shd and Q ∈ She, we

have
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P ⋆ Q

)(
z[1,d+e]

)
:= (−1)⟨d,e⟩ ∑

σ

σ
(

∏
i∈I

ζi
(
z[1,d], z[d+1,d+e]

)
· ∏

i,j∈I
ζi,j
(
z[1,d], z[d+1,d+e]

)
·

· P
(
z[1,d]

)
· Q
(
z[d+1,d+e]

))
, (II.6.3)

where σ runs among all I-tuples of (di, ei)-shuffles, and

ζi
(
z[1,d], w[1,e]

)
:= ∏

1≤k≤di
1≤ℓ≤ei

zi,k − wi,ℓ − h̄
zi,k − wi,ℓ

and ζi,j
(
z[1,d], w[1,e]

)
:= ∏

1≤k≤di
1≤ℓ≤ej

ζi,j(zi,k − wj,ℓ) .

Here, ζi,j(t) has been introduced in Formula (II.4.2), while ⟨−,−⟩ stands for the non-symmetrized
Euler pairing attached to Q, introduced in Formula (II.2.1).

Theorem II.6.7 ([SV20, Theorem A]). The pushforward with respect to the closed embedding of classical
geometric stacks ΛQ → Rep(Q) yields an injective H•

T̃
-algebra homomorphism ι : HAT̃

Q → ShQ which

is a S-module homomorphism10.

Concretely, we have ι((zℓi,1) ∩ [Λαi ]) = zℓi,1 ∈ Shαi for any i ∈ I and ℓ ≥ 0.

II.6.2.2. Proof of Theorem II.6.3. We are ready to prove the main result of this section.

Proof. The proof of relations (II.4.8), (II.4.12), and (II.4.14) are done by a direct computation using
the shuffle formula (II.6.3). Since the first two (quadratic relations) are standard and follow di-
rectly from the presentation, we focus on the cubic relation. The images in the shuffle algebra of
all the terms involved consist of series of the form

E(z1, u1) · · · E(zs, us)P(z1, . . . , zs) =
[
E(z1, u1) · · · E(zs, us)P(u1, . . . , us)

]
<0 ,

where [−]<0 stands for the truncation to negative powers of all u variables. Here P(z1, . . . , zs) ∈
Q[z±1

1 , . . . , z±1
s ] is any Laurent polynomial. Let us now fix i ̸= j ∈ I. Using the above observation

and the functional equation (II.4.3) for the functions ζi,j(t), one sees that in the shuffle algebra,

x−i (u)x−i (v)x−j (w) = −
[
X(u, v, w)

u − v − h̄
u − v

ζi,j(u − w)ζi,j(v − w)
]
<0 ,

x−i (v)x−j (w)x−i (u) = (−1)ai,j+1[X(u, v, w)
u − v + h̄

u − v
ζi,j(v − w)ζ ji(w − u)

]
<0

= −
[
X(u, v, w)

u − v + h̄
u − v

ζi,j(v − w)ζi,j(u − w − h̄)
]
<0 ,

x−j (w)x−i (u)x−i (v) = −
[
X(u, v, w)

u − v − h̄
u − v

ζ ji(w − u)ζ ji(w − v)
]
<0

= −
[
X(u, v, w)

u − v − h̄
u − v

ζi,j(u − w − h̄)ζi,j(v − w − h̄)
]
<0 ,

where

X(u, v, w) =
(
E(zi,1, u)E(zi,2, v) + E(zi,2, u)E(zi,1, v)

)
E(zj, w) .

The cubic relations follow.
Let us now turn to the Serre relation. By a classical trick of Grojnowski and Nakajima (see

[Nak01, §10.4]), it is enough to prove it for generators x−i,•, x−j,• all in vertical degree zero (in-
deed, by successively applying the derivations pℓ(zi) to the degree zero Serre relations, one can
generate the Serre relations in any multidegree, in the same way as symmetric polynomials are
generated by power sum functions).

In terms of the COHA, this amounts to checking a relation in the subalgebra HAT̃
0 . From the

equivariant formality of HAT̃
d for any d ∈ NI (cf. Theorem II.2.9), it follows that the structure

10Note that the torus T̃ fulfills the genericity condition which [SV20, Theorem A] requires.



46 D.-E. DIACONESCU, M. PORTA, F. SALA, O. SCHIFFMANN, AND E. VASSEROT

of this algebra is independent of the choice of the torus; we may therefore replace T̃ by any
smaller torus, in particular by the (standard) torus used in e.g. [YZ18a], where the Serre relation
is checked11. Statements (1), (2), and (3) are immediate from the definition of Φ.

The surjectivity of the map Φ follows from the generation theorem [SV20, Theorem B] together
with the obvious fact that the image of Φ contains HAT̃

αi
for all i ∈ I. Finally, the restriction Φ0

of Φ to Y−
0 is an isomorphism since Y−

0 and HAT̃
0 have the same graded dimension as U(nQ),

where nQ is the negative nilpotent subalgebra of gQ (see e.g. [Sch12a, Theorem 4.23]). □

Remark II.6.8. To prove the degree zero Serre relations, one may alternatively use the characteris-
tic cycle map and the compatibility with Lusztig’s geometric Hall algebra (see §II.7.1.5). △

II.6.3. Extension by the loop Cartan. Motivated by the analogy with Maulik-Okounkov Yan-

gians and the theory of Nakajima quiver varieties, we introduce an extension HAT̃,⩽0
Q of HAT̃

Q by
adding a ’Cartan’ part and extend the morphism Φ to that setting. For this, let us consider the
commutative polynomial algebra

HA0
Q := Sz ⊗ Sy ,

where

Sz := H•
T̃ [pℓ(zi); i ∈ I, ℓ ≥ 0] and Sy := H•

T̃ [pℓ(yi); i ∈ I, ℓ ≥ 0] .

Here we write Sz for S in order to avoid confusion. We equip it with a cocommutative coproduct
by setting

∆(pℓ(yi)) := pℓ(yi)⊗ 1 + 1 ⊗ pℓ(yi) and ∆(pℓ(zi)) := pℓ(zi)⊗ 1 + 1 ⊗ pℓ(zi)

for any i, ℓ. We also define an action

∩ : HA0
Q ⊗ HAT̃

Q −→ HAT̃
Q

as follows: ch(zi) acts by multiplication by ch(Vi) and pℓ(yi) acts by zero. This allows us to form
the semi-direct product

HAT̃,⩽0
Q := HA0

Q ⋉ HAT̃
Q ,

which is the quotient of the free algebra generated by HA0
Q and HAT̃

Q modulo the two-sided
ideal of relations

xa = ∑
i

x′i ∩ ax′′i ,

with x ∈ HA0
Q and a ∈ HAT̃

Q.

In order to extend Φ to HAT̃,⩽0
Q , we introduce symbols Wi for i ∈ I which we shall formally

treat as vector bundles on ΛQ satisfying

chℓ(Wi) :=
pℓ(yi)

ℓ!
∈ HAT̃,⩽0

Q .

Let us also set

Fi := q−2Wi − (1 + q−2)Vi + ∑
e∈Ω

e : j→i

γ−1
e Vj + ∑

e∈Ω
e : i→j

γ−1
e∗ Vj .

11Note that the authors of [YZ18a] use the opposite multiplication for the COHA.
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Theorem II.6.9. The assignment

hi(z) 1 + ∑
v∈NI

λ−1/z

(
Fi

)
λ−1/z

(
q2Fi

) ∩−

κi,ℓ pℓ(yi)

,

where λ−1/z(E) is the equivariant Chern polynomial of E , extends the map Φ to a surjective algebra

homomorphism Y
e,⩽0
Q → HAT̃,⩽0

Q , which restricts to an isomorphism of algebras Y
e,0
Q ≃ HA0

Q.

Proof. The only nontrivial relations to check are (II.4.8) and (II.4.11). These follow from direct
computations in all points similar to [Var00, §5]. □

We will often identify Y
e,0
Q with Sz ⊗ Sy without further mention.

II.7. COMPATIBILITY BETWEEN BRAID GROUP ACTION AND DERIVED REFLECTION FUNCTORS

In this section, we relate the action of the truncated braid group on YQ with the derived re-
flection functors. Note that Proposition II.3.10 has the following immediate consequence:

Corollary II.7.1. The surjective algebra homomorphism Φ : Y−
Q −→ HAT̃

Q factors to surjective homo-

morphisms Y(i)
Q → HA(i) T̃

Q and Y
(i)
Q → HAT̃,(i)

Q .

Recall from §II.6.1 the S-actions on HAT̃
Q and Y−

Q. It is clear that these actions descend to S-

actions on the quotients HAT̃,(i)
Q and HA(i) T̃

Q, as well as Y(i)
Q and Y

(i)
Q for each i ∈ I. Moreover

the morphisms Y(i)
Q → HA(i) T̃

Q and Y
(i)
Q → HAT̃,(i)

Q are S-equivariant.

As usual, we say that i ∈ I is a sink of Q if there is no edge i → j ∈ Ω, while i ∈ I is a source of
Q if there is no edge j → i ∈ Ω.

The main Theorem of this section relates the action of reflection functors on the COHA and
the action of braid operators on the Yangian.

Theorem II.7.2. Fix i ∈ I and assume that i is a sink of Q. Then the diagram

Y(i)
Q HA(i) T̃

Q

Y
(i)
Q HAT̃,(i)

siQ

Ti

Φ

Si, ∗

Φ

(II.7.1)

is commutative.

The Yangian YQ is independent of the orientation of Q, and the COHAs HAT
Q and HAT

siQ are
canonically isomorphic. However, these isomorphisms are given by sign twists on each weight
space (see §II.2.2.3), and are in fact not compatible with the reflection functors. The assumption
that i is a source guarantees that there is no sign twist in the diagram. Note that there is a slight
abuse of notations in diagram (II.7.1): the map Si, ∗ is induced in Borel-Moore homology by the
composition of equivalences

Λ(i)
Q Λ

(i)
Q Λ

(i)
siQ

RSi
uQ,siQ .

The proof of Theorem II.7.2 is divided into four steps:
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• In §II.7.1 we prove the vertical degree zero version of Theorem II.7.2, i.e., Theorem II.7.4.
The proof reduces to the compatibility of the braid group operator Ti with the operators
at the level of classical Hall algebra of Q induced by the BGP functor and the use of
the characteristic cycle map to lift such a relation at the level of the cohomological Hall
algebra of Q.

• In §II.7.2 we prove the compatibility between the action of the Chern classes of tautolog-
ical bundles and the action of the braid group, using the representations of the Yangians
on the Borel-Moore homologies of Nakajima quiver varieties.

• In §II.7.3 we characterize the supports of HA(i) T̃
d and HAT̃,(i)

d as Shd-modules.

• §II.7.4 we show that the operators Ti descend to maps HA(i) T̃
Q → HAT̃,(i)

Q . For this we

introduce partial doubles of HAT̃
Q and Y−

Q at a fixed vertex i ∈ I.

All these steps are put together in §II.7.5 where we finally prove Theorem II.7.2.

Theorem II.7.2 admits a generalization to the case of HAT,Θ
Q for an arbitrary twist Θ. To any

λ̌ ∈ X̌Q one may associate an automorphism ρλ̌ ∈ Aut(Y−
Q) given by

ρλ̌ : u 7−→ (−1)(λ̌,|u|)

and a surjective algebra morphism Φλ̌
Θ : YQ → HAT,Θ

Q given as

Φλ̌
Θ := ΦΘ ◦ ρλ̌ .

There is a natural action of the Weyl group WQ on the set of twisting forms Θ, given as follows:
if w ∈ W and Θ : ZI × ZI → Z2 is a twist, then w · Θ is the twist defined by

(e, d) 7−→ Θ(w−1(e), w−1(d)) .

Corollary II.7.3. Fix i ∈ I and let Θ be an arbitrary twist. There exists an (explicit) λ̌ ∈ X̌Q such that
for any ν ∈ X̌Q the diagram

Y(i)
Q HA(i) T̃,Θ

Q

Y
(i)
Q HAT̃,si ·Θ,(i)

siQ

Ti

Φν
Θ

Si, ∗

Φ
si(ν)+λ̌

si ·Θ

is commutative, where HAT̃,si ·Θ,(i)
siQ

:= HT̃
• (Λ

(i)
siQ).

Proof. Let us first assume that ν = 0.

Recall the algebra isomorphisms γΘ′ ,Θ′′ : HAT̃,Θ′

Q ≃ HAT̃,Θ′′

Q for any two twists Θ′ and Θ′′

(cf. Proposition II.2.14). Fix an arbitrary twist Θ and denote by γQ,Θ the algebra isomorphism
corresponding to the Euler form ⟨−,−⟩Q and Θ. Similarly, for any vertex i ∈ I, we shall denote
by γsiQ,si ·Θ the algebra isomorphism corresponding to the Euler form ⟨−,−⟩siQ and si · Θ.

Let us fix the orientation of Q so that i is a sink, and extend the commutative diagram (II.7.1)
as follows:

Y(i)
Q HA(i) T̃

Q HA(i) T̃,Θ
Q

Y
(i)
Q HAT̃,(i)

siQ HAT̃,si ·Θ,(i)
siQ

Ti

Φ

Si, ∗

γQ,Θ

Si, ∗

Φ γsiQ,si ·Θ

.
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The composition

Y−
Q HAT̃

siQ HAT̃,si ·Θ
siQ

Φ γsiQ,si ·Θ

is an algebra morphism, which coincides with Φsi ·Θ up to a sign twist. It thus has the form Φλ̌
si ·Θ

for a well-defined λ̌, whose explicit form may be computed.
The case of ν ̸= 0 follows by a similar argument. □

II.7.1. Degree zero case. Let Ye
0 be the subalgebra Ye

Q consisting of all elements of vertical degree

zero. Set Y−
0 := Y−

Q ∩ Ye
0. Let also consider the subalgebra HAT̃

0 := HT̃
top(ΛQ) of HAT̃

Q. The
restriction of the map Φ to the subalgebra Y−

0 of Y−
Q factorizes to a map

Φ0 : Y−
0 −→ HAT̃

0 ,

as shown in Theorem II.6.3-(3). Now, introduce

Y(i)
0 := Y−

0 / I−i Y−
0 and Y

(i)
0 := Y−

0 / Y−
0 I−i ,

HA(i) T̃
0 := HT̃

top( Λ(i)
Q) and HAT̃,(i)

0 := HT̃
top(Λ

(i)
Q ) .

By Corollary II.7.1, the map Φ0 yields a pair of surjective algebra homomorphisms

Φ0 : Y(i)
0 −→ HA(i) T̃

0 and Φ0 : Y
(i)
0 −→ HAT̃,(i)

0 .

Both maps Ti and Si, ∗ preserve the degree 0 subspaces. The first step to prove Theorem II.7.2 is
the following result.

Theorem II.7.4. Fix i ∈ I a sink of Q. Then, the diagram

Y(i)
0 Y

(i)
0

HA(i) T̃
0 HAT̃,(i)

0

Ti

Φ0 Φ0

Si, ∗

(II.7.2)

is commutative.

To prove the theorem we proceed in the following way. We first consider the analogous state-
ment for Fq-Hall algebras HQ,ε, which essentially follows from work of Lusztig and Sevenhant-
Van den Bergh on braid group actions and BGP functors. We next use the Cebotarev density
theorem and the trace map to lift this result at the level of categories of perverse sheaves K0(QQ),
first over Fq with Qℓ-coefficients, then over C with C-coefficients. Finally we apply the character-
istic cycle map CC : K0(QQ,C) → HA0 and use the known fact, see [Hen24], that it is an algebra
homomorphism of algebras.

II.7.1.1. The BGP functor. Fix a field k. For i a sink of Q we let mod(Q)i be full subcategory of
mod(Q) whose objects are (V, x) such that the map⊕

e : j→i
xe :

⊕
j

Vj → Vi (II.7.3)

is surjective. Similarly, for i a source of Q we let mod(Q)i be full subcategory of mod(Q) whose
objects are (V, x) such that the map ⊕

e : i→j
xe : Vi →

⊕
j

Vj (II.7.4)

is injective. Here, in the direct sum in the right-hand-side of the map (II.7.3) and in the direct sum
in the left-hand-side of the map (II.7.4), j runs over all vertices of Q that are adjacent to i.
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For a fixed vertex i, let siQ be the quiver obtained by reversing all the edges which end at
i. In particular, if i is a sink (resp. source) of Q, i is a source (resp. sink) of siQ. We shall now
recall the construction of the BGP functor following [BGP73]. Assume that i is a sink of Q. To a
representation (V, x) we associate the representation (Ṽ, x̃), where

Ṽj :=


Vj if j ̸= i ,

ker
( ⊕

e : j→i
xe :

⊕
j

Vj → Vi

)
if j = i ,

and the linear maps x̃ are the obvious ones. Similarly, if we assume that i a source of Q, to a
representation (V, x) we associate the representation (Ṽ, x̃), where

Ṽj :=


Vj if j ̸= i ,

coker
( ⊕

e : i→j
: Vi →

⊕
j

Vj

)
if j = i ,

and the linear maps x̃ are the obvious ones. This construction gives rise to the functor

Si : mod(Q) −→ mod(siQ)

if i is a sink, and to the functor

S′
i : mod(Q) −→ mod(siQ)

if i is a source. In particular, if i is a sink, the functor Si descends to an equivalence

Si : mod(Q)i −→ mod(siQ)i ,

whose inverse is given by the restriction of S′
i .

From now on, we let i be a sink of Q. Let

f(i) : Rep(Q)(i) −→ Rep(Q) (II.7.5)

be the embedding of the open substack consisting of finite-dimensional representations of Q for
which (II.7.3) is surjective; likewise, let

f (i) : Rep(siQ)(i) −→ Rep(siQ) (II.7.6)

be the embedding of the open substack consisting of representations of siQ for which (II.7.4) is
injective. The BGP functor Si induces a morphism

Si : Rep(Q) −→ Rep(siQ) .

It restricts to an equivalence

Si : Rep(Q)(i) Rep(siQ)(i)
∼ , (II.7.7)

whose inverse is given by S′
i .

II.7.1.2. Classical Hall algebras and braid group action. Let υ be a formal variable and let Uυ(nQ) be
Lusztig’s integral form of the quantized enveloping algebra of nQ (see e.g. [Sch12b, Appendix 4]
for the definition). Now, let q be a prime power and let us fix a square root ε of q. Set

Uε(nQ) := Uυ(nQ)|υ=ε .

We also set

U(i)
υ(nQ) := Uυ(nQ)/ fiUυ(nQ) and U

(i)
υ (nQ) := Uυ(nQ)/Uυ(nQ) fi ,

where fi ∈ Uε(nQ) is the ith Chevalley generator. We define U(i)
ε(nQ),U

(i)
ε (nQ) in a similar

fashion.
Let RepQ(Fq) be the set of isomorphism classes of Fq-points of Rep(Q) and let FunFq(Q) be

the space of all maps RepQ(Fq) → C. We endow it with a twisted Hall multiplication, where the
twist is defined as e.g. [Sch12b, Lecture 1]. The composition subalgebra HQ,ε ⊂ FunFq(Q) is the
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subalgebra generated by the characteristic functions 1i : Repαi
(Fq) → C for i ∈ I. The Ringel-

Green Theorem provides an isomorphism

θε : HQ,ε Uε(nQ)
∼ (II.7.8)

see e.g. [Sch12b, Theorem 3.16]12.

Recall that i is a sink. The embeddings of stacks (II.7.5) and (II.7.6) induces inclusions f(i) and
f (i) of the sets RepQ(Fq)(i) and RepsiQ(Fq)(i) of isomorphism classes of Fq-points of the stacks
Rep(Q)(i) and Rep(siQ)(i) into RepQ(Fq) and RepsiQ(Fq), respectively. This gives rise to the
following quotients

H(i)
Q,ε := ( f(i) )∗(HQ,ε) and H(i)

siQ,ε := ( f (i))∗(HsiQ,ε)

of the vector spaces HQ,ε and HsiQ,ε, respectively. The map θ descends to linear isomorphisms

θ(i)
ε : H(i)

Q,ε U(i)
ε(nQ)

∼ and θ
(i)
ε : H(i)

siQ,ε U
(i)
ε (nQ)

∼ . (II.7.9)

Indeed, the isomorphism θε maps 1i to fi, hence it restricts to isomorphisms

1i · HQ,ε fiUε(nQ)
∼ and HQ,ε · 1i Uε(nQ) fi

∼ .

Moreover, a function g ∈ FunFq(Q) is supported on the complement of RepQ(Fq)(i) (resp. of
RepsiQ(Fq)(i)) if and only if it is left (resp. right) divisible by 1i, and the same holds for HQ,ε by
e.g. [Lus93, Theorem 14.3.2].

The functor Si introduced in Formula (II.7.7) induces a bijection

RepQ(Fq)(i) RepsiQ(Fq)(i)
∼ .

The direct image by Si yields a linear isomorphism

Si,∗ : H(i)
Q,ε H(i)

siQ,ε
∼

such that the following diagram of linear isomorphisms commutes

H(i)
Q,ε U(i)

ε(nQ)

H(i)
siQ,ε U

(i)
ε (nQ)

Si,∗

θ(i)

T′
i,−1

θ(i)

. (II.7.10)

This is shown in [Lus93, §38, Lemma 38.1.3], see also [SVdB99] and [XY01, Theorem 6.3-(a)] .
Here, T′

i,−1 is Lusztig’s braid group operator considered in [Lus98, §8] and [Lus93, §38]. More pre-
cisely, it corresponds to Lusztig’s braid group operator twisted by the Cartan involution swap-
ping ei and fi. The classical limit of T′

i,−1 is the standard operator Ti ∈ BQ. In the following
paragraphs, we will successively prove variants of (II.7.10): first at the level of categories of per-
verse sheaves over Fq, then over C, and finally at the level of HAT̃

0 .

12Note that Uε(nQ) and Uε(n
+
Q) are isomorphic as algebras, where n+Q is the positive nilpotent Lie subalgebra of gQ.
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II.7.1.3. Lusztig’s categorification of the Hall algebra (Fq-case). Let k = Fq. Let Db
m(Rep(Q)) be the

bounded derived category of constructible mixed complexes (i.e., complexes of Fq-Weil sheaves)
on Rep(Q). We shall consider the usual (complexified) Grothendieck group K0(D

b
m(Rep(Q)))

and the (complexified) split Grothendieck group K⊕(Db
m(Rep(Q))). It has the structure of a

C[υ, υ−1]-module given by υn · [C] := [C[n]] for any n ∈ Z (i.e., υ acting as the grading shift
operator).

Let QQ,k ⊂ Db
m(Rep(Q)) be the Lusztig category introduced, e.g., in [Lus91, §2 & §3]. Its com-

plexified split Grothendieck group KQ,k := K⊕(QQ,k) is a free C[υ, υ−1]-module. By [Lus91,
Theorem 10.17], there is a C[υ, υ−1]-algebra structure on KQ,k and a canonical isomorphism

Ψk : KQ,k Uυ(nQ)
∼ .

Let Q(i)
Q,k and Q

(i)
siQ,k be the essential images of the categories QQ,k and QsiQ,k by the pull-back

functors induced by f(i) and f (i), respectively. Set

K(i)
Q,k := K⊕

(
Q(i)

Q,k
)

and K(i)
siQ,k := K⊕

(
Q

(i)
siQ,k

)
.

These are free C[υ, υ−1]-modules generated by the classes of shifts of simple perverse sheaves in
QQ,k whose support intersect Rep(i) (Q) and Rep(i)(Q) respectively.

By an argument of Lusztig, see, e.g., [Sch12a, Lemma 3.19], the kernel of the restriction maps
KQ,k → K(i)

Q,k and KQ,k → K(i)
Q,k are respectively the left and right ideals generated by [IC(Repαi

(Q))] =

Ψ−1
k ( fi). Thus Ψk factors to isomorphisms

Ψ(i)
k : K(i)

Q,k U(i)
υ(nQ)

∼ and Ψ(i)
k : K(i)

Q,k U
(i)
υ (nQ)

∼ . (II.7.11)

The aim of this paragraph is to prove the following result:

Proposition II.7.5. The direct image by Si yields an equivalence of graded additive categories Q(i)
Q,k ≃

Q
(i)
siQ,k. Taking the split Grothendieck groups we get a commutative square of linear isomorphisms

K(i)
Q,k U(i)

υ(nQ)

K(i)
siQ,k U

(i)
υ (nQ)

Si,∗

Ψ(i)
k

T′
i,−1

Ψ(i)
k

. (II.7.12)

To prove the proposition, we need some preliminary result. First, we shall use the trace map to
deduce this from (II.7.10). By [Lus98], see e.g. [Sch12a, Theorem 3.25], the trace of the geometric
Frobenius yields an algebra isomorphism

τε : KQ,ε := KQ,k|υ=ε HQ,ε
∼ . (II.7.13)

Note that the composition θε ◦ τε coincides with Ψk|υ=ε.
If i is a sink, we likewise set

K(i)
Q,ε := K(i)

Q,k|υ=ε and K(i)
siQ,ε := K(i)

siQ,k|υ=ε .

Lemma II.7.6. The trace of the geometric Frobenius τε yields linear isomorphisms

τ(i)
ε : K(i)

Q,ε H(i)
Q,ε

∼ and τ
(i)
ε : K(i)

siQ,ε H(i)
siQ,ε

∼ . (II.7.14)
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Proof. Note that the following diagrams

KQ,ε K(i)
Q,ε

HQ,ε H(i)
Q,ε

τε

res

τ(i)
ε

( f(i) )∗

and

KsiQ,ε K(i)
siQ,ε

HsiQ,ε H(i)
siQ,ε

τε

res

τ
(i)
ε

( f (i))∗

commute and the maps ( f(i) )∗ ◦ τε and ( f (i))∗ ◦ τε are surjective. Hence, τ(i)
ε and τ

(i)
ε are sur-

jective as well. The injectivity follows from the fact that the domains and targets have the
same graded dimension. Indeed, K(i)

Q,ε and H(i)
Q,ε both have the same graded dimension as

U(i)
ε(nQ); the same argument works in the second case. □

Proof of Proposition II.7.5. Let us consider the following commutative diagram of linear isomor-
phisms:

K(i)
Q,ε H(i)

Q,ε U(i)
ε(nQ)

K(i)
siQ,ε Hi

siQ,ε U
(i)
ε (nQ)

τ(i)
ε

Si,∗

θ(i)
ε

T′
i,−1

τ
(i)
ε θ

(i)
ε

. (II.7.15)

The functor

Si,∗ : Db
m( Rep(i) (Q)) Db

m(Rep(siQ))(i)∼

is an equivalence. Since both categories Q(i)
Q,k and Q

(i)
siQ,k consist of semisimple complexes

and are stable by direct summands, it is enough to prove that Si,∗ restricts to an isomorphism

K(i)
Q,k ≃ K(i)

siQ,k, which fits into a commutative diagram of the form (II.7.12).

Now, the trace of Frobenius may not be injective on K⊕(Db
m( Repi

Q,k))|υ=ε, so we may not
directly define

Si,∗ : K⊕( Q(i)
Q,k) K⊕(Q

(i)
siQ)

∼

such that the diagram (II.7.12) commutes by completing the the diagram (II.7.15). To overcome
this problem, we shall consider all extensions of the field Fq in k at once and use the Cebotarev
density theorem.

For any n ∈ Z>0, considering the set RepQ(Fqn) instead of RepQ(Fq), we define the alge-
bra HQ,εn as before. Consider the subalgebra HQ,υ of ∏n>0 HQ,εn generated by the families
of characteristic functions of the simple modules. We also see Uυ(nQ) as the subalgebra of
∏n>0 Uεn(nQ) via the diagonal embedding. Considering the maps θεn in Formula (II.7.8) and
τεn in Formula (II.7.13) for each extension k/Fqn , we recover the canonical C[υ, υ−1]-algebra iso-
morphism

Ψk : KQ,k −→ Uυ(nQ) .

Similarly, we define maps θ(i) and θ(i) as in Formula (II.7.9) and τ(i) and τ(i) as in Formula (II.7.14)
for KQ,k and HQ,k. Thus, we get the following commutative diagram in which all maps are
isomorphisms

K(i)
Q,k H(i)

Q,υ U(i)
υ(nQ)

K(i)
siQ,k H(i)

siQ,υ U
(i)
υ (nQ)

τ(i)

Si,∗

θ(i)

T′
i,−1

τ(i) θ(i)

.
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By the Cebotarev density theorem, the products of all traces of Frobenius for n ∈ N is injective
on K⊕(Db

m( Repi
Q,k)). Furthermore, the trace map commutes with the functor Si,∗ so the map τ(i)

and τ(i) are injective. We thus deduce that the functor Si,∗ restricts to an equivalence Q(i)
Q,k ≃

Q
(i)
siQ,k yielding the desired isomorphism

Si,∗ : K(i)
Q,k K(i)

siQ,k
∼ .

Thus, the claim is proved. □

II.7.1.4. Lusztig’s categorification of the Hall algebra (C-case). Let k = C. We denote by QQ,C Lusztig’s
category of semisimple complexes on Rep(Q). It is again an additive, graded subcategory of
Db

m(RepQ,C). We shall denote by KQ,C its complexified Grothendieck group, a free C[υ, υ−1]-
module. We have a C[υ, υ−1]-algebra isomorphism

ΨC : KQ,C Uυ(nQ)
∼ .

We define the categories Q(i)
Q,C,Q(i)

siQ,C as before, as well as their respective complexified

Grothendieck groups K(i)
Q,C,K(i)

siQ,C. Again, by e.g. [Sch12a, Lemma 3.19] (which applies also
over C), the map ΨC descends to algebra isomorphisms

Ψ(i)
C : K(i)

Q,C U(i)
υ(nQ)

∼ and Ψ(i)
C

: K(i)
siQ,C U

(i)
υ (nQ)

∼ .

Composing these isomorphisms with the isomorphisms appearing in Formula (II.7.11), we get
commuting squares

KQ,k KQ,C

K(i)
Q,k K(i)

Q,C

Θ

Θ(i)

and

KsiQ,k KsiQ,C

K(i)
siQ,k K(i)

siQ,C

Θ

Θ(i)

.

Lemma II.7.7. The functor Si,∗ induces an equivalence of graded categories Q(i)
Q,C

∼→ Q
(i)
siQ,C whose

class in the Grothendieck group fits in a commutative diagram

K(i)
Q,k K(i)

siQ,k

K(i)
Q,C K(i)

siQ,C

Θ(i)

Si,∗

Θ(i)

Si,∗

. (II.7.16)

Proof. Let RepZ(Q) → Spec(Z) be the stack of finite-dimensional representations of Q over
Z, and let Db

c (RepZ(Q)) be the derived category of constructible complexes of Qℓ-sheaves on
RepZ(Q). One may define a graded additive subcategory QQ,Z of semisimple complexes whose
restriction to each RepFq(Q) yields QQ,Fq

and whose restriction to the generic fiber yields, after
tensoring with C, the category QQ,C. For each fixed dimension vector d ∈ NI, over a dense open
subset Od ⊂ Spec(Z), the category QQ,Z is additively generated by the collection of Lusztig
sheaves Li,Z, where i runs over all I-compositions of d, see, e.g., [Sch12a, §3.5].

The reflection functor Si is defined over Z and gives rise to an equivalence of open substacks

Si,∗ : Rep(i)
Z(Q) Rep

(i)
Z (siQ)∼ .

By Proposition II.7.5, we have

Si,∗
(
(Li,k)| Rep(i)

k(Q)

)
∈ Q

(i)
siQ,k (II.7.17)
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for any k = Fq. The same thus holds over a suitable dense open subset of Spec(Z) for any object
of Q(i)

Q,Z. This implies that (II.7.17) holds also over the generic point of Spec(Z), which gives the
first statement of Lemma II.7.7. The commutativity of the diagram (II.7.16) follows by a similar
argument: Si,∗

(
(Li,k)| Rep(i)

k(Q)

)
is a certain virtual linear combination of (restrictions of) Lusztig

sheaves Li′ ,k with coefficients independent of k by the commutative diagram (II.7.12). The same
relation thus holds over C. □

As an immediate corollary, we obtain:

Proposition II.7.8. There is a commutative square of linear isomorphisms

K(i)
Q,C U(i)

υ(nQ)

K(i)
siQ,C U

(i)
υ (nQ)

Si,∗

Ψ(i)
C

T′
i,−1

Ψ(i)
C

. (II.7.18)

II.7.1.5. Characteristic cycle map. We shall now use the characteristic cycle map as a way to relate
the Grothendieck group of QQ,C with the degree zero piece HA0 of the nilpotent quiver COHA.

Note that K0(QQ,C) = (KQ,C)|υ=−1. We shall need the following result due to Hennecart
(for standard properties of characteristic cycle map, see [Hen24, §2.1] and references therein).
Recall that the twist A⟨−,−⟩ of an NI-graded associative algebra A is the algebra having the same
underlying vector space but twisted multiplication

m⟨−,−⟩
∣∣∣
Ad⊗Ae

:= (−1)⟨d,e⟩m|Ad⊗Ae .

Theorem II.7.9 ([Hen24, Theorem 1.2 and Corollary 9.3]). The characteristic cycle map

CC : K0(QQ,C)
⟨−,−⟩ −→ HA0

is a C-algebra isomorphism, which sends the generator [IC(Rep(Q; αi))] to the generator [ΛQ(αi)].

Corollary II.7.10. There is a sequence of algebra isomorphisms

CC′ : (KQ,C)
∣∣∣
υ=1

U(nQ) U−1(nQ)
⟨−,−⟩ (KQ,C)

⟨−,−⟩
∣∣∣
υ=−1

HA0
∼ ∼ ∼ ∼ .

Proof. The isomorphism U(nQ) ≃ U−1(nQ)
⟨−,−⟩, which is induced by the identity on the Cheval-

ley generators, is proved in [Hen24, Proposition 8.7]. □

In order to unburden the notation, we shall simply write KQ,C,1 for (KQ,C)
∣∣∣
υ=1

.

As i is a sink of Q, the classical cotangent stack of Rep(i) (Q) is equivalent to the classi-
cal truncation of Rep(i) (ΠQ); similary, as i is a source of siQ, the classical cotangent stack of
Rep(siQ)(i) is equivalent to the classical truncation of Rep(ΠsiQ)

(i). Moreover, the isomorphism
Si : Rep(i) (ΠQ) → Rep(ΠQ)

(i) is equal to the composition Rep(i) (ΠQ) → Rep(ΠsiQ)
(i) →

Rep(ΠQ)
(i) where the first isomorphism is induced by the BGP reflection Si. The CC map being

compatible with the restriction to open subsets, we have commutative diagrams

KQ,C,1 HA0

K(i)
Q,C,1 HA(i)

0

CC′

CC(i) ′

and

KsiQ,C,1 HA0

K(i)
siQ,C,1 HA(i)

0

CC′

(CC′)(i)

.

Since the restriction map HA0 → HA(i)
0 is surjective by construction, the map CC(i) ′ is also

surjective. As K(i)
Q,C,1 and HA(i)

0 both have the same graded dimension as U(i) (nQ), the map
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CC(i) ′ is an isomorphism. The same applies to (CC′)(i). Finally, using the functoriality of CC with
respect to stack isomorphisms, we obtain the following result.

Corollary II.7.11. The following diagram of isomorphisms is commutative:

K(i)
Q,C,1 HA(i)

0

K(i)
siQ,C,1 HA(i)

0 .

Si,∗

CC(i) ′

Si,∗

(CC′)(i)

(II.7.19)

Here we have identified the preprojective algebras of Q and siQ via the map uQ,siQ.

II.7.1.6. Proof of Theorem II.7.4. The claim simply follows from the composition of the specializa-
tion at υ = 1 of the commutative square (II.7.18) with the commutative square (II.7.19). Note that
with our conventions, the classical limit of T′

i,−1 is equal to Ti. □

II.7.2. Tautological classes and the braid operators. In this section, we establish a compatibility
between the truncated action of the braid group on the Yangian Ye

Q and the operators of multipli-
cation by tautological classes. Our proof relies on the action of Ye

Q on the homology of Nakajima
quiver varieties.

II.7.2.1. Braid group action on tautological bundles. Let us begin by describing the action of the braid
group BQ on the collection of tautological bundles Vj on ΛQ, for j ∈ I. We use the same notation

for tautological bundles restriction to the open substacks Λ(i)
Q and Λ(i)

Q .

Fix i ∈ I. The equivalence RSi in (II.3.7) induces an isomorphism of T̃-equivariant Grothen-
dieck groups

Si,∗ : KT̃
0
(
Coh

(
Λ(i)

Q
))

KT̃
0
(
Coh

(
Λ(i)

Q
))

.∼

For future use, we record the following fact.

Lemma II.7.12. We have

Si,∗([Vk]) =


[Vk] for k ̸= i ,

∑
e∈Ω

e : i→j

γe[Vj]− q2[Vi] for k = i .

Proof. Over objects of Λ(i)
Q, we have RSi,∗ = Si,∗, i.e., RSi,∗ is in fact underived. From the explicit

description of Si in §II.3.1.1, we have the following short exact sequence of coherent sheaves on
Λ(i)

Q :

0 −→ Si(Vi) −→ Ṽi −→ q2Vi −→ 0 ,

where

Ṽi :=
⊕
e∈Ω

e : i→j

γeVj .

The assertion follows. □

Let Ŝ be the completion of S relatively to the ideal of elements without degree zero term. We
define the following generating series in Ŝ

γe := exp(εe) , q2 := exp(h̄) , ch(zi) := ri + ∑
ℓ≥1

pℓ(zi)

ℓ!
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for i ∈ I and e ∈ Ω. There is a unique BQ-action on the graded algebra S such that for any i ∈ I
the element Ti acts through the homogeneous automorphism of degree zero such that

Ti(ch(zk)) :=


ch(zk) for k ̸= i ,

∑
e∈Ω

e : i→j

γech(zj)− q2ch(zi) for k = i .

Equivalently, if we introduce the following formal series in SJsK

γs
e := exp(sεe) , q2s := exp(sh̄) , and ch(zi, s) := ri + ∑

ℓ≥1
pℓ(zi)

sℓ

ℓ!

then, the BQ-action on S is characterized by

Ti(ch(zk, s)) =


ch(zk, s) for k ̸= i ,

∑
e∈Ω

e : i→j

γs
ech(zj, s)− q2sch(zi, s) for k = i .

II.7.2.2. Yangians’ actions on the Borel-Moore homology of Nakajima’s quiver varieties. We next recall
some material on Yangians’ actions on the Borel-Moore homology of Nakajima’s quiver varieties.
For any pair of dimension vectors v, w in NI, let MQ(v, w) be the Nakajima quiver variety asso-
ciated to Q of dimension vectors v and w. It carries two families of tautological vector bundles
Vi and Wi over MQ(v, w), by varying of i ∈ I, yielding an action of the ring

H•
v,w := H∗

Gv×Gw×T̃(pt) ,

where Gd := ∏i∈I GL(di) for d ∈ NI, by multiplication with the Chern character of both families
of bundles on the vector spaces

Fv,w := HGw×T̃
∗ (MQ(v, w)) and Fw :=

⊕
v∈NI

Fv,w .

By [Var00]13, there is a representation of the Yangian Ye
Q on Fw which is compatible with the

HAT̃,⩽0
Q -action on Fw introduced in [SV20, §5.6], via the homomorphism Φ : Y

e,⩽0
Q → HAT̃,⩽0

Q .

The Y
e, 0
Q -action on Fw is given as follows, see [Var00, §4] and [YZ18b, §5.5],

hi(z) 1 + ∑
v∈NI

λ−1/z

(
Fi(v, w)

)
λ−1/z

(
q2Fi(v, w)

) ∩−

κi,ℓ chℓ(Wi) ∩−

,

where

Fi(v, w) := q−2Wi − (1 + q−2)Vi + ∑
e∈Ω

e : j→i

γ−1
e Vj + ∑

e∈Ω
e : i→j

γ−1
e∗ Vj .

We denote by evz : Y
e, 0
Q → Sz (resp. by evy : Y

e, 0
Q → Sy) the evaluation at pℓ(yi) = 0 (resp. at

zi,ℓ = 0) for any i ∈ I and ℓ ∈ N.

13Note that the construction of the representation in loc.cit. is for the one-parameter Yangian of Q, but it generalizes
straightforwardly to our setting.
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The elements pℓ(yi) and pℓ(zi) in Y
e, 0
Q give rise to the formal series ch(yi, s) and ch(zi, s) of

Y
e, 0
Q JsK. From this point of view, the action of Y

e, 0
Q on Fv,w corresponds to the action induced by

the algebra homomorphism (cf. § II.6.3):

evv,w : Y
e, 0
Q −→ H•

v,w ,

ch(zj, s) 7−→ ch(Vj, s) ,

ch(yj, s) 7−→ ch(Wj, s) .

Let us denote by κ : Y0
Q → Y

e, 0
Q the canonical embedding (given by the first assignment in Theo-

rem II.6.9). We shall need the following observations.

Lemma II.7.13.

(1) The compositions

κz : Y0
Q Y

e, 0
Q Sz

κ evz and κy : Y0
Q Y

e, 0
Q Sy

κ evy

are isomorphisms.

