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ABSTRACT. This paper provides the first algebraic characterization of an algebra of cohomological
Hecke operators associated with modifications of coherent sheaves on a smooth surface X along a
fixed proper curve Z C X (possibly singular and reducible), establishing a direct connection with
Yangians. It is based on the theory of equivariant nilpotent cohomological Hall algebras HA)T(/Z,
developed by the same authors in [DPSSV25a].

More precisely, let X be a resolution of a Kleinian singularity (for example, X := T*IP!) and let Z
be the exceptional divisor. One of the main results of this paper is an explicit isomorphism

HA;(/Z = Y;(Q) ,

where YZ (g) is a completed, nonstandard, positive half of the affine Yangian Y (g) of the correspond-
ing affine ADE Lie algebra g. Under this identification, the natural action of Pic(X) on HA)T(/Z cor-
responds to the action of the extended affine braid group on Y(g). Furthermore, the generators of
HA)T(, z—given by fundamental classes of substacks of zero-dimensional sheaves and of pushforwards
of line bundles on Z-are expressed explicitly in terms of Yangian generators.

Our main tools, which may be of independent interest, are
(i) A ‘continuity’ theorem describing the behavior of cohomological Hall algebras of objects in the
heart of t-structures 7, when the sequence (T,,), converges, in an appropriate sense, to a fixed
t-structure Teo.

(ii) The definition of a multi-parameter Yangian Y g for an arbitrary quiver Q, given by generators
and relations.

(iii) A theorem relating the algebraic action of the braid group Bg on the Yangian Y g to the action
of Bg on the equivariant 2-dimensional cohomological Hall algebra HAg of Q, where the
latter can be described in terms of derived reflection functors of the bounded derived category
of modules over the preprojective algebra of Q.
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INTRODUCTION

Let X be a smooth quasiprojective variety. A punctual modification of a coherent sheaf £ on X is
a subsheaf 7 C & for which £/ F is zero-dimensional. Hecke operators associated with punctual
modifications have traditionally played a central role in studying of moduli stacks or moduli
spaces of (semi)stable vector bundles on smooth projective curves. There are several instances in
which one can consider algebras of such Hecke operators. The oldest and most studied context
involves functions on the moduli stack of vector bundles on a smooth projective curve defined
over a finite field, as in the function field version of the original Langlands program, and their
constructible sheaf analogs, as in the geometric Langlands program. In these cases, the resulting
algebra is fully understood: it decomposes as a product of spherical affine Hecke algebras, which
are commutative polynomial algebras.

The study of cohomological Hecke operators associated with punctual modifications of torsion-
free sheaves on smooth surfaces has played a central role in geometric representation theory
and algebraic geometry. This line of research originates in the pioneering works of Nakajima
[Nak97, Nak99] and Grojnowski [Gro96] in the 1990s, which investigated the cohomology of
Hilbert schemes of points on surfaces. The structure of the resulting algebra of operators has
been intensively studied by many authors over the last three decades, culminating in a complete
understanding in [MMSV23]. We will revisit the cornerstones of this theory below.

The goal of this paper, together with its companions [DPSSV25a, DPSSV25b] is to go beyond the
punctual case, developing a framework to study modifications along curves and providing the
first systematic structural results in this case. More precisely, let X be a smooth quasiprojective
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complex surface; a curve modification of a coherent sheaf £ on X is a subsheaf 7 C £ with £/F
set-theoretically supported on a proper (possibly singular and reducible) curve. In the context of
this work, we fix once and for all the curve Z along which modifications happen. A prototypical
example arises when X := Tot(L) is the total space of a line bundle £ over a smooth projective
curve C, with modifications along the zero section Z := C.

We begin by briefly reviewing the known results concerning Hecke operators associated with
punctual modifications and the motivations related to those of curve modifications, before pre-
senting our main results.