(2) The isomorphism σ := κz ◦ κ−1
y is given by

ch(yj, s) 7−→ ∑
e∈Ω

e : j→i

γs
ech(zi, s)− (1 + q2s)ch(zj, s) = Tj(ch(zj, s))− ch(zj, s) .

Recall that we have an identification Y
e, 0
Q ≃ Sz ⊗ Sy.

II.7.2.3. Compatibility between truncated braid group action and tautological classes. We are now ready
to state the main result of this section.

Theorem II.7.14. Let i ∈ I, u ∈ Y(i)
Q, and c ∈ S. We have Ti(c ∩ u) = Ti(c) ∩ Ti(u).

Proof. We shall prove that

Ti(pℓ(zj) ∩ u) = Ti(pℓ(zj)) ∩ Ti(u) (II.7.20)

for any u ∈ Y(i) , j ∈ I, and ℓ ∈ N.
First, note that if j ̸= i we have Ti(pℓ(zj) ∩ u) = pℓ(zj) ∩ Ti(u) = Ti(pℓ(zj)) ∩ Ti(u) for any

u ∈ Ye
Q since pℓ(zj) ∩ x±i = 0. In particular, Formula (II.7.20) holds.

From now on, we consider the case j = i. First, under the isomorphism Y
e, 0
Q ≃ Sz ⊗ Sy, we

have pℓ(zi) ∩ u = [pℓ(zi), u] for any u ∈ Ye
Q, hence

Ti(pℓ(zi) ∩ u) = [Ti(pℓ(zi)), Ti(u)] .

Let

pr : Ye
Q −→ Y−

Q and π(i) : Y−
Q −→ Y(i)

Q

be the canonical projections. Set ti,ℓ := Ti(pℓ(zi))− pℓ(zi), which is an element of Ye
i , where we

see pℓ(zi) as an element in Y
e,0
i . If u ∈ Y−

Q, then

Ti(pℓ(zi) ∩ π(i) (u)) = ( π(i) ◦ pr)([Ti(pℓ(zi)), Ti(u)])

= ( π(i) ◦ pr)([pℓ(zi), Ti(u)]) + ( π(i) ◦ pr)(ad(ti,ℓ)Ti(u))

= pℓ(zi) ∩ Ti( π(i) (u)) + ( π(i) ◦ pr)(ad(ti,ℓ)Ti(u)) .

(II.7.21)

Note that ti,ℓ ∈ Ye
i [0] and that

Ye
i [0] = Y

e,0
i ⊕ (I−i Y

e, 0
i I+i ) ∩ Ye

i [0] .
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By construction, we have ( π(i) ◦ pr)(I−i Y
e, 0
i I+i v) = 0 = ( π(i) ◦ pr)(vI−i Y

e, 0
i I+i ) for any v ∈ Ye

Q.
Hence

π(i) ◦ pr ◦ ad(ti,ℓ) = π(i) ◦ pr ◦ ad(ρi(ti,ℓ)) ,

where ρi : Ye
i [0] → Y

e, 0
i is the projection along I−i Y

e, 0
i I+i . Moreover, by construction ρi(ti,ℓ) ∈ Y0

i .

Next, we compute the element ρi(ti,ℓ) = ρi((Ti − 1)(pℓ(zi))) in Y0
i . We first consider the A1

quiver consisting of the vertex {i} instead of Q. In order to distinguish them from Y0, κ, . . ., we
let Y0

i , κi, . . . refer to the same objects, but for the A1 quiver. For any pair of non-negative integers
(vi, wi), we have M(vi, wi) = T∗Gr(vi, wi). The vector space

Fwi =
wi⊕

vi=0
Fvi ,wi

is an ℓ-highest weight representation of Ye
i with ℓ-highest weight vector u+ := [M(0, wi)] whose

ℓ-highest weight is given by the map ev0,wi ◦ κi : Y0
i → H•

0,wi
(cf. [Var00]). The algebra Ye

i acts
on Fwi and the operator Ti acts on Ye

i and Fwi in a compatible way via Formula (II.5.1). Set
u− := T−1

i (u+). Then u− ∈ Fwi ,wi is a lowest weight vector.

Consider the formal series ch(zi, s) in Y0
i JsK. Note that Vi = Wi on M(wi, wi). Hence, we have

Ti(ch(zi, s)) ∩ u+ = Ti(ch(zi, s) ∩ u−) = Ti(ch(Vi, s) ∩ u−)

= Ti(ch(Wi, s) ∩ u−) = ch(Wi, s) ∩ u+
. (II.7.22)

Now consider the formal series ti(s) := ∑
ℓ∈N

ti,ℓ sℓ in Ye
i JsK. Noticing that pℓ(zi) ∩ u+ = 0 for any

ℓ ≥ 1 and that the evaluation morphism

Ye
i [0] −→ H•

0,wi
, x 7−→ x ∩ u+

factors through ρi, we deduce from the equality (II.7.22) that

(evi
0,wi

◦ κi)(ρi(ti(s))) = ch(Wi, s) ,

where evi
vi ,wi

: Y
e,0
i → H•

vi ,wi
. Since this holds for any wi, we have

ρi(ti(s)) = κ−1
yi

((ch(yi, s)) ∈ Y0
i JsK ,

which completely determines ρi(ti(s)).
Going back to the setting of the whole quiver Q, the previous analysis shows that

ρi(ti(s)) = κ−1
yi

((ch(yi, s)) ∈ SJsK .

Since Sy is central in Ye
Q, and κ−1

y (ch(yi, s)) ∈ Span{ch(yj, s), ch(zj, s) | j ∈ I} we have

π(i) ◦ pr ◦ ad(y) = π(i) ◦ pr ◦ ad(κz(y))

for all y ∈ S. Thus, we obtain

( π(i) ◦ pr)(ad(ρi(ti(s)))) = ( π(i) ◦ pr)(ad(κz(ρi(ti(s))))) = π(i) ◦ pr ◦ ad(σ(ch(yi, s))) .

Now, we go back to Formula (II.7.21): for u ∈ Y−
Q we have

Ti(pℓ(zi) ∩ π(i) (u)) = pℓ(zi) ∩ Ti( π(i) (u)) + π(i) ◦ pr ◦ ad(ρi(ti,ℓ))

= pℓ(zi) ∩ Ti( π(i) (u)) + ( π(i) ◦ pr)([Ti(pi,ℓ)− pi,ℓ, Ti(u)]) ,

where the second equality follows from Formula 2. Therefore, the claim (II.7.20) follows. □
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II.7.3. Support and shuffle algebras. As explained in §II.6.2.1, HAT̃
Q admits a canonical embed-

ding into a shuffle algebra ShQ. In particular, for any d ∈ NI we have an inclusion HAT̃
d ⊂ Shd,

and HAT̃
d is an ideal for the standard algebra structure on Shd. The same holds for HAT̃

d−αi
⋆HAT̃

αi

and HAT̃
αi
⋆ HAT̃

d−αi
, and hence also for HA(i) T̃

d and HAT̃,(i)
d . The aim of this section is to give an

estimate on the supports of the latter Shd-modules, viewed as coherent sheaves on Spec(Shd),
see Propositions II.7.20 and II.7.23 below.

II.7.3.1. Partitions and strings. We begin by introducing some combinatorially defined subschemes
of Spec(Shd). Recall that for any d, we have

Shd := H•
T̃

[
zi,ℓ

∣∣∣ i ∈ I , 1 ≤ ℓ ≤ di

]Sd
.

Note that we have taken the torus to be Amax. We also set

ShQ :=
⊕

d∈NI
Shd .

Each Shd is a polynomial algebra for d ∈ NI, hence we can define

C(d) := Spec(Shd) .

We slightly generalize this definition. For a finite set D, define

ShD := H•
T̃

[
ya
∣∣ a ∈ D

]SD ,

where SD is the group of permutations of D. Set

C(D) := Spec(ShD) .

By abuse of notation, for any n ∈ N, we set C(n) := C(In), where In := {1, . . . , n}. Furthermore,
we write C := Spec(H•

T̃
). We will view points of C(d) as parametrizing collections of I-colored

points of C (possibly with multiplicities). We shall also sometimes use the notation

C(D1,D2,...,Ds) := C(D1) × · · · × C(Ds) .

Definition II.7.15. A point y ∈ C(D) is generic if ya − yb ̸∈ Zh̄ for any a, b ∈ D, with a ̸= b. Let
C(D),◦ ⊂ C(D) be the open subset of generic points. ⊘

Define

CompD
n :=

{
ϕ : D → N

∣∣∣ ∑
a

ϕ(a) = n
}

and ParD
n := CompD

n /SD

for any n ∈ N, which we shall call D-compositions of n and D-partitions of n, respectively. We will
denote a D-partition by λ = (λa)a∈D, remembering that these are defined up to permutation.

Definition II.7.16. For y ∈ C and a positive integer n, the string of length n starting at y is the
element

str(y, n) := (y, y + h̄, . . . , y + nh̄ − h̄) ∈ C(n) .

A string of length zero is empty. ⊘

Given a partition λ = (λ1, . . . , λs) of n, we have the tuple

str(y, λ) = (str(y, λ1), str(y, λ2), . . . , str(y, λs)) ∈ C(λ) := C(λ1) × · · · × C(λs) .

We may view it as an element in C(n) via the obvious map C(λ) → C(n).
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Definition II.7.17. Let y ∈ C(D), z ∈ C(n) with y generic, and let λ be a D-partition of n. The pair
(y, z) is in left relative position λ if there is a permutation σ ∈ SD such that

z =
⋃

a∈D
str(yσ(a), λa) .

⊘

Remark II.7.18. Pictorially, (y, z) is in left relative position λ if the subset of C defining z is obtained
by attaching strings of length λ at the points of y, in some order. △

We let X◦
D,n,λ ⊂ C(D),◦ × C(n) be the (reduced) closed subvariety of pairs (y, z) which are in

left relative position λ. The first projection X◦
D,n,λ → C(D),◦ is a finite morphism. We consider the

following subvarieties of C(D) × C(n):

XD,n,λ := X◦
D,n,λ , Z◦

D,n :=
⋃
λ

X◦
D,n,λ , ZD,n :=

⋃
λ

XD,n,λ . (II.7.23)

Note that XD,n,λ and ZD,n are closed, reduced, of dimension |D|dim(T̃), and that XD,n,λ is irre-
ducible.

Now, we introduce a finite set D which will be associated to fixed d ∈ NI and i ∈ I. First, set
h := d − diαi. For j ∈ I, with j ̸= i, define

Ωj,i := {e ∈ Ω | e : j → i} , Dd,j := {1, 2, . . . , dj} × Ωj,i , D :=
⊔
j∈I
j ̸=i

Dd,j .

The group Sdj
acts on Dd,j. Thus, the group

S := ∏
j∈I
j ̸=i

Sdj
(II.7.24)

acts on the set D. An element in D is a triple (j, k, e) with j ∈ I, k ∈ {1, . . . , dj}, and e ∈ Ωj,i (hence
i ̸= j as Q is assumed to have no edge loops).

Consider the surjective map

θ : ShD −→ Shh (II.7.25)

sending ya ∈ ShD with a = (j, k, e) ∈ D to zj,k − εe ∈ Shh. Let C(h) → C(D) be the corresponding
injective map. Set

Zd,i := C(h) ×C(D) ZD,di
⊂ C(h) × C(di) = C(d) .

Thus, Zd,i is a (in general not reduced) closed subvariety of C(d) of codimension di. The S-action
on D yields a S-action on the set of D-compositions. For any ϕ ∈ CompD

di
, set O := S · ϕ, and

CO :=
{(

z,
⋃
j,k,e

str(zj,k − εe, ϕ(j, k, e))
) ∣∣∣∣ z ∈ C(h)

}
. (II.7.26)

Remark II.7.19. Note that CO depends only on O and not on ϕ.

Moreover, each CO is irreducible, closed, and of codimension di in C(d). Hence it is an irre-
ducible component of Zd,i. In addition, as O runs among the S-orbits in CompD

di
, the subvarieties

CO cover Zd,i and are pairwise distinct (though not disjoint). △

II.7.3.2. Supports. In this section, we shall prove the following estimate for the support of HAT̃,(i)
d

in C(d).

Proposition II.7.20. As a coherent sheaf on C(d), HAT̃,(i)
d is pure of dimension ∑j ̸=i dj and Supp(HAT̃,(i)

d ) ⊆
Zd,i.
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Proof. The subspace Shd−αi ⋆ Shαi is an ideal of Shd. As we shall show in Lemma II.7.24, which
we shall prove in §II.7.3.3, the canonical map

HAT̃,(i)
d = HAT̃

d/(HAT̃
d−αi

⋆ HAT̃
αi
) −→ Shd/(Shd−αi ⋆ Shαi ) := E

is injective. To finish the proof, it thus only remains to check that E is isomorphic to OZD,di
.

We begin by introducing an auxiliary coherent sheaf ED on C(D) × C(di), from which E will be
obtained by base change. For this, consider the unique ShD-linear map

ω : ShD ⊗ Sh(di−1)αi
⊗ Shαi −→ ShD ⊗ Shdiαi

(II.7.27)

that fits into the commutative diagram

ShD ⊗ Sh(di−1)αi
⊗ Shαi ShD ⊗ Shdiαi

Shd−αi ⊗ Shαi Shd

Ψ

ω

Ψ′

∗

, (II.7.28)

where

Ψ : ShD ⊗ Sh(di−1)αi
⊗ Shαi Shh ⊗ Sh(di−1)αi

⊗ Shαi ≃ Shd−αi ⊗ Shαi
θ⊗id⊗id ,

Ψ′ : ShD ⊗ Shdiαi
Shh ⊗ Shdiαi

≃ Shd
θ⊗id .

Here, the map θ is introduced in Formula (II.7.25). Explicitly, we have

ω(1 ⊗ g ⊗ h)(y, z1, . . . , zdi
) =

(−1)⟨d−αi ,αi⟩
di

∑
ℓ=1

h(zℓ)g(z1, . . . , ẑℓ, . . . , zdi
) ∏

a∈D
(zℓ − ya) ∏

k ̸=ℓ

zk − zℓ − h̄
zk − zℓ

, (II.7.29)

where g ∈ Sh(di−1)αi
, and h ∈ Shαi . Here, the notation g(z1, . . . , ẑℓ, . . . , zdi

) means that the
variable ẑℓ is removed from the tuple (z1, . . . , zdi

) for any ℓ = 1, . . . , di.
Note that the right-hand-side of the above formula is regular, although the summands have

poles. Furthermore, the map (II.7.27) is ShD ⊗ Shdiαi
-linear, where Shdiαi

acts on the left-hand-
side via the obvious embedding into Sh(di−1)αi

⊗ Shαi . We let ED be the cokernel of ω. Note
that

OZd,i = (θ∗ ⊗ id)(OZ,D,di
) ∈ Coh(C(d)) ,

while, by virtue of the diagram (II.7.28),

E = (θ∗ ⊗ id)(ED) .

We are thus reduced to showing that ED ≃ OZ,D,di
.

From Formula (II.7.29), it is easy to see that for any f ∈ ShD, g ∈ Sh(di−1)αi
and h ∈ Shαi we

have ω( f ⊗ g ⊗ h)(y, z) = 0 for any (y, z) ∈ Z♡
D,di

, where

Z♡
D,di

:=
{
(y, z) ∈ Z◦

D,di

∣∣∣ zℓ ̸= zk , ∀ℓ ̸= k
}

.

Indeed, every term in the defining sum of ω( f ⊗ g ⊗ h) is regular and vanishes. As Z♡
D,di

is open
and dense in ZD,di

, we deduce that there is a canonical surjective morphism

κ : ED → OZD,i .

In order to prove that κ is injective, we use the (affine) projection π : C(D) × C(di) → C(D).

Lemma II.7.21. Set N := |D| and cN,di
:=
( N+di−1

di

)
. Then

(1) π∗(OZD,di
) is of (generic) rank cN,di

.
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(2) π∗(ED) is a locally free coherent sheaf on C(D) of rank cN,di
.

Proof. Let (y, h̄) be a generic point of C(D). The description of ZD,di
in Formula (II.7.23) shows

that the dimension of the fiber of OZD,di
at (y, h̄) is equal to the number of D-compositions of di,

which is cN,di
. This shows (1).

Now, we prove (2). Let us endow the algebras ShD and Shdiαi
with a grading by putting each

of the variables ya, zk, and h̄ in degree one. The map ω in Formula (II.7.27) is homogeneous. We
deduce that the ShD ⊗ Shdiαi

-module ED is graded.
The algebra ShD is a noetherian integral domain and ED is a finitely presented module over

ShD. Thus, it is enough to show that the dimension of ED ⊗ShD k(p) is the same for all prime
ideals p of ShD. Here k(p) denotes the residue field at p. Thanks to the grading, it is enough to
check this at a generic point and at the point (y, h̄) = (0, 0) in C(D).

Now, the fiber ED ⊗ShD k(0, 0) of ED over (0, 0) is isomorphic the quotient of C[z1, . . . , zdi
]Sdi

by the ideal IN generated by the set{ di

∑
ℓ=1

(zℓ)Nh(zℓ)
∣∣∣ h ∈ C[z]

}
.

The ideal IN is generated by the power-sum functions pj with j ≥ N. We have

C[z1, . . . , zdi
]Sdi = IN ⊕

⊕
λ

Cmλ ,

where the direct sum runs over the set of partitions of length ⩽ di whose parts are strictly less
than N, and mλ is the monomial symmetric function. The number of such partitions is cN,di

.
Thus, we have

dim(ED ⊗ShD k(0, 0)) = cN,di
.

We now consider ED ⊗ShD k(y, h̄) at a generic point (y, h̄) in C(D),◦. By upper semicontinuity, we
have

cN,di
= dim(ED ⊗ShD k(0, 0)) ≥ dim(ED ⊗ShD k(y, h̄)) ≥ dim(C[ZD,di

]⊗ShD k(y, h̄)) = cN,di
.

It follows that dim(ED ⊗ShD k(y, h̄)) = cN,di
. This proves that ED is a locally free sheaf of rank

cN,di
. □

We may now finish the proof of Proposition II.7.20. The morphism π∗(κ) is onto and gener-
ically an isomorphism since π∗(ED) and π∗(OZD,i ) have the same generic rank. As π∗(ED) is
locally free, in particular torsion-free, this implies that π∗(κ) is injective. But then κ is itself injec-
tive, and thus κ is an isomorphism as desired. □

A version of Proposition II.7.20 can be formulated for HA(i) T̃
d . We set

str(n, y) := (y, y − h̄, . . . , y − nh̄ + h̄) ∈ C(n)

for y ∈ C and n ≥ 1. Moreover, if λ is a partition of n, we set

str(λ, y) := (str(λ1, y), . . . , str(λs, y)) ∈ C(n) .

Definition II.7.22. Let y ∈ C(D) be generic, λ a D-partition of n, and z ∈ C(n). A pair (y, z) is in
right relative position λ if there is a permutation σ ∈ SD such that

z =
⋃

a∈D
str(λa, yσ(a)) .

⊘
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Let X◦
λ,D,n ⊂ C(D),◦ × C(n) be the (reduced) closed subvariety of all pairs which are in right

relative position λ. We set

Xλ,D,n := X◦
λ,D,n ⊂ C(D) × C(n) , W◦

D,n :=
⋃
λ

X◦
λ,D,n , WD,n :=

⋃
λ

Xλ,D,n .

Fix i ∈ I and d ∈ ZI. For j ∈ I, with j ̸= i and, we define

Dj,a := [1, aj]× Ωj,i and D =
⊔

j
Dj,a .

The group S, introduced in (II.7.24), acts on the set D. Let h := d − diαi. Consider the surjective
map

θ : ShD −→ Shh

sending ya ∈ ShD with a = (j, k, e) ∈ D to zj,k + εe ∈ Shh. Let C(h) → C(D) be the corresponding
injective map. Set

Zi,d := C(h) ×C(D) WD,di
⊂ C(d) .

The irreducible components of Zi,d are described as follows. For any S-orbit O := S · ϕ in CompD
n

we put

CO =

{(
z,
⋃
j,k,e

str(ϕ(j, k, e), zj,k + εe)
) ∣∣∣∣ z ∈ C(h)

}
.

Each CO is irreducible, closed, and of codimension di in C(d) as O runs among the S-orbits in
CompD

di
. Hence it is an irreducible component of Zi,d. In addition, the sets CO cover Zi,d and are

pairwise distinct (though not disjoint).

The following is the analog of Proposition II.7.20 for HA(i) T̃
d .

Proposition II.7.23. As a coherent sheaf on C(d), HA(i) T̃
d is pure of dimension ∑j ̸=i dj and Supp( HA(i) T̃

d) ⊆
Zi,d. .

II.7.3.3. Injectivity. This section is devoted to the proof of the following result, which was needed
in the derivation of Proposition II.7.20.

Lemma II.7.24. For i ∈ I and d ∈ NI, we have

HAT̃
d ∩ (Shd−αi ⋆ Shαi ) = HAT̃

d−αi
⋆ HAT̃

αi
. (II.7.30)

Taking the direct sum with respect to all dimension vectors of (II.7.30), we obtain

HAT̃
Q ∩ (ShQ ⋆ Shαi ) = HAT̃

Q ⋆ Shαi .

To prove the lemma, we shall use the localized coproduct on the shuffle algebra ShQ, con-
structed by Yang-Zhao in [YZ18b, §2], to which we refer for details. We consider the extended
shuffle algebra She

Q := Sh0
Q ⋉ ShQ, where

Sh0
Q :=

⊗
j∈I

H•
T̃

[
hj,ℓ | ℓ > 0

]S∞
.

The algebra She
Q has a natural grading She

Q =
⊕

d∈NI
She

d, where

She
d := Sh0

Q ⋉ Shd = Sh0
Q

[
zj,k

∣∣∣ j ∈ I , 0 < k ≤ di

]Sd
.

It is equipped with a localized coproduct

∆ : She
c −→

⊕
d+e=c

(
She

d ⊗ She
e

)
loc

, (II.7.31)
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which takes values in a space of Laurent series in the variables zj,k, hj,k. The precise form is not
important to us. It will suffice to know that it enjoys the following properties:

(1) The algebra structure on She
Q extends to the right-hand-side of (II.7.31) and ∆ is a mor-

phism of algebras.

(2) We have

∆
(
ShQ

)
⊆

⊕
c,d∈NI

Shc,d

r
z(2)j,k /z(1)i,ℓ , z(2)j,k /h(1)i,ℓ

∣∣∣ i, j ∈ I, k, ℓ ∈ N
z

,

where Shc,d := She
c ⊗ Shd. Here, x(1) and x(2) stand for x ⊗ 1 and 1 ⊗ x respectively.

(3) We have

∆
(
HAT̃

Q
)
⊆
((

Sh0
Q ⋉ HAT̃

Q
)
⊗ HAT̃

Q

)
loc

in the sense that

(πm ⊗ 1)
(
∆
(
HAT̃

Q
))

⊂ HAT̃
Q

(1 ⊗ πm)
(
∆
(
HAT̃

Q
))

⊂ (Sh0
Q ⋉ HAT̃

Q)
[

h−1
j,ℓ , z−1

j,k | i, j ∈ I, k, ℓ ∈ N
]

for every

m = ∏
j,k

z
aj,k
j,k · ∏

j,k
h

bj,k
j,k ,

where πm is the linear form picking the coefficient of the monomial m.

(4) For any x ∈ Shd, we have

∆d,0(x) = x ⊗ 1 and ∆0,d(x) = 1 ⊗ x + Px ,

where

Px ∈ ∑
j,ℓ

(
h−1

j,ℓ ⊗ Shd
)r

z(2)j,k /h(1)i,ℓ

∣∣∣ i, j ∈ I, k, ℓ ∈ N
z

.

Proof of Lemma II.7.24. Note that HAT̃
αi
= Shαi , hence it is enough to check that

HAT̃
Q ∩ (ShQ ⋆ Shαi ) ⊂ HAT̃

Q ⋆ Shαi .

Let us write HAT̃
>nαi

:=
⊕

m>n HAT̃
mαi

. We claim that

HAT̃
Q ∩ (ShQ ⋆ Shnαi ) ⊆ HAT̃

Q ⋆ Shnαi + ShQ ⋆ Sh>nαi (II.7.32)

for n ≥ 0. Indeed, let c ∈ NI and c = d + nαi. We choose a basis {hℓ} of Shnαi and elements
gℓ ∈ Shd. Set

f := ∑
ℓ

gℓ ⋆ hℓ ∈ Shd ⋆ Shnαi .

From properties (1) and (4) above, we deduce

∆nαi ,d( f ) =∑
ℓ

∆0,d(gℓ) ⋆ ∆nαi ,0(hℓ) + ∑
ℓ

n

∑
k=1

∆kαi ,d−kαi
(gℓ) ⋆ ∆nαi−kαi ,kαi

(hℓ) (II.7.33)

∈ ∑
ℓ

(
hℓ ⊗ gℓ + Pgℓ ⋆ hℓ

)
+ ∑

ℓ

n

∑
k=1

(
She

nαi
⊗(Shd−kαi

⋆ Shkαi
)
)
loc

.

If f ∈ HAT̃
Q then by applying the linear form (hℓ)∗ ⊗ 1 to Formula (II.7.33) and using Property (3)

we get

gℓ ∈ HAT̃
d +

n

∑
k=1

Shd−kαi
⋆ Shkαi

.
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Thus, Formula (II.7.32) holds.
We can now finish the proof of Lemma II.7.24. Note that if n is positive then

HAT̃
c−nαi

⋆ Shnαi =HAT̃
c−nαi

⋆ (Shαi )
⋆n

=HAT̃
c−nαi

⋆ (HAαi )
⋆(n−1) ⋆ Shαi ⊂ HAT̃

c−αi
⋆ Shαi .

Thus, by repeated use of (II.7.32) we get

HAT̃
c ∩

(
ShQ ⋆ Shαi

)
⊂
(
HAT̃

c−αi
⋆ Shαi

)
+ HAT̃

c ∩
(
ShQ ⋆ Sh>αi

)
⊂
(
HAT̃

c−αi
⋆ Shαi

)
+ HAT̃

c ∩
(
ShQ ⋆ Sh>2αi

)
⊂ · · ·

On the other hand, for n big enough we have Shc−nαi = {0} and hence HAT̃
c ∩

(
ShQ ⋆ Shαi

)
=

HAT̃
c−αi

⋆ Shαi as wanted. □

II.7.4. Partial doubles at a fixed vertex. Recall that we have fixed a vertex i ∈ I. In this section,
we define a truncated braid group operator Ti : HA(i) T̃

Q → HAT̃,(i)
Q . For this, we first define a

‘partial double’ DiHAT̃
Q of HAT̃

Q, by completing the nilpotent subalgebra Y−
i ⊂ HAT̃

Q into the
full Yangian Yi. For simplicity, we will denote by the same symbol x−j,ℓ the generators of the

Yangian Y−
Q and their image under the morphism Φ : Y−

Q → HAT̃
Q.

Definition II.7.25. The partial double of HAT̃
Q at the vertex i is the algebra DiHAT̃

Q generated by

HAT̃
Q together with elements x+i,ℓ, hi,ℓ, with ℓ ∈ N, subject to the following relations:

• the elements x+i,ℓ, hi,ℓ, and x−i,ℓ for ℓ ∈ N satisfy the defining relations of the Yangian Yi of
type sl2.

• [x+i,k, x−j,ℓ] = 0 for all k, ℓ ∈ N and j, i ∈ I and j ̸= i.

• the elements hi,k and x−j,ℓ satisfy the relations (II.4.10) for k, ℓ ∈ N.

In a similar way, we define the partial double DiYQ of Y−
Q at the vertex i. It is naturally a subalgebra

of YQ. ⊘

By construction, there is a surjective algebra homomorphism Φ : DiYQ → DiHAT̃
Q extending

the algebra homomorphism introduced in Formula (II.6.2).

Note that (x+i,0, hi,0, x−i,0) forms a sl(2)-triplet which acts locally nilpotently on DiHAT̃
Q, thus

giving rise to an operator Ti ∈ Aut(DiHAT̃
Q). It fits into the commutative diagram

DiYQ DiYQ

DiHAT̃
Q DiHAT̃

Q

Ti

Φ Φ

Ti

,

where Ti ∈ DiYQ is induced by Formula (II.5.1).

Let us denote by HAT̃,+
i and HAT̃,0

i the subalgebras of DiHAT̃
Q generated by x+i,ℓ and hi,ℓ, with

ℓ ∈ N, respectively.

Lemma II.7.26. The multiplication map

m : HAT̃,+
i ⊗ HAT̃,0

i ⊗ HAT̃
Q −→ DiHAT̃

Q

is an isomorphism.
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Proof. Let us denote by YMO the Maulik-Okounkov Yangian of Q. By [SV23, Theorem 1.1–(a) and
–(b)], it carries a triangular decomposition Y+

MO ⊗ Y0
MO ⊗ Y−

MO, and there is an algebra isomor-

phism HAT̃,≤0
Q

∼−→ Y≤0
MO. The defining relations of DiHAT̃

Q imply the existence of a factorization

HAT̃
Q → DiHAT̃

Q → YMO, which shows the injectivity of the map HAT̃
Q → DiHAT̃

Q. In addition,
the elements of Y0

MO correspond to operators of multiplication by Chern classes of the tautologi-
cal bundles, as discussed in e.g. [SV17, §3.4.3]. Finally, by [MO19, Proposition 11.3.2], there is an
inclusion Ye

i → YMO corresponding to the vertex i.
Thus, there exists a commutative diagram

HAT̃,+
i ⊗ HAT̃,0

i ⊗ HAT̃
Q DiHAT̃

Q

Y+
MO ⊗ Y0

MO ⊗ Y−
MO YMO

m

m

,

with injective vertical homomorphisms. Since the bottom horizontal homomorphism is an iso-
morphism the top horizontal homomorphism is injective. The surjectivity can be proved by stan-
dard straightening arguments, because by [SV20, Propositions 5.8 and 5.12], HAT̃

Q is generated
by x−j,ℓ for j ∈ I and ℓ ∈ N. □

We may now define the truncated braid group operator Ti on HAT̃
Q as before. Consider the

composition

HAT̃
Q DiHAT̃

Q DiHAT̃
Q HAT̃

Q ,
Ti

where the last map is the projection induced by the triangular decomposition.

Proposition II.7.27. The map Ti : HAT̃
Q → HAT̃

Q descends to an isomorphism Ti : HA(i) T̃
Q → HAT̃,(i)

Q
such that the following diagram commutes:

Y(i)
Q Y

(i)
Q

HA(i) T̃
Q HAT̃,(i)

Q

Ti

Φ Φ

Ti

,

where Ti : Y(i)
Q → Y

(i)
Q is defined in Proposition II.5.3.

Proof. The fact that the map Ti : HAT̃
Q → HAT̃

Q descends to a homomorphism Ti : HA(i) T̃
Q →

HAT̃,(i)
Q is proved just in the case of the Yangian, see Proposition II.5.3. That Ti : HA(i) T̃

Q →

HAT̃,(i)
Q is an isomorphism follows from the fact that Ti : Y(i)

Q → Y
(i)
Q is an isomorphism, that

the map Φ is onto, and that HA(i) T̃
Q and HAT̃,(i)

Q have the same graded dimensions, see Proposi-
tion II.3.10–(4)). □

Remark II.7.28. The same construction applied to DiYQ gives back the operator Ti defined in
Formula (II.5.2). △

There is a canonical sign-twist isomorphism HAT̃
Q ≃ HAT̃

siQ, compatible with the maps YQ →

HAT̃
Q and YQ → HAT̃

siQ. It descends to an isomorphism HAT̃,(i)
Q ≃ HAT̃,(i)

siQ . We will denote by

the same letter the induced truncated braid group morphism Ti : HA(i) T̃
Q → HAT̃,(i)

siQ .
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II.7.5. Proof of Theorem II.7.2. In this section, we put together all the results of §II.7.1–II.7.4 in
order to finally prove the commutativity of the diagram (II.7.2).

In view of Proposition II.7.27, Theorem II.7.2 is a consequence of the following result:

Proposition II.7.29. The maps Si, ∗, Ti : HA(i) T̃
Q → HAT̃,(i)

siQ are equal.

Proof. Set

Ψ := Si, ∗ − Ti : HA(i) T
d −→ HAT,(i)

si(d)
.

Our aim is to prove that Ψ = 0. Since T̃ = Tmax, all the torus weights ϵe satisfy the following
condition

ϵe + ϵe′ ̸= 0 ,

for j, i ∈ I, with j ̸= i, e ∈ Ωi,j, and e′ ∈ Ωj,i. Recall the automorphism Ti ∈ Aut(S) from §II.7.2.
There is a commutative diagram

S S

End( HA(i) T
d) End(HAT,(i)

si(d)
)

Ti

Si, ∗

,

in which the vertical arrows are induced by the canonical actions of S on HA(i) T
d and HAT,(i)

si(d)
. We

use Ti to equip the space HAT,(i)
si(d)

with the structure of a Shd-module. From Theorem II.7.14 we
deduce that Ψ is a morphism of Shd-modules. Next, by Theorem II.7.4, the map Ψ factors to a
map of Shd-modules

Ψ : HA(i) T
d/(Shd · HA(i)

0, d) −→ HAT,(i)
si(d)

. (II.7.34)

By comparing the supports of both sides in C(d), we will show that Ψ = 0, hence Ψ = 0.

Let us first explicitly describe the image, under the embedding ι : HAT̃
Q → ShQ introduced in

Theorem II.6.7, of certain elements in HAT̃
0 .

For any d ∈ NI, let [Repd(Q)] ∈ HAT̃
0 be the fundamental class of the zero section of the map

Repd(Q) → Repd(Q). As Q carries no edge loops, we have ι[Repdjαj
(Q)] = 1 ∈ Shdjαj

for j ∈ I
and dj ∈ N. Fix a total order i1 ≺ i2 ≺ · · · ≺ ir on the vertex set I. Then, for any d ∈ NI we have

ι([Repdi1
αi1

(Q)] · · · [Repdir αir
(Q)]) = η · ∏

s<t
∏
e∈Ω

e : is→ij

∏
1≤k≤dis
1≤ℓ≤dit

(zis ,k − zjt ,ℓ + εe) (II.7.35)

for some sign η, given by

η :=
r−1

∏
s=1

(−1)−∑s<t dis dit #{e : is→it∈Ω} .

We will simply write the above product as

u≺ := η · ∏
i≺j

e : i→j

(zi,• − zj,• + εe) .

By construction, the annihilator of the source of the map (II.7.34) in Shd contains HA(i)
0, d.

Thus it contains all the elements u≺ in Formula (II.7.35), for any total order ≺ on I. Therefore,
the support of the source of the map (II.7.34) is contained in the intersection of the zero loci of all
possible elements u≺. Hence, by Proposition II.7.20, it suffices to check that for any irreducible
component CO of Zsi(d),i, there exists an element of the form u≺ which does not identically vanish
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on CO, hence Zsi(d),i is not contained in the intersection of the zero loci of all possible elements
u≺. We claim that this holds for any order ≺ in which i is maximal. Indeed, for such an order ≺,
we have

Ti(u≺) =η ∏
j≺k

e : j→k

(zk,• − zj,• + ϵe) · ∏
j,k∈I

e : j→i ,e′ : k→i

(zk,• − zj,• + ϵe + ϵe′)·

· ∏
j∈I

e : i→j

(zi,• − zj,• + h̄ + ϵe)
−1 ,

where j, k run over elements in I ∖ {i}. Using the description (II.7.26), it is easy to check that such
an element does not identically vanish on any of the irreducible components CO. This proves the
claim. □

II.8. APPENDIX: SIGN TWISTS OF ALGEBRAS

The following operation of twisting the multiplication in graded associative algebras is used
in several instances in this work. Let Γ := ZI be a free abelian group of finite rank and let (A, ⋆)
be a Γ-graded associative algebra, A =

⊕
γ Aγ. Let ω : Γ × Γ → Z be a bilinear form. We define

a new algebra (Aω, ⋆
ω
) by setting A := Aω and for homogeneous elements x, y ∈ Aω

x ⋆
ω

y := (−1)ω(|x|,|y|)x ⋆ y .

This new product is associative. Moreover, the twisting operation is associative in the sense that
(Aω)σ = Aω+σ.

Proposition II.8.1. Let A, Γ, ω be as above and assume that ω is antisymmetric. Fix a basis e1, . . . , en of
Γ and for each γ = ∑ γiei ∈ Γ we set

uγ := (−1)∑i<j γiγjω(ei ,ej) .

Then the map f : A → Aω, given by x 7→ u|x|x is an algebra isomorphism.

Proof. It suffices to check that f is an algebra morphism, which reduces to the relation

uγ+σ = uγuσ(−1)ω(γ,σ) .

Setting εij = ω(ei, ej) we have
uγ+σ

uγuσ
= (−1)∑i<j((γi+σi)(γi+σj)−γiγj−σiσj)εij = (−1)∑i<j(σiγj+γiσj)εij = (−1)∑i<j(σiγj−γiσj)εij

= (−1)ω(γ,σ) .

□

As a corollary, we see that two bilinear forms Γ × Γ → Z which have the same symmetriza-
tion give rise to isomorphic twisted algebras. The isomorphism given above is explicit but not
canonical (it depends on the choice of a basis).

Remark II.8.2. Note that uei = 1 for any i. If A is generated by
⊕

i Aei , this condition fully deter-
mines the isomorphism. △
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PART III. COHA OF A MINIMAL RESOLUTION OF A KLEINIAN SINGULARITY AND
AFFINE YANGIANS

Notation. Throughout this Part, we fix a finite subgroup G of SL(2, C) and we let Qf = (If , Ωf)
be the corresponding finite type ADE Dynkin diagram, with If = {1, . . . , e} and an arbitrary
orientation. Let Q = (I, Ω) be the affine extension of Qf , with I = If ∪ {0}. Let Q = (I, Ω =
Ω ⊔ {a∗ | a ∈ Ω}) be the double quiver associated to Q.

III.1. LIE THEORY OF AFFINE ADE QUIVERS

Let us denote by g and gf the affine Kac-Moody algebra and the semisimple Lie algebra asso-
ciated to Q and Qf , respectively. This short section serves mainly to fix some standard notations
related to (co)root systems of g, gf , and the associated braid groups.

III.1.1. Affine and finite roots and coweights. Let {α0, . . . , αe} denote the simple roots of g, so
that the root and coroot systems of g are, respectively,

Y =
⊕
i∈I

Zαi and Y̌ =
⊕
i∈I

Zα̌i .

We denote by ∆ ⊂ Y the subset of roots. We denote by ∆re and ∆im the subsets of real and
imaginary roots. We use the notations Yf , Y̌f , ∆f for the analogous notions for gf . Denote by φ the
highest positive root in ∆f and by φ̌ its associated coroot.

Let δ ∈ Y be the indivisible positive imaginary root, i.e., the minimal element in the intersection
of NI with the kernel of the canonical pairing (II.1.2), so that ∆im = Zδ. We have

δ = φ + α0 = ∑
i∈I

ri αi , (III.1.1)

where r0 := 1. Then

h := ∑
i∈I

ri (III.1.2)

is the Coxeter number of Q. The explicit values of h and the ri’s are:

h r1, r2, r3, . . . , re−1, re
AN N + 1 1, . . . , 1
DN 2N − 2 1, 2, 2, . . . , 2, 1, 1
E6 12 1, 2, 3, 2, 1, 2
E7 16 1, 2, 4, 3, 2, 1, 2
E8 30 2, 4, 6, 5, 4, 3, 2, 3

Let {λ̌i | i ̸= 0} be the fundamental coweights of Qf and let {ω̌i | i ∈ I} be the fundamental
coweights of Q. For i ̸= 0, the coweight λ̌i can be expressed as

λ̌i = ω̌i − riω̌0 .

We put

ρ̌f := ∑
i ̸=0

λ̌i and ρ̌ = ∑
i

ω̌i = ρ̌f + (1 + h)ω̌0 . (III.1.3)

Let

X̌ :=
⊕

i
Zω̌i and X̌+ :=

⊕
i

Z≥0ω̌i

be the sets of coweights and dominant coweights of Q, respectively. The corresponding lattices
and monoid for Qf are denoted by X̌f , X̌+

f . A coweight θ̌ = ∑i aiλ̌i will be called strictly dominant
if ai > 0 for all i. For any d ∈ ZI, we write d = df + nδ, with df ∈ Z∆f and n ∈ Z, and we call
(ρ̌f , d) the height of df .
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III.1.2. Extended, affine, and finite braid groups. Let Waf := WQ be the affine Weyl group, i.e.,
the Weyl group of the affine ADE quiver Q. The Weyl group W := WQf

of Qf coincides with the
subgroup of Waf generated by the simple reflections si with i ̸= 0. Let w0 be the longest element
in W.

Let Wex be the extended affine Weyl group. By definition, we have Wex = W ⋉ X̌f = Γ ⋉ Waf ,
where Γ is the group of outer automorphisms of the underlying diagram of Q. We abbreviate
tλ̌ := 1 ⋉ λ̌ for each coweight λ̌ ∈ X̌f . The Waf -action on CI extends to a Wex-action such that

tλ̌(d) = d − (λ̌, d) δ (III.1.4)

for any d ∈ CI.
Let B := BQf

be the braid group, Baf := BQ the affine braid group, and Bex the extended affine braid
group. The group Bex is generated by elements Tw with w ∈ Wex modulo the relations

TvTw = Tvw if ℓ(vw) = ℓ(v) + ℓ(w) ,

where ℓ(u) is the standard length function. We abbreviate Tλ̌ := Ttλ̌
for each coweight λ̌ ∈ X̌f and

Ti := Tsi for each affine simple reflection. The affine braid group Baf coincides with the subgroup
of Bex generated by the Ti’s for i ∈ I, while the braid group B coincides with the subgroup of Bex

generated by the Ti’s with i ̸= 0.

Define the elements Lλ̌ with λ̌ ∈ X̌f as

Lλ̌ :=

{
Tλ̌ if λ̌ is dominant ,

Tλ̌1
T−1

λ̌2
if λ̌ = λ̌1 − λ̌2, with λ̌1, λ̌2 are both dominant .

(III.1.5)

It is known that Lλ̌ = Tλ̌1
T−1

λ̌2
does not depend on the choice of the decomposition of λ̌. Moreover

L0 = 1.
We recall the following result, which will be used later on – see, e.g., [Mac03, Chapter 3, §3.3].

Proposition III.1.1. The extended affine braid group Bex is generated by B ∪ {Lλ̌ | λ̌ ∈ X̌f} subject to
the following relations:

Lλ̌1
Lλ̌2

= Lλ̌2
Lλ̌1

(III.1.6)

TiLλ̌ = Lλ̌Ti (III.1.7)

when si(λ̌) = λ̌, and

Lλ̌ = TiLλ̌−α̌i
Ti (III.1.8)

when si(λ̌) = λ̌ − α̌i.

Remark III.1.2. We have T0 = Lφ̌T−1
sφ

by [Mac03, Formula (3.2.8)], and there is a group isomor-
phism Bex ≃ Γ ⋉ Baf .
△

Recall from §II.5 that there is an action of the braid group Baf on U(g). Combined with the
obvious action of Γ, it gives rise to an action of Bex on U(g). We will need the following explicit
result for the action of translation elements.

Proposition III.1.3. Under the isomorphism g ≃ uce
(
gf [s±1]

)
, for any root α ∈ ∆f , any λ̌ ∈ X̌f , and

any n ∈ Z we have

Lλ̌(xsn) = (−1)⟨λ̌,α⟩xsn−⟨λ̌,α⟩

for any x ∈ gα.

Proof. For Q of type A(1)
1 this can be checked by an explicit computation (it is enough to consider

the action of Lω̌ = γT0, where γ is the automorphism exchanging the vertices 0 and 1 of A(1)
1 ).
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To deal with the general case, it is sufficient to assume that α ∈ {±αi | i ̸= 0}. This may in turn
be deduced from the classical limit of [Bec94, Corollary after Proposition 3.8], which yields, for
any i, j ∈ I ∖ {0} a commutative diagram

X̌f Aut(Uj)

(X̌f)sl2 Aut(ŝl2)

ui γj

where

γj : ŝl2 Uj ⊂ g
∼

is the canonical embedding corresponding to j and ui : (X̌f)sl2 → X̌f is defined by ω̌ 7→ ω̌i. Notice
that only the case i = j is dealt with in loc. cit. but the general case is similar. □

III.2. YANGIANS OF AFFINE ADE QUIVERS

Yangians YQ associated to arbitrary quivers and maximal number of quantum parameters
were introduced in Part II, see Definition II.4.1. In the present section, we focus on the situation
of an affine quiver Q. We prove that, in that case, a two-parameters version of YQ is isomorphic
to the affine Yangian introduced and studied in e.g. [Var00, Gua07, GRW19, Kod21, BT19], which
is a quantization of the elliptic Lie algebra gell := uce(gf [s±1, t]), a universal central extension
of the double loop algebra gf [s±1, t]. Recall that in our notation, gf is the semisimple (finite-
dimensional) Lie algebra associated to the finite type quiver Qf . We also prove that the map
Y−

Q → HAT
Q from the Yangian to the twisted equivariant nilpotent cohomological Hall algebra

of Q given in Theorem II.6.3 is an isomorphism in that case. The definition of the affine Yangian
in the A(1)

1 case is a little bit different from that of other affine cases, we take extra care treating it.

III.2.1. Definition of the affine Yangian. Fix the torus T := C∗ × C∗. Let εi be the first Chern
classes of the tautological characters γi ∈ C∗ for i = 1, 2. Then H•

T := H•
T(pt) = Q[ε1, ε2]. We set

h̄ := ε1 + ε2.

Definition III.2.1. Let Q be an affine ADE quiver, Q ̸= A(1)
1 . The extended (two-parameters) Yan-

gian Ye
Q; ε1,ε2

of Q is the unital associative H•
T-algebra generated by x±i,ℓ, hi,ℓ, κi,ℓ, with i ∈ I and

ℓ ∈ N, subject to the relations

• for any i ∈ I and ℓ ∈ N

κi,ℓ ∈ Z
(

Ye
Q

)
, (III.2.1)

• for any i, j ∈ I and r, s ∈ N[
hi,r, hj,s

]
= 0 , (III.2.2)[

x+i,r, x−j,s
]
= δi,jhi,r+s , (III.2.3)[

hi,0, x±j,r
]
= ±ai,jx±j,r , (III.2.4)[

hi,r+1, x±j,s
]
−
[

hi,r, x±j,s+1

]
= ± h̄

2
ai,j

{
hi,r, x±j,s

}
− mi,j

ε1 − ε2

2

[
hi,r, x±j,s

]
, (III.2.5)[

x±i,r+1, x±j,s
]
−
[

x±i,r, x±j,s+1

]
= ± h̄

2
ai,j

{
x±i,r, x±j,s

}
− mi,j

ε1 − ε2

2

[
x±i,r, x±j,s

]
,
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where

mi,j :=


1 if i → j ∈ Ω ,
−1 if j → i ∈ Ω ,
0 otherwise .

• Serre relations:

∑
σ∈Sm

[
x±i,rσ(1)

,
[

x±i,rσ(2)
,
[
· · · ,

[
x±i,rσ(m)

, x±j,s
]
· · ·
]]]

= 0 (III.2.6)

for i, j ∈ I, with i ̸= j, where m := 1 − ai,j and Sm denotes the m-th symmetric group.

The (two-parameters) Yangian YQ; ε1,ε2 of Q is the unital associative H•
T-algebra, which is the

quotient of Ye
Q;ε1,ε2

by the two-sided ideal generated by the κi,ℓ’s, with i ∈ I and ℓ ∈ N. ⊘

Remark III.2.2. Assume that Q ̸= A(1)
1 . When ε1 = ε2, i.e., when we restrict ourselves to the

diagonal torus C∗ → C∗ × C∗, the Yangian YQ; ε1,ε2 |ε1=ε2 is the usual affine Yangian which has

appeared in the literature (cf. e.g. [Var00, Gua07]). When Q = A(1)
N , with N ≥ 2, the above

definition recovers the definition of the corresponding two-parameters Yangian introduced by
Kodera, see, e.g., [Kod21, Definition 2.1]. △

We now turn to the special case Q = A(1)
1 . We consider the affine Yangian introduced by

Kodera in [Kod19a, Definition 5.1] and by Bershtein-Tsymbaliuk in [BT19, §1.2]. Note that the
relation (III.2.7) was missing in Kodera’s definition, while present in the one of Bershtein-Tsym-
baliuk.

Definition III.2.3. The extended (two-parameters) Yangian Ye
Q; ε1,ε2

of Q = A(1)
1 is the unital associa-

tive H•
T-algebra generated by x±i,ℓ, hi,ℓ, κi,ℓ, with i ∈ I and ℓ ∈ N, subject to the relations (III.2.1),

(III.2.2), (III.2.3), and (III.2.4) for any i, j, the relation (III.2.5) for i = j, the Serre relations (III.2.6),
and[

hi,r+2, x±j,s
]
− 2
[

hi,r+1, x±j,s+1

]
+
[

hi,r, x±j,s+2

]
=∓ (ε1 + ε2)

{
hi,r+1, x±j,s

}
± (ε1 + ε2)

{
hi,r, x±j,s+1

}

∓ ε1ε2

[
hi,r, x±j,s

]
,[

x±i,r+2, x±j,s
]
− 2
[

x±i,r+1, x±j,s+1

]
+
[

x±i,r, x±j,s+2

]
=∓ (ε1 + ε2)

{
x±i,r+1, x±j,s

}
± (ε1 + ε2)

{
x±i,r, x±j,s+1

}

∓ ε1ε2

[
x±i,r, x±j,s

]
,[

hi,1, x±j,r
]
=∓ 2x±j,r+1 ∓ h̄

{
hi,0, x±j,r

}
, (III.2.7)

for i ̸= j ∈ I and r, s ∈ N.

The (two-parameters) Yangian YQ; ε1,ε2 of Q = A(1)
1 is the unital associative H•

T-algebra, which is
the quotient of Ye

Q;ε1,ε2
by the two-sided ideal generated by the κi,ℓ’s, with i ∈ I and ℓ ∈ N. ⊘

The subalgebras Y±
Q;ε1,ε2

, Y
e, 0
Q;ε1,ε2

, Y
⩽0
Q;ε1,ε2

, . . . are defined in the usual fashion. The affine Yan-
gian YQ;ε1,ε2 carries two gradings: the horizontal grading by the group ZI and the vertical, or
cohomological grading by the monoid N. The respective degrees of generators are as follows:

deg(x±i,ℓ) = (±αi, ℓ) , deg(hi,ℓ) = deg(κi,ℓ) = (0, ℓ) , deg(εi) = (0, 1) .

We shall sometimes denote by (YQ;ε1,ε2)d the graded piece of horizontal degree d ∈ ZI.
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Theorem III.2.4. The multiplication map yields the following isomorphisms

Y+
Q; ε1,ε2

⊗ Y
e, 0
Q; ε1,ε2

⊗ Y−
Q; ε1,ε2

Ye
Q; ε1,ε2

∼ ,

and

Y+
Q; ε1,ε2

⊗ Y
e, 0
Q; ε1,ε2

Y
e,⩾0
Q; ε1,ε2

∼ and Y
e, 0
Q; ε1,ε2

⊗ Y−
Q; ε1,ε2

Y
e,⩽0
Q; ε1,ε2

∼ .

Proof. The arguments appearing in the proof of Theorem II.4.6 apply here as well. We leave the
details to the reader. □

III.2.2. Elliptic Lie algebras. We next describe the Lie algebras which arise as classical limits of
the above Yangians.

Definition III.2.5. Let Q be an affine ADE quiver. Let sQ be the Lie algebra generated by X±
i,ℓ and

Hi,ℓ, with i ∈ I and ℓ ∈ N, subject to the following defining relations:

• if Q ̸= A(1)
1 : [

Hi,r, Hj,s

]
= 0 , (III.2.8)[

X+
i,r, X−

j,s

]
= δi,j Hi,r+s , (III.2.9)[

Hi,r, X±
j,s

]
= ±ai,jX±

j,r+s , (III.2.10)[
X±

i,r+1, X±
j,s

]
=
[

X±
i,r, X±

j,s+1

]
, (III.2.11)

and

ad
(

X±
i,0

)1−ai,j
(

X±
j,s

)
= 0 for i ̸= j . (III.2.12)

• if Q = A(1)
1 : the relation (III.2.11) for i = j, the relations (III.2.8), (III.2.9), (III.2.10),

(III.2.12), as well as[
X±

i,r+2, X±
j,s

]
− 2
[

X±
i,r+1, X±

j,s+1

]
+
[

X±
i,r, X±

j,s+2

]
= 0 (III.2.13)

for i ̸= j.

Let s0
Q be the Lie subalgebra of sQ generated by the elements Hi,ℓ with i ∈ I and ℓ ∈ N, and let

s±Q be the Lie subalgebra of sQ generated by the elements X±
i,ℓ with i ∈ I and ℓ ∈ N. ⊘

Note that sQ carries a ZI × Z-grading with deg(X±
i,ℓ) = (±αi,−2ℓ) and deg(Hi,ℓ) = (0,−2ℓ)

for any i ∈ I and ℓ ∈ N.

Remark III.2.6. The above definition coincides with [GRW19, Definition 2.5] when Q ̸= A(1)
1 . The

case of affine type A quivers (including A(1)
1 ) is also considered in [Tsy17]. △

Let Y|0 be the specialization YQ; ε1,ε2 /(ε1, ε2)YQ; ε1,ε2 . Define Y−|0 similarly. Our main moti-
vation to consider elliptic Lie algebras is the following result.

Proposition III.2.7. The assignment, for i ∈ I and ℓ ∈ N,

X±
i,ℓ 7−→ x±i,ℓ and Hi,ℓ 7−→ hi,ℓ , (III.2.14)

extends to an isomorphism of ZI × N-graded Q-algebras

U(sQ) Y|0∼ ,
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and restricts to

U(s−Q) Y−|0∼ .

Proof. The case Q ̸= A(1)
1 is proved in [GRW19, Proposition 2.6]. We shall follow the same argu-

ments as in loc.cit. to prove the remaining case Q = A(1)
1 .

First, note that the defining relations of Y|0 are of Lie type, hence Y|0 is isomorphic to the
universal enveloping algebra of a Lie algebra s′Q, where s′Q is the Lie algebra generated by x±i,ℓ
and hi,ℓ, with i ∈ I and ℓ ∈ N, subject to the relation (III.2.11) for i = j, the relations (III.2.8),
(III.2.9), (III.2.13), [

hi,0, x±j,r
]
= ±ai,jx±j,r , (III.2.15)[

hi,1, x±j,r
]
= ∓2x±j,r+1 , for i ̸= j , (III.2.16)[

hi,r+1, x±i,s
]
=
[

hi,r, x±i,s+1

]
, (III.2.17)[

hi,r+2, x±j,s
]
− 2
[

hi,r+1, x±j,s+1

]
+
[

hi,r, x±j,s+2

]
= 0 , for i ̸= j , (III.2.18)

and

∑
w∈S3

[
x±i,rw(1)

,
[

x±i,rw(2)
,
[

x±i,rw(3)
, x±j,s

]]]
= 0 , for i ̸= j . (III.2.19)

Note that if i = j, the relations (III.2.15) and (III.2.17) are equivalent to (III.2.10). On the other
hand, when i ̸= j, the relations (III.2.15), (III.2.16), and (III.2.18) are equivalent to (III.2.10). Thus,
the assignment (III.2.14) extends to an epimorphism of algebras U(sQ) −→ Y|0.

To conclude, we need to show that the inverse assignment x±i,ℓ 7→ X±
i,ℓ and hi,ℓ 7→ Hi,ℓ extends

to a homomorphism Y|0 −→ U(sQ). We have to check that the relations of Definition III.2.5
imply the relations (III.2.15) – (III.2.18) and (III.2.19). The former has been already proved in the
above paragraph. We are left to deduce the Serre relation (III.2.19) from Definition III.2.5. This
follows by successively applying ad(Hi,n) to (III.2.12). □

It is also interesting to consider presentations of the positive halves s±Q. The proof of the fol-
lowing result will be given in Appendix III.9.

Proposition III.2.8.

• s0
Q is isomorphic to the free commutative Lie algebra generated by Hi,ℓ, with i ∈ I and ℓ ∈ N.

• s±Q is isomorphic to the Lie algebra generated by the elements X±
i,ℓ with i ∈ I and ℓ ∈ N satisfying

the relations:
(1) (III.2.11) and (III.2.12), if Q ̸= A(1)

1 ;

(2) (III.2.11) for i = j, (III.2.12), (III.2.13), and[[
X±

i,r+1, X±
j,s

]
, X±

j,ℓ

]
−
[[

X±
i,r, X±

j,s+1

]
, X±

j,ℓ

]
= 0 , fori ̸= j

if Q = A(1)
1 .

III.2.3. Elliptic Lie algebras as double loop algebras. We now give another description of sQ as
the universal central extension of a double loop algebra. Consider the Lie algebra gf [s±1, t] :=
gf ⊗Q Q[s±1, t]. By [Kas84, Theorem 3.3], it admits a universal central extension defined by

gell := uce
(
gf [s

±1, t]
)

,

where

uce
(
gf [s

±1, t]
)

:= gf [s
±1, t]⊕

(
Ω1(Q[s±1, t]

)
/d
(
Q[s±1, t]

))
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as a vector space, with Lie bracket such that Ω1(Q[s±1, t]
)
/d
(
Q[s±1, t]

)
is central and

[x ⊗ a, y ⊗ b] = [x, y]⊗ ab + (x, y) · b(da)

for x, y ∈ gf and a, b ∈ Q[s±1, t]. Here, (−,−) is an invariant bilinear form on gf . For a commuta-
tive Q-algebra A we denote by Ω1(A) is the module of Kähler differentials of A and by d(A) the
subspace of exact forms.

Note that Ω1(Q[s±1, t]
)
/d
(
Q[s±1, t]

)
has a basis given by{

s−1ds, tℓskds | ℓ ∈ Z⩾1, k ∈ Z
}

.

Set cℓ := tℓs−1ds for ℓ ∈ N and ck,ℓ := tℓsk−1ds for ℓ ∈ N, with ℓ ̸= 0, and k ∈ Z, k ̸= 0. Then gell
has the following equivalent description:

gell = gf [s
±1, t]⊕ K with K :=

⊕
ℓ∈N

Qcℓ ⊕
⊕

ℓ∈N, ℓ⩾1
k∈Z, k ̸=0

Qck,ℓ ,

with cℓ, ck,ℓ central elements, and Lie bracket

[x ⊗ sktℓ, y ⊗ shtn] =

{
[x, y]⊗ tℓ+n + k(x, y) · cℓ+n if k + h = 0 ,

[x, y]⊗ sk+htℓ+n + (kh − ℓn) · (x, y) · cm+n,g+k if k + h ̸= 0 .

We equip the Lie algebra gell with the Z × ZI-grading such that

deg
(

x ⊗ sktℓ
)

:= (−2ℓ, d + kδ) , deg
(
ck,ℓ
)

:= (−2ℓ, kδ) , deg
(
cℓ
)

:= (−2ℓ, 0) ,

where x belongs to the root space (gf)d, k ∈ Z, and ℓ ∈ N. We’ll call the first term of the grading
the horizontal grading and the second term the vertical grading.

The negative half nell of gell is the Lie subalgebra spanned by the homogeneous elements whose
horizontal grading belongs to −NI ∖ {0}. We have

nell = n[t]⊕ K− where K− :=
⊕
k<0

Qck,ℓ , (III.2.20)

where n = s−1gf [s−1]⊕ nf is the (standard) negative nilpotent half of g.
Let (nell)ℓ,d and U(nell)ℓ,d be the degree (ℓ, d) pieces in the Lie algebra nell and its enveloping

algebra U(nell).

Lemma III.2.9. One has

∑
ℓ∈Z,d∈NI

dimU(nell)ℓ,−d tℓzd = Exp

(
∑

d∈NI

Ad(t−2)

1 − t−2 zd

)
,

where Ad(z) is the Kac’s polynomial of the quiver Q with dimension vector d and zd := ∏i∈I zdi
i .

Proof. This follows from the relation

∑
ℓ∈Z, d∈NI

dim(nell)ℓ,−d tℓzd = ∑
d∈NI

Ad(t−2)

1 − t−2 zd , (III.2.21)

which is itself a consequence of Formula (III.2.20) together with the equalities

Ad(z) =


1 if d ∈ ∆re ,
e + z if d ∈ ∆im ,
0 otherwise .

Recall that e is the rank of gf . □

Let us denote by X±
i and Hi, with i = 1, . . . , e, the Chevalley generators for gf normalized so

that (X+
i , X−

i ) = 1 and Hi = [X+
i , X−

i ]. Let X±φ be root vectors of gf for the roots ±φ normalized
so that (Xφ, X-φ) = 1, where φ is the highest root of gf . Set Hφ := [X+

φ , X−
φ ].
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Proposition III.2.10. The assignment

X±
i,ℓ 7−→ X±

i ⊗ tℓ for i = 1, . . . , e and ℓ ∈ N ,

X±
0,ℓ 7−→ X∓φ ⊗ tℓs±1 for ℓ ∈ N ,

Hi,ℓ 7−→ Hi ⊗ tℓ for i = 1, . . . , e and ℓ ∈ N ,

H0,ℓ 7−→ Hφ ⊗ tℓ + tℓs−1ds ℓ ∈ N .

defines a Lie algebras isomorphism ϕ : sQ → gell. In particular, it restricts to an isomorphism of Lie
algebras ϕ : s−Q → nell.

Proof. This may be shown using the same arguments as in [MRY90, §3], (see in particular Propo-
sition 3.5 of loc.cit.). We leave the details to the reader. □

III.2.4. Standard filtration and relation with COHAs. The H•
T-algebras YQ; ε1,ε2 and Y±

Q; ε1,ε2
ad-

mit increasing N-filtrations, called the standard filtrations, for which the generators x±i,ℓ and hi,ℓ

have degree ℓ and deg(εi) = 0 for i = 1, 2. Let grYQ; ε1,ε2 and grY±
Q; ε1,ε2

be the associated graded.

They are ZI × Z-graded in the obvious way. Let x±i,ℓ and hi,ℓ denote the images of x±i,ℓ and h±i,ℓ in
grYQ; ε1,ε2 .

We may see T as a subtorus of Tmax (introduced in Formula (II.4.1)) via the embedding

(γ1, γ2) ∈ T 7−→ (γe = γ1, γe∗ = γ2)e∈Ω ∈ Tmax .

Then, ε1 = εe and ε2 = εe∗ for e ∈ Ω. This yields a specialization morphism H•
Tmax

→ H•
T .

Let YQ be the Yangian of Q introduced in Definition II.4.1 (i.e., the one with the extra cubic
relations). Recall that YQ and Y±

Q are equipped with standard filtrations defined in the same way
(see §II.4.2.1). Let HAT

Q be the nilpotent COHA as defined in §II.2.2, with respect to the torus T.

Theorem III.2.11. There is a ZI × Z-graded H•
T-algebra isomorphism

Ψ : U(s−Q)⊗Q H•
T ≃ U(nell)⊗Q H•

T grY−
Q; ε1,ε2

∼

given by the assignment

X−
i,ℓ 7−→ x−i,ℓ

for i ∈ I and ℓ ∈ N.
Moreover, we have a chain of isomorphisms:

Y−
Q; ε1,ε2

Y−
Q ⊗H•

Tmax
H•

T HAT
Q

∼ ∼ ,

where the second map is the homomorphism Φ introduced in Theorem II.6.3.

Proof. Thanks to the defining relations of YQ; ε1,ε2 and Proposition III.2.8, there exists a surjective
homomorphism

Ψ : U(s−Q)⊗Q H•
T ≃ U(nell)⊗Q H•

T −→ grY−
Q; ε1,ε2

.

To prove that U(s−Q)⊗Q H•
T and grY−

Q; ε1,ε2
are isomorphic, it is enough to compare their graded

dimensions.
Now, Remark II.4.3 yields the existence of a surjective homomorphism

Y−
Q; ε1,ε2

−→ Y−
Q .

Because of Theorem II.6.3, we have also a surjective homomorphism

Φ : Y−
Q −→ HAT

Q .
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Therefore, we have the following chain of inequalities, in any fixed degree (d, ℓ):

grdim
(
U(s−Q)⊗Q H•

T
)
≥ grdim

(
grY−

Q; ε1,ε2

)
≥ grdim

(
Y−

Q
)
≥ grdim

(
HAT

Q
)

.

Now, the graded dimension of U(s−Q)⊗Q H•
T is computed in Lemma III.2.9 and it coincides with

the graded dimension of HAT
Q by [SV20, Theorem A-(d)]. Hence

grdim
(
U(s−Q)⊗Q H•

T
)
= grdim

(
grY−

Q; ε1,ε2

)
= grdim

(
Y−

Q
)
= grdim

(
HAT

Q
)

.

From this we obtain all the claims in the Theorem. □

Corollary III.2.12. There is a ZI × Z-graded H•
T-algebra isomorphism

Ψ : U(sQ)⊗Q H•
T ≃ U(gell)⊗Q H•

T grYQ; ε1,ε2
∼

given by the assignment

X±
i,ℓ 7−→ x±i,ℓ and Hi,ℓ 7−→ hi,ℓ,

for i ∈ I and ℓ ∈ N.
Likewise, there is an isomorphism of ZI × Z-graded H•

T-algebras

YQ; ε1,ε2 ≃ YQ ⊗H•
T .

Proof. The first statement follows from the triangular decomposition of the Yangian (cf. The-
orem III.2.4) and Theorem III.2.11. The proof of the second claim is similar, based on Theo-
rems II.4.6. □

Remark III.2.13. When Q ̸= A(1)
1 , the first statement of Corollary III.2.12 appears as [GRW19,

Theorem 6.9]. △

From now on and until §III.7, we will only work with equivariant parameters belonging to H•
T

and hence simply denote YQ;ε1,ε2 by YQ.
We conclude this Section with the following refinement of Proposition II.5.3. The standard

filtration of YQ induces filtrations on the quotients Y(i)
Q and Y

(i)
Q . The map Ti preserve these

filtrations and descends to a map gr(Ti) between the associated graded.

Corollary III.2.14.

(1) The map

Y
(i)
Q −→ YQ/(I⩾0YQ + YQI−i ) ,

induced by the canonical embedding Y−
Q ⊂ YQ, is an isomorphism.

(2) The map Ti : Y(i)
Q → Y

(i)
Q , introduced in Proposition II.5.3, is an isomorphism.

(3) There are isomorphisms

gr( Y(i)
Q) ≃

(
U(nell)/ ∑

ℓ≥0
x−i tℓU(nell)

)
⊗Q H•

T ,

gr(Y
(i)
Q ) ≃

(
U(nell)/ ∑

ℓ≥0
U(nell)x−i tℓ

)
⊗Q H•

T ,

and the map gr(Ti) coincides with the (truncation of the) standard action of the braid group on
the enveloping algebra U(gell).

Proof. We start by proving (1). By Theorem III.2.4, the composition Y−
Q → YQ → YQ/I⩾0YQ is

an isomorphism. In addition I⩾0YQ +YQI−i = I⩾0YQ +Y−
QI−i . The result follows by definition

of Y
(i)
Q . We turn to (2). In light of Theorem II.7.2, it is enough to note that the map Φ : Y−

Q ≃ HAT
Q

descends to isomorphisms Y(i)
Q ≃ HA(i) T

Q and Y
(i)
Q ≃ HAT,(i)

Q .
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Finally, we show (3). We have

gr( Y(i)
Q) = gr(Y−Q)/gr(I−i · Y−

Q) .

Note that, a priori, we only have an inclusion

grj(I
−
i · Y−

Q) ⊇
⊕

k+h=j

grk(I
−
i ) · grh(Y

−
Q) ,

hence only a surjection (
U(nell)/ ∑

ℓ≥0
x−i tℓU(nell)

)
⊗Q H•

T −→ gr( Y(i) ) .

To see that this map is an isomorphism, we compare the graded characters. By Proposition II.3.10–
(4), we have

∑
d,ℓ

dim gr( Y(i) )-d,ℓ qℓzd =
1

(1 − q−1)2Exp
( 1

1 − q−1 ∑
d∈NI∖Nαi

Ad(q−1)zd
)

.

The graded character of
(
U(nell)/ ∑ℓ≥0 x−i tℓU(nell)

)
⊗Q H•

T is given by the same expression thanks

to the PBW theorem. The same argument works for Y
(i)
Q . The identification of gr(Ti) follows by

construction. □

III.3. QUOTIENTS OF THE YANGIAN AND OF THE COHA OF AN AFFINE ADE QUIVER

In this section, we consider the structure of quotients of the COHA HAT
Q associated to open

substacks of ΛQ determined by Harder-Narasimhan conditions, and describe the corresponding
quotients of the affine Yangians Y−

Q.

III.3.1. Quotients of the nilpotent quiver COHA. In this section we shall introduce quotients of
the equivariant nilpotent quiver COHA arising from Harder-Narasimhan strata and study their
algebraic structures. Our quiver Q is fixed to be of affine type, but the results are valid for any
quiver (even one with edge-loops) and any torus T ⊆ Tmax.

III.3.1.1. Homology of Harder-Narasimhan strata.

Definition III.3.1. Let κ ⊂ Q be an interval. We denote by mod(ΠQ)
κ the full subcategory of

mod(ΠQ) consisting of those finite-dimensional representations of ΠQ for which the θ̌-slopes of
all the HN factors14 belong to κ. ⊘

For any ℓ ∈ Q, we set mod(ΠQ)
ℓ := mod(ΠQ)

{ℓ}, mod(ΠQ)
>ℓ := mod(ΠQ)

(ℓ,+∞), and
mod(ΠQ)

⩽ℓ := mod(ΠQ)
(−∞,ℓ]. The following is clear.

Lemma III.3.2. The pair
(
mod(ΠQ)

>ℓ,mod(ΠQ)
⩽ℓ
)

is a torsion pair on the category mod(ΠQ), which
is open in the sense of Lieblich [AB13, Definition A.2].

Given an interval κ ⊂ Q, let nilp(ΠQ)
κ be the category of nilpotent finite-dimensional repre-

sentations M of ΠQ whose Harder-Narasimhan-factors all have θ̌-slope in κ and let Λκ
Q be the

corresponding moduli stack.

Lemma III.3.3. The stack Λκ
Q is an open substack of ΛQ.

Proof. This follows from Lemma III.3.2 in the case of intervals of the form [ℓ, ∞), (ℓ, ∞), (−∞, ℓ)
or (−∞, ℓ); the general case now follows from the formula

Λκ1∩κ2
Q = Λκ1

Q ×ΛQ Λκ2
Q .

□

14See §II.2.1.4 for the definition of HN factors.
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Notation III.3.4. We denote by Λκ
Q the canonical derived enhancement of Λκ

Q inside ΛQ. For
d ∈ NI, we let Λκ

d (resp. Λκ
d) be the connected component of Λκ

Q (resp. Λκ
Q) of representations of

dimension d. We abbreviate Λℓ
Q := Λ{ℓ}

Q and Λℓ
Q := Λ

{ℓ}
Q . ⊘

Definition III.3.5. Given two disjoint intervals κ, κ′ of R, we write κ′ < κ if for any a ∈ κ′ and for
any b ∈ κ we have a < b. ⊘

Given disjoint intervals κ1, . . . , κs with κ1 < κ2 < · · · < κs, define the derived stack Λ
κ1,...,κs
Q as

Λ
κ1,κ2
Q Λext

Q

Λ
κ1
Q × Λ

κ2
Q ΛQ × ΛQ

qκ1,κ2 q

for s = 2, and for arbitrary s ≥ 2 as

Λ
κ1,...,κs
Q := Λ

κ1,κ2⊔···⊔κs
Q ×

Λ
κ2⊔···⊔κs
Q

Λ
κ2,...,κs
Q . (III.3.1)

Denote by Λκ1,...,κs
Q the classical truncation of Λ

κ1,...,κs
Q . Moreover, for d1, . . . , ds ∈ NI, let Λκ1,...,κs

d1,...,ds

(resp. Λ
κ1,...,κs
d1,...,ds

) be the connected component of Λκ1,...,κs
Q (resp. Λ

κ1,...,κs
Q ) parametrizing representa-

tions M having a (necessarily unique) filtration 0 =: Ms+1 ̸= Ms ⊂ Ms−1 ⊂ · · · ⊂ M1 = M for
which Mi/Mi+1 has dimension vector di and the θ̌-slopes of all its HN-factors belong to κi for
each i = 1, . . . , s. Note that Λκ1,...,κs

d1,...,ds
is a locally closed substack of Λ∑i di .

If each κi is a singleton, then Λκ1,...,κs
d1,...,ds

is a Harder-Narasimhan strata. In general, Λκ1,...,κs
d1,...,ds

is
a finite union of Harder-Narasimhan strata. For M ∈ Λκ1,...,κs

d1,...,ds
as above, we denote by Mi :=

Mi/Mi+1 the ith factor. Finally, Λd1,...,ds denotes the locally closed substack of Λ∑ di parametriz-
ing objects of HN-type (d1, . . . , ds). We denote by Λd1,...,ds the corresponding derived enhance-
ment.

Lemma III.3.6. Fix κ1, . . . , κs, resp. d1, . . . , ds as above.

(1) Λ
κ1,...,κs
Q is an iterated vector bundle stack over Λ

κ1
Q × · · · × Λκs

Q.

(2) Λd1,...,ds is an iterated vector bundle stack over Λθ̌-ss
d1

× · · · × Λθ̌-ss
ds

.

Proof. To prove (1), it suffices to deal with the case s = 2 because of Formula (III.3.1). For s = 2,
the projection map M 7→ (M1/M2, M2) induces an equivalence

Λ
κ1,κ2
Q ≃ SpecSym

(
(RHom(M1,M2)[1])∨

)
,

where RHom(M1,M2) is viewed as a complex over Λ
κ1
Q × Λ

κ2
Q , where M1 is the universal object

of Λ
κ1
Q while M2 is the universal object of Λ

κ2
Q (see e.g. [PS23, Proposition 3.6]). It is enough

to prove that RHom(M1,M2)[1] has tor-amplitude [0, 1]15. Furthermore, to perform the com-
putation of the tor-amplitude it is enough to consider the two families of representations M1

and M2 over a point, i.e., it is enough to show that Ext2(M1, M2) = 0 for M1 ∈ nilp(ΠQ)
κ1 and

M2 ∈ nilp(ΠQ)
κ2 . The properties of the Harder-Narasimhan filtration, the conditions on κ1, κ2 en-

sure that Hom(M2, M1) vanishes. By the 2-Calabi-Yau property (cf. Theorem II.2.1), this implies
that Ext2(M1, M2) = 0 as wanted.

Statement (2) is obtained by specializing (1) to the case of κi being singletons and fixing the
connected component of Λ

κi
Q. □

Proposition III.3.7.

15In homological notation.
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(1) For any interval κ, the mixed Hodge structure of the stack Λκ
Q is pure and the restriction morphism

HT
• (ΛQ) → HT

• (Λ
κ
Q) is surjective.

(2) The map

Λ
κ1,...,κs
d1,...,ds

−→
s

∏
i=1

Λ
κi
di

, M 7−→ (M1, . . . , Ms)

is an iterated vector bundle stack. In particular, the mixed Hodge structure of the stack Λ
κ1,...,κs
d1,...,ds

is pure.

Proof. For a general pair (κ, d), the stack Λκ
d is a finite union of Harder-Narasimhan strata. By

Lemma III.3.6, each such Harder-Narasimhan stratum is an iterated vector bundle stack over
a product of stacks of the form Λ

ℓi
di

. The mixed Hodge structure of Λℓ
e is pure for any e, ℓ by

[SV20, Theorem 3.2–(b)] or [Dav23, Theorem 6.4]. It follows that the same holds for any Harder-
Narasimhan stratum, and hence also for Λκ

d. Then, Statement (1) is a consequence of the purity
of Λκ

Q and its closed complement ΛQ ∖ Λκ
Q, which is itself, for any fixed d, a finite union of

Harder-Narasimhan strata.
Statement (2) is a consequence of Lemma III.3.6. □

Notation III.3.8. For any geometric classical stack X, which is a quotient stack, its Borel-Moore
homology is finite-dimensional in each degree as Q-vector space. Thus, we can define

P(X, t) := ∑
i

dim(HT
i (X))t

i .

For any interval κ, we also set

PΛκ
Q
(z, t) := ∑

d∈NI
P(Λκ

d, t) t(d,d)zd .

The factor t(d,d) is added to take into account the cohomological degree shift in the grading of
HAT

d . ⊘

Recall that Ad(t) ∈ N[t] is the Kac polynomial counting absolutely indecomposable represen-
tations of the quiver Q of dimension vector d over finite fields, see, e.g., [BSV20]. The following
is a refinement of Theorem II.2.9.

Proposition III.3.9. The following hold:

(1) For any partition Q = κ1 ⊔ · · · ⊔ κs with κi < κj for i < j, we have

PΛQ(z, t) =
s

∏
k=1

PΛ
κk
Q
(z, t) .

(2) For any ℓ ∈ Q, we have

PΛℓ
Q
(z, t) = (1 − t−2)−2Exp

(
1

1 − t−2 ∑
d∈NI

µ
θ̌
(d)=ℓ

Ad(t−2) zd

)
. (III.3.2)

(3) For any subset κ ⊂ Q (not necessarily an interval) we have

PΛκ
Q
(z, t) = (1 − t−2)−2Exp

(
1

1 − t−2 ∑
d∈NI

µ
θ̌
(d)∈κ

Ad(t−2) zd

)
.

Proof. Let us begin with (1). By Proposition III.3.7 we have

PΛQ(z, t) = ∑
d1,...,ds

P(Λκ1,...,κs
d1,...,ds

, t) t(d,d)z∑i di = ∑
d1,...,ds

∑
i

dim HT
i (Λ

κ1,...,κs
d1,...,ds

) ti+(d,d)z∑i di
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= ∑
d1,...,ds

∑
i

dim HT
i

(
∏

j
Λ

κj
dj

)
ti+∑j(dj ,dj)z∑i di = ∏

ℓ

PΛ
κℓ
Q
(z, t) .

In the above calculation, we have made use of the relations

P(Λd, t) = ∑
d1+···+ds=d

P(Λκ1,...,κs
d1,...,ds

, t) ,

which comes from the purity of each strata Λκ1,...,κs
d1,...,ds

and

dimHT
i−(d,d)(Λ

κ1,...,κs
d1,...,ds

) = dimHT
i−∑j(dj ,dj)

(
∏

j
Λ

κj
dj

)
,

which comes from the fact that the morphism Λκ1,...,κs
d1,...,ds

→ ∏j Λ
κj
dj

is an iterated vector bundle

stack of rank −∑u>v(du, dv) (see Lemma III.3.6 and [DPS22, Remark II.1.32]).

Let’s turn to (2). By (1), we have a factorization into an infinite product

PΛQ(z, t) = ∏
ℓ∈Q

PΛℓ
Q
(z, t) . (III.3.3)

Note that for any fixed d only finitely many slopes µθ̌(e) may arise for e ≤ d, hence the above
infinite product is well-defined and convergent. We may use the Harder-Narasimhan recursion
formula to uniquely determine PΛℓ

Q
(z, t) from Equation (III.3.3); in other words, there is a unique

family of power series

PΛℓ
Q
(z, t) = ∑

k,d∈NI
µθ̌(d)=ℓ

αk,dtk zd ,

with ℓ ∈ Q, for which Equation (III.3.3) holds. It only remains to observe that the right-hand-
side of Formula (III.3.2) obviously satisfies this condition. Statement (3) is proved in the same
way. □

Thanks to Proposition III.3.9, we may relate the existence of semistable representations of the
preprojective algebra to the value of the Kac polynomial Ad(t), which is nonzero precisely when
d belongs to the root system of Q. In particular, we have the following.

Corollary III.3.10. A θ̌-semistable representation of ΠQ of slope zero is necessarily of dimension d ∈ Nδ.

Proof. Let d ∈ NI be a root of Q, which we may write as d = nδ + e where e either belongs to
N∆f or −N∆f . But then unless e = 0, we will have θ̌(e) ̸= 0. This means that d ∈ Nδ. □

Remark III.3.11.

• Proposition III.3.9 is valid for an arbitrary quiver Q (even one including edge-loops, as
long as one replaces the Kac polynomials by its nilpotent version, see [BSV20]).

• For any collection ordered disjoint intervals (or even subsets) κ1, . . . , κs we have

PΛ
κ1,...,κs
Q

(z, t) =
s

∏
k=1

PΛ
κk
Q
(z, t) .

△

III.3.1.2. Algebraic structures on quotients of the COHA. We examine in this section the structure on
the quotients

HAT
θ̌,κ

:= HT
• (Λ

κ
Q)

induced by the multiplication in HAT
Q. This heavily depends on the type of interval κ.

Proposition III.3.12.
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(1) For any ℓ ∈ Q, HAT
θ̌,{ℓ} is a Z × NI-graded H•

T-algebra.

(2) The canonical restriction ⊕
d∈NI

µ
θ̌
(d)=ℓ

HT
• (Λd) −→ HAT

θ̌,{ℓ}

is an algebra homomorphism, where the source has an algebra structure induced by the one of
HAT

Q.

(3) For any interval κ = [a, b], HAT
θ̌,κ is a right Z×NI-graded HAT

θ̌,{b}-module and a left Z×NI-

graded HAT
θ̌,{a}-module.

(4) For any interval κ = (a, b], the restriction map HAT
Q → HAT

θ̌,κ is surjective and its kernel is
equal to

Kθ̌,κ := ∑
µθ̌(d)>b

HAT
Q · HAT

d + ∑
µθ̌(d)⩽a

HAT
d · HAT

Q .

Similar results hold if we replace we replace (a, b] by [a, b), [a, b] or (a, b), allowing a = b.

(5) For κ = (−∞, b], HAT
θ̌,κ is a left Z × NI-graded HAT

Q-module. For κ = [a, ∞), HAT
θ̌,κ is a

right Z × NI-graded HAT
Q-module. Similar results hold for κ = (−∞, b), (a, ∞).