Punctual modifications of coherent sheaves on smooth surfaces. Let X be a smooth quasipro-
jective complex surface. The first occurrence of cohomological Hecke operators associated with
punctual modifications on surfaces can be traced back to the foundational works of Nakajima
[Nak97, Nak99] and Grojnowski [Gro96]. Using such operators, they constructed an action of the
Heisenberg-Clifford algebra Heisx, modeled on the cohomology H®(X) of X, on the direct sum
Vx of the Borel-Moore homologies of Hilbert schemes Hilb’(X) of ¢ points on X. This yields a
canonical isomorphism between V x and the Fock space representation of Heisy, thereby creating
an extremely powerful dictionary between the representation theory of Heisenberg algebras and
the geometry of Hilbert schemes of points on smooth surfaces. This dictionary was later further
enriched by the work of many authors. Notably, Lehn [Leh99] provided a geometric construction
of the action of the Virasoro algebra on V.

By the work of Baranosky [Bar00] (see also [LS10]), this construction admits natural extensions
to other moduli spaces, such as the instanton moduli space Mp2(r), parametrizing rank r framed
torsion-free sheaves on IP? (see [Nak99, Chapter 2]), and the moduli spaces of Gieseker-stable
torsion-free sheaves with fixed rank and first Chern class on a smooth projective complex surface
X, which are higher-rank versions of Hilb’(C2) and Hilb’(X), respectively.

As noted in [Bar00], higher-rank moduli spaces no longer yield irreducible or cyclic Heisx-
modules. For the instanton moduli space Mp:(r), a solution emerged from the Alday-Gaiotto-
Tachikawa correspondence [AGT10], which relates two-dimensional conformal field theories to
supersymmetric gauge theories on R*. This correspondence suggests replacing Heisc> with the
affine W-algebra W(gl(r)), endowing the equivariant cohomology of Mp2 () with the structure
of a Verma module of W(gl(r)), as proved in [SV13b, MO19, BEN16, RSYZ20, CCDS21]. A key
aspect of [SV13b]’s construction involves the (equivariant) cohomological Hall algebra (COHA) of
zero-dimensional sheaves on C2. This COHA serves as the biggest algebra of cohomogical Hecke
operators associated with punctual modifications which acts on the (equivariant) cohomology of
instanton moduli spaces.

The COHA HA((X) of zero-dimensional sheaves on a smooth surface X has been introduced
in [Zha21, KV23], generalizing [SV13b] when X = C2, and in [Min20, SS20] when the surface
is the cotangent of a curve. This algebra naturally acts on the homology of moduli spaces of
(semi)stable sheaves via punctual modifications (see, e.g. [KV23, MMSV23]), recovering the “pos-
itive half” of the algebras of cohomological Hecke operators associated with punctual modifica-
tions introduced in [Nak97, Nak99, Gro96, Bar00] and discussed above.

The algebraic structure of HA¢(X) has been determined explicitly for AZ in [SV13b, Dav22],

and for an arbitrary cohomologically pure surface X in [MMSV23]'. Concretely, HA((X) is iso-
morphic to the positive half of the deformed H® (X)-colored Wy | -algebra defined in [MMSV23] (see
[Neg22b] and references therein for the K-theoretical version). Equivalently, it realizes a H®* (X)-

colored version of the Yangian of gl;, which is a deformation of the enveloping algebra of the
Lie superalgebra gl;[z] ® H*(X). The zero-degree modes subalgebra gl; © H*(X) recovers the
Heisenberg-Clifford algebra, while degree < 1 modes yield Lehn’s Virasoro algebra.

The explicit algebraic description of HA((X) has played a crucial role in several important
applications. If X = C?, it was essential for proving the Alday-Gaiotto-Tachikawa conjectures for

n loc.cit., the cohomological Hall algebra is denoted Ho(X).
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pure supersymmetric gauge theories on R* in [SV13Db]. If X is the cotangent bundle of a smooth
projective complex curve, this explicit algebraic description proved fundamental in establishing
the proof of the P = W conjecture in [HMMS22].