Proof. The category of all θ̌-semistable representations of a fixed θ̌-slope ν is an abelian subcate-
gory of the category mod(ΠQ) which is stable under extension. Statement (1) follows. In addition,
if

0 −→ x −→ y −→ z −→ 0

is an exact sequence in mod(ΠQ) in which x, y, z are all of slope ν and y is semistable then both
x and y have to be semistable as well (indeed, x belongs to mod(ΠQ)

≤ν and has slope ν, which
forces it to be semistable, and likewise for z). We deduce that there is, for any d, e of slope ν, a
diagram

Λν
d × Λν

e Λext,ν
d,e Λν

d+e

Λd × Λe Λext
d,e Λd+e

j

q◦ p◦

j′ j′′

q p

,

in which all the maps j, j′, j′′ are open immersions, and all squares are cartesian. The fact that the
restriction map is a morphism of algebra follows by base change.

The two parts of (3) are similar, we only prove the first. Fix a short exact sequence in mod(ΠQ)
of the form

0 −→ x −→ y −→ z −→ 0 ,

with y ∈ mod(ΠQ)
κ and x of slope b. Arguing as above, we deduce that x is semistable. The

map x → y thus factors as x → yb → y, where yb is the maximal subobject of y which belongs to
mod(ΠQ)

b. We deduce that z fits in an exact sequence

0 −→ yb/x −→ z −→ y′ −→ 0 ,
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where y′ ∈ Λ(a,b)
Q and hence z belongs to mod(ΠQ)

κ . We therefore have the following diagram,
for any d and any e of slope b

Λκ
d × Λb

e Λext,κ
d,e Λκ

d+e

Λd × Λe Λext
d,e Λd+e

j

q◦ p◦

j′ j′′

q p

,

where all the squares are cartesian and the morphisms j, j′, j′′ are open immersions. Again, (3)
follows by base change.

We now turn to (4). Surjectivity is proved in Proposition III.3.7–(1). The kernel of the restric-
tion morphism is the image of the map HT

• (ΛQ ∖ Λκ
Q) → HT

• (ΛQ), which is injective for purity
reasons. We will show that HT

• (ΛQ ∖ Λκ
Q) = Kθ̌,κ . Fix d, e ∈ NI and assume that µθ̌(d) > b. If

0 −→ x −→ y −→ z −→ 0 ,

is a short exact sequence of nilpotent ΠQ-modules with x of dimension d and z of dimension e
then the maximal slope submodule of y has slope at least µθ̌(d) > b. Hence y ∈ Λd+e ∖ Λκ

d+e. In
other words, there is a factorization

t0(p) : t0(Λext
e,d) −→ Λd+e ∖ Λκ

d+e −→ Λd+e

which proves that HAT
e · HAT

d ⊆ HT
• (ΛQ ∖ Λκ

Q). The inclusion HAT
d · HAT

e ⊆ HT
• (ΛQ ∖ Λκ

Q) for
µθ̌(d) ⩽ a is proved in a similar fashion, using minimal slope quotients. Thus Kθ̌,κ ⊆ HT

• (ΛQ ∖
Λκ

Q). To finish the proof, we need to show the reverse inclusion.

We shall argue by induction on Harder-Narasimhan strata, so we first introduce some prelim-
inary material. Let HN(d) stand for the (finite) set of Harder-Narasimhan types of weight d, i.e.,
tuples d = (d1, . . . , ds) of elements of NI satisfying

∑
k

dk = d and µθ̌(d1) < · · · < µθ̌(ds) .

Denote by Sd the locally closed Harder-Narasimhan strata of Λd corresponding to d. We have

Λκ
d =

⊔
d

Sd ,

where the union ranges over all HN types d = (d1, . . . , ds) for which

a < µθ̌(d1) < · · · < µθ̌(ds) ⩽ b . (III.3.4)

Let HN′(d) be the subset of HN types not satisfying (III.3.4). We define a total order on HN(d)
as follows: for d = (d1, . . . , ds) and ν ∈ Q we put

|d|⩾ν = ∑
µθ̌(di)≥ν

di .

We put d ≺ d′ if there exists ν such that |d|⩾η = |d′|⩾η for all η > ν while |d|⩾ν > |d′|⩾ν.
To conclude the proof, we need the following lemma.

Lemma III.3.13. Fix d ∈ HN(d).

(1) The substack S⪯d :=
⊔

e⪯d Se is closed,

(2) The multiplication map factors as HAT
d1

⊗ · · · ⊗ HAT
ds

→ HT
• (S⪯d) → HAT

d , and the composi-
tion HAT

d1
⊗ · · · ⊗ HAT

ds
→ HT

• (S⪯d) → HT
• (Sd) is surjective.
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Proof of Lemma III.3.13. To prove (1) it is enough to show that for any d, Sd ⊂ S⪯d. Consider the
induction diagram

Λss
d1

× · · · × Λss
ds

Λext,ss
d Λ

ℓ1,...,ℓs
d1,...,ds

Λd1 × · · · × Λds Λext
d Λd

j

q◦ p◦

j′ h
q p

,

where ℓi = µθ̌(di) and where the leftmost square is a pull back. Note that p◦ is an equivalence
and q◦ is a vector bundle stack morphism (see Proposition III.3.7). Moreover, Λℓ1,...,ℓs

d1,...,ds
= Sd.

As p is proper, Sd is contained in the image of p, hence it suffices to prove that there exists a
factorization

t0(p) : t0(Λext
d )

p′−→ S⪯d −→ Λd . (III.3.5)

Let x ∈ Λd and assume that x has a filtration xs+1 = 0 ̸= xs ⊂ xs−1 ⊂ · · · ⊂ x1 = x with
xi/xi+1 ∈ Λdi . Unless x ∈ Sd, there exists j such that xk/xk+1 ∈ Λss

dk
for k > j while xj/xj+1 ∈ Sn

with n = (n1, . . . , nr) ̸= (dj). But then µθ̌(nr) > µθ̌(dj) = ℓj. We deduce the existence of a
subrepresentation xj ⊂ x′ ⊂ xj+1 such that µθ̌−min(x′) > ℓj while dim(x′) > ∑k>j dk, which
implies that x ∈ Se for some e ≺ d. This proves the factorization (III.3.5), from which we deduce
both (1) and the first part of (2).

The last part of (2) follows from the base change formula

p◦∗ ◦ (q◦)! ◦ j∗ = (j′)∗ ◦ p′∗ ◦ q! ,

where j′ : Sd → S⪯d is the open embedding. Observe that, by Proposition III.3.7, the map
j∗ : HT

• (Λd1 × · · · × Λds) → HT
• (Λ

ss
d1

× · · · × Λss
ds
) is surjective. □

We return to (4). Assume that HT
• (ΛQ ∖ Λκ

Q) ̸⊆ Kθ̌,κ and let d = (d1, . . . , ds) ∈ HN′(d) be
minimal such that HT

• (S⪯d) ̸⊆ Kθ̌,κ . By hypothesis, we have µθ̌(d1) ⩽ a or µθ̌(ds) > b. In either
case, HAT

d1
· · ·HAT

ds
⊂ Kθ̌,κ . By the minimality of d, HT

• (Se) ⊂ Kθ̌,κ for any e ≺ d, and thus
HT
• (S≺d) ⊂ Kθ̌,κ . But then, by Lemma III.3.13–(2), we have

HT
• (S⪯d) = HT

• (S≺d) + HAT
d1

· · ·HAT
ds

⊆ Kθ̌,κ ,

a contradiction. This yields the reverse inclusion HT
• (ΛQ ∖ Λκ

Q) ⊆ Kθ̌,κ and finishes the proof of
Statement (4).

Finally, Statement (5) follows in a similar fashion from the fact that the category mod(ΠQ)
(−∞,b]

is closed under taking subobjects (since it is the torsion-free part of a torsion pair – see Lemma III.3.2),
and likewise mod(ΠQ)

[a,∞) is closed under taking quotients. □

III.3.2. Quotients of the Yangian. We now examine the counterparts, for the Yangian, of the
quotients considered in the previous section. For any interval κ = (a, b] (including the case
a = −∞ and/or b = ∞), we define

Jθ̌,κ := ∑
µθ̌(d)>b

Y−
QY−

-d + ∑
µθ̌(d)⩽a

Y−
-dY−

Q and Yθ̌,κ := Y−
Q/Jθ̌,κ . (III.3.6)

We extend this definition to other types of intervals in an obvious manner. Note that Yθ̌,κ is
N × ZI-graded. Moreover, Jθ̌,κ ⊂ Jθ̌,κ′ whenever κ′ ⊂ κ.

Proposition III.3.14. The following holds.

(1) For any b ∈ Q, Yθ̌,{b} inherits from YQ of an associative algebra structure.

(2) For κ = [a, b], there is a canonical right action of Yθ̌,{b} and a canonical left action of Yθ̌,{a} on
Yθ̌,κ .
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(3) For κ = (−∞, b], there is a canonical left action of Y−
Q on Yθ̌,κ . For κ = [a,+∞) there is a

canonical right action of Y−
Q on Yθ̌,κ . Similar results hold for intervals of the form (−∞, b) or

(a,+∞).

Proof. By definition, (Yθ̌,{b})d is nonzero only when µθ̌(d) = b, hence we may view Yθ̌,{b} as the
quotient of

U :=
⊕

µθ̌(d)=b

Y−
d

by U ∩ Jθ̌,{b}. Observe that if e satisfies µθ̌(e) < b (resp. µθ̌(e) > b) and d satisfies µθ̌(d) = b then
µθ̌(e + d) < b (resp. µθ̌(e + d) > b). It follows that U ∩ Jθ̌,{b} is an ideal of U, hence (1).

Statement (2) is proved in a similar way, while Statement (3) is obvious from the definition of
Jθ̌,κ . □

Combining the above with Proposition III.3.12 yields the following.

Corollary III.3.15.

(1) For any interval κ ⊂ Q, the isomorphism Φ : Y−
Q → HAT

Q yields an isomorphism of vector
spaces Φκ : Yθ̌,κ → HAT

θ̌,κ .

(2) For any b ∈ R, the map Φb : Yθ̌,{b} → HAT
θ̌,{b} is an isomorphism of algebras.

(3) For any interval κ, the isomorphism Φκ intertwines the various right or left actions of Yθ̌,{b} and

HAT
θ̌,{b} or Y−

Q and HAT
Q.

To gain a better understanding of the quotients Yθ̌,κ , we now describe their classical limit in
terms of double-loop root systems. For an interval κ ⊂ Q, we put

∆θ̌,κ :=
{

d ∈ NI
∣∣∣ µθ̌(d) ∈ κ

}
.

Note that ∆θ̌,κ is stable under addition inside ∆ if d, e ∈ ∆θ̌,κ are such that d + e ∈ ∆ then
d + e ∈ ∆θ̌,κ . In particular,

(nell)θ̌,κ :=
⊕

d∈∆θ̌,κ

(nell)-d

is a Lie subalgebra of nell. For any κ, the standard filtration on Y−
Q induces one on Jθ̌,κ , and de-

scends to a filtration on Yθ̌,κ . We denote by grYθ̌,κ the associated graded. Recall the isomorphism
Ψ : U(nell)⊗H•

T → grY−
Q.

Proposition III.3.16. The following hold:

(1) For any κ there is a canonical isomorphism Ψκ : U((nell)θ̌,κ)⊗Q H•
T → grYθ̌,κ .

(2) For any ν ∈ Q, there is a canonical graded algebra isomorphism Ψν : U((nell)θ̌,{ν})⊗Q H•
T →

grYθ̌,{ν}.

(3) The above isomorphisms intertwine the right or left actions of U((nell)θ̌,κ)⊗Q H•
T and grYθ̌,κ or

of U((nell)θ̌,{ν})⊗Q H•
T and grYθ̌,{ν}.

Proof. The compatibility with the algebra structure or actions being clear from the construction,
we focus on (1). For κ = (a, b] there is a canonical embedding

grJθ̌,κ ⊆ ∑
µθ̌(d)>b

grY−
Q · grY−

-d + ∑
µθ̌(d)⩽a

grY−
-d · grY−

Q
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= ∑
µθ̌(d)>b

U(nell) · U(nell)-d + ∑
µθ̌(d)⩽a

U(nell)-d ·U(nell) .

It follows that there is a canonical surjection

grYθ̌,κ = grY−/grJθ̌,κ U(nell)
/(

∑µθ̌(d)>b U(nell) · U(nell)-d + ∑µθ̌(d)⩽a U(nell)-d ·U(nell)
)

π ,

and the right-hand-side coincides with U((nell)θ̌,κ) thanks to the PBW theorem

U(nell) = U((nell)θ̌,(−∞,a])⊗ U((nell)θ̌,κ)⊗ U((nell)θ̌,(b,∞))

together with the observations that

∑
µθ̌(d)⩽a

U(nell)-d ·U(nell) = U((nell)θ̌,(−∞,a])+ ·U(nell) ,

∑
µθ̌(d)>b

U(nell) · U(nell)-d = U(nell) · U((nell)θ̌,(b,∞))+ ,

where as before (−)+ denotes the augmentation ideal. It it thus enough to prove that grYθ̌,κ and
U((nell)θ̌,κ) have the same graded dimension. For this, we may use the isomorphism of graded
vector spaces Yθ̌,κ ≃ HAT

θ̌,κ and Proposition III.3.9–(3), which gives us

∑
ℓ,d

dim((HAT
θ̌,κ)d,ℓ)zdtℓ = (1 − t−2)−2Exp

(
1

1 − t−2 ∑
d∈NI

µθ̌(d)∈κ

Ad(t−2) zd

)
,

while

∑
ℓ,d

dim((U((nell)θ̌,κ)⊗H•
T)-d,ℓ)zdtℓ = (1 − t−2)−2Exp

(
∑

d∈NI,ℓ
µθ̌(d)∈κ

dim(nell)-d,ℓ zd

)
.

The proof now follows from the relation (III.2.21), see Lemma III.2.9. □

III.4. PERVERSE COHERENT SHEAVES ON RESOLUTIONS OF ADE SINGULARITIES

In this section we relate, via the McKay correspondence, the derived category of coherent
sheaves on a Kleinian resolution of singularities X with the derived category of representations
of the preprojective algebra ΠQ of the associated affine quiver. We introduce for this the perverse
t-structure on Db(Coh(X)), following [VdB04]. We also relate (complexes of) coherent sheaves on
X supported on the exceptional locus with nilpotent representations of ΠQ.

III.4.1. Geometry of the resolutions. The quotient Xcon := C2/G has an isolated singularity at
the origin. Let π : X → Xcon be the minimal resolution of singularities of Xcon. Fix a diagonal
torus A ⊂ GL(2, C) centralizing G. For G of type A, the diagonal torus A could be {1}, Gm, or
Gm × Gm, while for G of types D or E, it could be {1} or Gm. The group A acts on Xcon in the
obvious way and this action lifts to a A-action on X such that the map π is A-equivariant (one
may see this using e.g. the Nakajima quiver varieties interpretation of the map π).

Let C := π−1(0) and denote by Cred its reduced variety. The irreducible components C1, . . . , Ce
of Cred are isomorphic to P1. The following is well-known.

Proposition III.4.1.

(1) The vertices of Qf are in bijection with the irreducible components Ci of Cred. Two vertices are
joined by an edge if and only if the corresponding components intersect. The intersection is trans-
verse and consists of one point. The intersection matrix of the Ci’s is equal to the opposite of the
Cartan matrix of Qf .
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(2) There is a bijection i 7→ ηi from the set I of vertices of Q to the set Ĝ of irreducible representations
of G, and for any i, j ∈ I the number of arrows in Ω from i to j is the dimension of the vector space
HomG(ηi ⊗ C2, ηj).

We have the following equality in Pic(X):

C =
e

∑
i=1

riCi ,

where the numbers ri are introduced in Formula (III.1.3).

Lemma III.4.2. There is a canonical isomorphism

Pic(X) X̌f ,∼ (III.4.1)

mapping OY(−Ci) to α̌i for i = 1, . . . , e.

Notation III.4.3. We denote by Lλ̌ the line bundle associated to the coweight λ̌ ∈ X̌f . ⊘

III.4.2. Perverse coherent sheaves on the resolution. Let C be the so-called null category of the
pair (Xcon, X), i.e., the abelian subcategory of Coh(X) consisting of objects E such that Rπ∗E = 0.
Following [VdB04, §3.1], we introduce the following torsion pair on Coh(X) (denoted in loc. cit.
by (T-1,F-1)):

T := {F ∈ Coh(X) |R1π∗F = 0 and Hom(F ,C) = 0} ,

F := {F ∈ Coh(X) |R0π∗F = 0} .

We denote by P(X/Xcon) ⊂ Db(Coh(X)) the heart of the tilted t-structure induced by (T,F). We
call it the Bridgeland’s perverse t-structure. For E ∈ P(X/Xcon), all cohomology sheaves Hi(E)
vanish except for i = −1, 0, H−1(E) ∈ F, and H0(E) ∈ T. We call E a perverse coherent sheaf.

Consider now the abelian subcategory Cohps(X) of Coh(X) consisting of properly supported
coherent sheaves. Then the pair (T ∩ Cohps(X),F ∩ Cohps(X)) is a torsion pair of Cohps(X). We
denote by Pps(X/Xcon) the corresponding tilted heart in Db(Cohps(X)) ≃ Db

ps(Coh(X)), where
the latter is the subcategory of Db(Coh(X)) consisting of complexes with properly supported
cohomology. Thus, Pps(X/Xcon) is the abelian subcategory of P(X/Xcon) consisting of objects
with proper support.

Remark III.4.4. By [Yos13, §2.1], see also [DPS23, Appendix A], one has the following characteri-
zation of these intersections:

T ∩ Cohps(X) ={F ∈ Cohps(X) |Hom(F ,OCi (−1)) = 0 for i = 1, . . . , e} ,

F ∩ Cohps(X) ={F ∈ Cohps(X) | F is a successive extension of subsheaves of the

OCi (−1)’s for i = 1, . . . , e} .

Hence, H−1(E) is a pure one-dimensional coherent sheaf for E ∈ Pps(X/Xcon). △

We introduce the following subcategories of P(X/Xcon) (resp. Pps(X/Xcon)):

• P0(X/Xcon) (resp. P0
ps(X/Xcon)) is the full subcategory of P(X/Xcon) (resp. Pps(X/Xcon))

consisting of perverse coherent sheaves E with H−1(E) = 0;

• P−1(X/Xcon) (resp. P−1
ps (X/Xcon)) is the full subcategory of P(X/Xcon) (resp. Pps(X/Xcon))

consisting of perverse coherent sheaves E with H0(E) = 0.

By construction, the pairs (P0(X/Xcon),P−1(X/Xcon)[−1]) and (P0
ps(X/Xcon),P−1

ps (X/Xcon)[−1])
are torsion pairs of Coh(X) and Cohps(X), respectively. From the defining properties of torsion
pairs (see also [DPS23, Lemma 2.22]), we have:

Lemma III.4.5.
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• Let E ∈ P0
ps(X/Xcon) and F := H0(E). Then, any quotient F ↠ F ′′ in Cohps(X) corresponds

to an object in P0
ps(X/Xcon).

• Let E ∈ P−1
ps (X/Xcon) and F := H−1(E). Then any subsheaf F ′ ↪→ F in Cohps(X) corre-

sponds to an object in P−1
ps (X/Xcon).

Proposition III.4.6. If the support16 of E ∈ Pps(X/Xcon) is zero-dimensional, then E ∈ P0
ps(X/Xcon).

Vice versa, if F ∈ Cohps(X) is zero-dimensional, then F ∈ P0
ps(X/Xcon).

Proof. We prove the first statement. Let E ∈ Pps(X/Xcon) be a perverse coherent sheaf whose
support is zero-dimensional. Thus both H−1(E) and H0(E) are zero-dimensional. On the other
hand, since R0π∗H−1(E) = 0, we get H−1(E) = 0, therefore E ≃ H0(E).

Conversely, let F ∈ Cohps(X) be zero-dimensional. We have R1π∗F = 0 since H1(X,F ) = 0.
Now, consider E ∈ C. By definition, Rπ∗E = 0. Hence, E does not admit any zero-dimensional
subsheaf. Thus Hom(F , E) = 0. Therefore, F ∈ T ∩ Cohps(X) = P0

ps(X/Xcon). □

III.4.3. Tilting equivalence. Following [VdB04, Lemma 3.4.4], let Di be the unique Cartier divi-
sor of X such that Di · Cj = δi,j for i, j = 1, . . . , e. Set D := D1 + · · · + De. Under the isomor-
phism (III.4.1), the line bundle OX(Di) corresponds to the fundamental coweights λ̌i of Qf for
i = 1, . . . , e. Moreover, dim H1(X,OX(−Di)) = ri − 1 where ri is as in Formula (III.1.1).

For each i = 1, . . . , e, let Ei be the locally free sheaf obtained as the universal extension

0 −→ O
ri−1
X −→ Ei −→ OX(Di) −→ 0

associated to a basis of H1(X,OX(−Di)). We set E0 := OX .

Remark III.4.7. By construction, the Ei’s are the locally free sheaves defined by Gonzalez-Sprinberg
and Verdier [GSV83]. As shown in loc.cit., they generate, over Z, the Grothendieck group of lo-
cally free sheaves on X. △

By [VdB04, Theorem 3.5.5], each Ei is an indecomposable projective object in P(X/Xcon) and
the direct sum

P :=
e⊕

i=0

Ei (III.4.2)

is a projective generator in P(X/Xcon).

Set R := C[A2] and Rη := (η∨ ⊗ R)G for any irreducible representation η of G. The following
hold (see e.g. [CBH98, Wem11]):

R ⋊ G = EndRG (R) , RG = C[Xcon] , ΠQ = End(P) = EndRG (π∗P) , and π∗P =
⊕
η∈Ĝ

Rη .

We equip the ring R with the obvious A-action. This yields an A-action on the algebra ΠQ by
algebra automorphisms. Hence, the group A acts on the categories Coh(X) and Mod(ΠQ) and
therefore on the triangulated categories Db(Coh(X)) and Db(Mod(ΠQ)). By combining this with
[VdB04, Corollary 3.2.8], we have the following result.

Theorem III.4.8. P is a tilting object of Db(Coh(X)). The functors

τ := RHom(P ,−) : Db(Coh(X)) −→ Db(Mod(ΠQ)) , (III.4.3)

(−)⊗L
ΠQ

P : Db(Mod(ΠQ)) −→ Db(Coh(X))

16Recall that the support of an object in Db(Coh(X)) is the union of the supports of its cohomology sheaves.
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determine an equivalence of derived categories, which is equivariant with respect to the action of A.
The same holds if we consider the categories Db

ps(Coh(X)) ≃ Db(Cohps(X)) and Db
ps(Mod(ΠQ)) ≃

Db(mod(ΠQ)). These functors restrict to an A-equivariant equivalence of abelian categories

P(X/Xcon) Mod(ΠQ)
∼ ,

as well as

Pps(X/Xcon) mod(ΠQ)
∼ . (III.4.4)

Remark III.4.9. By [VdB04, Proposition 3.5.7] the simple modules σ0, . . . , σe associated to the nodes
of the affine quiver correspond to the spherical objects, in the sense of Definition III.5.3,

σ0 ≃ τ(OC) and σi ≃ τ(OCi (−1)[1]) ,

for 1 ≤ i ≤ e. Set

Ij :=

{
OC for j = 0 ,
OCj(−1)[1] for j = 1, . . . , e .

These complexes satisfy the orthogonality relations

RHom(Ei, Ij) = δi,j C ,

for 0 ≤ i, j ≤ e. △

Given an object E ∈ Pps(X/Xcon), the categorical equivalence (III.4.4) implies that RHom(Ek, E)
is a one-term complex of amplitude [0, 0], which we denote by Vk, for any k = 0, . . . , e. Thus, an
object E of Pps(X/Xcon) is mapped to a representation M of ΠQ with underlying Ze+1-graded
vector space

V :=
e⊕

k=0

Vk ,

where the k-th summand has degree k. We denote by dk(E) the dimension of Vk for 0 ≤ k ≤ e.
We set d(E) := (dk(E)) ∈ NI and call it the dimension vector of E. Since E is properly supported
one has

ch1(E) := −ch1(H−1(E)) + ch1(H0(E)) =
e

∑
i=1

niCi and χ(OX , E) = n ,

for some n, ni ∈ Z, i = 1, . . . , e.

Lemma III.4.10 ([DPS23, Lemma 2.12]). We have

rkd0(E)− dk(E) = nk ,

for any 1 ≤ k ≤ e and

(ω̌0, d(E)) = d0(E) = n .

III.4.4. Nilpotent perverse coherent sheaves and nilpotent representations. The goal of this
section is to establish a version of the tilting equivalence (III.4.4) for nilpotent objects.

Denote by nilp(ΠQ) the abelian category of finite-dimensional nilpotent representations of
ΠQ (cf. Definition II.2.3 and Remark II.2.4), and by PC(X/Xcon) the abelian category of perverse
coherent sheaves on X set-theoretically supported on the exceptional curve C. They are Serre
subcategories of mod(ΠQ) and Pps(X/Xcon).

Let Db
C(Coh(X)) denote the bounded derived category of complexes of coherent sheaves on

X with cohomology sheaves set-theoretically supported on C and let Db
ps,nil(Mod(ΠQ)) denote

the bounded derived category of complexes of ΠQ-representations with nilpotent cohomology
objects.
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Theorem III.4.11. The functors

τ := RHom(P ,−) : Db
C(Coh(X)) −→ Db

ps,nil(Mod(ΠQ)) ,

(−)⊗L
ΠQ

P : Db
ps,nil(Mod(ΠQ)) −→ Db

C(Coh(X))

determine an equivalence of derived categories, which is equivariant with respect to the action of A. This
restricts to an A-equivariant equivalence of abelian categories

PC(X/Xcon) nilp(ΠQ)
∼ .

In the remaining part of the section, we will show that the categories nilp(ΠQ) and PC(X/Xcon)
are mapped to each other under the equivalence τ. This will imply Theorem III.4.11.

Let us recall two results from [SY13], which will be useful later on. Denote by S the set of
isomorphism classes of simple representations of ΠQ, which are not isomorphic to one of the
{σ0, . . . , σe}.

Lemma III.4.12 ([SY13, Lemma 2.31]).

(1) The dimension vector of any representation in mod(ΠQ) in S is δ.

(2) If the dimension vector of a representation M of ΠQ is δ then M is either simple or nilpotent.

(3) Suppose M, N are simple representations of ΠQ so that the isomorphism class [M] of M belongs
to S and M, N are not isomorphic. Then

Ext1ΠQ
(M, N) = 0 and Ext1ΠQ

(N, M) = 0 .

Remark III.4.13. Under the assumptions of Lemma III.4.12–(3), we have

Extk
ΠQ

(M, N) = 0 and Extk
ΠQ

(N, M) = 0

for all k ∈ Z. Indeed, since M, N are non-isomorphic simple modules, we get

Ext0ΠQ
(M, N) = 0 and Ext0ΠQ

(N, M) = 0 .

Since the abelian category mod(ΠQ) is 2-Calabi-Yau (cf. [SY13, Lemma 2.18]), by Serre duality,
the above equation implies the vanishing result for k = 2 as well. △

For any S ∈ S, we define the full subcategory modS(ΠQ) of mod(ΠQ) which consists of finite-
dimensional representations of ΠQ whose composition factors consist only of S. The previous
lemma leads to the following.

Proposition III.4.14 ([SY13, Proposition 2.32]). There is an orthogonal decomposition of abelian cate-
gories

mod(ΠQ) ≃ modS(ΠQ)⊕ nilp(ΠQ) ,

where

modS(ΠQ) :=
⊕
S∈S

modS(ΠQ) .

Remark III.4.15. Let p ∈ X be a closed point. Note that Op belongs to the abelian category of prop-
erly supported perverse coherent sheaves Pps(X/Xcon). Therefore τ(Op) is a finite-dimensional
representation of ΠQ. Since each direct summand of the local projective generator P , defined in
(III.4.2), has rank rk(Ei) = ri, for 0 ≤ i ≤ e, the dimension vector of τ(Op) is δ. △

Lemma III.4.16. Let p ∈ X be a closed point.

(1) If p ∈ X ∖ Cred, then τ(Op) belongs to S.

(2) If p ∈ Cred, then τ(Op) is nilpotent.
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Proof. Suppose that p ∈ Ci for some 1 ≤ i ≤ e. Then there is a an exact sequence

OCi −→ Op −→ OCi (−1)[1]

in Pps(X/Xcon). By applying τ, one obtains a surjective morphism τ(Op) → σi with nontriv-
ial kernel. This shows that τ(Op) is not simple. Then Lemma III.4.12–(2) shows that τ(Op) is
nilpotent.

Now, suppose that p ∈ X ∖ Cred. We have to show that τ(Op) is simple. Let us assume that it
is not. Then it must be nilpotent by Lemma III.4.12–(2), therefore its composition factors belong
to {σ0, · · · , σe}, by Remark II.2.4. Since all objects τ−1(σi) are set-theoretically supported in Cred,
this is a contradiction. □

Lemma III.4.17. Suppose that M is a simple representation of ΠQ of dimension vector δ. Then τ−1(M) ≃
Op for some closed point p ∈ X where

(1) p ∈ Cred if M is nilpotent, or

(2) p ∈ X ∖ Cred if M is simple.

Proof. Since M is simple, it either belongs to τ(P0
ps(X/Xcon)) or to τ(P−1

ps (X/Xcon)). Since there
are no coherent sheaves on X of dimension vector −δ, we get that M belongs to τ(P0

ps(X/Xcon)).
But then F := τ−1(M) ∈ Coh(X) is of dimension vector δ, hence by Lemma III.4.10 satisfies
ch1(F ) = 0 and χ(F ) = 1, from which we conclude that F ≃ Op for some closed point p ∈ X.
Then the claim follows from Lemmas III.4.12–(2) and III.4.16. □

Lemma III.4.18. Let 1 ≤ i ≤ e and let L ⊂ OCi (−1) be an arbitrary subsheaf. Then L[1] belongs to
Pps(X/Xcon) and τ(L[1]) is nilpotent.

Proof. The fact that L[1] belongs to Pps(X/Xcon) follows from Remark III.4.4. Now, we prove
that τ(L[1]) is nilpotent. First, one has an exact sequence in Cohps(X)

0 −→ L → OCi (−1) −→ Q −→ 0

in Cohps(X), where Q is a zero-dimensional sheaf with Supp(Q) ⊂ Ci. This yields the exact
sequence

0 −→ Q −→ L[1] −→ OCi (−1)[1] −→ 0

in Pps(X/Xcon). Therefore, one has an exact sequence

0 −→ τ(Q) −→ τ(L[1]) −→ σi −→ 0

in mod(ΠQ). Since nilp(ΠQ) is a Serre category, thus closed by extensions, and τ(Q) can be real-
ized as an extension of skyscraper sheaves Op with p ∈ Cred, τ(Q) is a nilpotent representation
by Lemma III.4.16. Therefore, τ(L[1]) is nilpotent as well. □

Proposition III.4.19. Let E be a perverse coherent sheaf, which is set-theoretically supported on C. Then
τ(E) is a nilpotent finite-dimensional representation of ΠQ.

Proof. One has the canonical exact sequence

0 −→ H−1(E)[1] −→ E −→ H0(E) −→ 0

in Pps(X/Xcon). Remark III.4.4 shows that H−1(E) belongs to smallest Ext closed subcategory of
Cohps(X) generated by subsheaves of OCi (−1), for 1 ≤ i ≤ e. Then Lemma III.4.18 implies that
τ(H−1(E)[1]) is nilpotent. Therefore it suffices to show that τ(H0(E)) is also nilpotent, since the
category nilp(ΠQ) is Ext closed.

By Proposition III.4.14 one has a direct sum decomposition

τ(H0(E)) ≃ M1 ⊕ M2



COHOMOLOGICAL HALL ALGEBRAS AND YANGIANS 93

where M1 is belongs to modS(ΠQ) and M2 is nilpotent. This yields a direct sum decomposition

H0(E) ≃ τ−1(M1)⊕ τ−1(M2)

in Pps(X/Xcon). Since all the simple composition factors of M1 belong to S, Lemma III.4.17
implies that τ−1(M1) has a filtration in Pps(X/Xcon) so that all successive quotients are zero-
dimensional sheaves supported in the complement X ∖ Cred. Hence τ−1(M1) is also a zero-
dimensional sheaf supported in the complement X ∖ Cred. Since E is set-theoretically supported
on C, also H0(E) is set-theoretically supported on C, hence M1 must be identically zero. Thus
τ(H0(E)) ≃ M2 is nilpotent. □

The next goal is to prove the converse of Proposition III.4.19. First note the following:

Lemma III.4.20. Let E ∈ P0
ps(X/Xcon). Suppose that E has a filtration

0 ⊂ E1 ⊂ · · · ⊂ Eℓ = E

in Pps(X/Xcon) so that all successive quotients belong to {OC1(−1)[1], . . . ,OCe(−1)[1],OC} up to iso-
morphism. Then Supp(E) ⊂ C.

Proof. We will first prove by descending induction on 1 ≤ i ≤ ℓ that all subobjects Ei ⊂ E, for
1 ≤ i ≤ ℓ, belong to P0

ps(X/Xcon). Set Fℓ := Eℓ/Eℓ−1. Then one has two cases:

(i) Suppose that Fℓ ≃ OC. Since Eℓ = E has amplitude [0, 0] by assumption, the long exact
sequence associated to

0 −→ Eℓ−1 −→ Eℓ −→ Fℓ −→ 0

yields H−1(Eℓ−1) = 0.

(ii) Suppose that Fℓ ≃ OCi (−1)[1] for some 1 ≤ i ≤ e. Then one has an exact triangle

OCi (−1) −→ Eℓ−1 −→ Eℓ

in Db(Coh(X)). This implies again that H−1(Eℓ−1) = 0.

The inductive step is completely analogous.
Next we prove by increasing induction on 1 ≤ i ≤ ℓ that Supp(Ei) ⊂ C. Since E1 is a coherent

sheaf, by assumption one must have E1 ≃ OC. Set F2 = E2/E1. One has two cases:

(i) F2 ≃ OC. Then, clearly, Supp(E2) ⊂ C.

(ii) F2 ≃ OCi (−1)[1] for some 1 ≤ i ≤ e. Then one has the following exact triangle

OCi (−1) → E1 → E2

in Db(X). Since all objects have amplitude [0, 0] this is an exact sequence in Cohps(X).
Using the induction hypothesis, this implies that Supp(E2) ⊂ C.

The inductive step is completely analogous. □

Proposition III.4.21. Let M be a finite-dimensional nilpotent representation of ΠQ. Then τ−1(M) is
set-theoretically supported on C.

Proof. Let E = τ−1(M). By Remark III.4.4, H−1(E) is set-theoretically supported on C. Then
Proposition III.4.19 shows that M1 := τ(H−1(E)[1]) is a nilpotent representation. Moreover, one
has an exact sequence

0 −→ M1 −→ M −→ M2 −→ 0 ,

where M2 ≃ τ(H0(E)). Since the subcategory of nilpotent representations is abelian, M2 is
also nilpotent. In particular, M2 admits a filtration so that all successive quotients belong to
{σ0, . . . , σe} up to isomorphism. This implies that H0(E) admits a filtration in Pps(X/Xcon)
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so that all successive quotients belong to {OC1(−1)[1], . . . ,OCe(−1)[1],OC} up to isomorphism.
Then Lemma III.4.20 shows that also H0(E) is set-theoretically supported on C. □

The combination of Propositions III.4.19 and III.4.21 yields a proof of Theorem III.4.11.

III.5. BRAID GROUP ACTIONS ON Db
ps(Coh(X))

In this section, we use the McKay correspondence to transfer the well-known action of the ex-
tended affine braid group Bex on Db

ps(Mod(Q)) to an action on Db
ps(Coh(X)) by means of spher-

ical twist functors associated to the objects OC and OCi (−1) for i = 1, . . . , e. Our main result
is the identification of the autoequivalence RSλ̌ corresponding to a translation in Bex with the
autoequivalence given by tensoring with line bundles Lλ̌.

III.5.1. Recollection on braid group actions on Db
ps(Mod(ΠQ)). The theory of derived reflection

functors has been introduced in §II.3.1. Now, we recall how to use them to define a braid group
actions on Db

ps(Mod(ΠQ)).

Theorem III.5.1 ([IR08, Theorem 6.6-(2)]). The assignment Ti 7→ LSi for i ∈ I defines an action of the
affine braid group Baf on Db

ps(Mod(ΠQ)).

Note that this statement has been generalized to any quiver without edge-loops, see [BIRS09,
Propositions III.1.4 and III.1.5, and Theorem III.1.9].

Now, we shall introduce an equivalent way to formulate the affine braid group action via twist
functors. Let C be a C-linear 2-Calabi-Yau triangulated category.

Definition III.5.2. Let x be an object in C. The twist functor Tx is the endofunctor of C acting as

Tx(y) := Cone
(

RHom(x, y)⊗L
C x) y

)
ev ,

while the dual twist functor T′
x is the endofunctor of C acting as

T′
x(y) := Cone

(
y RHom(y, x)∨ ⊗L

C x
)
[−1]ev . (III.5.1)

⊘

Definition III.5.3. Let x be an object in C. We say that x is (2-)spherical if we have

RHom(x, x) = C ⊕ C[−2] .

⊘

According to [ST01, Proposition 2.10], if x is 2-spherical, the functor Tx is an equivalence, with
quasi-inverse T′

x.

Let C = Db
ps(Mod(ΠQ)). Then, for any i ∈ I, the simple ΠQ-module σi with dimension αi is

spherical in Db
ps(Mod(ΠQ)).

Lemma III.5.4. One has T′
σi
(ΠQ) ≃ Ii.

Proof. Note that

Extk
ΠQ

(ΠQ, σi) ≃
{

C for k = 0 ,
0 otherwise .

Then the evaluation morphism in Formula (III.5.1) reduces to

ΠQ RHom(ΠQ, σi)
∨ ⊗C σi ≃ σi

ev

which coincides with the canonical projection. Hence T′
σi
(ΠQ) ≃ Ii. □
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The above lemma together with [IR08, Theorem 6.14] yield the following.

Proposition III.5.5. The functors T′
σi

and LSi are isomorphic for any i ∈ I. Hence, also the functors Tσi

and RSi are isomorphic for any i ∈ I.

We now extend the action of Baf on Db
ps(Mod(ΠQ)) to an action of Bex. Recall that Γ denotes

the group of outer automorphisms of Q. Any automorphism π ∈ Γ gives rise to an algebra
automorphism of the algebra ΠQ, hence to an autoequivalence π of the category Mod(ΠQ) such
that π(σi) = σπ(i) for each vertex i ∈ I. This yields an action of Γ on Db

ps(Mod(ΠQ)).

Corollary III.5.6. The above actions of Baf and Γ give rise to an action of the extended affine braid group
Bex on Db

ps(Mod(ΠQ)).

Remark III.5.7. Using the canonical lift Wex = Γ ⋉ Waf → Bex we may thus define functors
RSw, LSw for any element w ∈ Wex. For each λ̌ ∈ X̌f and i ∈ I we abbreviate

RSλ̌ := RStλ̌
and RSi := RSsi ,

LSλ̌ := LStλ̌
and LSi := LSsi .

△

III.5.2. Action of the extended affine Braid group on Db
ps(Coh(X)). Let Aut(Db

ps(Coh(X))) be
the group of exact self-equivalences of Db

ps(Coh(X)). By Theorems III.4.8 and III.5.1, Proposi-
tion III.5.5, and Corollary III.5.6 there is a group homomorphism

ρIR : Bex −→ Aut(Db
ps(Coh(X))) ,

such that

ρIR(Ti) = T′
OCi

(−1) and ρIR(T
−1
i ) = TOCi

(−1) for i ̸= 0 ,

ρIR(T0) = T′
OC

and ρIR(T
−1
0 ) = TOC .

Note that the sheaves OC and OCi (−1), for i = 1, . . . , e, admit an A-equivariant sheaf structure.
Thus, the subgroup ρ(Bex) of Aut(Db

ps(Coh(X))) centralizes A.

Proposition III.5.8.

(1) There is a group homomorphism ρex : Bex −→ Aut(Db
ps(Coh(X))) such that

ρex(Ti) = T′
OCi

(−1) and ρex(T−1
i ) = TOCi

(−1) for i ̸= 0 , (III.5.2)

ρex(Lλ̌) = Lλ̌ ⊗− for λ ∈ X̌f ,

with respect to the description of Bex given in Proposition III.1.1.

(2) We have ρex = ρIR.

Proof. Let us first prove Claim (1) .
Since the defining relations of the braid group Baf follows from Theorem III.5.1, we must check

the relations (III.1.6), (III.1.7), and (III.1.8) in Proposition III.1.1.

Relation (III.1.6) is obvious. To prove (III.1.7), note that the condition si(λ̌) = λ̌ implies that
Lλ̌ ⊗OCi (−1) = OCi (−1). Hence, we have

T′
OCi

(−1) ◦ (Lλ̌ ⊗−) = (Lλ̌ ⊗−) ◦ T′
OCi

(−1) .

To prove (III.1.8), note that the condition si(λ̌) = λ̌ − α̌i implies that Lλ̌ ⊗OCi (−1) = OCi and
Lλ̌−α̌i

⊗OCi (−1) = OCi (−2). Hence, we have

T′
OCi

(−1) ◦ (Lλ̌−α̌i
⊗−) ◦ T′

OCi
(−1) = T′

OCi
(−1) ◦ T′

Lλ̌−α̌i
⊗OCi

(−1) ◦ (Lλ̌−α̌i
⊗−)

= T′
OCi

(−1) ◦ T′
OCi

(−2) ◦ (Lλ̌−α̌i
⊗−)
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= (Lα̌i ⊗−) ◦ (Lλ̌−α̌i
⊗−)

= Lλ̌ ⊗− ,

where the third equality follows e.g. from [IU05, Lemma 4.15-(i)-(2)].

Now, we concentrate on Claim (2). It is enough to check that ρex(T0) = T′
OC

= ρIR(T0).

We have T0 = Lφ̌T−1
sφ

, where φ is the highest positive root in ∆f (cf. Remark III.1.2). Fix a
reduced expression of sφ in W of the form

sφ = si1 · · · siℓ sjsiℓ · · · si1 .

We have si1 · · · siℓ(α̌j) = φ̌ and

T0 = Ti1 Ti2 · · · Tiℓ Lα̌j T
−1
j T−1

iℓ
· · · T−1

i2
T−1

i1
.

By applying (III.5.2), we have

ρex(Lα̌j T
−1
j ) = (OX(−Cj)⊗−) ◦ TOCj

(−1) = (T′
OCj

◦ T′
OCj

(−1))
)
◦ TOCj

(−1) = T′
OCj

,

where the second equality follows from [IU05, Lemma 4.15–(i)–(2)]. Thus, we are reduced to
prove that

T′
OC

= T′
OCi1

(−1) ◦ T′
OCi2

(−1) ◦ · · · ◦ T′
OCiℓ

(−1) ◦ T′
OCj

◦ TOCiℓ
(−1) ◦ · · · ◦ TOCi2

(−1) ◦ TOCi1
(−1) .

If we set

Φ := T′
OCi1

(−1) ◦ T′
OCi2

(−1) ◦ · · · ◦ T′
OCiℓ

(−1) ,

the formula above becomes

T′
OC

= Φ ◦ T′
OCj

◦ Φ−1 = T′
Φ(OCj

) ,

where the second equality follows from [IU05, Lemma 4.14–(i)]. Thus, we are reduced to prove
that

OC = Φ(OCj) ,

or, equivalently, that

E := TOCiℓ
(−1) ◦ · · · ◦ TOCi2

(−1) ◦ TOCi1
(−1)(OC) = OCj .

To prove the equality above, first, we shall show that E is a perverse coherent sheaf concen-
trated in amplitude [0, 0]. Define

βr := siℓ siℓ−1
· · · sir+1(αir ) ∈ ∆ for r = 0, . . . , ℓ .

Here, we set i0 := 0. Since siℓ . . . si1 s0 is a reduced expression in Waf with iℓ, . . . , i1 ̸= 0, we deduce
that βℓ, . . . , β0 are positive roots and that

β0 = siℓ siℓ−1
· · · si1(α0) = δ − αj and βℓ = αiℓ .

We fix a coweight θ̌ = ∑i∈I θi ω̌i in X̌ ⊗Z R such that for all i ̸= 0

θi = (θ̌, αi) > 0 = (θ̌, β0) . (III.5.3)

We consider the Bridgeland’s stability condition whose heart is A := mod(ΠQ) and whose central
charge is the group homomorphism

Z : K0(mod(ΠQ)) = ZI −→ C ,

d 7−→ −D(d) + ıR(d) = −(θ̌, d) + ı(ρ̌, d) .
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Recall that the simple ΠQ-module σ0 with dimension α0 is a spherical object in Db
ps(Mod(ΠQ)),

and that the Baf -action on the category Db
ps(Mod(ΠQ)) is given by twist functors as in Theo-

rem III.5.1. Thus, the object

M := Tσiℓ
· · ·Tσi1

(σ0) ∈ Db
ps(Mod(ΠQ))

is spherical. Note that the argument of Z(β0) is π/2 because D(β0) = 0, while the argument
of Z(βr) is strictly bigger than π/2 for each r > 0 because D(βr) > 0. Here, the argument is
taken in [0, π). Hence, we apply [BDL23, Proposition 4.2] and we deduce that M belongs to the
abelian subcategory mod(ΠQ), is of class β0 and that M is Bridgeland’s θ̌-semistable, (hence slope
θ̌-semistable of slope (θ̌, β0) = 0).

The tilting functor τ in Theorem III.4.8 is compatible with twist functors, i.e., Tτ(x) ◦ τ ≃ τ ◦Tx

for any spherical object x ∈ Db
ps(Mod(X)). Thus, τ(E) = M. Hence, the object E is perverse and

τ(E) is θ̌-semistable with (θ̌, τ(ch(E))) = (θ̌, β0) = 0. Now, Conditions (III.5.3) imply

(θ̌, δ) = (θ̌, β0) + (θ̌, αj) = (θ̌, αj) > 0 .

Thus, by [DPS23, Proposition 2.23], we obtain that E ≃ H0(E) ∈ P0
ps(X/Xcon) and moreover E is

a pure one-dimensional sheaf on X. It remains to prove that E is isomorphic to OCj .

We have τ(ch(OCj(−1)[1])) = αj and τ(ch(Op)) = δ for each closed point p ∈ Cj (cf. Re-
mark III.4.15). Hence, we get

τ(ch(OCj)) = τ(ch(Op))− τ(ch(OCj(−1)[1])) = δ − αj .

Thus, [E] = [OCj ] as K-theory classes in K0(X). Therefore, E is a pure sheaf scheme-theoretically
supported on Cj, hence it is the pushforward of a degree zero line bundle on Cj. Since Cj is
rational, we must have E = OCj . □

Remark III.5.9. A three-dimensional version of Proposition III.5.8 is proved in [HW23, Theo-
rem 7.4]. As pointed out to us by M. Wemyss, one could “slice down” the 3-fold to get the
surface we are considering and one should get an equivalent proof of Proposition III.5.8. △

Remark III.5.10. When Q = A(1)
e , the equality ρex(T0) = T′

OC
may also be proved using [IU05,

Lemma 4.16] and the following formula for T0 in Baf

T0 = T1T2 · · · Te−1Lα̌e T−1
e · · · T−1

2 T−1
1 ,

which follows from the relations in §III.1.2. △

By Theorems III.5.1 and III.4.8, and Proposition III.5.8 the tilting equivalence τ : Db(Coh(X)) →
Db(Mod(ΠQ)) intertwines the Bex-action on both sides. This yields the following.

Proposition III.5.11. Let λ ∈ X̌f . The tilting equivalence τ intertwines the autoequivalence Sλ :=
(Lλ ⊗−) of Db

ps(Coh(X)) with the autoequivalence RSλ of Db
ps(Mod(ΠQ)), i.e., there is an equivalence

of functors

τ ◦ Sλ ≃ RSλ ◦ τ .

III.6. SEMISTABILITY AND BRAID GROUP ACTION

In this section, we provide a refinement of the tilting equivalences of Theorems III.4.8 and
III.4.11, which matches subcategories of semistable objects in Db

ps(Coh(X)) and Db
ps(Mod(ΠQ))

for appropriate stability conditions. We also describe the behavior of the categories of semistable
objects under the action of the extended affine braid group Bex. We present this last result in the
setting of Bridgeland stability conditions on a triangulated category, as in Part I.
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III.6.1. Torsion pairs with respect to ω-stability. Let ω be an integral polarization on X. For any
properly supported coherent sheaf F on X with ch1(F ) ̸= 0, the ω-slope of F is given by

µω(F ) :=
χ(F )

ω · ch1(F )
,

(if F is zero-dimensional, its ω-slope is +∞ by definition).

Definition III.6.1. Let F be a pure properly supported coherent sheaf on X of dimension one. We
say that F is (ω-)(semi)stable17 if for any nonzero subsheaf F ′ of F we have µω(F ′)(≤)µω(F ).

⊘

Recall that any coherent sheaf F in Cohps(X) has a canonical filtration

0 ⊆ F0 ⊂ F1 ⊂ · · · ⊂ Fk = F (III.6.1)

with k ≥ 0, where

• F0 ⊂ F is the maximal zero-dimensional subsheaf of F , and

• for any i > 0, Fi/Fi−1 is ω-semistable and

µω(F1/F0) > µω(F2/F1) > · · · > µω(Fk/Fk−1) ,

We call the filtration (III.6.1) the Harder-Narasimhan filtration of F . The successive quotients
Fs/Fs−1, for 0 ≤ s ≤ k are the Harder-Narasimhan factors of F . For any properly supported
coherent sheaf F we set

µω-min(F ) := µω(Fk/Fk−1) and µω-max(F ) :=

{
µω(F1) ifF0 = 0
+∞ ifF0 ̸= 0

.

Definition III.6.2. Let κ ⊂ Q be an interval. We denote by Cohps(X)κ the full subcategory of
Cohps(X) consisting of those properly supported sheaves on X for which the ω-slopes of all the
HN-factors belong to κ. ⊘

Notation III.6.3. For any ℓ ∈ Q, we set Cohps(X)ℓ := Cohps(X){ℓ}, Cohps(X)>ℓ := Cohps(X)(ℓ,+∞),
and Cohps(X)⩽ℓ := Cohps(X)(−∞,ℓ]. ⊘

The following is clear (cf. [AB13, Example A.4–(2)]).

Lemma III.6.4. For any ℓ ∈ Q,
(
Cohps(X)>ℓ,Cohps(X)⩽ℓ

)
is a torsion pair of Cohps(X), which is open

in the sense of Lieblich [AB13, Definition A.2].

III.6.2. Semistability and tilting. The goal of this section is the proof of the following result. Let
θ̌ = ∑i∈I θ̌iω̌i ∈ X̌ be a coweight such that

θ̌i > 0 for 1 ≤ i ≤ e and θ̌0 = −
e

∑
i=1

ri θ̌i . (III.6.2)

Remark III.6.5. For θ̌ ∈ X̌ satisfying (III.6.2) we get ⟨θ̌, δ⟩ = 0. We denote by θ̌f := ∑i ̸=0 θ̌iω̌i ∈ X̌f

the finite coweight canonically associated to θ̌. △

Let ω ∈ PicQ(X) be a rational polarization on X such that

θ̌i = ⟨ω, Ci⟩

for i = 1, . . . , e.

17Here we use the notation (≤) following [HL10, Notation 1.2.5]: if in a statement the word “(semi)stable” appears to-
gether with relation signs “(≤)”, the statement encodes in fact two assertions: one about semistable sheaves and relation
signs “≤” and one about stable sheaves and relation signs “<”, respectively.
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Theorem III.6.6. Under the above assumptions, the tilting functor (III.4.3) yields equivalences of cate-
gories

Coh>0
ps (X) ≃ P0

ps(X/Xcon) ≃ mod⩽0(ΠQ) ,

Coh⩽0
ps (X)[1] ≃ P−1

ps (X/Xcon) ≃ mod>0(ΠQ) ,

for which the first equivalence maps the subcategory of zero-dimensional sheaves onto mod0(ΠQ).

Before proving the theorem, let us start by recalling [DPS23, Corollary 2.17] applied to the
above θ̌:

Lemma III.6.7. Let E be an object of Pps(X, Xcon). Then one has

degθ̌(E) = ω ·
(
ch1(H−1(E))− ch1(H0(E))

)
, (III.6.3)

d0(E) = dim H0(H0(E)) + dim H1(H−1(E)) .

Proposition III.6.8. Let E be a θ̌-semistable object of Pps(X, Xcon) with degθ̌(E) ≤ 0. Then E belongs
to P0

ps(X/Xcon).

Proof. Suppose E is θ̌-semistable and H−1(E) ̸= 0. Using Formula (III.6.3),

degθ̌(H
−1(E)[1]) = ω · ch1(H−1(E)) .

Since E is θ̌-semistable with degθ̌(E) ≤ 0, this implies that ω · ch1(H−1(E)) ≤ 0. This leads to a
contradiction since H−1(E) must be pure of dimension one as shown in Remark III.4.4. Therefore,
E belongs to P0

ps(X/Xcon). □

Corollary III.6.9. There is an equivalence of categories

P0
ps(X/Xcon) ≃ mod⩽0(ΠQ) .

Proof. Let E be an object of Pps(X, Xcon) ≃ mod(ΠQ). We shall prove that E belongs to P0
ps(X/Xcon)

if and only if µθ̌-max(E) ≤ 0.

(⇒) Since H−1(E) = 0, it follows immediately that H−1(F) = 0 for any sub-object F ⊂ E in
Pps(X/Xcon). Hence Equation (III.6.3) yields

degθ̌(F) = −ω · ch1(F) ≤ 0 .

(⇐) Conversely, let

0 = E0 ⊂ E1 ⊂ · · · ⊂ Ek = E

be the Harder-Narasimhan filtration of E relative to θ̌-stability. Thus, µθ̌(Ei/Ei−1) ≤ µθ̌-max(E) ≤
0 for all i. Hence all Ei/Ei−1 belong to P0

ps(X/Xcon) by Proposition III.6.8. This implies that E
belongs to P0

ps(X/Xcon), since this category is closed under extensions. □

Lemma III.6.10. Let E ∈ P0
ps(X/Xcon) and set F := H0(E).

• degθ̌(E) = 0 if and only if F is a zero-dimensional sheaf.

• If µθ̌(E) < 0, then µω(F ) > 0.

Proof. By using Equation (III.6.3), we get degθ̌(E) = −ω · ch1(F ), which implies the first state-
ment.

Now, let us prove the second statement. Assume that ch1(F ) = ∑e
i=1 niCi. Note that

µθ̌(E) =
degθ̌(E)
(ρ̌, d(E))

= − ω · ch1(F )

χ(F ) + ∑e
i=1(ri χ(F )− ni)
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=

(
∑e

i=1 ni

ω · ch1(F )
− µω(F )(ρ̌, δ)

)−1

,

where the second equality follows from Lemma III.4.10 and Formula (III.6.3). Now, the quantity
∑r

i=1 ni coincides with D · ch1(F ), hence it is positive. If µθ̌(E) < 0, then

µω(F ) >
1

(ρ̌, δ)

∑e
i=1 ni

ω · ch1(F )
> 0 .

□

Proposition III.6.11. There is an equivalence of categories Coh>0
ps (X) ≃ P0

ps(X/Xcon).

Proof. Let F be a coherent sheaf on X with proper support. We shall prove that F , seen as a
one-term complex of amplitude [0, 0], belongs to P0

ps(X/Xcon) if and only if µω-min(F ) > 0.
If F is zero-dimensional, the assertion follows from Proposition III.4.6. Assume now that F is

not zero-dimensional. Consider the Harder-Narasimhan filtration of F :

0 ⊆ F0 ⊂ F1 ⊂ · · · ⊂ Fk = F .

Since F ↠ F/Fk−1 is a quotient in Cohps(X), by Lemma III.4.5 we have F/Fk−1 ∈ P0
ps(X/Xcon).

Set Ek−1 := Fk−1 ∈ P0
ps(X/Xcon). Thus, µθ̌-max(F/Fk−1) ≤ 0, hence µθ̌(F/Fk−1) ≤ 0. If

degθ̌(F/Fk−1) = 0, by Lemma III.6.10, the complex E/Ek−1 is zero-dimensional, hence we ob-
tain µω(F/Fk−1) = ∞. If µθ̌(F/Fk−1) < 0, by Lemma III.6.10, we get µω(F/Fk−1) > 0. But
then µω-min(F ) = µω(F/Fk−1) > 0.

Let us prove the reverse implication. Assume that each Fi+1/Fi is ω-semistable of positive
slope for i = 0, . . . , k − 1. By [DPS23, Proposition 2.26], each quotient corresponds to an object
in P0

ps(X/Xcon). Note that the zero-dimensional sheaf F0 corresponds canonically to an object
in P0

ps(X/Xcon). Since P0
ps(X/Xcon) is closed under extensions, we have F ∈ P0

ps(X/Xcon) as
well. □

Proof of Theorem III.6.6. Corollary III.6.9 and Proposition III.6.11 yield that the tilting functor (III.4.3)
yields an equivalence of categories

Coh>0
ps (X) ≃ P0

ps(X/Xcon) ≃ mod⩽0(ΠQ) ,

which maps the subcategory of zero-dimensional sheaves onto mod0(ΠQ).

Now, recall that (P−1
ps (X, Xcon),P0

ps(X/Xcon)) is a torsion pair of Pps(X/Xcon) ≃ mod(ΠQ).
In addition, the pairs (mod>0(ΠQ),mod⩽0(ΠQ)) and (Coh>0

ps (X),Coh⩽0
ps (X)) are torsion pairs of

mod(ΠQ) and Cohps(X), respectively. By the orthogonality relation of torsion pairs, it follows
that the tilting functor (III.4.3) yields an equivalence of categories

Coh⩽0
ps (X)[1] ≃ P−1

ps (X/Xcon) ≃ mod>0(ΠQ) .

□

III.6.3. Bridgeland’s stability conditions and braid group action.

III.6.3.1. Exact autoequivalences preserving phase order. Let G̃L
+
(2, R) be the universal cover of the

group GL+(2, R) of real 2 × 2-matrices with positive determinant. It can be described explicitly
in the following way. Let R → S1 be the universal cover given by ϕ 7→ eıπϕ; then G̃L

+
(2, R) is the

set of pairs (T, f ), where T ∈ GL+(2, R) and f : R → R is a choice of a lift of the induced action
of T on S1. In particular, the map f is increasing and such that f (ϕ + 1) = f (ϕ) + 1.
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By [Bri07, Lemma 8.2], given a triangulated category D, there is a right action of G̃L
+
(2, R) on

the space Stab(D) of Bridgeland’s pre-stability conditions, in the sense of Definition I.1.5, on D given
as:

(Z,P) · (T, f ) 7→ (Z(T, f ),P(T, f )) ,

where Z(T, f ) := T−1 ◦ Z and P(T, f )(ϕ) := P( f (ϕ)) for any ϕ ∈ R. In particular, the action of
(T, f ) “permutes” the categories of semistable objects with respect to the pre-stability condition
(Z,P).

Following again [Bri07, Lemma 8.2], recall that there is also a left action of the group Aut(D)
of exact autoequivalences of D on Stab(D) given by:

Φ · (Z,P) := (ZΦ,PΦ) ,

where ZΦ := Z ◦ Φ−1 and PΦ(ϕ) := Φ(P(ϕ)) for any ϕ ∈ R. Thus, in general, the action of
Φ does not preserve the family of categories of semistable objects. We introduce a criterium to
ensure that an exact autoequivalence of D permutes the subcategories P(ϕ) of semistable objects.

The semi-closed upper half plane, which is the union of the strict upper-half plane and the
strictly negative real line:

H := H ∪ R<0 = {reıπν | r > 0 and 0 < ν ≤ 1} ⊂ C .

Definition III.6.12. Let Φ ∈ Aut(D). We say that Φ preserves the phase order in eıπλH for some
λ ∈ R if Φ restricts to an autoequivalence of the abelian category P((λ, λ + 1]) and there exists
T ∈ GL+(2, R) such that

• T−1(eıπλH) ⊂ eıπλH.

• ZΦ = T−1 ◦ Z as morphisms from K0(D) to C.

⊘

Let Φ, λ, and T be as in the above definition. We denote by fT : R → R the unique continuous
bijection such that fT((λ, λ + 1]) ⊂ (λ, λ + 1] and

fT(ϕ) =
1
π

arg
(
T
(
eıπϕ

))
as maps on S1. In particular, (T, fT) ∈ G̃L

+
(2, R). Hence, fT is increasing and fT(ϕ + 1) =

fT(ϕ) + 1.

Proposition III.6.13. Let Φ be an exact autoequivalence of D that preserves the phase order in eıπλH for
some λ ∈ R and let T be corresponding element in GL+(2, R). Then, for any ϕ ∈ R and for any interval
I ⊂ R, the functor Φ restricts to equivalences

Φ : P(ϕ) P( fT(ϕ))
∼ and Φ : P(I) P( fT(I))∼ .

In particular, (ZΦ,PΦ) = (Z(T, fT)
,P(T, fT)

).

Proof. Since Φ preserves the phase order in eıπλH, for any E, F ∈ P((λ, λ + 1]), one has that
arg(Z(F)) ≤ arg(Z(E)) if and only if arg(Z(T(F))) ≤ arg(Z(T(E))). Since Φ is exact in P((λ, λ+
1]), we deduce that the equivalence Φ maps semistable objects of phase ϕ ∈ (λ, λ+ 1] to semistable
objects of phase fT(ϕ). Since Φ is exact in D, we deduce that Φ maps the category P(I) to
P( fT(I)) for any interval I ⊂ (λ, λ + 1].

Now, note that for any I ⊂ (λ + k, λ + 1 + k] for some k ∈ Z, we have Φ(P(I)) ≃ P( fT(I)) by
using the relation between slicing and the shift functor (see e.g. [Bri07, Definition 3.3]). Finally,
for any I ⊂ R, we have

Φ(P(I)) ≃ ⟨Φ(P(ϕ)) | ϕ ∈ I⟩ ≃ ⟨Φ(P(I ∩ (λ + k, λ + 1 + k])) | k ∈ Z⟩

≃ ⟨P( fT(I ∩ (λ + k, λ + 1 + k])) | k ∈ Z⟩ ≃ P( fT(I)) .
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Thus, the first part of the statement follows. The second part is then evident. □

For any ϕ ∈ R, let us by τϕ the t-structure on D such that P((ϕ,+∞)) is the connective part of
τϕ.

Corollary III.6.14. Under the same hypotheses of Proposition III.6.13, Φ is a t-exact autoequivalence of
D with respect to the t-structures τϕ and τfT(ϕ)

for any ϕ ∈ R.

III.6.3.2. Stability condition for quivers and braid group action. Now, let θ̌ ∈ X̌ be a coweight sat-
isfying conditions (III.6.2), and let θ̌f ∈ X̌f be the corresponding finite coweight. Consider the
stability condition Zθ̌ on mod(ΠQ) given by

Zθ̌ : K0(mod(ΠQ)) ≃ ZI −→ C ,

d 7−→ −Dθ̌(d) + ıR(d) = −(θ̌, d) + ı(ρ̌, d) .

It satisfies the Harder-Narasimhan property (cf. [Bri07, Example 5.5]). Hence, by [Bri07, Proposi-
tion 5.3], it corresponds to a pre-stability condition (Zθ̌ ,Pθ̌) on Db

ps(Mod(ΠQ)). By construction,
mod(ΠQ) = Pθ̌((0, 1]).

Proposition III.6.15. The exact autoequivalence RS-2θ̌f
of Db

ps(Mod(ΠQ)) preserves the phase order in
e−ıπ/2H.

Proof. Tensoring by the line bundle L-2θ̌ is an autoequivalence of Db
ps(Coh(X)) ≃ Db(Cohps(X))

which descends to an autoequivalence of the abelian category Cohps(X). Via the tilting equiva-
lence τ we obtain that the autoequivalence RS-2θ̌f

restricts to an autoequivalence of the abelian
category Pθ̌((−1/2, 1/2]) (cf. Proposition III.5.11).

Now, consider

T :=
(

1 0
2h 1

)
∈ SL(2, Z) ,

where h is the Coxeter number introduced in Formula (III.1.2). By Formula (III.1.4), for any
d ∈ ZI ≃ K0(mod(ΠQ)) we see that

Zθ̌(RS−1
-2θ̌f

(d)) = Zθ̌(RS2θ̌f
(d)) = −(θ̌, d) + 2(θ̌, d)(θ̌, δ) + ı(θ̌, d)− 2(θ̌, d)(ρ̌, δ)ı

= T−1(Zθ̌(d)) ,

where the last equality follows from the fact that (θ̌, δ) vanishes and h = (ρ̌, δ). Hence,

Zθ̌ ◦ RS−1
-2θ̌f

= T−1 ◦ Zθ̌ .

Moreover, T preserves the half plane R⩾0 + ıR. In particular, T−1(e−ıπ/2H) ⊂ e−ıπ/2H. Thus,
the claim follows. □

We abbreviate f := fT : R → R. Note that the map f preserves the interval (− 1
2 , 1

2 ]. Proposi-
tions III.6.13 and III.6.15 yield the following.

Lemma III.6.16. For any interval I ⊂ R, the derived equivalence RS-2θ̌f
of Db

ps(Mod(ΠQ)) descends to
an equivalence

RS-2θ̌f
: Pθ̌(I) Pθ̌( f (I))∼ .

Set

κ0 := (−∞, 0] and κℓ := (−1/(2hℓ), 0] for ℓ ∈ N , ℓ ≥ 1 . (III.6.4)

Note that κℓ+1 ⊂ κℓ ⊂ κ0 for any ℓ ∈ N, ℓ ≥ 1.
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We also set

νk := f k(0) ∈
(
−1

2
,

1
2

]
for k ∈ Z.

Remark III.6.17. For any ϕ ∈ [0, 1/2), we have

f k(ϕ) =
1
π

arg
(

Tk (eıπϕ
))

.

Thus, we have

νk =
1
π

arg
(
Tk(1)

)
=

1
π

arctan(2hk) (III.6.5)

for any k ∈ Z. Hence one has νk < νk+1 for any k ∈ Z while

inf
{

νk | k ∈ Z
}
= −1

2
and sup

{
νk | k ∈ Z

}
=

1
2

.

△

Theorem III.6.18. Let θ̌ ∈ X̌ be a coweight satisfying the conditions (III.6.2) and let ω ∈ PicQ(X) be a
rational polarization on X such that θi = ⟨ω, Ci⟩ for i = 1, . . . , e.

(1) The functor τ restricts to equivalences of additive categories

τ : Cohps(X)>0 mod(ΠQ)
⩽0 = Pθ̌

((
0, 1

2

])
τ : Cohps(X)⩽0[1] mod(ΠQ)

>0 = Pθ̌

((
1
2 , 1
])

∼

∼
.

In particular, the functor τ restricts to an equivalence of abelian categories

τ : Cohps(X) Pθ̌

((
− 1

2 , 1
2

])
∼ .

(2) For any k ∈ Z, we have equivalences of abelian categories

(RS-2θ̌f
)k : mod(ΠQ)

⩽0 Pθ̌

((
ν-k, 1

2

])
(RS-2θ̌f

)k : mod(ΠQ)
>0 Pθ̌

((
1
2 , ν-k + 1

])
(RS-2θ̌f

)k : mod(ΠQ) Pθ̌ ((ν-k, 1 + ν-k])

∼

∼

∼

.

(3) For ℓ ∈ N, with ℓ ≥ 1, we have mod(ΠQ)
κℓ = Pθ̌((νℓ, 1/2]).

(4) For any k ∈ Z, the square of equivalences

Cohps(X)>2k Pθ̌

((
νk, 1

2

])

Cohps(X)>2k−2 Pθ̌

((
νk−1, 1

2

])S-2θ̌f

τ

RS-2θ̌f

τ

is commutative.

Proof. We start by proving Claim (1). Recall that the slope associated to Zθ̌ is

µθ̌(d) =
Dθ̌(d)
R(d)

=
(θ̌, d)
(ρ̌, d)

.
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Then, an object N ∈ mod(ΠQ) is slope-semistable if and only if it is Bridgeland’s semistable with
respect to Zθ̌ , i.e., if and only if

N ∈ Pθ̌(λ) with λ =
1
π

arg
(
−µθ̌(N)R(N) + ıR(N)

)
∈ (0, 1] , (III.6.6)

for µθ̌(N) ∈ R, while λ = 1/2 if µθ̌(N) = +∞. Here, R(N) = R(d) if d is the dimension vector
of N.

Now the first part of the claim follows from this observation together with Theorem III.6.6.
Since

mod(ΠQ)
>0[−1] = Pθ̌

((
1
2

, 1
])

[−1] = Pθ̌

((
−1

2
, 0
])

,

and Cohps(X) is the extension-closed subcategory of Db(Cohps(X)) generated by Cohps(X)⩽0 and
Cohps(X)>0, we get that the functor τ restricts to an A-equivariant equivalence of abelian cate-
gories

τ : Cohps(X) Pθ̌

((
− 1

2 , 1
2

])
∼ .

To prove Claim (2), we apply Lemma III.6.16 successively k times to the subintervals (0, 1/2]
and (−1/2, 0] of (−1/2, 1/2]. This gives the first two equivalences. Note that Pθ̌((1/2, 1]) =
Pθ̌((−1/2, 0])[1] by definition of slicing. As mod(ΠQ) is the extension-closed subcategory of
Db(mod(ΠQ)) generated by mod(ΠQ)

⩽0 and mod(ΠQ)
>0 we get the last equivalence.

Claim (3) follows from Formulas (III.6.6) and (III.6.5).

Finally, note that

µω(S-2θ̌f
(F )) = µω(F ⊗L-2θ̌f

) =
χ(F )− 2ch1(F ) · ω

ch1(F ) · ω
= µω(F )− 2 .

Claim (4) follows from this together with Proposition III.5.11. □

III.6.4. Braid group action and the quotients of the Yangian and of the COHA. We shall now
consider the action of the extended affine braid group Bex on Db

ps(Mod(ΠQ)), and the various
quotients of Y−

Q and HAT
Q associated to the image under these of the standard heart mod(ΠQ) or

of the exact subcategory mod(ΠQ)
⩽0.

Let θ̌ ∈ X̌ be again a coweight satisfying the conditions (III.6.2). For ℓ ∈ N, let κℓ be as in
Formula (III.6.4). We define the following quotients of HAT

Q:

HAT
θ̌,(ℓ)

:= HT
• (Λ

κℓ
Q) . (III.6.7)

There is a sequence of projections

HAT
θ̌,(0) ↠ · · · ↠ HAT

θ̌,(ℓ) ↠ HAT
θ̌,(ℓ+1) ↠ · · · . (III.6.8)

Note that HAT
θ̌,(ℓ) maps surjectively to HT

• (Λ
0
Q) for any ℓ ∈ N.

Thanks to the isomorphisms of Corollary III.3.15, there is an isomorphic chain of projections

Yθ̌,(0) ↠ · · · ↠ Yθ̌,(ℓ) ↠ Yθ̌,(ℓ+1) ↠ · · · . (III.6.9)

where for ℓ ∈ N, we set

Yθ̌,(ℓ) := Yθ̌,κℓ
. (III.6.10)

Note that Yθ̌,(ℓ) maps surjectively to Yθ̌,{0} for ℓ ∈ N.
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All the maps featuring in the chains of projections (III.6.8) and (III.6.9) are N × ZI-graded.
Moreover, there are canonical isomorphisms

Φ(ℓ) : Yθ̌,(ℓ) HAT
θ̌,(ℓ)

∼ .

By Theorem III.6.18–(2) and –(3) there is an equivalence of stacks

(RS-2θ̌f
)ℓ : Λ

κℓ
Q Λ

κ0
Q

∼ .

This equivalence induces, for each d ∈ NI, an isomorphism of vector spaces which we denote
by the same symbol

(RS-2θ̌f
)ℓ :
(
HAT

θ̌,(ℓ)

)
d

(
HAT

θ̌,(0)

)
t-2ℓθ̌f

(d)
∼ .

Our next task is to get a better understanding of the restriction map HAT
θ̌,(ℓ) → HAT

θ̌,(ℓ+1) using
the isomorphisms Φ(ℓ). Let Γ be the group of outer automorphisms of the underlying diagram
of Q. It acts by algebra automorphisms on YQ in the obvious way. This yields an action of the
extended affine braid group Bex on YQ by algebra automorphisms.

For any w ∈ Wex, recall from §II.5.1 that we define a linear operator Tw given by the composi-
tion

Tw : Y−
Q YQ YQ Y−

Q
Tw pr

,

where the last map is the projection (II.4.27). Let B+
ex ⊂ Bex be the positive extended affine braid

monoid, i.e., the submonoid generated by the elements Tw with w ∈ Wex. The following can be
proved as Proposition II.5.2.

Proposition III.6.19. There exists a homomorphism B+
ex → End(Y−

Q) of monoids, which sends Tw to
Tw. It defines an action of the positive braid monoid B+

ex on Y−
Q.

We now come to the main result of this section. For future use, it will be important to allow
arbitrary twistings Θ in the definition of the COHA multiplication.

Theorem III.6.20. Let Θ : ZI × ZI → Z/2Z be a twist and assume that tλ̌ · Θ = Θ for any λ̌ ∈ X̌f .
Then, the diagram

HAT,Θ
θ̌,(2)

HAT,Θ
θ̌,(0)

Yθ̌,(2) Yθ̌,(0)

Y−
Q Y−

Q

RS-4θ̌f

Φ(2) Φ(0)

T-4θ̌f

commutes. Here, we set HAT,Θ
θ̌,(2)

:= HAT
θ̌,(2) and HAT,Θ

θ̌,(0)
:= HAT

θ̌,(0).

Proof. Recall from Formula (II.3.5) that we defined, for every pair of Weyl group elements u, v ∈
WQ an open substack Λu

w ⊂ ΛQ. When we have only u (resp. w), we simply write Λu (resp. Λw).
Because RS-2θ̌f

restricts to an equivalence of categories

RS-2θ̌ : nilp(ΠQ)
κ1 −→ nilp(ΠQ)

κ0

there are open embeddings

Λ
κ1
Q ⊂ Λ

t-2θ̌f and Λ
κ0
Q ⊂ Λt-2θ̌f

. (III.6.11)
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Indeed, by Proposition II.3.3, the stack Λt-2θ̌f
parametrizes nilpotent representations M satisfy-

ing H1(RS-2θ̌(M)) = 0. Likewise, Λ
t-2θ̌f parametrizes nilpotent representations M satisfying

H−1(RS2θ̌(M)) = 0. Taking the pushforward, we get the following commutative diagram

HAT,Θ
θ̌,(1)

HAT,Θ
θ̌,(0)

HA
(t-2θ̌f

) T

Q HA
T,(t-2θ̌f

)

Q

RS-2θ̌f

RS-2θ̌f

, (III.6.12)

where the vertical maps are induced by the open restrictions.
Consider the reduced expression t-2θ̌f

= si1 si2 · · · sir . By Propositions II.3.7 and II.3.9, the lower
map in (III.6.12) factors as

HA
(t-2θ̌f

) T

Q HA
(si2 ···sir ) T,(si1

)

si1
Q HA

(si3 ···sir ) T,(si1
si2 )

si2 si1
Q · · · HA

T,(t-2θ̌f
)

t2θ̌f
Q

RSi1 RSi2
RSi3 RSir .

Observe that HA
T,(t-2θ̌f

)

Q ≃ HA
T,(t-2θ̌f

)

t2θ̌f
Q because t2θ̌f

· Θ = Θ. We may complete this chain of maps

into a large commutative diagram by adding commutative squares such as below (for clarity, we
only write it for the second step):

HAT
θ̌,(1) HAT

θ̌,(0)

HA
(t-2θ̌f

) T

Q HA
(si2 ···sir ) T,(si1

)

si1
Q HA

(si3 ···sir ) T,(si1
si2 )

si2 si1
Q · · · HA

T,(t-2θ̌f
)

t2θ̌f
Q

HA
(si2 ) T

si1
Q HA

T,(si2 )

si2 si1
Q

Y−
Q Y−

Q

RS-2θ̌f

RSi1 RSi2
RSi3 RSir

RSi2

Ti2

.

The bottom square commutes (up to a sign) by Proposition II.5.3 and Theorem II.7.2, the mid-
dle square commutes via the isomorphisms (II.3.8) and the top square is (III.6.12). Gathering all
theses diagrams together yields a commutative square

HAT,Θ
θ̌,(1)

HAT,Θ
θ̌,(0)

Y−
Q Y−

Q

RS-2θ̌f

Φλ̌
Θ

T-θ̌f

ΦΘ

for some coweight λ̌, which may be taken modulo 2X̌f . Repeating this process composing the
resulting diagrams yields a diagram

HAT,Θ
θ̌,(2)

HAT,Θ
θ̌,(0)

Y−
Q Y−

Q

RS-4θ̌f

Φλ̌′
Θ

T-4θ̌f

ΦΘ
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where λ̌′ = λ̌ + t2θ̌f
(λ̌) ≡ 2λ̌ ≡ 0 in X̌f/2X̌f , as wanted. □

We shall denote by the same symbol T-4θ̌f
the isomorphism Yθ̌,(2) −→ Yθ̌,(0) fitting in the

diagram

Yθ̌,(2) Yθ̌,(0)

Y−
Q Y−

Q

T-4θ̌f

T-4θ̌f

.

Remark III.6.21. Theorem III.6.20 and it proof remain valid for an arbitrary λ̌ in place of 2θ̌f ∈
X̌f , provided that the definitions of the intervals κ0, κ1 are suitably modified in order for the
inclusions in Formula (III.6.11) to remain true, and one considers a multiple nλ̌ in place of 4θ̌f .

△

III.7. LIMIT OF AFFINE YANGIANS AND COHA OF AN ADE SURFACE

In this section, we put the pieces together and finally obtain an algebraic description of the
nilpotent COHA of resolutions of Kleinian singularities in terms of affine Yangians, see our main
Theorems III.7.5, III.7.8, and III.7.25.

III.7.1. Recollection of nilpotent cohomological Hall algebras. Let X be a quasi-projective scheme,
Z a closed subscheme of X. Let Cohnil

ps (X̂Z) be the derived stack of properly supported coherent
sheaves on X whose set-theoretic support lies on Z. As shown in [DPSSV25a], this stack exhibits
an intricate geometric structure. Indeed, it arises naturally as the colimit as n tends to infinity of
the derived stacks of coherent sheaves scheme-theoretically supported on thickenings nZ of Z,
and consequently is not a (derived) geometric stack.

The following result characterizes the geometry of Cohnil
ps (X̂Z):

Theorem III.7.1 ([DPSSV25a]). Let X be a smooth quasi-projective scheme, Z ⊂ X a closed subscheme
and assume that X admits a projective compactification that contains Z as a closed subscheme. Then:

(i) The underlying reduced stack Cohnil
ps (X̂Z)

red is geometric, and the canonical morphism

Cohnil
ps (X̂Z)

red −→ Cohps(X)

is a closed immersion.

(ii) The derived stack Cohnil
ps (X̂Z) coincides with the formal completion of Cohps(X) along Cohnil

ps (X̂Z)
red .

This theorem shows that Cohnil
ps (X̂Z)

red generalizes the global nilpotent cone, i.e., the moduli
stack of nilpotent Higgs sheaves on a smooth projective complex curve C, when X = T∗C and
Z = C ⊂ X is the zero section.

Now, the construction of the COHA HAX,Z of coherent sheaves on X set-theoretically sup-
ported on Z in [DPSSV25a] proceeds in two stages. First, we introduce the abstract class of ad-
missible indgeometric derived stacks, which is essentially characterized by the property that their
underlying reduced stack is geometric. Theorem III.7.1 shows that both Cohnil

ps (X̂Z) and the de-
rived stack SnCohnil

ps (X̂Z), classifying n-flags of objects in Cohnil
ps (X̂Z) for any n ≥ 2, are admis-

sible indgeometric. Second, we adapt the motivic formalism developed by A. Khan for derived
stacks (see [Kha19, Kha21] and references therein) and show that it gives rise to a well-behaved
Borel-Moore homology theory of admissible indgeometric stacks. In particular, the Borel-Moore
homology space HBM

• (Cohnil
ps (X̂Z)) is defined as a topological abelian group and satisfies the

standard functorialities. We prove the following:

Theorem III.7.2 ([DPSSV25a]). Let (X, Z) be as in Theorem III.7.1, with dim(X) = 2. Then
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(i) In the diagram

Cohnil
ps (X̂Z)× Cohnil

ps (X̂Z) S2Cohnil
ps (X̂Z) Cohnil

ps (X̂Z)
q p

the morphisms q and p are derived lci and proper, respectively. The topological vector space
HAX̂Z

:= HBM
• (Cohnil

ps (X̂Z)) equipped with the multiplication p∗q! is an associative algebra.

(ii) Let (X′, Z′) be another pair satisfying the same properties as (X, Z). Any isomorphism of formal
completions X̂Z ≃ X̂′

Z′ induces an isomorphism of algebras HAX,Z ≃ HAX′ ,Z′ .

(iii) Let j : Z′ ⊂ Z be a closed subset. The direct image j∗ gives rise to a continuous algebra morphism
HAX,Z′ → HAX,Z.

If there is an algebraic torus T acting on X such that Z is T-invariant, the above theorem
extends verbatim to the equivariant setting. Moreover, the above construction recovers the coho-
mological Hall algebra of nilpotent Higgs sheaves on a smooth projective complex C studied in
[SS20], when X = T∗C and Z = C.

III.7.2. Nilpotent cohomological Hall algebra of X̂C. Recall the resolution of Kleinian singular-
ity X → Xcon := C2/G and the diagonal torus A ⊂ GL(2, C) centralizing G. Note that the torus
A could be {1}, Gm, or Gm × Gm, for G of type A, while it could be {1} or Gm for G of types D or
E.

Let Cohnil
ps (X̂C) be the derived stack of properly supported coherent sheaves on X whose set-

theoretic support lies on C (cf. Theorem III.7.1). First note that the derived McKay equivalence,
Theorem III.4.11, induces an isomorphism G0(CohC(X)) ≃ G0(nilp(ΠQ)) ≃ ZI. Thus, the de-
rived stack Cohnil

ps (X̂C) decomposes into a disjoint union of open and closed substacks of the
form Cohnil

ps (X̂C; d), where the latter is the substack parametrizing sheaves of class d ∈ ZI.

By Theorem III.7.2, we consider the equivariant nilpotent cohomological Hall algebra HAA
X,C

with Q-coefficients. The topological algebra HAA
X,C is a Z × ZI-graded H•

A-algebra. The first
grading (vertical) corresponds to the homology grading; the second one (horizontal) is the class in
the Grothendieck group G0(CohC(X)) of the category CohC(X) of coherent sheaves set-theoretically
supported on C. As a topological vector space, HAA

X,C may be realized as

HAA
X,C ≃ lim

Ui
HA
• (Ui) ,

where {Ui}i runs over an admissible open exhaustion of Cohnil
ps (X̂C), and the limit is taken in the

category of graded vector spaces (cf. [DPSSV25a, Remark 3.1]). The first grading is shifted in the
following way:

(HAA
X,C)d,k := HA

k−(d,d)(Cohnil
ps (X̂C; d)) .

In order to relate it to quantum groups, we will twist the multiplication by the sign associated
to the bilinear form

Θ : K0(CohC(X))× K0(CohC(X)) ≃ ZI × ZI −→ Z/2Z

defined by

Θ(αi, αj) = ⟨αi, αj⟩ , Θ(δ, δ) = 0 , Θ(αi, δ) = Θ(δ, αi) = 0 (III.7.1)

for all i, j ∈ If .
The symmetrization of the bilinear map Θ is equal to the Euler form (−,−) and moreover

tλ̌ · Θ = Θ for any λ̌ ∈ X̌f , as Zδ belongs to the kernel of Θ. As a consequence, Theorems III.2.11
and III.6.20 are valid for this twist, see Proposition II.2.14 and Corollary II.6.4.

Remark III.7.3. Note that because Θ(δ, δ) = 0, the subalgebra corresponding to the derived stack
of coherent sheaves on X, set-theoretically supported on C, which are zero-dimensional sheaves
is untwisted. △
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Notation III.7.4. In order to unburden the notation, we will refrain from using the notation
HAA,Θ

X,C and simply write HAA
X,C. ⊘

III.7.3. Limit of COHA of affine quivers. We will now use the tilting equivalence τ together with
the braid group action to relate HAA

X,C with the twisted equivariant nilpotent cohomological Hall
algebra of the quiver Q.

We begin by fixing notations concerning the torus. Recall that T := C∗ × C∗ acts on all the
moduli stacks or moduli spaces of representations of ΠQ. In particular, it acts on X, which may
be realized as the moduli space of semistable δ-dimensional representations for a suitable sta-
bility parameter. There is a subtorus of T which maps isomorphically onto A. For simplicity,
we shall denote it by A as well. Note that because ΛQ is equivariantly formal and H•(ΛQ) is
cohomologically pure (see [SV20, Theorem A]), the natural map HT

• (ΛQ)⊗H•
T
H•

A → HA
• (ΛQ) is

an isomorphism (cf. Proposition III.11.1 applied to ΛQ). Base changing from H•
T to H•

A we obtain
analogues of all the results of §III.2 and §III.3 relative to the torus A instead of T.

We shall use the framework developed in Part I to approximate the derived moduli stack
Coh(X̂C) of coherent sheaves on X set-theoretically supported on C with the derived moduli
stacks associated to the images of the category nilp(ΠQ)

⩽0 under the functor (RS-2θ̌f
)k when k

tends to +∞. Note that for k > 0 this functor maps objects of nilp(ΠQ)
⩽0 to actual complexes of

ΠQ-modules.
We set

D := ΠQ-Mod and D0 := Db
ps,nil(Mod(ΠQ)) ,

where the former is the ∞-category of modules over ΠQ. Recall that for ℓ ∈ Z we have (cf.
Formula (III.6.5))

νℓ :=
1
π

arctan(2hℓ) .

Following §I.3, for any ℓ ∈ Z, define the derived stack

Λℓ Q := Cohps(D0, τνℓ) ∩ Cohps(D0, τ1/2) ,

where τϕ is the t-structure on D0 associated to the slicing Pθ̌ introduced in §III.6.3.2 for any ϕ ∈ R

(cf. Remark I.1.4) and Cohps(D0, τϕ) is given in Construction I.2.6. Then, Λℓ Q parametrizes the
finite-dimensional nilpotent objects belonging to the category

Pnil
θ̌
((νℓ, 1/2]) := Db

ps,nil(Mod(ΠQ)) ∩ Pθ̌((νℓ, 1/2]) .

When ℓ ∈ N, Theorem III.6.18–(3) gives a A-equivariant equivalence of derived stacks

Λ
κℓ
Q ≃ Λℓ Q ,

while for ℓ < 0, the stack Λℓ Q parametrizes complexes of ΠQ-modules rather than actual mod-
ules.

For any ℓ ∈ Z, by Theorem III.6.18–(4) the tilting equivalence τ induces A-equivariant isomor-
phisms

Cohnil
ps (X̂C)

>2ℓ ≃ Λℓ Q .

We now extend the definition of HAA
θ̌,(ℓ) given in Formula (III.6.7) by setting for any ℓ ∈ Z

HAA
θ̌,(ℓ)

:= HA
• ( Λℓ Q) .

Thus, we have a chain of projections

· · · ↠ HAA
θ̌,(−1) ↠ HAA

θ̌,(0) ↠ HAA
θ̌,(1) ↠ · · · . (III.7.2)
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Note that all the maps ρℓ−1,ℓ : HAA
θ̌,(ℓ−1) → HAA

θ̌,(ℓ) occuring in (III.7.2) are induced by the open

embeddings Λℓ Q → Λ
(ℓ−1)

Q and hence N × ZI-graded. Define

HAA
∞ := lim

ℓ
HAA

θ̌,(-ℓ)

with respect to the maps ρℓ−1,ℓ, where the limit is equipped with the quasi-compact topology
again. This is a topological N × ZI-graded vector space.

Theorem III.7.5.

(1) There is a canonical N × ZI-graded algebra structure on HAA
∞ induced by the COHA multipli-

cation on HAA
Q.

(2) There is a canonical graded algebra isomorphism Θ : HAA
X,C ≃ HAA

∞.

In particular, HAA
∞ does not depend on the choice of a (strictly dominant) θ̌f .

Proof. We apply the framework developed in §I.3. For k ∈ N, set ak := ν-k + 1. Then, we have

lim
k→+∞

ak = −1
2
+ 1 =

1
2
=: a∞ .

Let Λ := ZI and let v : K0(D0) → Λ be the map that associates to the K-theory class of a nilpotent
finite-dimensional representation of ΠQ its dimension vector.

Now, since

RS-2kθ̌f
(mod(ΠQ)) = Pθ̌((ak − 1, ak]) (III.7.3)

for any k ∈ N by Theorem III.6.18–(2) and the standard t-structure on ΠQ-Mod is open, Assump-
tion I.1 holds.

Again, thanks to the equivalence (III.7.3), Assumption I.3 holds for any k ∈ N since it is evi-
dently true for k = 0: in this case, Harder-Narasimhan strata of the moduli stack ΛQ are known
to be quasi-compact and locally closed. Thus, Corollary I.4.3 holds as well. Since Assumption I.2–
(1)) holds for k = 0, by the equivalence (III.7.3) it holds for any k ∈ N. Moreover, Assumption I.2–
(2) holds for k = k′ = 0, by using again the equivalence (III.7.3) and Corollary I.4.3, we obtain
that Assumption I.2 holds for any k ∈ N.

Thus, we can apply Proposition I.3.9 and we obtain an A-equivariant limiting cohomological
Hall algebra

HAA
D0,τ+∞

:=
⊕

d∈ZI
lim
ℓ

colim
k⩾ℓ

HA
•
(
Cohps

(
D0, (aℓ − 1, ak]; v

))
as a Λ-graded-vector space, endowed with the quasi-compact topology.

Now, Theorem I.4.2 yields

colim
k⩾ℓ

HA
•
(
Cohps

(
D0, (aℓ − 1, ak]; d

))
≃ HA

•
(
Cohps

(
D0, (aℓ − 1, 1/2]; d

))
= HA

•
(

Λℓ d
)

.

Therefore, as Λ-graded vector spaces, HAA
D0,τ+∞

is isomorphic to HAA
∞, endowed with the quasi-

compact topology. This proves Statement (1).

Now, notice that Pθ̌((−1/2, 1/2]) is equivalent to the abelian category CohC(X) of coher-
ent sheaves on X set-theoretically supported on X. Statement (2) follows from Corollary I.4.4,
since its hypotheses are all verified by τ∞, which corresponds to the standard t-structure on
Db

C(Coh(X)). □

Remark III.7.6. Let us explicitly describe the multiplication in HAA
∞. For any ℓ ∈ N, let us de-

note by HAA
θ̌,(aℓ−1,aℓ ]

the cohomological Hall algebra of the category Pnil
θ̌
((aℓ − 1, aℓ]). There is a

surjective morphism

HAA
θ̌,(aℓ−1,aℓ ]

−→ HAA
θ̌,(ℓ) .
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Let x = (xℓ)ℓ and y = (yℓ)ℓ be elements of HAA
∞. Let us fix some arbitrary lifts x̃ℓ, ỹℓ of xℓ, yℓ in

HAA
θ̌,(aℓ−1,aℓ ]

for ℓ ∈ N. Let us also denote by πn,ℓ : HAA
θ̌,(n) → HAA

θ̌,(ℓ) the canonical restriction
morphism when n < ℓ. Then for any fixed ℓ we have

(x · y)ℓ = πn,ℓ(x̃n · ỹn)

for any n ≪ ℓ, with the multiplication on the right-hand-side taking place in HAA
θ̌,(an−1,an ]

. △

III.7.4. Limit of affine Yangians. We now recast the limit HAA
∞ as a limit of quotients of the affine

Yangian. To do that, we shall use the results described in §III.3 and §III.6.4. For simplicity we
still denote by Y−

Q, . . . the specializations Y−
Q ⊗H•

T
H•

A, . . .. Theorem III.6.20 implies that we have
a commutative diagram

HAA
θ̌,(0) HAA

θ̌,(2) HAA
θ̌,(0)

Yθ̌,(0) Yθ̌,(2) Yθ̌,(0)

Y−
Q Y−

Q Y−
Q

RS-4θ̌f

Φ(0) Φ(2)
T-4θ̌f

Φ(0)

id
T-4θ̌f

, (III.7.4)

in which the maps HAA
θ̌,(0) → HAA

θ̌,(2) and Yθ̌,(0) → Yθ̌,(2) are the canonical restriction maps. The
middle row of diagram (III.7.4) is explicitly given as the composition

Y−
Q/Jθ̌,κ0

Y−
Q/Jθ̌,κ2

T-4θ̌f
(Y−

Q)/T-4θ̌f
(Jθ̌,κ2

) Y−
Q/Jθ̌,κ0

T-4θ̌f pr
,

where the two rightmost maps are isomorphisms by Corollary III.2.14.
For an arbitrary ℓ ∈ Z, we define

Yθ̌,(2ℓ) := T4ℓθ̌f
(Y−

Q)/T4ℓθ̌f
(Jθ̌,κ0

) .

Remark III.7.7. The above definition agrees with the definition of Yθ̌,(2ℓ) given in Formula (III.6.10)
for ℓ ∈ N. △

We have, by transport de structure, an isomorphism T-4θ̌f
: Yθ̌,(2ℓ) → Yθ̌,(2ℓ−2) which is N-

graded but acts as t-4θ̌f
on the weight as well as a restriction map π2ℓ−2,2ℓ : Yθ̌,(2ℓ−2) → Yθ̌,(2ℓ)

which is a map of N × ZI-graded vector spaces. We may extend in a unique way the isomor-
phisms Φ(2ℓ) : Yθ̌,(2ℓ) → HAA

θ̌,(2ℓ) to all values of ℓ ∈ Z, in a way compatible with the restriction
maps and braiding isomorphisms, namely so that the following diagrams commute:

HAA
θ̌,(2ℓ) HAA

θ̌,(2ℓ−2k)

Yθ̌,(2ℓ) Yθ̌,(2ℓ−2k)

RS-4kθ̌f

Φ(2ℓ)
T-4kθ̌f

Φ(2ℓ−2k)
and

HAA
θ̌,(2ℓ−2) HAA

θ̌,(2ℓ)

Yθ̌,(2ℓ−2) Yθ̌,(2ℓ)

ρ2ℓ−2,2ℓ

π2ℓ−2,2ℓ

Φ(2ℓ−2) Φ(2ℓ)

for all ℓ ∈ Z and k ∈ N.
Define

Y+
∞ := lim

ℓ
Yθ̌,(-2ℓ) .

The limit is equipped with the quasi-compact topology again. The following result holds.

Theorem III.7.8. The following holds:
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(1) There is a canonical N × ZI-graded algebra structure on Y+
∞ induced by the multiplication on

YQ.

(2) There is a canonical N × ZI-graded algebra isomorphism

Φ∞ : HAA
∞ Y+

∞
∼ ,

induced by the maps Φ(2ℓ).

Notation III.7.9. We denote by ΘX,C : HAA
X,C ≃ Y+

∞ the composition of Θ and Φ∞:

HAA
X,C HAA

∞

Y+
∞

Θ

ΘX,C
Φ∞

.

⊘

Remark III.7.10. It follows from the above theorem that Y+
∞ is independent of the choice of θ̌f in

the strictly dominant chamber. This can also be seen directly. △

Remark III.7.11. For the reader’s comfort, let us explicitly describe the multiplication in Y+
∞. Let

x = (x2ℓ)ℓ and y = (y2ℓ)ℓ be elements of Y+
∞. Let us fix some arbitrary lifts x̃2ℓ, ỹ2ℓ of x2ℓ, y2ℓ in

T4ℓθ̌f
(Y−

Q) for ℓ ∈ Z. For n < ℓ, let us also denote by π2n,2ℓ := π2ℓ−2,2ℓ ◦ · · · ◦ π2n,2n+2 : Yθ̌,(2n) →
Yθ̌,(2ℓ). Then for any fixed ℓ we have

(x · y)ℓ = π2n,2ℓ(x̃2n · ỹ2n)

for any n ≪ ℓ, with the multiplication on the right-hand-side taking place in T4nθ̌f
(Y−

Q). △

Remark III.7.12. It is also possible to give presentation of Y+
∞ purely in terms of Yθ̌,(0) using the

isomorphisms T-4ℓθ̌f
: Yθ̌,(2ℓ) → Yθ̌,(0). Namely, for any d ∈ ZI we have

(Y+
∞)d ≃ lim

ℓ
(Yθ̌,(0))t-4ℓθ̌f (d)

with transition maps

π̃2ℓ,2ℓ+2 : (Yθ̌,(0))t-4ℓθ̌f (d)
−→ (Yθ̌,(0))t-4(ℓ+1)θ̌f (d)

x 7−→ T-4θ̌f
(x)

.

Again, the multiplication is induced by that on Y−
Q. In other words, we may represent (and

make computations with) elements in Y+
∞ as collections (x2ℓ)ℓ of elements in Y−

Q (rather than in
a translate T4ℓθ̌f

(Y−
Q)) but with increasing weights. △

Remark III.7.13. The collection of twisted PBW projection maps pr2ℓ := T4ℓθ̌f
◦ pr ◦ T-4ℓθ̌f

: YQ →
T4ℓθ̌f

(Y−
Q) gives rise, after further projection to T4ℓθ̌f

(Y−
Q/J−

θ̌,κ0
), to a morphism YQ → Y+

∞, which
may be interpreted as a ‘semi-infinite’ PBW-projection map. △

III.7.5. Action of X̌f . The abelian group X̌f acts by tensor product on Coh(X̂C) and hence by
algebra automorphisms on HAA

X,C. Since the twist Θ is invariant under tλ̌, the tensor product is
compatible with the twist in the multiplication. In this paragraph, we make explicit the induced
action on Y+

∞. Fix λ̌ ∈ X̌f and consider the composition

Y−
Q YQ T4ℓθ̌f

(Y−
Q)

Lλ̌ prℓ (III.7.5)

where prℓ := T4ℓθ̌f
◦ pr ◦ T-4ℓθ̌f

is the twisted PBW projection map to T2ℓθ̌f
(Y−

Q). Because Lλ̌ acts
on the weights as the translation element tλ̌ of the Weyl group, and because tλ̌ preserves ∆−

f ×
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Zδ, the composition (III.7.5) gives rise to a map Lλ̌,2ℓ : Y−
Q/J−

θ̌,κ0
→ T4ℓθ̌f

(Y−
Q/J−

θ̌,κ0
) = Yθ̌,(2ℓ).

Moreover, by construction the diagram

Y−
Q/J−

θ̌,κ0
Yθ̌,(2ℓ−2)

Yθ̌,(2ℓ)

Lλ̌,2ℓ−2

Lλ̌,2ℓ

π2ℓ−2,2ℓ

commutes. This shows that the collection of maps Lλ̌,2ℓ gives rise to a well-defined map Y−
Q/Jθ̌,κ0

→
Y+

∞. The same process allows us to define maps T4ℓθ̌f
(Y−

Q/Jθ̌,κ0
) → Y+

∞ which fit into a commu-
tative diagram

T4(ℓ−1)θ̌f
(Y−

Q/J−
θ̌,κ0

) Y+
∞

T4ℓθ̌f
(Y−

Q/J−
θ̌,κ0

)

π2ℓ−2,2ℓ

which finally yields a map Lλ̌ : Y+
∞ → Y+

∞.

Proposition III.7.14.

(1) For any λ̌, µ̌ ∈ X̌f we have Lλ̌Lµ̌ = Lλ̌+µ̌ ∈ End(Y+
∞), i.e., X̌f acts on Y+

∞.

(2) The map ΘX,C intertwines the actions of X̌f on HAA
X,C and Y+

∞.

Proof. Statement (1) follows from the fact that braid operators Tλ̌, Tµ̌, T4ℓθ̌f
∈ Aut(YQ) all com-

mute and preserve weights in −∆ × Zδ. Statement (2) for dominant λ̌ is a consequence of Theo-
rem III.6.20 and Proposition III.5.8–1, see Remark III.6.21. The case of an arbitrary λ̌ then follows
from the definition of Lλ̌ (cf. Formula (III.1.5)). □

Remark III.7.15. From Proposition III.7.14–(2) we deduce that X̌f acts on Y+
∞ by algebra automor-

phisms. This may also be checked directly from the definition, using the fact that X̌f acts on YQ
by algebra automorphisms and preserves weights in −∆ × Zδ. △

III.7.6. Action of tautological classes on HAA
X,C. In this section we will define certain tautolog-

ical cohomology classes on Cohnil
ps (X̂C), forming a commutative family of operators on HAA

X,C.
Recall that the cohomology ring of Cohnil

ps (X̂C) can be described as follows, see [DPS22, Nota-
tion II.1.16 and Remark II.1.44],

H•
A(Cohnil

ps (X̂C)) ≃ lim
Ui

H•
A(Ui) ,

where {Ui} is an admissible open exhaustion of Cohnil
ps (X̂C), and the limit is taken in the category

of Z × ZI-graded rings. There is a similar description of the cohomology ring H•
A(Cohnil

ps (X̂C)×
X).

There is a natural action

H•
A(Cohnil

ps (X̂C))⊗HA
• (Cohnil

ps (X̂C)) → HA
• (Cohnil

ps (X̂C))

given by the cap product (cf. [DPS22, Construction II.1.29–(4)]).

Next, we consider tautological sheaves. The stack Cohnil
ps (X̂C) carries a universal sheaf U ∈

Coh(X̂C × Cohnil
ps (X̂C)). It will be more convenient to consider a slightly different sheaf. Let

E′ ∈ Coh(X × CohC,ps(X)) be the universal sheaf of CohC,ps(X). Let ȷ : X̂C → X be the canonical
morphism, and let

ȷ̂∗ : Cohnil
ps (X̂C) −→ CohC,ps(X)
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be the morphism constructed in [DPSSV25a, §4.5]. Thus we have a morphism

X̂C × Cohnil
ps (X̂C) X × Cohnil

ps (X̂C) X × CohC,ps(X)
ȷ×id id× ȷ̂∗ .

Set E := (ȷ × id)∗(U) ∈ Coh(X × Cohnil
ps (X̂C)). Note that E is coherent because U is coherent.

[DPSSV25a, Theorem 4.49] (see also [DPSSV25a, Theorem 4.53]) yields the following.

Lemma III.7.16. We have

E ≃
(
id× ȷ̂∗

)∗
(E′) .

We are now ready to define some tautological cohomology classes on Cohnil
ps (X̂C). We fix a

smooth A-equivariant compactification h : X → X and consider the natural extension

E ∈ Coh(X × Cohnil
ps (X̂C))

of E. Note that X̂C ≃ X̂C. Locally on Coh(X × Cohnil
ps (X̂C)), the sheaf E is of finite perfect

amplitude, hence we may define the Chern character

ch(E) ∈ H•
A(X × Cohnil

ps (X̂C)) .

We consider the canonical projections

X × Cohnil
ps (X̂C)

X Cohnil
ps (X̂C)

evX ev .

Given any class α ∈ H•
A(X), let

να := ev!(ev
∗
X(α) ∪ ch(E)) .

Then the assignment α 7→ να defines a homomorphism of HA
• -modules

ν : H•
A(X) −→ H•

A(Cohnil
ps (X̂C)) . (III.7.6)

Now, we will show that this homomorphism factors through the restriction map

h∗ : H•
A(X) −→ H•

A(X) .

Let f : C → X be the canonical closed immersion. Let U := X ∖ C. Note that the restriction

ch(E)
∣∣
(X∖X)×Cohnil

ps (X̂C)
= 0

since E
∣∣
(X∖X)×Cohnil

ps (X̂C)
= 0. Therefore, the long exact sequence associated to the closed immer-

sion f × id shows that

ch(E) = ( f × id)∗(c)

for some (not necessarily unique) relative cohomology class c ∈ H•
A(X×Cohnil

ps (X̂C), U ×Cohnil
ps (X̂C)).

Now, let f ′ : C → X be the natural closed immersion and let U′ := X ∖ C. Recall that excision
yields an isomorphism of relative cohomology groups

ε : H•
A(X × Cohnil

ps (X̂C), U × Cohnil
ps (X̂C)) −→ H•

A(X × Cohnil
ps (X̂C), U′ × Cohnil

ps (X̂C)) .

Moreover, one has cup-products

⊔ : H•
A(X × Cohnil

ps (X̂C))⊗H•
A(X × Cohnil

ps (X̂C), U × Cohnil
ps (X̂C)) −→

H•
A(X × Cohnil

ps (X̂C), U × Cohnil
ps (X̂C))

and
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⊔′ : H•
A(X × Cohnil

ps (X̂C))⊗H•
A(X × Cohnil

ps (X̂C), U′ × Cohnil
ps (X̂C)) −→

H•
A(X × Cohnil

ps (X̂C), U′ × Cohnil
ps (X̂C))

which are naturally compatible with ε. Finally, note that the restriction map h∗ : H•
A(X) → H•

A(X)
is surjective since the equivariant cohomology of X is pure.

Lemma III.7.17. Let evX : X × Cohnil
ps (X̂C) → X be the canonical projection. Given β ∈ H•

A(X), one
has

(ev∗X(α) ∪ ch(E)) = ( f × id)∗(ε
−1(ev∗X(β) ⊔′ ε(c))) (III.7.7)

for any α ∈ H•
A(X) and any c ∈ HA

• (X × Cohnil
ps (X̂C), U × Cohnil

ps (X̂C)) so that h∗(α) = β and
( f × id)∗(c) = ch(E).

Proof. Given α ∈ H•
A(X) and any c ∈ HA

• (X × Cohnil
ps (X̂C), U × Cohnil

ps (X̂C)) so that h∗(α) = β

and ( f × id)∗(c) = ch(E), one has

( f × id)∗(ev
∗
X(α) ⊔ c) = ev∗X(α) ∪ ch(E) ,

as well as

ε(ev∗X(α) ⊔ ch(E)) = ev∗X(β) ⊔′ ε(c) .

This implies identity (III.7.7).

Next, suppose c1, c2 ∈ HT
• (C × Cohnil

ps (X̂C)) satisfy the conditions

( f × id)∗(ck) = ch(E)

for 1 ≤ k ≤ 2. Then one has

( f × id)∗ ε−1(ev∗X(β) ⊔′ ε(c1 − c2)) = ( f × id)∗(ev
∗
X(α) ⊔ (c1 − c2))

= ev∗X(α) ∪ ( f × id)∗(c1 − c2) = 0

for any α ∈ H•
T(X) so that h∗(α) = β. □

As a consequence of Lemma III.7.17, we obtain the following.

Corollary III.7.18. The morphism (III.7.6) factors as ν = ν ◦ h∗ where

ν : H•(X) −→ H•
A(Cohnil

ps (X̂C)) ,

is the unique H•
A-module homomorphism mapping β ∈ H•(X) to

νβ := ev!(ev
∗
X(α) ∪ ch(E))

for any α ∈ H•(X) so that β = h∗(α).

For any ℓ ∈ N, define

νℓ,β := ev!(ev
∗
X(α) ∪ chℓ(E)) ∈ H•

A(Cohnil
ps (X̂C)) ,

where α ∈ H•(X) is an arbitrary lift of β.
We define the ring of universal tautological classes as a commutative polynomial algebra in infin-

itely many variables

SX,C := H•
A

[
chℓ,βi

, chk,1 | i = 1, . . . , e, ℓ ≥ 1, k ≥ 2
]

,

with βi := ch1(Ei), where Ei is the i-th indecomposable projective object in P(X/Xcon), intro-
duced in Formula III.4.3, for 1 ≤ i ≤ e. We equip it with a grading such that

deg(chℓ,γ) := deg(γ) + 2ℓ− 4 .
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There is a graded ring homomorphism

ι : SX,C −→ H•
A(Cohnil

ps (X̂C))

chℓ,γ 7−→ νℓ,γ
. (III.7.8)

This in turn yields an action by cap product

SX,C ⊗ HAA
X,C −→ HAA

X,C

x ⊗ c 7−→ x ∩ c
.

Define a coproduct on SX,C by the formula

∆(chℓ,γ) = chℓ,γ ⊗ 1 + 1 ⊗ chℓ,γ

for all ℓ, γ.

Proposition III.7.19. The action of SX,C on HAA
X,C is Hopf, i.e., we have

c ∩ (x1 · x2) = ∑
i
(c′i ∩ x1) · (c′′i ∩ x2)

where we have used Sweedler’s notation ∆(x) = ∑i c′i ⊗ c′′i .

The proof of Proposition III.7.19 is given in Appendix III.10.

Remark III.7.20. Using the quasi-compact open exhaustion of Cohnil
ps (X̂C) constructed in [DPSSV25a,

§4.6], one can prove the Künneth formula

H•
A(X × Cohnil

ps (X̂C)) ≃ H•
A(X)⊗̂H•

A(Cohnil
ps (X̂C)) .

Then the class να can be equivalently constructed as

να = ⟨α, ch(E)⟩ ∈ H•
A(Cohnil

ps (X̂C)) ,

where ⟨−,−⟩ : H•
A(X)⊗H•

A(X) → H•
A(X) is the intersection pairing. This leads to an alternative

of proof of Proposition III.7.19, proceeding by analogy to [MMSV23, Proposition 1.18]. The above
approach uses only the six operations. △

III.7.7. Compatibility of action of tautological classes. Recall the ring S = H•
A[pℓ(zi) | i ∈ I, ℓ ≥

0] from §II.6.1. It may be understood as the ring of universal tautological classes for the stack ΛQ.
There is a representation of BQ on S and an action ∩ : S ⊗ HAA

Q → HAA
Q which descends to an

action of S on HAA
θ̌,κ for any interval κ, in particular on HAA

θ̌,(ℓ) for any ℓ ≥ 0. More generally, if

ℓ < 0, the stack Λℓ Q parametrizing objects in Pnil
θ̌
((νℓ, 1 + νℓ]) carries tautological complexes Vi

for i ∈ I; we may define an action of S on HAA
θ̌,(ℓ) via

ch(zi) = p0(zi) + ∑
ℓ≥1

pℓ(zi)

ℓ!
7−→ ch(Vi) .

By construction, these actions of S on HAA
θ̌,(ℓ) are compatible with each other: the restrictions of

the actions of S on HAA
θ̌,(ℓ) and HAA

θ̌,(k) coincide on the stack parametrizing objects in Pnil
θ̌
(J),

where J = (νℓ, νℓ + 1] ∩ (νk, νk + 1]. It entails that there is an action

∩ : S ⊗ HAA
∞ −→ HAA

∞ .

From Lemma II.7.12 we deduce the following:
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Lemma III.7.21. For any ℓ ∈ Z, k ∈ N, the diagram

S ⊗ HAA
θ̌,(ℓ) S ⊗ HAA

θ̌,(ℓ−k)

HAA
θ̌,(ℓ) HAA

θ̌,(ℓ−k)

T-2kθ̌f
⊗RS-2kθ̌f

∩ ∩
RS-2kθ̌f

is commutative, where the braid group action on S is introduced §II.7.2.1.

Note that X is equivariantly formal, i.e., one has an isomorphism

H•
A(X, Q) ≃ H•(X, Q)⊗H•

A . (III.7.9)

Furthermore, the cohomology H2(X) is freely generated by the classes βi := ch1(Ei), where Ei is
the i-th indecomposable projective object in P(X/Xcon), introduced in Formula III.4.3, for 1 ≤
i ≤ e. Using the isomorphism (III.7.9), let us write

TdX = u · 1 + ∑
i

ui · βi ,

where u, u1, . . . , ue ∈ H•
A. Because X is symplectic and non-proper, we have TdX = 1 if A = {id},

hence u ∈ 1 +H>0
A , ui ∈ H>0

A . Setting chγ = ∑ℓ chℓ,γ, there is a unique algebra isomorphism

σ : S −→ SX,C

satisfying

σ(chzi ) = riuch1 +
e

∑
j=1

riujchβ j
− uchβi

, (i = 1, . . . , e)

σ(chz0) = uch1 +
e

∑
j=1

ujchβ j
,

where ri = rk(Ei). We use it to identify SX,C and S.

Proposition III.7.22. The map Θ is S-equivariant, i.e., the following diagram is commutative

SX,C ⊗ HAA
X,C S ⊗ HAA

∞

HAA
X,C HAA

∞

σ⊗Θ

∩ ∩

Θ

.

Proof. By construction, the isomorphism Θ is constructed using the quasi-compact open exhaus-
tion of Cohnil

ps (X̂C) by the substacks Cohnil
ps (X̂C)

<ℓ for ℓ ∈ Z, together with the isomorphisms
τℓ : Cohnil

ps (X̂C)
<ℓ ≃ Λℓ Q. The algebras SX,C and S act on HA

• (Cohnil
ps (X̂C)

<ℓ) and HA
• ( Λℓ Q),

respectively, by cap product with some explicit tautological cohomology classes. To prove the
Proposition, it thus suffices to show that the morphism σ identifies these two families of tauto-
logical classes.

By Theorem III.4.8,

Vi = τ∗(ev∗(ev
∗
XE∨

i ⊗ E)) ∈ GA
0 ( Λℓ Q)

for any i ∈ I, where ev and evX are the projections from Cohnil
ps (X̂C) × X to the two factors,

respectively. . For 0 ≤ i ≤ e, let E i ∈ Db
A(X) be a A-equivariant perfect complex extending Ei to

X. Using the Grothendieck-Riemann-Roch formula [Kha19, Corollary 3.25], we get

ch(Vi) = τ∗(ch(ev∗(ev
∗
XE∨

i ⊗ E))) = τ∗ev!(ev
∗
X(ch(E

∨
i ) ∪ TdX) ∪ ch(E)) .
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Using the isomorphism (III.7.9), a straightforward computation yields

h∗(ch(E∨
i ) ∪ TdX) = riu · 1 +

e

∑
j=1

riujβ j − uβi .

Therefore, applying Corollary III.7.18, one obtains

ev!(ev
∗
X(ch(E

∨
i ) ∪ TdX) = riuν1 +

e

∑
j=1

riujνβ j − uνβi .

Given Formula (III.7.8), this proves the claim. □

Recall from §II.6.1 that there is also an action of S on YQ, provided by the Formulas (II.6.1).
By Theorem II.6.3, the isomorphisms Φ(ℓ) are S-equivariant. We thus obtain the following direct
corollary.

Corollary III.7.23. The isomorphism ΘX,C : HAA
X,C → Y+

∞ is S-equivariant.

III.7.8. Explicit description of HAX,C. At the moment we do not know a full presentation of Y+
∞

(or of HAA
X,C) by generators and relations. However, as we will see in this Section, it is possible to

describe explicitly HAA
X,C when A = {id}. As the forgetful map HA

• (ΛQ)⊗H•
A

Q ≃ HBM
• (ΛQ) is

functorial, it induces an isomorphism of algebras HA
• ( Λℓ Q)⊗H•

A
Q ≃ HBM

• ( Λℓ Q) for any ℓ ∈ Z,
hence by Theorem III.7.5 we get

HAA
X,C ⊗H•

A
Q ≃ HAX,C .

In view of Propositions III.2.7 and III.2.10, this gives an isomorphism of algebras

HAQ ≃ U(nell) . (III.7.10)

Since Theorem III.7.5 works regardless of torus actions, the non-equivariant versions of Theo-
rems III.7.5 and III.7.8 yield an isomorphism of topological algebras

HAX,C ≃ lim
ℓ

Yθ̌,(-2ℓ) ⊗H•
A

Q , (III.7.11)

where the left-hand-side is now the non-equivariant cohomological Hall algebra HAX,C.
We now use the isomorphisms (III.7.10) and (III.7.11) to obtain an explicit description of HAX,C.

From §III.3.2, we have

Yθ̌,(0) ⊗H•
A

Q ≃ U((nell)θ̌,(0)) where (nell)θ̌,(0) :=
⊕

β∈∆(0)

(nell)β ,

with

∆(0) :=
{

α + nδ
∣∣∣ α ∈ ∆+

f ∪ {0}, n < 0
}

.

For ℓ ∈ N, the subquotient Yθ̌,(-2ℓ) ⊗H•
A

Q of U(gell) is obtained from Yθ̌,(0) ⊗H•
A

C by applying
the automorphism T-4ℓθ̌f

. It follows that

Yθ̌,(-2ℓ) ⊗H•
A

Q ≃ U((nell)θ̌,(-2ℓ)) where (nell)θ̌,(-2ℓ) :=
⊕

β∈∆θ̌,(-2ℓ)

(nell)β ,

with

∆θ̌,(-2ℓ) :=
{

α + nδ
∣∣ α ∈ ∆+

f ∪ {0}, n − 4ℓ(θ̌f , α) < 0
}

.

Define

r(-2ℓ) :=
⊕

β∈∆θ̌,(-2ℓ)∖∆θ̌,(-2(ℓ−1))

(nell)β

so that (nell)θ̌,(-2ℓ) = (nell)θ̌,(-2(ℓ−1)) ⊕ r(-2ℓ). The PBW isomorphism

U((nell)θ̌,(-2ℓ)) ≃ U(r(-2ℓ))⊗ U((nell)θ̌,(-2(ℓ−1)))
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gives rise to a projection morphism U((nell)θ̌,(-2ℓ)) → U(nθ̌,(-2(ℓ−1))), and we have

HAX,C ≃ Y+
∞ ⊗H•

A
Q ≃ lim

ℓ
U((nell)θ̌,(-2ℓ)) .

Note that, as subsets of ∆, we have ∆θ̌,(0) ⊂ ∆θ̌,(-2) ⊂ · · · and

∆θ̌ :=
⋃
ℓ

∆θ̌,(-2ℓ) = (∆+
f × Zδ) ∪ (−Nδ) .

In terms of the isomorphism between gell and the universal central extension of gf [s±1, t]), we
have

n+ell :=
⊕

β∈∆θ̌

(nell)β = nf [s
±1, t]⊕ s−1hf [s

−1, t]⊕
⊕
k<0

Qck,ℓ . (III.7.12)

As we next explain, the limit limℓ U((nell)θ̌,(ℓ)) may also be described as a completion of the
subalgebra U(n+ell) ⊂ U(gell). For this we shall use the following general lemma.

Lemma III.7.24. Let m =
⊕

α∈Γ mα be a Lie algebra graded by a subset Γ of a Z-lattice L. Let r, d : L →
Z be two linear forms, and assume that r(Γ) ⊂ N. Set µ(α) := d(α)/r(α) and set m<k :=

⊕
α mα,

where α runs over the set of all weights such that µ(α) < k. Then, the multiplication in U(m) yields a
complete topological algebra structure on the topological vector space

Û(m) := lim
k

U(m)/ (m<k · U(m)) ,

the limit being taken in the category of topological ZI-graded vector spaces.

Proof. Choose a basis {xr | r ∈ N} of m consisting of weight vectors such that xr ∈ mαr , with

µ(α0) ≥ µ(α1) ≥ µ(α2) ≥ · · ·
We call normal monomial an element of U(m) of the form

xr1 xr2 · · · xri

with r1 ≥ r2 ≥ · · · ≥ ri ≥ 0. The normal monomials form a basis of U(m).

Let u = (uℓ) and v = (vℓ) be elements of Û(m) of weight α, β ∈ Γ respectively. Let ũℓ and ṽℓ
be lifts of uℓ and vℓ in U(m) of weight α and β, respectively, for each integer ℓ ≤ 0. We consider
the obvious projection

πℓ : U(m) −→ U(m) / (m<ℓ ·U(m)) .

We must check that for each large enough integer m (depending on ℓ, α and β), the element

πℓ(ũℓ−m · ṽℓ−m)

does not depend on m. To do that, we fix for every n ⩽ 0 elements xn and yn in m<n · U(m) of
degree α and β respectively, and we prove that

πℓ

(
(ũℓ−m + xℓ−m) · (ṽℓ−m + yℓ−m)

)
= πℓ(ũℓ−m · ṽℓ−m)

for m ≫ 0. Thus, we must check that

ũℓ−m · yℓ−m ∈ m<ℓ · U(m)

for m ≫ 0. We may assume that ũℓ−m = xr and yℓ−m = xs, where xr = xr1 xr2 · · · xri and
xs = xs1 xs2 · · · xsj are normal monomials of weight α and β with µ(αs1) < ℓ− m. Write

xrxs = xs1 xr1 xr2 · · · xri xs2 · · · xsj + [xr, xs1 ]xs2 · · · xsj .

The first term belongs to

m<ℓ−m ·U(m) ⊂ m<ℓ ·U(m) .

We claim that [xr, xs1 ] belongs also to m<ℓ ·U(m) if m is large enough. Indeed, the element [xr, xs1 ]
in U(m) is a linear combination of normal monomials. Let xt1 xt2 · · · xtk be any normal monomial



120 D.-E. DIACONESCU, M. PORTA, F. SALA, O. SCHIFFMANN, AND E. VASSEROT

entering the decomposition of [xr, xs1 ]. We must check that µ(αt1) < ℓ if m is large enough. The
slope function is convex, i.e., we have

µ(σ1) ≤ µ(σ2) ⇒ µ(σ1) ≤ µ(σ1 + σ2) ≤ µ(σ2) ,

for all σ1, σ2 ∈ Γ. Hence, the claim, and the proposition, follows from the computation

µ(αs1) ≤ µ(αs1 + α) =
r(αs1)µ(αs1)

r(αs1 + α)
+

r(α)µ(α)
r(αs1 + α)

≤ ℓ− m
r(α + β)

+ µ(α) .

In the above, we used the fact that r(Γ) ∈ N so that r(αs1) ≤ r(αs1 + α) and r(α) ≤ r(αs1 + α). □

We summarize the main results of this section in the following Theorem. Let Û(n+ell) be the
completion, in the sense of Lemma III.7.24, of U(n+ell), with respect to the slope function µθ̌ . Recall
that n+ell is introduced in Formula (III.7.12).

Theorem III.7.25. There is a canonical isomorphism of complete topological algebras

ΘX,C : HAX,C Û(n+ell)
∼ .

Moreover, ΘX,C intertwines the action of tautological classes in the same sense as in §III.7.7. Likewise, it
intertwines the actions of the lattice X̌f by tensor product and by braid operators in the sense of Proposi-
tion III.7.14.

In the next Section, we will describe explicitly the image under ΘX,C of a set of generators of
HAX,C.

Remark III.7.26. The above computation also allows one to understand the classical limit, in the
sense of the standard filtration, of HAA

X,C. More precisely, the standard filtration of YQ induces
one on both Y−

Q and the quotients Yθ̌,(2ℓ) for ℓ ≥ 0. The transition map Yθ̌,(0) → Yθ̌,(2) is com-

patible with this filtration because the braid operators Ti and and their truncated versions Ti are,
by Formula (II.5.1), compatible with this filtration. This induces by Remark III.7.12 a filtration on
HAX,C. We then have an isomorphism

gr ΘX,C : grHAA
X,C grY+

∞ ≃ limℓ grYθ̌,(2ℓ) ≃ limℓ U((nell)θ̌,(2ℓ)
)
⊗H•

A ≃ Û(n+ell)⊗H•
A

∼ .

△

III.8. SOME EXPLICIT COMPUTATIONS OF FUNDAMENTAL CLASSES

In this Section we compute explicitely the image under Θ, ΘX,C of certain geometrically de-
fined elements of HAA

X,C, namely the subalgebras corresponding to zero-dimensional Hecke mod-
ifications and to certain fundamental classes of irreducible components of the stack Cohnil

ps (X̂C).
As we expect that these generate HAA

X,C under the operations of Hall multiplication and multi-
plication by tautological classes, this in principle fully characterizes the isomorphism Θ, ΘX,C.

Under the tilting equivalence τ we identify G0(CohC(X)) with ZI, see Theorem III.4.11. We
denote by Cohnil

ps (X̂C; d) the substack of Cohnil
ps (X̂C) parametrizing those sheaves with K-theory

class d ∈ ZI.

III.8.1. The subalgebra corresponding to zero-dimensional sheaves.

Notation III.8.1. We denote by

(HAA
X,C)Nδ :=

⊕
ℓ∈N

HA
• (Cohnil

ps (X̂C; ℓδ)) ,

the cohomological Hall algebra of zero-dimensional sheaves on X with set-theoretic support in
C. ⊘
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As being zero-dimensional and semistable of slope +∞ are equivalent conditions for a nilpo-
tent coherent sheaf on X, the algebra isomorphism Θ restricts to an algebra isomorphism

ΘNδ : (HAA
X,C)0,• HAA

θ̌,{0} = HA
• (Λ

0
Q)

∼ ,

where the right-hand-side is the equivariant nilpotent cohomological Hall algebra of semistable
nilpotent representations of slope 0. In terms of Yangians, we can write things rather explicitly.
Since ΘX,C is compatible with the grading, we have

(HAA
X,C)Nδ ≃

⊕
ℓ∈N

(
Y+

∞

)
ℓδ

.

To unburden notations, set

Y−
Nδ :=

⊕
ℓ≥0

Y−
ℓδ .

First note that for any κ = (a, 0] we have

Jθ̌,κ ∩ Y−
Nδ = ∑

e+d∈Nδ
µθ̌(e)<0,
µθ̌(d)>0

Y−
e · Y−

d ,

which is in fact independent of a < 0. Note that Jθ̌,κ
⋂

Y−
Nδ is a two-sided ideal in Y−

Nδ, hence(
Y−

θ̌,(2ℓ)

)
Nδ

:=
⊕

k

(
Y−

θ̌,(2ℓ)

)
kδ

is naturally a graded algebra. Furthermore,

T4θ̌f
:
(

Yθ̌,(2ℓ)

)
Nδ

−→
(

Yθ̌,(2ℓ+2)

)
Nδ

is a graded algebra isomorphism for any ℓ. This proves the following.

Proposition III.8.2. ΘX,C restricts to an algebra isomorphism(
ΘX,C

)
Nδ

: (HAA
X,C)Nδ Y−

Nδ

/(
(Y−

<0 · Y−
>0) ∩ Y−

Nδ

)∼ ,

where

Y−
<0 := ∑

e∈NI
µ

θ̌
(e)<0

Y−
e , and Y−

>0 := ∑
d∈NI

µ
θ̌
(d)>0

Y−
d .

When A = {id}, the situation is even simpler: Theorem III.7.25 yields the following.

Corollary III.8.3. We have(
ΘX,C

)
Nδ

: (HAX,C)Nδ U(hf s−1[s−1, t]⊕ K−)
∼ ,

where K− is as in Formula (III.2.20).

III.8.2. Fundamental classes of irreducible components. Recall that by [DPSSV25a, Corollary 4.54],
the canonical morphism Cohnil

ps (X̂C) → Cohps(X) is formally étale. Thus, we have

dim(Cohnilps (X̂C; d)) = dim(Cohps(X; d)) = −(d, d)

for any d ∈ Z. On the other hand, we have a chain of closed immersions

Cohnil
ps (X̂C; d)red = Cohnilps (X̂C; d)red ⊂ Cohnilps (X̂C; d) ⊂ Cohnil

ps (X̂C; d) (III.8.1)

which induce isomorphisms in Borel-Moore homology (cf. [DPS22, Remark II.1.33]). As de-
scribed in [DPSSV25a, §4.6], an admissible open exhaustion of Cohnil

ps (X̂C, d) is formed by the
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open substacks Cohnil
ps (X̂C, d)>ℓ parametrizing those sheaves with minimal slope greater than ℓ.

These correspond to the substacks Uℓ(X̂C; d) introduced in [DPSSV25a, Formula (4.6)].
Tensoring by line bundles, we see that

Cohnil
ps (X̂C, d)>ℓ ≃ Cohnil

ps (X̂C, e)>0 ≃ Λ≤0
e ,

for some e ∈ NI, where the last equivalence follows from Theorem III.6.6. From [Lus92], see
also [Sch12a, Theorem 4.11] it follows that Cohnil

ps (X̂C; d)red is pure dimensional of dimension
− 1

2 (d, d) (with infinitely many irreducible components). Denote by IrrX,C(d) the collection of
irreducible components of Cohnil

ps (X̂C; d)red (or, equivalently, of Cohnilps (X̂C; d)red ). Unless d ∈ Nδ,
this is an infinite set. Given the degree shift in the definition of HAA

X,C and its construction as a
limit, we deduce that the subalgebra of HAA

X,C consisting of elements of vertical degree 0 is(
HAA

X,C
)
•,0 :=

⊕
d

HA
-(d,d)(Coh

nil
ps (X̂C; d), Q) =

⊕
d

{
∑

Z∈IrrX,C(d)
uZ[Z] | uZ ∈ Q

}
.

Unless otherwise specified, we will always consider the fundamental class [Z] := [ Zred ] of a
reduced irreducible component Z ∈ IrrX,C(d).

Since ΘX,C is Z × ZI-graded, it restricts to an algebra isomorphism(
ΘX,C

)
•,0 :

(
HAA

X,C
)
•,0 Û(n+ell,0)

∼ ,

where

n+ell,0 := nf [s
±1]⊕ s−1hf [s

−1] . (III.8.2)

Remark III.8.4. In passing from a derived stack to its reduction, it is useful to keep in mind the fol-
lowing property which is valid for any geometric derived stack: the closed immersions (III.8.1) in-
duce equivalences of small étale sites (see [TV08a, Corollary 2.2.2.9], or [HHR24, Remark 1.6.6(a)].
△

Remark III.8.5. It is well known that the smooth locus of Λred
Q is a Lagrangian substack of

Rep(ΠQ) (this follows for instance from [Lus92]). However, Λred
Q is not expected to be derived

lci and one may wonder about the existence of a canonical intermediate (derived) stack

Λred
Q ⊂ Λ

lag
Q ⊂ Rep(ΠQ) ,

Lagrangian in the sense of [PTVV13]. The same question arises for Cohnil
ps (X̂C)

red in Cohps(X).
We will not need this. △

It is an interesting question to describe precisely the image by ΘX,C of the fundamental class
[Z] of a given irreducible component Z ∈ IrrX,C(d). By analogy with the case of quivers, where
this basis of

(
HAA

Q
)
•,0 is known as the semi-canonical basis, one cannot expect to have explicit

expressions for all elements. We will however obtain precise results for zero-dimensional sheaves
and sheaves set-theoretically supported on a single (arbitrary) component of C and of rank one
on that component. As we expect that these generate (HAA

X,C)•,0 as a topological algebra, this
fully characterizes the isomorphism

(
ΘX,C

)
•,0. Note also that because of the compatibility with

the action of tautological classes, we expect that ΘX,C is uniquely determined by its restriction(
ΘX,C

)
•,0.

Our main theorem, which will be proved in §III.8.6, reads as follows:

Theorem III.8.6.

(1) For i ∈ If and n ∈ N, let Yi,(n) ∈ IrrX,C(nδ) be the irreducible component containing the
zero-dimensional coherent sheaves on X, of length n, whose support is a single point x ∈ Ci. Then

ΘX,C([Yi,(n)]) = (−1)n−1his−n .
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(2) For i ∈ If and n ∈ Z, denote by Zi,n ∈ IrrX,C(−αi + nδ) the unique irreducible component
containing the coherent sheaf OCi (n − 1) (equivalently, the irreducible component parametrizing
sheaves of class −αi + nδ scheme-theoretically supported on Ci). Then

∑
n∈Z

(−1)nΘX,C([Zi,n])u−n =

(
∑

n∈Z

x+i s−nu−n

)
· exp

(
∑
k≥1

his−k u−k

k

)
. (III.8.3)

Corollary III.8.7. HAA
X,C is topologically generated, as an SX,C-algebra, by the fundamental classes

[Yi,d], [Zi,n] for i ∈ If , d ∈ N and n ∈ Z.

Proof. In view of Theorem III.7.25, it is enough to prove this after passing to the associated
graded, i.e., in the non-equivariant situation, which we now assume is the case. Thanks to The-
orem III.8.6, it suffices to show that the SX,C-subalgebra U of Û(n+ell) generated by the Fourier
modes of the right-hand-side of (III.8.3) is dense. By definition, U contains the elements

x+i sn + ∑
k≥1

1
k

x+i sn+khis−k

for any i, n as well as the subalgebra Q[his−ℓ]i,ℓ. From this it follows that x+i sn ∈ U for any i and
any n. Indeed, by definition of the topology on Û(n+ell) any sequence (uk)k of the form

uk = x+i sn+kPk

with Pk = Pk(hi, his−1, . . .) a polynomial in generators hi, his−1, . . . of s-degree −k tends to zero as
k → ∞ and we may apply a triangular basis argument. We deduce that Û(n+ell,0) ⊂ U and finally

that Û(n+ell) ⊂ U since Û(n+ell) is generated by SX,C and Û(n+ell,0). □

Let i ∈ If and let

γi : sl2 −→ gf and γi,ell : gl2,ell −→ gell

be the canonical embeddings of the corresponding root subalgebras.

Corollary III.8.8. For any irreducible component Ci of Cred, we have a commutative square

HAT∗P1,P1 HAX,Ci HAX,C

Û(gl+2,ell) Û(g+ell)

ΘT∗P1,P1

∼

ΘX,C

γi,ell

(III.8.4)

of algebra morphisms, where the top left (resp. right) arrow is induced by the isomorphism of formal neigh-

borhoods T̂∗P1
P1 ≃ X̂Ci (resp. by the functoriality of COHAs with respect to closed embeddings).

Proof. There are obvious algebra embeddings and identifications

ST∗P1,P1 SX,Ci SX,C

S
A(1)

1
SQ

≃

∼

≃

with respect to which the morphism γi,ell is equivariant. The corollary is now a consequence of
the fact that, by Theorem III.8.6 and Corollary III.8.7, the diagram (III.8.4) commutes for a set of
topological generators. □

The proof of Theorem III.8.6 hinges on a few geometric computations, which are valid in
greater generality than for the pair (X, C) and which may be of independent interest. We be-
gin with these.
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III.8.3. Geometric computations in dimension zero. In this section we work under the follow-
ing assumption:

Assumption III.1. S is a smooth quasi-projective symplectic complex surface and C ⊂ S is a
reduced curve whose irreducible components Cj for j = 1, . . . , f are assumed to be smooth and
proper. We will also assume for simplicity that the intersections Ci ∩ Cj are transverse. ⊘

We denote by (−,−) the Mukai pairing on K0(S)Q and by [F ] ∈ K0(S)Q the class of a coherent
sheaf F . In accordance with the case of Kleinian resolutions, we set αj := −[OCj(−1)] for j =

1, . . . , f and denote by δ the class of a zero-dimensional sheaf of length one.

Remark III.8.9. As S is symplectic, the Mukai pairing (−,−) is symmetric, and may be written as
the symmetrization of a bilinear form ⟨−,−⟩. By Proposition II.8.1, the twisted algebra HA⟨-,-⟩

S,C
is independent (up to canonical isomorphism) on the choice of ⟨−,−⟩. In other words, there is
a ‘natural’ twisting of the algebra structure on HAS,C, similar to Formula (III.7.1). For simplicity,
we do not consider such twisting in this paragraph. This choice is validated by the fact that the
commutation relations which we consider here all involve zero-dimensional sheaves, and that
the class δ of a point lies in the kernel of (−,−). △

Remark III.8.10. We will often use the following easy fact: for a smooth affine variety U and a

smooth closed subvariety X ⊂ U, the formal completions ÛX and ̂(NU/X)X are isomorphic. △

Definition III.8.11. Let λ = (λ1 ≥ · · · ≥ λs) be a partition of an integer n. We say that a zero-
dimensional sheaf T on S is of type λ = (λ1 ≥ · · · ≥ λs) if Supp(T ) = ∑s

i=1 λixi ∈ Symn(S) for
distinct elements x1, . . . , xs. ⊘

For j ∈ {1, . . . , f }, define

Cohnilps (ŜCj)Nδ :=
⊔

n∈N

Cohnilps (ŜCj ; nδ) and Cohnil
ps (ŜCj)Nδ :=

⊔
n∈N

Cohnil
ps (ŜCj ; nδ) .

For a partition λ, let Cohnilps (ŜCj)
red λ

Nδ be the substack of Cohnilps (ŜCj)
red

Nδ parametrizing those

zero-dimensional sheaves of type λ and let Yj,λ be its closure in Cohnilps (ŜCj)
red

Nδ.

Proposition III.8.12. Under Assumption III.1, the following holds:

(1) For j ∈ {1, . . . , f }, the reduced substacks Yj,λ, by varying of the partition λ, form a full collection
of irreducible components of Cohnilps (ŜCj)

red
Nδ.They are all of dimension zero.

(2) There is an algebra isomorphism Ψj : Q[z1, z2, . . .]S∞ →
(
HAS,Cj

)
Nδ,0 such that for any λ,

Ψj(mλ) = [Yj,λ]. Here (mλ)λ stands for the basis of monomial symmetric functions.

(3) The canonical map
(
HAS,Cj

)
Nδ,0 →

(
HAS,C

)
Nδ,0 is injective, and there is an isomorphism of

(commutative) graded algebras

s⊗
j=1

(
HAS,Cj

)
Nδ,0

(
HAS,C

)
Nδ,0

∼ .

Proof. Statement (1) is local on C and is easily reduced to the case of an affine surface S. As S is
symplectic and Cj smooth, we have that ŜCj ≃ T̂∗CjCj

(cf. Remark III.8.10). Thus, Cohnilps (ŜCj)Nδ

is isomorphic to Cohnilps (T̂∗CjCj
)Nδ, where the latter is equivalent to the stack of zero-dimensional

nilpotent Higgs sheaves on Cj (cf. [PS23, §2.4.3]). Statement (1) thus follows from the explicit de-
scription of irreducible components of the global nilpotent cone of smooth curves given in [Boz22,
Corollary 2.5], together with the fact that a generic zero-dimensional sheaf on Cj is isomorphic to
a sum Ox1 ⊕ · · · ⊕Oxn of simple skyscraper sheaves with distinct supports x1, . . . , xn.
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We turn to Statement (2). We will compute the structure constants of the multiplication in(
HAS,Cj

)
Nδ,0. To unburden the notation we drop the index j throughout. Let us call uniserial a

zero-dimensional sheaf T on S which admits a unique filtration 0 = T0 ⊂ T1 ⊂ · · · ⊂ Tℓ = T
for which Ti/Ti−1 is simple (i.e., of length one) for all i. This condition is satisfied by a generic
coherent sheaf on S with punctual support. For instance, if S = SpecC[x, y] then a sheaf T
supported at 0 is uniserial as soon as x or y acts on H0(S, T ) as a regular nilpotent operator.

Let us fix partitions λ, µ, ν with |ν| = |µ| + |λ|. Let Yν,◦ be an open substack of Cohnil
ps (ŜC)

parametrizing sheaves of the form G1 ⊕ · · · ⊕ Gℓ(ν) where Gi is a uniserial sheaf of length νi for i =
1, . . . , ℓ(ν). The existence of Yν,◦ follows e.g. from the description of the irreducible components
of the classical moduli stack of nilpotent Higgs sheaves on C – see [Sch16, §3]. Consider the
induction diagram

Cohnil
ps (ŜC)Nδ × Cohnil

ps (ŜC)Nδ S2Cohnil
ps (ŜC)Nδ Cohnil

ps (ŜC)Nδ

Yred
λ × Yred

µ X Cohnil
ps (ŜC)Nδ

X◦ Yν,◦

q p

iλ×iµ iλ,µ

qλ,ν pλ,µ

jν

pν

j◦ν

(III.8.5)

where X (resp. X◦) is a geometric derived stack defined so as to make the left (resp. bottom)
square a pullback, iλ, iµ, iλ,µ are closed immersions and jν, j◦ν are open embeddings. Here, p := ∂1
and q := ∂0 × ∂2, following the notation of Formula (I.2.2).

Note the the irreducible components of the derived stacks appearing in the diagram (III.8.5)
are of dimension zero. The derived lci morphism q is of dimension zero, and the map p is repre-
sentable by proper derived schemes, of dimension zero as well. By base change we have

(j◦ν)
∗([Yλ] ⋆ [Yµ]) = (j◦ν)

∗p∗q!(iλ × iµ)∗([Yλ]⊗ [Yµ]) = (pν)∗ j∗ν(qλ,ν)
!([Yλ]⊗ [Yµ]) .

From the defining property of uniserial sheaves one deduces that pred
ν is a finite morphism.

Comparing dimensions, it follows that Xred ◦ is of pure dimension zero as well. It follows that
j∗ν(qλ,ν)

!([Yλ]⊗ [Yµ]) = [X◦]. Therefore we have

(pν)∗ j∗ν(qλ,ν)
!([Yλ]⊗ [Yµ]) = (pν)∗([X◦]) = nν

λ,µ[Y
ν,◦] ,

where nν
λ,µ is the cardinality of the generic fiber of pν. This cardinality is the number nν

λ,µ of
subsheaves of type µ and cotype λ of a sheaf G1 ⊕ · · · ⊕ Gℓ(ν) in Yν,◦, which is equal to∣∣∣{(d1, . . . , dℓ(ν)) ∈ Nℓ(ν)

∣∣∣ (d1, . . . , dℓ(ν)), (ν1 − d1, . . . , νℓ(ν) − dℓ(ν)) are permutations of µ, λ
}∣∣∣ .

This matches the structure constants of multiplication in Q[z1, z2, . . .]S∞ in the basis of monomial
functions, i.e.,

mλmµ = ∑
ν

nν
λ,µmν ,

which proves (2).

Finally we deal with Statement (3). It is not hard to see that the irreducible components
of Cohnilps (ŜC)Nδ are parametrized by tuples of partitions (λj)j=1,..., f : an irreducible component
Yλ1,...,λ f asssociated to a tuple of partition and given by (λj)j=1,..., f is the closure of the substack
of Cohnilps (ŜC) parametrizing zero-dimensional sheaves of the form G = G1 ⊕ · · · ⊕ G f such that
G i is of type λi and Supp(G i) ⊂ Ci, for i = 1, . . . , f .
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A computation similar to (and simpler than) that proving Statement (2) above shows that the
elements [Yj,λ] all commute with one another (for j = 1, . . . , f and all partitions λ), and that

[Yλ1,...,λ f ] = [Y1,λ1 ] ⋆ · · · ⋆ [Y f ,λ f ] .

Statement (3) follows. □

Remark III.8.13. The above Proposition may be viewed as an extension of [Nak99, Chapter 7]
from the Hilbert scheme of points on a surface to the full stack of zero-dimensional sheaves (both
supported on a fixed curve). △

Remark III.8.14. The stacks Yj,λ are in general not smooth but we can construct smooth open
substacks Y◦

j,λ ⊂ Yj,λ as follows. We treat the case λ = (d) only, the general case being similar.

Any open affine subset S′ ⊂ S and any isomorphism ι : Ŝ′
C′

j
≃ (T̂∗C′

j)C′
j

gives rise to a projec-

tion π : Ŝ′
C′

j
→ C′

j. Here C′
j := Cj ∩ S′. Let YS′ ,ι

j,(d) ⊂ Yj,(d) be the open substack parametrizing

those zero-dimensional sheaves T such that ι∗(T ) is regular, i.e., isomorphic to the indecompos-
able d-fold self-extension O

(d)
x of a simple sheaf Ox for some x ∈ C′

i . In a suitable étale local chart,
we may identify the pair (S′, Ci) with (A2, A1), in which case we have an equivalence of reduced
classical stacks

YA2,ι
j,(d) ≃

{
(u, v) ∈ gl2d

∣∣∣ [u, v] = 0, v ∈ Cid+Oreg , u ∈ Nd

}/
GLd ≃ T∗Oreg/GLd ,

where Nd is the nilpotent cone and Oreg ⊂ Nd is the regular nilpotent orbit.

In particular, YS′ ,ι
j,(d) is smooth. We now set

Y◦
j,(d) :=

⋃
S′ ,ι

YS′ ,ι
j,(d) ,

where the union ranges over all pairs (S′, ι) as above. △

III.8.4. Irreducible components in dimension one. We work under Assumption III.1. Fix j ∈
{1, . . . , f } and ℓ ∈ Z, and put α := −αj + (ℓ+ 1)δ (thus [OCj(ℓ)] = α in K-theory). Let gj be the
genus of Cj.

For λ a (possibly empty) partition, let Zλ
j,ℓ be the closure of the substack of Cohnilps (ŜCj)

red

parametrizing coherent sheaves F for which there exists L ∈ Picℓ−|λ|(Cj) and T ∈ Yj,λ and
a short exact sequence

0 −→ T −→ F −→ iCj ,∗(L) −→ 0 .

When λ is empty, we simply write Zj,ℓ, which is the smooth reduced classical stack classifying
coherent sheaves of class α scheme-theoretically supported on Cj.

Let us now assume given a family λ of partitions λ(i) for i = 1, . . . , f , and denote by Zλ
j,ℓ ⊂

Cohnilps (ŜCj)
red the closure of the reduced substack parametrizing sheaves of the form

F ⊕
⊕
i ̸=j

Ti ,

where F ∈ Zλ(j)

j,ℓ−|λ| and Ti ∈ Yi,λ(i) for i = 1, . . . , f . Here, |λ| := ∑i |λi|.

Proposition III.8.15. Fix j ∈ {1, . . . , f } and ℓ ∈ Z. Under Assumption III.1, the following holds:

(1) The substacks {Zλ
j,ℓ}λ as λ runs over all partitions form a complete family of irreducible compo-

nents of Cohnilps (ŜCj)
red of class α. They are all of dimension gj − 1.

(2) The substacks {Zλ
j,ℓ}λ as λ runs over all f -tuples of partitions form a complete family of irreducible

components of Cohnilps (ŜC)
red of class α. They are all of dimension gj − 1.



COHOMOLOGICAL HALL ALGEBRAS AND YANGIANS 127

To prove the above proposition, we need a preliminary result. Let Cohps(S)dim⩾1 be the de-
rived moduli stack of coherent sheaves of dimension ≥ 1. It is an open substack of Cohps(S).
Then, we define the derived stack Cohnil

ps (ŜCj)
dim⩾1 by the pullback

Cohnil
ps (ŜCj)

dim⩾1 Cohps(S)dim⩾1

Cohnil
ps (ŜCj) CohC,ps(S) Cohps(S)

ȷ̂∗

.

Then, Cohnil
ps (ŜCj)

dim⩾1 is an open substack of Cohnil
ps (ŜCj). Similarly, we define Cohnil

ps (ŜC)
dim⩾1.

Lemma III.8.16. The substack Picℓ(Cj) is smooth of dimension gj − 1, open in Cohnilps (ŜCj)
red for j =

1, . . . , f .

Proof. Denoting by −αj + δ ∈ K0(S)Q the class of OCj , it is thus enough to show that

Cohnilps (ŜCj ;−αk + (ℓ+ 1)δ)red dim⩾1

is equal to Picℓ(Cj). This boils down to checking that a pure one-dimensional coherent sheaf on
S with set-theoretical support on Cj and of class −αj + (l + 1)δ is the pushforward to S of a line
bundle on Cj. This is a local statement for which we may assume that S and Cj are affine and
S = T∗Cj. In this case, this reduces to the well-known fact that a nilpotent Higgs bundle of rank
1 has trivial Higgs field. The smoothness and dimension computation also follow. □

Because of the lemma, we shall set

Picℓ(Cj) := Cohnil
ps (ŜCj ;−αk + (ℓ+ 1)δ))dim⩾1 .

Its reduction is Picℓ(Cj).

Proof of Proposition III.8.15. We start with Statement (1), in the case of the empty partition.
Let us consider the partial Harder-Narasimhan stratification

Cohnilps (ŜCj)
red =

⊔
d≥0

Xd ,

where Xd is the locally closed substack of Cohnilps (ŜCj ; α)red parametrizing sheaves F of class α

whose canonical zero-dimensional subsheaf F 0 is of length d. The semisimplification morphism

πd : Xd −→ Cohnilps (ŜCj ; α − dδ)red × Cohnilps (ŜCj ; dδ)red

sending a coherent sheaf F to the pair (F 1 := F/F 0,F 0), is a vector bundle stack of rank
(α − dδ, dδ) = 0. Indeed, for any pair (F 1,F 0) consisting of a pure one-dimensional sheaf F 1

and a zero-dimensional sheaf F 0 we have Ext2(F 1,F 0) = Hom(F 0,F 1 ⊗ ωS)
∨ = 0 hence the

complex RHom(F 1,F 0)[1] has homological tor-amplitude [0, 1]. From this we deduce that for
any partition λ of d, the substack

π−1
d (Picℓ−d(Cj)×Yj,λ) :=

(
Picℓ−d(Cj)×Yj,λ

)
×

Cohnil
ps (ŜCj

;α−dδ)red × Cohnil
ps (ŜCj

;dδ)red Xd

is irreducible and of dimension gj − 1. Statement (1) easily follows.

To prove Statement (2) it suffices to observe that any coherent sheaf F of class α splits as a
direct sum of a coherent sheaf (set-theoretically) supported on Cj of dimension one and zero-
dimensional sheaves Ti supported on Ci for i ̸= j. □
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III.8.5. Some dimension zero – dimension one commutation relations. Still keeping the setup
of the previous paragraphs, we now turn to commutation relations involving stacks of one-
dimensional and zero-dimensional sheaves.

Proposition III.8.17. Under Assumption III.1, for i, j ∈ {1, . . . , f }, ℓ ∈ Z, and d ∈ N, we have

• if i ̸= j: [
[Yi,(d)], [Zj,ℓ]

]
= (Ci · Cj)[Zj,ℓ+d] . (III.8.6)

• if i = j and ŜCi ≃ (T̂∗Ci)Ci :[
[Yi,(d)], [Zi,ℓ]

]
= (Ci · Ci)[Zi,ℓ+d] . (III.8.7)

Conjecture III.8.18. Equality (III.8.7) holds also without the assumption on ŜCi .

III.8.5.1. Proof of Equality (III.8.6). The proof follows from the following lemma.

Lemma III.8.19. For i ̸= j we have

[Yi,(d)] · [Zj,ℓ] =[Zλ
j,ℓ+d] + |Ci ∩ Cj|[Zj,ℓ+d] ,

[Zj,ℓ] · [Yi,(d)] =[Zλ
j,ℓ+d] , (III.8.8)

where λ = (λ(h)) with λ(i) = (d) and λ(h) = ∅ for h ̸= i.

Proof. Consider extension F of a one-dimensional sheaf G scheme-theoretically supported on Cj
by a zero-dimensional sheaf T set-theoretically supported at one point of Ci of the form

0 −→ T −→ F −→ G −→ 0 .

If T is set-theoretically supported on the intersection Ci ∩Cj, then F is set-theoretically supported
on Cj and scheme-theoretically supported on Cj ∖ Ci ∩ Cj; otherwise, F ≃ G ⊕ T . It follows
from the description of irreducible components given in Proposition III.8.15 that [Yi,(d)] · [Zj,ℓ] ∈
Q[Zλ

j,ℓ+d]. Base changing to the open locus of Zλ
j,ℓ+d consisting of sheaves G ⊕ T with Supp(T ) ̸⊂

Cj one easily obtains Equation (III.8.8).

A similar argument involving short exact sequences

0 −→ G −→ F −→ T −→ 0

shows that [Yi,(d)] · [Zj,ℓ] ∈ Q[Zλ
j,ℓ+d]⊕ Q[Zj,ℓ+d], and that the coefficient of [Zλ

j,ℓ+d] is equal to 1.
It remains to compute the coefficient of [Zj,ℓ+d]. Let us set α := −αj + (ℓ+ 1)δ and γ := α + dδ.
We consider the following diagram

Cohnil
ps (ŜC; dδ)× Cohnil

ps (ŜC; α) S2Cohnil
ps (ŜC; dδ, α) Cohnil

ps (ŜC; γ)

Yi,(d) × Zj,ℓ W Cohnil
ps (ŜC; γ)

Y◦
i,(d) × Zj,ℓ X Picℓ+d(Cj)

q p

ı h
qi,j pi,j

ȷi,j
q◦i,j

ȷ◦i,j
p◦i,j

ȷ

where the upper left and bottom squares are cartesian and where ȷi,j, ȷ◦i,j, ȷ are open immersions.
Here, p := ∂1 and q := ∂0 × ∂2, following the notation of Formula (I.2.2).

Note that a zero-dimensional quotient T of a line bundle on Cj with support consisting of a

point is necessarily regular, i.e., T ≃ O
(d)
x for some x ∈ Cj, hence the factorization of the map

X → Yi,(d) × Zj,ℓ through the open embedding Y◦
i,(d) × Zj,ℓ → Yi,(d) × Zj,ℓ.
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By base change, we have

ȷ∗
(
[Yi,(d)] ⋆ [Zj,ℓ]

)
= ȷ∗p∗q!ı∗([Yi,(d)]⊠ [Zj,ℓ]) = ȷ∗(pi,j)∗(qi,j)

!([Yi,(d)]⊠ [Zj,ℓ])

= (p◦i,j)∗(q
◦
i,j)

! ȷ∗i,j([Yi,(d)]⊠ [Zj,ℓ]) = (p◦i,j)∗([X])

Here we used the fact that Y◦
i,(d) × Zj,ℓ is smooth and classical, hence the virtual fundamental

class coincides with the usual fundamental class.
The map q being of dimension zero, so is the map qi,j, and thus

dim(X) = dim(W) = dim(Yi,(d)) + dim(Zj,ℓ) = gj − 1 .

On the other hand, since any short exact sequence

0 −→ F −→ L −→ T −→ 0

with L a line bundle on Cj and T a zero-dimensional sheaf on Ci of length d supported at a point
is of the form

0 −→ L(−dx) −→ L −→ O
(d)
x −→ 0

for some x ∈ Ci ∩ Cj, the classical truncation of p◦i,j factors as

t0(X) Picℓ+d(Cj)

⊔
x∈Ci∩Cj

t0(X)x Picℓ+d(Cj)× (Ci ∩ Cj)

t0((pi,j)
◦)

∼

pr1 .

Here, t0(X)x is defined via the pullback of ∂2 : X → Y◦
i,(d) with respect to the inclusion x →

Ci ∩ Cj. It follows that dim(t0(X)) = dim(Picℓ+d(Cj)) = gj − 1 = dim(X). This in turn implies
that X is classical by e.g. [PY24, Proposition 2.14]18. Denoting by ι : Picℓ+d(Cj) → Picℓ+d(Cj) the
closed embedding, we have

(p◦i,j)∗([X]) = ι∗t0((pi,j)
◦)∗([t0(X)]) = |Ci ∩ Cj|ι∗([Picℓ+d(Cj)]) = |Ci ∩ Cj|[Zj,ℓ+d] ,

as wanted. □

III.8.5.2. Proof of Equality (III.8.7). Before proving Equality (III.8.7), we need several preliminary
results.

Set C = Ci. Let Coh(C) be the classical moduli stack of coherent sheaves on C. This is a
smooth geometric classical stack. The connected component classifying sheaves of rank r and
degre d will be denoted Coh(C; r, d). For any α, β in the numerical Grothendieck group Knum

0 (C)
there is an induction diagram

Coh(C; α)× Coh(C; β) Cohext(C; α, β) Coh(C; α + β)
qα,β pα,β

(III.8.9)

where Cohext(C; α, β) is the stack classifying short exact sequences

0 −→ F −→ G −→ H −→ 0

of coherent sheaves on C, where F ,H are of classes β ad α respectively. Here, qα,β = ∂0 × ∂2 and
pα,β = ∂1 in the notation of Formula (I.2.2).

Let Db
c (Coh(C)) be the derived category of constructible complexes of Q-vector spaces on

Coh(C). Laumon considered an Eisenstein series monoidal functor (cf. [Sch12a, Lecture 5] and
references therein)

Eis =
⊕
α,β

Eisα,β : Db
c (Coh(C))⊠Db

c (Coh(C)) −→ Db
c (Coh(C)) ,

18Note that the result is written for derived analytic stacks, but it holds in our setting verbatim.



130 D.-E. DIACONESCU, M. PORTA, F. SALA, O. SCHIFFMANN, AND E. VASSEROT

where

Eisα,β := (pα,β)!q∗α,β[−⟨α, β⟩] .

He also defined a category of semisimple complexes QC ⊂ Db
c (Coh(C)) containing the constant

sheaves QCoh(C;α) for any α ∈ Knum
0 (C), stable under shifts and Eis. The graded Grothendieck

group K0(QC) is the quotient of the split Grothendieck group of QC by the relation [P[1]] = υ[P];
it is naturally a Q[υ, υ−1]-algebra.

As explained in [PS23, Remark 2.41], there is a canonical equivalence

T∗[0]Coh(C) ≃ CohDol(C) ≃ Cohps(T∗C) ,

where CohDol(C) is the Dolbeault moduli stack of C (see [PS23, §2.4.3]) and the second equivalence
follows from the spectral correspondence for Higgs sheaves [Sim94, Lemma 6.8]. It is known that
the singular supports of all objects in QC lie in the substack CohC,ps(T∗C) ≃ Cohnilps (T̂∗CC). We
thus get a map

CC : K0(QC) −→ (HAT∗C,C)0 .

As explained in [Hen24, §1.3] this is an algebra morphism. Note that, since we consider the
untwisted COHA HAT∗C,C, there is no need to twist the multiplication in K0(QC). The category
QC is well-studied (see e.g. [Sch12a, Lecture 5] and [Sch12c] for genus one curves). It carries a
N-grading

QC =
⊔
r
Qr

C

corresponding to the rank of the coherent sheaves on C. One has the following result (cf. [Sch12a,
§2.4]).

Proposition III.8.20. There is an algebra isomorphism

Ψ : K0(Q
0
C) Q[x1, x2, . . .]S∞ ⊗ Q[υ, υ−1]∼ (III.8.10)

which sends QCoh(C;0,d) to the elementary symmetric function ed for any d ≥ 1.

The monoidal subcategory Q0
C corresponding to rank 0 sheaves plays a special role as it yields

Hecke operators. More precisely, let

Bun(C) =
⊔
α

Bun(C; α)

be the open substack of Coh(C) parametrizing vector bundles on C. Let Qbun
C be the image of

QC under the restriction functor Db
c (Coh(C)) → Db

c (Bun(C)). One has the following (cf. [Sch12a,
§5.5]).

Proposition III.8.21. The Eisenstein functor Eis induces a monoidal action of Q0
C on Qbun

C .

For u ∈ K0(Q
0
C) and c ∈ K0(Q

bun
C ) we denote by u⊗ c 7→ u • c the corresponding Hecke action.

We will deduce the desired relation (III.8.7) from a Hecke relation by applying the morphism
CC. The precise Hecke relation which we will use is the following.

Proposition III.8.22. For any d ∈ N, d ≥ 1, set Td := Ψ−1(pd). Then, we have[
[Td], [QCoh(C;1,ℓ)]

]
= −((−υ)d − 2g + (−υ)−d)[QCoh(C;1,ℓ+d)] .

This result is without doubt well-known to experts but we provide a proof as we could not
locate one in the literature. Before giving it, we need some preliminary results.

Consider the constant term functor

CT = ∏
α,β

CTα,β : QC −→ QC⊠̂QC
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given by

CTα,β := (qα,β)! p∗α,β[−⟨α, β⟩] .

It equips K0(QC) and K0(Q
0
C) with the structure of bialgebras (understood in a twisted and topo-

logical sense in the former case). Moreover, the map Ψ introduced in Formula (III.8.10) is a
morphism of bialgebras.

We introduce a truncation CTbun,0 : QC → Qbun
C ⊠̂Q0

C by projecting to Qbun
C in the first compo-

nent and to Q0
C in the second.

Lemma III.8.23. The functor CTbun,0 is essentially injective on objects, i.e., K0(CT
bun,0) is injective.

Proof. Let

Coh(C; α) =
⊔

d≥0

Coh(C; α)tor=d

be the stratification of Coh(C; α) according to the length of the canonical zero-dimensional sub-
sheaf. Then

Coh(C; α)tor≥d :=
⊔
ℓ≥d

Coh(C; α)tor=ℓ and Coh(C; α)tor≤d :=
⊔
ℓ≤d

Coh(C; α)tor=ℓ

are respectively closed and open in Coh(C; α).

Now let us fix a simple complex P ∈ Db
c (Coh(C; α)) and let d be the greatest integer such that

Supp(P) ⊂ Coh(C; α)tor≥d. Put δ := (0, 1) and β := α − dδ. There exists a diagram pulled back
from the diagram (III.8.9):

Coh(C; β)× Coh(C; dδ) Coh(C; β, dδ)ext,tor≥d Coh(C; α)tor≥d

Bun(C; β)× Coh(C; dδ) Coh(C; β, dδ)ext,tor=d Coh(C; α)tor=d

q p

j

q◦ p◦
j′ j′′ .

Since a coherent sheaf in Coh(C; α)tor=d has a unique subsheaf of length d, the map p◦ is an
isomorphism. Since Ext1C(F , T ) = 0 for any vector bundle F and any torsion sheaf T , the map
q◦ is a unipotent gerbe. It follows that

q◦! (p◦)∗ : Db
c (Coh(C; α))tor=d −→ Db

c (Bun(C; β))⊠Db
c (Coh(C; dδ))

is an equivalence. By construction (j′′)∗(P) is a simple complex hence j∗(CTbun,0(P)) = q◦! (p◦ j′′)∗(P)
is simple as well, and fully determines P. The Lemma easily follows. □

To unburden the notation, let us set

1α = [QCoh(C;α)] and 1bunα = [QBun(C;α)]

for α ∈ Knum
0 (C), and

∆ = K0(CT) and ∆′ = K0(CT
bun,0) .

Then from the relation

CTα,β(QCoh(C;α+β)) = QCoh(C;α) ⊠ QCoh(C;β)[−⟨β, α⟩]
(see [Sch12a, Lemma 1.8]) we get

∆′(1α) = ∑
n≥0

υ−⟨α,α−nδ⟩1bunα−nδ ⊗ 1nδ ,

∆(Td) = Td ⊗ 1 + 1 ⊗ Td ,

and therefore

∆′([Td, 1α]) = ∑
n≥0

υ−⟨α,α−nδ⟩Td • 1bunα−nδ ⊗ 1nδ .
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Proof of Proposition III.8.22. Thanks to Lemma III.8.23, it is enough to show that

Td • 1bun(1,a) = −((−υ)d − 2g + (−υ)−d)1bun(1,a+d)

for any a ∈ Z. To prove this, we first compute 1dδ • 1bun(1,a). Set α := (1, a + d) and β := (1, a).
There is an isomorphism

Bun(C; α)× Symd(C) Cohext(C; β, dδ) ×
Coh(C;α)

Bun(C; α)

Bun(C; α)

∼

pr1
p

provided by the map (F , D) 7→ (F (−D) ⊂ F ). It follows that

1dδ • 1bun(1,a) = υdPc(Sym
d(C),−υ−1)1bun(1,a+d) ,

where Pc(−, t) stands for the Poincaré polynomial with compact support. The relation between
the elementary and power sum functions may be written in terms of generating series as

P(−z) = −z
E′(z)
E(z)

,

where

E(z) := 1 + ∑
n≥1

enzn and P(z) := ∑
n≥1

pnzn .

From this and the well-known relation

∑
d≥0

Pc(Sym
dC, t)zd =

(1 − zt)2g

(1 − z)(1 − t2z)
,

where g is the genus of C we deduce by a direct computation that

Td • 1bun(1,a) = −((−υ)d − 2g + (−υ)−d)1bun(1,a+d)

as wanted. This finishes the proof of the Proposition. □

Proof of Equality (III.8.6). We now apply the CC map to the Equality III.8.22. By Propositions III.8.20
and III.8.12–(2), we have

CC([QCoh(C;dδ)]) = [Y(1d)] and CC([Td]) = [Y(d)] .

Together with CC(QCoh(C;(1,ℓ))) = [Zℓ] and the fact that CC(υac) = (−1)aCC(c) we finally obtain[
[Y(d)], [Zℓ]

]
= (2g − 2)[Zℓ+d]

as wanted. □

III.8.6. Proof of Theorem III.8.6. We now come back to the setting of the pair (X, C), with X
being the resolution of the Kleinian singularity of type Qf . We start by proving both statements
of Theorem III.8.6 in the case Qf is of type A1. We will then use the functoriality to extend it to
the other types.
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III.8.6.1. Type A1. We assume that X = T∗P1 with C ⊂ X being the zero section, and Q is the Kro-
necker quiver with vertex set I = {0, 1} and two arrows x, y : 1 7→ 0. For the stability condition
we choose θ̌f = ρ̌f =

1
2 α̌1, so that θ̌ = 1

2 (α̌1 − α̌0).
We begin with Statement (1). We will drop the index j from the notation. Instead of [Y(n)], we

will compute [Y(1n)], and use Proposition III.8.12–(2). For this, we shall use the tilting equivalence
τ of Theorem III.4.11.

Observe that the equivalence τ sends a zero-dimensional sheaf schematically supported on
C = P1 of length ℓ to a regular representation of Q (viewed as a ΠQ-representation) of dimension
ℓδ. The regular representations of Q of dimension nδ form a dense open substack of Rep(Q; dδ)

and the latter is irreducible. In particular, the stack equivalence Cohnilps (X̂C)
>0 ≃ Λ≤0

Q identifies
Y(1n) with Rep(Q, nδ)≤0. It follows that

Θ([Y(1n)]) = [Rep(Q, nδ)≤0] .

Let us now translate this in terms of enveloping algebras. We have

gf = sl2 and n+ell,0 = Qe[s±1]⊕ Qhs−1[s±1] .

Here we use the traditional e, f in place of x±1
1 ; note that x−0 = es−1. A simple computation using

the twisted COHA multiplication shows that

Φ([Rep(Q, nδ)≤0]) = (−1)n(x−1 )(n)(x−0 )(n) = (−1)n f (n)(es−1)(n) ∈ U(Lsl2) ⊂ Y−
Q ,

where we have used the notation z(a) := za/a!. We deduce that

ΘX,C([Y(1n)]) = (−1)n f (n)(es−1)(n) ∈ Û(n+ell) .

We will use the following Lemma.

Lemma III.8.24. We have

∑
ℓ≥0

(−1)ℓ f (ℓ)(es−1)(ℓ)u−ℓ = exp

(
∑
k≥1

hs−k u−k

k

)
. (III.8.11)

Proof. Set Y(u) := ∑ℓ≥0(−1)ℓ f (ℓ)(es−1)(ℓ)u−ℓ.
We shall use the coproduct map. Set J := Jθ̌,κ0

, where κ0 := (−∞, 0] and Jθ̌,κ0
is defined in

Formula (III.3.6). Since J is a coideal of U−(Lsl2), the comultiplication ∆ descends to U−(Lsl2)/J.
For weight reasons, one sees that ∆(Y(u)) = Y(u)⊗ Y(u), from which we deduce that

Y(u) = exp

(
∑
k≥1

ckhs−ku−k

)
for some coefficients ck ∈ Q. Finally, to see that ck = 1/k, we argue by induction using the
relation (

f ℓ(es−1)ℓ
)
[hs−ℓ ]

= −
(

f ℓ−1
(
ℓ(es−1)ℓ−1hs−1 + ℓ(ℓ− 1)(es−1)ℓ−2es−2

))
[hs−ℓ ]

= −ℓ(ℓ− 1)
(

f ℓ−1 · (es−1)ℓ−2 · es−2
)
[hs−ℓ]

.

We leave the details of the calculation to the reader. □

Note that under the isomorphism of Proposition III.8.12–(2), [Y(1n)] and [Y(n)] are respectively
mapped to the symmetric functions en and pn. Comparing Equality (III.8.11) with the well-known
relation in the ring of symmetric functions

∑
ℓ≥0

eℓuℓ = exp

(
∑
k≥1

(−1)k−1 pk
uk

k

)
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we obtain the desired equality ΘX,C([Y(n)]) = (−1)n−1hs−n. This proves Statement (1) for type
A1.

The proof of Statement (2) proceeds in an analogous fashion. We have τ(OC) = S0. We claim
that for any m ≥ 0,

RSmθ̌f
(S0) = τ(OC(m)) = P(m) ,

where P(m) is the unique indecomposable preprojective representation of Q of dimension α0 +
mδ, viewed as a nilpotent ΠQ-module. Indeed, τ(OC(m)) is the unique indecomposable and
semistable ΠQ-module of dimension α0 +mδ and one easily checks that P(m) is semistable. More-
over, the Zariski closure of the point of Λα0+mδ corresponding to P(m) is Rep(Q, α0 + mδ), which
is an irreducible component of Λα0+mδ. We deduce that

Θ([Z4k+1]) =
(

RS-4kθ̌f
([Rep(Q, α0 + 4kδ)])

)
k
∈ lim HAA

θ̌,(-2k) .

A direct computation shows that

Φ([Rep(Q, α0 + 4kδ)]) = (x−1 )(4k)(x−0 )(4k+1) = f (4k)(es−1)(4k+1) ∈ U−(Lsl2) ⊂ Y−
Q .

Putting it all together it follows that

ΘX,C([Z4k+1]) =
(

T-4kθ̌f
(( f )(4k)(es−1)(4k+1))

)
k

(III.8.12)

=
(
( f s−4k)(4k)(es4k−1)(4k+1)

)
2k

∈ Û(n+ell,0) ,

see Remark III.7.12. In order to make the right-hand-side of (III.8.12) explicit, we prove the fol-
lowing identity.

Lemma III.8.25. In Yθ̌,(0) we have

∑
ℓ≥0

(−1)ℓ f (ℓ)(es−1)(ℓ+1)u−ℓ−1 =

(
∑
k≥1

es−ku−k

)
exp

(
∑
k≥1

hs−k u−k

k

)
. (III.8.13)

Proof. First observe that the graded piece of Yθ̌,(0) of vertical degree 0 is equal to U−(Lsl2)/J,
where J is the left ideal generated by f sa for a ≤ 0. By the PBW theorem, every element of
U−(Lsl2)/J of degree α1 + kδ (resp. kδ) may uniquely be written as es−nP(hs−1, hs−2, . . .) for
some integer n ≥ 1 and some polynomial P (resp. as P((hs−1, hs−2, . . .)). Let us denote by X(u)
the left-hand-side of Equality (III.8.13). By the above, it is enough to show that

∆′(X(u)) =

(
∑
k≥1

es−ku−k

)
⊗ exp

(
∑
k≥1

hs−k u−k

k

)
+ . . .

where ∆′ is the graded component of ∆ of bidegree in (α1 + Zδ, Zδ) and where . . . stands for
terms whose first component is of the form es−l P(hs−1, hs−2, . . .) with P ̸= 1. From the Leibniz
formula we obtain

∆′( f (ℓ)(es−1)(ℓ+1)) =
ℓ

∑
k=0

f (k)(es−1)(k+1) ⊗ f (ℓ−k)(es−1)(ℓ−k) ,

from which we deduce

∆′(X(u)) = X(u)⊗
(

∑
k≥0

(−1)k f (k)(es−1)(k)
)

.

Denote as usual by x[a] the coefficient of a in x (with respect to a fixed natural basis). It is easy to
see from the commutation relations that the coefficient(

f ℓ · es−a1 · · · es−aℓ+1
)
[es−∑ ai ]
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is independent of (a1, . . . , aℓ+1). A simple induction based on the identity(
f ℓ(es−1)ℓ+1

)
[es−ℓ−1]

= −
(

f ℓ−1
(
(ℓ+ 1)(es−1)ℓhs−1 + ℓ(ℓ+ 1)(es−1)ℓes−2

))
[es−ℓ−1]

= −ℓ(ℓ+ 1)
(

f ℓ−1 · (es−1)ℓ · es−2
)
[es−ℓ−1]

thus shows that

X(u) = ∑
k≥1

es−ku−k + . . .

where . . . denotes terms of the form es−l P(hs−1, hs−2, . . .) with P ̸= 1. We conclude using For-
mula (III.8.11). □

As a direct corollary of Lemma III.8.25, applying the correct power of T4θ̌f
to the terms occuring

in (III.8.13) we finally obtain

ΘX,C([Z1]) = ∑
n≥−1

esn · Pn−1(hs−1, hs−2, . . .) ,

where the polynomials Pk(hs−1, hs−2, . . .) are defined through the relation

exp

(
∑
k≥1

hs−k u−k

k

)
= ∑

k≥1
Pk(hs−1, hs−2, . . .)u−k .

Observe that the restriction of T4θ̌f
to U(s−1hf [s−1]) is the identity. By tensoring by line bundles

and applying the braid group action, we can deduce the explicit formulas for all ΘX,C([Zm])’s for
any m ∈ Z. This provides the desired formula (III.8.3) for X = T∗P1 and proves the Theorem for
type A1.

III.8.6.2. General case. Let us next consider the case of an arbitrary affine type Q. Again, we
first establish Statement (1). We will use Proposition III.8.17, and characterize [Yi,(n)] through its
commutations relations with [Zi,ℓ].

Set U0 := Q[his−n | i ∈ If , n ≥ 1]. For weight reasons, ΘX,C restricts to an isomorphism

Q
[
[Yi,(n)] | i ∈ If , n ≥ 1

]
U0

∼ ,

and we have

[Zi,ℓ] ∈
⊕
k≥0

(
eis−ℓ+k ·U0

)
.

In particular,

(ΘX,C)
−1(eis−ℓ) = ∑

k≥0
[Zi,ℓ+k]Pk

for suitable elements Pk ∈ Q[[Yi,(n)] | i ∈ If , n ≥ 1]. Using Proposition III.1.3 we see that Pk is
independent of ℓ. By Proposition III.8.17 (taking into account the twist in the multiplication), we
have for any i, j ∈ If[

[Yj,(n)], (ΘX,C)
−1(eis−ℓ)

]
=

[
[Yj,(n)], ∑

k
[Zi,ℓ+k]Pk

]
= ∑

k

[
[Yj,(n)], [Zi,ℓ+k]

]
Pk (III.8.14)

= (Ci · Cj)∑
k
[Zi,ℓ+k+n]Pk = (−1)n−1(−Ci · Cj)(ΘX,C)

−1(eis−ℓ+n) .

We now make use of the following elementary observation.
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Lemma III.8.26. The map ⊕
i
ad(ei) : U0 −→

⊕
i
U(Lgf)

is injective.

Proof. Let Q ∈ U0 and let us write Q := ∑N
k=0 Qk with Qk ∈ U0 being a sum of monomials in the

ω̌is−n of length k. Here ω̌i ∈ hf is the ith fundamental coweight. Assume that [Q, ei] = 0 for all
i ∈ If . We have

[ei, ω̌j1 s−n1 · · · ω̌jk s−nk ] = −
k

∑
ℓ=1

δi,jℓ ω̌j1 s−n1 · · · ejℓ s
−nℓ · · · ω̌jk s−nk

= −
k

∑
ℓ=1

δi,jℓ ejℓ s
−nℓ ω̌j1 s−n1 · · · ˇ̂ωjℓ s

−nℓ · · · ω̌jk s−nk + l.o.t. ,

(III.8.15)

where l.o.t. stands for a sum of monomials of length < k and ˇ̂ωjℓ s
−nℓ means that ω̌jℓ s

−nℓ does
not appear in the product. From Formula (III.8.15) we see that the only terms contributing to
monomials of length N come from QN and that these terms vanish only if QN = 0. The proof
follows by induction. □

Lemma III.8.26 together with Formula (III.8.14) imply Statement (1) in the general case.

Now, we address Statement (2) for an arbitrary affine quiver Q. We will be dealing at the same
time with objects corresponding to type A(1)

1 (resp. T∗P1) and Q (resp. X): we will distinguish
these by adding the subscript T∗P1 or X in the context of surfaces, and Kr or Q in the context of
quivers.

Let us denote by pri : X̌f ,Q → X̌f ,Kr the map defined by ω̌j 7→ δi,jω̌1. We will fix stability
parameters θ̌Q ∈ X̌Q and θ̌Kr ∈ X̌Kr satisfying Formula (III.6.2) such that pri(θ̌f ,Q) = θ̌f ,Kr.

By Theorem III.7.2–(ii) and –(iii) (cf. [DPSSV25a, Theorem 5.8–(1) and –(2)]), the isomorphism

T̂∗P1
P1 ≃ X̂Ci and the embedding Ci → C give rise to an algebra morphism

ι∗ : HAA
T∗P1,P1 ≃ HAA

X,Ci
−→ HAA

X,C

which sends the fundamental class of an irreducible component Z of Cohnilps (T̂∗P1
P1) ≃ Cohnilps (X̂Ci )

to the fundamental class of Z viewed as an irreducible component of Cohnilps (X̂C). Restricting to
the part of vertical degree zero and composing with the algebra isomorphism ΘX,C, we thus
obtain a morphism

ι∗,0 : Û( n+Kr ell,0) −→ Û( n+Q ell,0) ,

where n+Q ell,0 ⊂ ĝf is defined in Formula (III.8.2) and n+Kr ell,0 := Qe[s±1]⊕ s−1Qh[s−1] ⊂ ŝl2.

Note the following properties:

(i) the functor ι∗ : CohCi (X) → CohC(X) is equivariant with respect to tensoring by line bun-
dles in the sense that Lλ̌ ⊗ ι∗(F ) ≃ ι∗(Lpri(λ̌)

⊗F ) for any F ∈ CohCi (X) and λ̌ ∈ X̌f ,Q,

(ii) this functor restricts to fully faithful functors

CohP1(T∗P1)>0 → CohC(X)>0 and CohP1(T∗P1)⩽0 → CohC(X)⩽0 .

Statement (2) for the surface X now amounts to the equalities

ι∗,0(esn) = x+i sn , (III.8.16)

ι∗,0(hsn) = hisn (III.8.17)
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for all n. Equality (III.8.17) being a consequence of Statement (1), we focus on Equality (III.8.16).
For weight reasons, we have

ι∗,0(esn) = ∑
j≥0

x+i sn+jPj,n(h)

where Pj,n(h) ∈ U(s−1h0[s−1]) is of weight −jδ. Using the property (i) and Proposition III.7.14 we
deduce that ι∗,0 is equivariant with respect to the action of X̌f ,Q. From this and from the relations
(see Proposition III.1.3)

Lλ̌(esn) = (−1)⟨α1,λ̌⟩esn−(α1,λ̌) and Lλ̌(hsn) = hsn ,

Lµ̌(x+i s−n) = (−1)⟨αi ,µ̌⟩x+i sn−(αi ,µ̌) and Lµ̌(hisn) = hisn

for any λ̌ ∈ X̌f ,Kr, µ̌ ∈ X̌f ,Q, we deduce that Pj,n(h) is independent of n (we henceforth drop the n
from the notation).

We will now use nilpotent cohomological Hall algebras of affine quivers. From property (ii),
it follows that functor induced by ι∗ at the level of bounded derived categories preserves the
perverse coherent hearts, hence it induces a fully faithful functor

ιτ : mod(ΠKr) −→ mod(ΠQ) .

This gives rise to a map of derived stacks ιτ : ΛKr → ΛQ, which by abuse of notation we denote
in the same way. The morphism ιτ restricts to a closed embedding ιτ ≤0 : Λ⩽0

Kr → Λ⩽0
Q which fits

in the commutative diagram

Λ≤0
Kr Λ≤0

Q

Cohnil
ps (X̂Ci )

>0 Cohnil
ps (X̂C)

>0

ιτ ≤0

≃ ≃

ι

.

We have identifications

HA
top(Λ

⩽0
Kr ) ≃ U(n−Kr)/IKr and HA

top(Λ
⩽0
Q ) ≃ U(n−Q)/IQ ,

where IKr and IQ are the left ideals respectively generated by⊕
d∈−∆f,Kr×Nδ

nKr,d and
⊕

d∈−∆f,Q×Nδ

nQ,d .

In particular, the projection map π0 : Û( n+Q ell,0) → U( n+Q ell,0)/IQ satisfies

π0(ι∗,0(esn)) = ∑
-n>j≥0

x+i sn+jPj(h) .

To conclude, we will use the adjoint action of the sl2 subalgebra corresponding to the simple
root αi. By construction,

ιτ (S1) = ιτ (S1[−1])[1] = ιτ (OP1(−1))[1] = OCi (−1)[1] = Si

hence at the stacky level the map ιτ restricts to an isomorphism

(ΛKr)Nα1 (ΛQ)Nαi
∼ .

It is easy to see that the induced map ιτ ≤0,∗ : HA
• (Λ

≤0
Kr ) → HA

• (Λ
≤0
Q ) is equivariant with respect to

the left action of the algebras HA
• (ΛKr)Nα1 ≃ HA

• (ΛQ)Nαi (see Proposition III.3.14–(3)). Note that

f u = [ f , u] ∈ U(n−Kr)/IKr and fiv = [ fi, v] ∈ U(n−Q)/IQ

for any u ∈ U(n−Kr) and v ∈ U(n−Q). Hence we get

ιτ ≤0,∗( f esn) = ιτ ≤0,∗([ f , esn]) = −2 ιτ ≤0,∗(hsn) = −2hisn ,
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and also

ιτ ≤0,∗( f esn) = fi ιτ ≤0,∗(esn) =

[
fi, ∑

-n>j≥0
x+i sn+jPj(h)

]
= −2 ∑

-n>j≥0
hisn+jPj(h) .

As this is true for all n < 0 we deduce that P0(h) = 1 and Pj(h) = 0 for all j > 0 as wanted. This
concludes the proof of Statement (2) in the general case. Thus, Theorem III.8.6 is proved.

III.9. APPENDIX: PROOF OF PROPOSITION III.2.8

Let sQ be the Lie algebra introduced in Definition III.2.5. Let s0
Q be the Lie subalgebra of sQ

generated by the elements Hi,ℓ with i ∈ I and ℓ ∈ N, while let s±Q be the Lie subalgebra of sQ
generated by the elements X±

i,ℓ with i ∈ I and ℓ ∈ N.

Let us first recall the statement of Proposition III.2.8.

Proposition III.9.1.

• s0
Q is isomorphic to the free commutative Lie algebra generated by Hi,ℓ, with i ∈ I and ℓ ∈ N.

• s±Q is isomorphic to the Lie algebra generated by the elements X±
i,ℓ with i ∈ I and ℓ ∈ N satisfying

the relations:
(1) [

X±
i,r+1, X±

j,s

]
=
[

X±
i,r, X±

j,s+1

]
, (III.9.1)

and

ad
(

X±
i,0

)1−ai,j
(

X±
j,r

)
= 0 for i ̸= j , (III.9.2)

if Q ̸= A(1)
1 ;

(2) (III.9.1) for i = j, (III.9.2),[
X±

i,r+2, X±
i+1,s

]
− 2
[

X±
i,r+1, X±

i+1,s+1

]
+
[

X±
i,r, X±

i+1,s+2

]
= 0 , (III.9.3)

and [[
X±

i,r+1, X±
j,s

]
, X±

j,ℓ

]
−
[[

X±
i,r, X±

j,s+1

]
, X±

j,ℓ

]
= 0 , (III.9.4)

if Q = A(1)
1 .

We will provide a proof of the proposition in the remaining part of the section.

Denote by s̃0
Q the free commutative Lie algebra generated by Hi,ℓ, with i ∈ I and ℓ ∈ N, and

by s̃±Q the Lie algebra generated by the elements X±
i,ℓ with i ∈ I and ℓ ∈ N satisfying the relations

(1) and (2). We shall prove that s0
Q ≃ s̃0

Q and s±Q ≃ s̃±Q.

Define the Lie algebra s1 Q as the Lie algebra generated by X±
i,ℓ and Hi,ℓ, with i ∈ I and ℓ ∈ N,

subject to the relations (III.2.8), (III.2.9), and (III.2.10) in Definition III.2.5. Moreover, define s̃±1 Q
as the free Lie algebra generated by X±

i,ℓ and s̃0
1 Q as the free commutative Lie algebra generated

by Hi,ℓ, with i ∈ I and ℓ ∈ N. On the other hand, define the Lie algebras s2 Q and s̃±2 Q as sQ and
s̃±Q with the relation (III.9.2) removed.

For i = 1, 2, let s±i Q and s0
i Q be the Lie subalgebras of si Q generated by X±

i,ℓ and Hi,ℓ, with i ∈ I
and ℓ ∈ N, respectively. We get a triangular decomposition

s1 Q = s+1 Q ⊕ s0
1 Q ⊕ s−1 Q .

Note that s̃±1 Q ≃ s±1 Q and s̃0
1 Q ≃ s0

1 Q. In particular, the above triangular decomposition becomes

s1 Q = s̃+1 Q ⊕ s̃0
1 Q ⊕ s̃−1 Q .
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Let τ±
1 be the ideal of s±1 Q such that s̃±2 Q = s±1 Q/ τ±

1 , i.e., τ±
1 is generated by the relation (III.9.1)

if Q ̸= A(1)
1 , while is generated by (III.9.1) for i = j, (III.9.3) and (III.9.4) if Q = A(1)

1 .

Lemma III.9.2. [ s1 Q, τ±
1 ] ⊂ τ±

1 .

Proof. First, assume that Q = A(1)
1 . Recall that τ±

1 is the Lie ideal of s±1 Q generated by

Ai,r,s :=
[

X±
i,r+1, X±

i,s

]
−
[

X±
i,r, X±

i,s+1

]
,

A′
i,r,s :=

[
X±

i,r+2, X±
i+1,s

]
− 2
[

X±
i,r+1, X±

i+1,s+1

]
+
[

X±
i,r, X±

i+1,s+2

]
,

Ai,j,r,s,ℓ :=
[[

X±
i,r+1, X±

j,s

]
, X±

j,ℓ

]
−
[[

X±
i,r, X±

j,s+1

]
, X±

j,ℓ

]
,

with i ̸= j ∈ I and r, s, ℓ ∈ N. Choose k ∈ I and u ∈ N. The element
[

Hk,u, Ai,r,s

]
is a linear

combination of Ai,r+u,s and Ai,r,s+u, the element
[

Hk,u, A′
i,r,s

]
is a linear combination of Ai,r+u,s

and Ai,r,s+u, while
[

Hk,u, Ai,j,r,s,ℓ

]
is a linear combination of Ai,j,r+u,s,ℓ, Ai,j,r,s+u,ℓ, and Ai,j,r,s,ℓ+u.

Hence,
[

Hk,u, Ai,r,s

]
,
[

Hk,u, A′
i,r,s

]
,
[

Hk,u, Ai,j,r,s,ℓ

]
belong to τ±

1 .

Further, note that[
X∓

k,u,
[

X±
i,r, X±

j,s

]]
= −

[
X±

j,s,
[

X∓
k,u, X±

i,r

]]
−
[

X±
i,r,
[

X±
j,s, X∓

k,u

]]
= −δk,i

[
X±

j,s, Hi,u+r

]
− δk,j

[
X±

i,r, Hj,u+s

]
= δk,iai,jX±

j,r+s+u + δk,jaj,iX±
i,r+u+s .

Thus,
[

X∓
k,u, Ai,r,s

]
,
[

X∓
k,u, A′

i,r,s

]
,
[

X∓
k,u, Ai,j,r,s,ℓ

]
vanish, hence they belong to τ±

1 . Thus, an easy

induction on the degree of any element X± in s±1 Q implies that all elements[
Hk,u,

[
X±, B

]]
and

[
X∓

k,u,
[

X±, B
]]

with k ∈ I, u ∈ N, and B = Ai,r,s, A′
i,r,s, Ai,j,r,s,ℓ, belongs to τ±

1 . The proof when Q ̸= A(1)
1 uses

the same arguments and it is simpler. □

Thanks to the above lemma, the image of τ±
1 by the inclusion s±1 Q ⊂ s1 Q is an ideal. We

deduce that

s2 Q = s1 Q/
(
s+1 Q + s−1 Q

)
=
(
s+1 Q ⊕ s0

1 Q ⊕ s−1 Q
)
/ s1 Q

(
s+1 Q + s−1 Q

)
=
(
s+1 / s+1

)
⊕ s0

1 ⊕
(
s−1 / s−1

)
= s̃+2 Q ⊕ s̃0

2 Q ⊕ s̃−2 Q .

In particular, we also have s̃±2 Q = s±2 Q and s̃0
2 Q = s̃0

2 Q.

Let s±2 Q be the ideal of s±2 Q such that s̃±Q = s±2 Q/ τ±
2 , i.e., the ideal generated by the relation

(III.9.2).

Lemma III.9.3. [ s2 Q, τ±
2 ] ⊂ τ±

2 .

Proof. Recall that τ±
2 is the Lie ideal of s±2 Q generated by

Bi,j,s := ad
(

X±
i,0

)1−ai,j
(

X±
j,s

)
,
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with i ̸= j ∈ I and s ∈ N. Choose any k ∈ I and u ∈ N. It is easy to see that for any element X±

in s±2 Q the Lie bracket
[

Hk,u, [X±, Bi,j,s

]]
belongs to τ±

2 . To prove that
[

X∓
k,u,
[

X±, Bi,j,s

]]
belongs

also to τ±
2 , by an induction on the degree of X±, it is enough to check that

[
X∓

k,u, Bi,j,s

]
∈ τ±

2 .
This is a case by case computation for ai,j = 0,−1 or −2. □

Proof of Proposition III.2.8. The previous lemma yields that the image of τ±
2 by the inclusion

s±2 Q ⊂ s2 Q is an ideal. We deduce as above that

sQ = s̃+Q ⊕ s̃0
Q ⊕ s̃−Q , s̃±Q = s±Q , s̃0

Q = s0
Q .

This proves the proposition. □

III.10. APPENDIX: PROOF OF PROPOSITION III.7.19

Given a decomposition (γ, n) = (γ1, n1) + (γ2, n2), for ease of exposition, we will employ the
notation

X := Coh(X̂C; γ, n) and Xi := Coh(X̂C; γi, ni)

for 1 ≤ i ≤ 2. Let

X ×X

X X

evX ev

X ×Xi

X Xi

evX,i evi

denote the canonical projections, with 1 ≤ i ≤ 2.

Given α ∈ H•
A(X), recall that να ∈ H•

A(X) is defined by

να = ev!(ev
∗
X(α) ∪ ch(E))

where E is the universal sheaf constructed in §III.7.6. Define

ν
(i)
α = (evi)!(ev

∗
X,i(α) ∪ ch(Ei))

where Ei is the universal sheaf over X ×Xi, for 1 ≤ i ≤ 2.
The proof of Proposition III.7.19 will use some preliminary results derived from [Kha19, PY24].

First, as a consequence of [PY24, Proposition 4.10-(3)], one has the following.

Lemma III.10.1. For any x ∈ HA
• (X), for any invariants (γ, n), we have

να ∩ x = ev∗((ev
∗
X(α) ∪ ch(E)) ∩ ev!(x)) .

We next record the following compatibility results for the external product defined in [PY24].

Lemma III.10.2. Let Y be an admissible indgeometric derived stack and let r : X × X → Y be the
canonical projection. Assume that there is a torus action A on Y so that r is A-equivariant. Let

κ : HA
• (X)⊗HA

• (Y) −→ HA
• (X ×Y)

be the external product defined in [PY24, Definition 3.10-(2)]. Then

r!(x) = κ([X]⊗ y)

for all y ∈ HA
• (Y).

Proof. By [Kha19, Remark 3.7], one has r!(x) = r!(1) ◦ y, where

◦ : HA
k (X ×Y/Y)⊗HA

k′ (Y) −→ HA
k+k′(X ×Y)
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is the composition product defined in [Kha19, §2.2.5]. Moreover, applying [PY24, Proposition 4.7]
to the pull-back diagram

X ×Y Y

X Spec(C)

r

b

a

,

one obtains the identity b∗([X]) = r!(1). Here b∗ : HA
• (Y) → HA

• (X ×Y) is the change of base
map defined in [Kha19, §2.2.3].

Finally, applying [PY24, Proposition 4.10-(4)] to the same pull-back diagram yields

b∗([X]) ◦ y = κ([X]⊗ y) .

This proves the claim. □

Lemma III.10.3. Let

κ : HA
• (X1)⊗HA

• (X2) −→ HA
• (X1 ×X2)

and

κ1 : HA
• (X ×X1)⊗HA

• (X2) −→ HA
• (X ×X1 ×X2) ,

κ2 : HA
• (X1)⊗HA

• (X ×X2) −→ HA
• (X ×X1 ×X2)

be the external products defined in [PY24, Definition 3.10-(2)]. Let

ri : X ×X1 ×X2 −→ X ×Xi

for 1 ≤ i ≤ 2, and

ev12 : X ×X1 ×X2 −→ X1 ×X2

be the canonical projections. Then, the following identities hold:

r∗1(c1) ∩ κ1(ev
!
1(x1)⊗ x2) = κ1((c1 ∩ ev!

1(x1))⊗ x2) , (III.10.1)

r∗2(c2) ∩ κ2(x1 ⊗ ev!
2(x2)) = κ2(x1 ⊗ (c2 ∩ ev!

2(x2)) , (III.10.2)

for any xi ∈ HA
• (Xi) and any ci ∈ H•

A(X ×Xi), with 1 ≤ i ≤ 2.

Furthermore, for any xi ∈ HA
• (Xi) and any yi ∈ HA

• (X ×Xi), with 1 ≤ i ≤ 2, one also has

(ev12)∗(κ1(y1 ⊗ x2)) = κ((ev1)∗(y1)⊗ x2) , (III.10.3)

(ev12)∗(κ2(x1 ⊗ y2)) = κ(x1 ⊗ (ev2)∗(y2)) . (III.10.4)

Proof. Identity (III.10.1) is a consequence of [PY24, Proposition 4.10-(5)], using the identity (r1)∗(c1) =
κ1(c1 ⊗ 1X2), where 1X2 is the unit element in the cohomology ring of X2. The proof of iden-
tity (III.10.2) is completely analogous.

Identity (III.10.3) follows from [PY24, Proposition 4.10-(6)] applied with X = X1, Y = X2,
X′ = X × X1, Y′ = X2, f = ev1, and g = idX2 . Then we get h = ev12, and the cited statement
gives exactly identity (III.10.3). The proof of identity (III.10.4) is completely analogous. □
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Consider now the commutative diagram

X

X ×X1 ×X2

X X ×X1 X ×X2 X

X1 ×X2

X1 X2

r1 r2

ev12

evX,12

ev1

evX,1

ev2

evX,2

π1 π2

where both squares are pull-back. As in Lemma III.10.2, let

κ : HA
• (X1)⊗HA

• (X2) −→ HA
• (X1 ×X2)

denote the external product defined in [PY24, Definition 3.10-(2)]. Abusing notation, set also
να(x) := να ∩ x for any α ∈ H•

A(X) and x ∈ H•
A(X). Then, the following holds.

Lemma III.10.4. One has the identity

κ(ν
(1)
α (x1)⊗ ν

(2)
α (x2)) =

(ev12)∗
(
((r∗1ch(E1) + r∗2ch(E2)) ∪ ev∗X,12(α)) ∩ ev!

12(κ(x1 ⊗ x2))) (III.10.5)

for any xi ∈ HA
• (Xi), with 1 ≤ i ≤ 2.

Proof. By substitution, the left hand side of identity (III.10.5) reads

κ(ch
(1)
α (x1)⊗ ch

(2)
α (x2)) =κ

(
(ev1)∗(ch(E1) ∪ ev∗X,1(α)) ∩ ev!

1(x1))⊗ x2

+ x1 ⊗ (ev2)∗(ch(E2) ∪ ev∗X,2(α)) ∩ ev!
2(x2)))

)
.

In order to rewrite the right hand side of (III.10.5), as in Lemma III.10.3, let

κ1 : HA
• (X ×X1)⊗HA

• (X2) −→ HA
• (X ×X1 ×X2)

κ2 : HA
• (X1)⊗HA

• (X ×X2) −→ HA
• (X ×X1 ×X2)

be the external products defined in [PY24, Definition 3.10-(2)]. Since the external product is asso-
ciative, Lemma III.10.2 yields the identities

ev!
12(κ(x1 ⊗ x2)) = κ1(ev

!
1(x1)⊗ x2) and ev!

12(κ(x1 ⊗ x2)) = κ2(x1 ⊗ ev!
2(x2)) .

Then the right hand side of identity (III.10.5) reads

(ev12)∗
(
((r∗1ch(E1) + r∗2ch(E2)) ∪ ev∗X,12(α)) ∩ ev!

12(κ(x1 ⊗ x2))) =

(ev12)∗
(
r∗1(ch(E1) ∪ ev∗X,1(α)) ∩ κ1(ev

!
1(x1)⊗ x2) + r∗2(ch(E2) ∪ ev∗X,2(α)) ∩ κ2(x1 ⊗ ev!

2(x2))
)

.

Next, note that the first part of Lemma III.10.3 yields the identities

r∗1(ch(E1) ∪ ev∗X,1(α)) ∩ κ1(ev
!
1(x1)⊗ x2) = κ1(((ch(E1) ∪ ev∗X,1(α)) ∩ ev!

1(x1))⊗ x2) ,

r∗2(ch(E2) ∪ ev∗X,2(α)) ∩ κ2(x1 ⊗ ev!
2(x2)) = κ2(x1 ⊗ ((ch(E2) ∪ ev∗X,2(α)) ∩ ev!

2(x2))) .

Hence, setting

yi = (ch(Ei) ∪ ev∗X,i(α)) ∩ ev!
i(xi) ,

for 1 ≤ i ≤ 2, one obtains
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(ev12)∗
(
((r∗1ch(E1) + r∗2ch(E2)) ∪ ev∗X,12(α)) ∩ ev!

12(κ(x1 ⊗ x2))) =

(ev12)∗
(
κ1(y1 ⊗ x2) + κ2(x1 ⊗ y2)

)
.

Using the second part of Lemma III.10.3 we further obtain

(ev12)∗
(
((r∗1ch(E1) + r∗2ch(E2)) ∪ ev∗X,12(α)) ∩ ev!

12(κ(x1 ⊗ x2))) =

κ((ev1)∗(y1)⊗ x2) + κ(x1 ⊗ (ev2)∗(y2)) .

This proves identity (III.10.5). □

The next lemma concludes the proof of Proposition III.7.19.

Lemma III.10.5. Let

µ : HA
• (X1)⊗HA

• (X2) −→ HA
• (X)

be the Hall product. Then one has

να(µ(x1 ⊗ x2)) = µ(ν
(1)
α (x1)⊗ x2 + x1 ⊗ ν

(2)
α (x2))

for any xi ∈ HA
• (Xi), with 1 ≤ i ≤ 2.

Proof. Let

Cohext X

X1 ×X2

q

p

be the Hall convolution diagram, where Cohext denotes the derived moduli stack of extensions.
This yields the pull-back diagrams

X × Cohext Cohext

X ×X1 ×X2 X1 ×X2

idX×q

evex

q

ev12

and
X × Cohext Cohext

X ×X X

idX×p

evex

p

ev

. (III.10.6)

Recall that ri : X × X1 × X2 → X × Xi denotes the canonical projection for 1 ≤ i ≤ 2. Then
diagrams (III.10.6) yield the identity

(idX × q)∗((r∗1ch(E1) + r∗2ch(E2)) ∪ ev∗X,12(α)) = (idX × p)∗ch(E) ∪ s∗(α) , (III.10.7)

where s : X × Cohext → X is the canonical projection.
Using [Kha19, Theorem A.5-(iv)], one has

q! (ev12)∗ = (evex)∗ (idX × q)! .

Hence identity (III.10.5) yields

q! κ(ν
(1)
α (x1)⊗ ν

(2)
α (x2)) =

q! (ev12)∗
(
((r∗1ch(E1) + r∗2ch(E2)) ∪ ev∗X,12(α)) ∩ ev!

12(κ(x1 ⊗ x2))) =

(evex)∗ (idX × q)!(((r∗1ch(E1) + r∗2ch(E2)) ∪ ev∗X,12(α)) ∩ ev!
12(κ(x1 ⊗ x2))

)
. (III.10.8)

By [PY24, Proposition 4.10-(1)], one has

(evex)∗ (idX × q)!(((r∗1ch(E1) + r∗2ch(E2)) ∪ ev∗X,12(α)) ∩ ev!
12(κ(x1 ⊗ x2))

)
=

(evex)∗
(
(idX × q)∗((r∗1ch(E1) + r∗2ch(E2)) ∪ ev∗X,12(α)) ∩ (idX × q)! ev!

12(κ(x1 ⊗ x2))
)

.

Hence identities (III.10.7) and (III.10.8) yield
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q! κ(ν
(1)
α (x1)⊗ ν

(2)
α (x2)) =

(evex)∗
(
(idX × p)∗ch(E) ∪ r∗(α)) ∩ (idX × q)! ev!

12(κ(x1 ⊗ x2))
)
=

(evex)∗
(
(idX × p)∗ch(E) ∪ s∗(α)) ∩ ev!

ex q!(κ(x1 ⊗ x2))
)

.

Furthermore, s∗(α) = (idX × q)∗ ev∗(α). Therefore we are left with

q! κ(ν
(1)
α (x1)⊗ ν

(2)
α (x2)) = (evex)∗

(
(idX × p)∗(ch(E) ∪ ev∗X(α)) ∩ ev!

ex q!(κ(x1 ⊗ x2))
)

.

Applying p∗, we further obtain

p∗ q! κ(ν
(1)
α (x1)⊗ ν

(2)
α (x2)) = p∗ (evex)∗

(
(idX × p)∗(ch(E) ∪ ev∗X(α)) ∩ ev!

ex q!(κ(x1 ⊗ x2))
)

.

Using the second diagram in Equation (III.10.6), this yields

p∗ q! κ(ν
(1)
α (x1)⊗ ν

(2)
α (x2)) = ev∗ (idX × p)∗

(
(idX × p)∗(ch(E) ∪ ev∗X(α)) ∩ ev!

ex q!(κ(x1 ⊗ x2))
)

.

Applying [PY24, Proposition 4.10-(2)] to the right hand side of the above equation yields

p∗ q! κ(ν
(1)
α (x1)⊗ ν

(2)
α (x2)) = ev∗

(
(ch(E) ∪ ev∗X(α)) ∩ (idX × p)∗ ev!

ex q!(κ(x1 ⊗ x2))
)

.

Using again the second diagram in (III.10.6), we finally obtain

p∗ q! κ(ν
(1)
α (x1)⊗ ν

(2)
α (x2)) = ev∗

(
(ch(E) ∪ ev∗X(α)) ∩ ev! p∗ q!(κ(x1 ⊗ x2))

)
,

which proves the claim. □

III.11. APPENDIX: PURITY AND FORMALITY

Let G be a complex linear group, T a complex torus, and X an algebraic G × T-variety over C.
We consider the following quotient stacks

X := X/G and XT := X× T .

Let AT be a mixed Hodge module over XT . Applying the forgetful functor to AT we get a mixed
Hodge module A over the stack X. The following is well-known. Let us recall a proof.

Proposition III.11.1. Assume that the cohomology group Hq(X, A) is pure of weight q for each integer
q. Then, the following hold:

(1) Hq(XT , AT) is pure of weight q for each integer q.

(2) If H•(XT , AT) is free as an H•
T-module, then, for each integer q, the restriction yields an isomor-

phism

Hq(XT , AT)⊗H•
T

Q −→ Hq(X, A) .

Proof. The Leray Spectral sequence for the fibration XT → BT is

Ep,q
2 := Hp(BT, Q)⊗Hq(X, A) −→ Hp+q(XT , AT) .

Since H
p
T and Hq(X, A) are pure of weights p and q, the term Ep,q

2 is pure of weight p + q. The
differentials of the spectral sequence are strictly compatible with weights. Thus, they vanish.
Hence Hp+q(XT , AT) is pure of weight p + q. This proves (1).

Now, consider the Cartesian square

X XT

Spec(C) BT

.

The Eilenberg-Moore spectral sequence attached to this diagram is

Eq,•
2 := Tor

H•
T

-q (H•(XT , AT), Q) −→ H•+q(X, A) .
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It degenerates at E2, see, e.g., [FW05, Theorem 1.3]. Hence, we have

H•(X, A) = Tor
H•

T
-• (H•(XT , AT), Q) ,

proving (2). □
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Sci. École Norm. Sup. (4) 16 (1983), no. 3, 409–449 (1984). (cited on p. 89)
[Gro96] I. Grojnowski, Instantons and affine algebras. I. The Hilbert scheme and vertex operators, Math. Res. Lett. 3

(1996), no. 2, 275–291. (cited on p. 2, 3)
[Gua07] N. Guay, Affine Yangians and deformed double current algebras in type A, Adv. Math. 211 (2007), no. 2,

436–484. (cited on p. 36, 72, 73)
[GNW18] N. Guay, H. Nakajima, and C. Wendlandt, Coproduct for Yangians of affine Kac-Moody algebras, Adv. Math.

338 (2018), 865–911. (cited on p. 41)
[GRW19] N. Guay, V. Regelskis, and C. Wendlandt, Vertex representations for Yangians of Kac-Moody algebras, J. Éc.
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