Curve modifications of coherent sheaves on smooth surfaces. Similarly to the case of punctual
modifications, interest in Hecke operators associated with curve modifications also dates back to
the 1990s. For example, in their work on a ‘surface analog’ of the geometric Langlands program,
the fifth-named author, together with Ginzburg and Kapranov [GKV95], introduced an algebra
of Hecke operators associated with modifications of coherent sheaves on a smooth surface X
along an ADE configuration of IP1’s, acting on the space of functions of certain moduli stacks of
coherent sheaves on X. For an elliptic surface and a special fiber of affine type ADE, this algebra
was extended to a two-parameter version of the quantum toroidal algebra of the same ADE
quiver. Around the same time, motivated by gauge-theoretic considerations, Nakajima [Nak96]
speculated about the existence of an algebra of cohomological Hecke operators associated with
curve modifications. The potential role of such operators in gauge theories on four-manifolds
remains an active area of investigation in theoretical physics, see, e.g., [FG20].

The construction of algebras of cohomological Hecke operators for curve modifications of per-
verse coherent sheaves was initiated in Nakajima’s work on ALE spaces [Nak94], preceding his in-
vestigations of punctual modifications on Hilbert schemes. In this setting, where perverse coher-
ent sheaves correspond to specific quiver representations, the algebras of these Hecke operators
can be explicitly described via two-dimensional cohomological Hall algebras associated with quivers.
These were originally introduced by the fourth and fifth-named authors in [SV12, SV13a, SV13b]
(see also [YZ18a]), with a different terminology. Recently, a complete algebraic characterization
of these COHAs in terms of Maulik-Okounkov Yangians [MO19] was given independently in
[BD23], building on [DM20], and [SV23], extending [SV20, SV17]. Furthermore, the study of
modification of perverse coherent sheaves has been extended to the three-dimensional setting
[RSYZ23, BR23], relating them to Kontsevich-Soibelman’s three-dimensional COHAs [KS11] and
conjecturally to Li-Yamazaki quiver Yangians [LY20]. Finally, quiver varieties have played a piv-
otal role in realizing geometric actions of Lorentzian Kac-Moody algebras (resp. toroidal algebras)
on the homology of moduli spaces of rank one sheaves on K3 surfaces (resp. elliptic surfaces) in
[DeH20, DeH23], making use of the birational geometry of these moduli spaces.

The original approach outlined in [Nak96] uses Hecke modifications associated with para-
bolic bundles. This framework was later formalized in [Nak03, Yos10], yielding actions of Lie
algebras, associated with exceptional objects, on the cohomology of moduli spaces of Gieseker-
stable sheaves on K3 surfaces. This yields the first instance where Hecke operators associated
with curve modifications of coherent sheaves, as opposed to perverse coherent sheaves, are con-
structed. As the preceding examples show, these Lie algebras constitute only a small part of the
full algebra of cohomological Hecke operators one seeks to construct. In this context, the theory
of two-dimensional COHAs offers a promising framework to realize the full algebra of cohomo-
logical Hecke operators associated with curve modifications.

The existing theory of COHAs for coherent sheaves on smooth surfaces [KV23], which gener-
alizes earlier work on both the zero-dimensional case [Zha21] and properly supported coherent
sheaves on cotangent bundles of smooth curves [Min20, S520], needs to be modified for the ef-
fective study of these Hecke operators, especially for modifications along a fixed curve. This
adaptation is crucial for establishing a direct connection to Yangians, analogous to the estab-
lished correspondence between (possibly nilpotent) quiver COHAs and Maulik-Okounkov Yan-
gians [SV17, SV23]. Such a connection to Yangian-type algebras is a first important step towards
studying and exploiting the action of these algebras on moduli spaces of interest.

Our work. A central objective of this work is to develop a unified framework achieving two
fundamental aims: first, the construction of the largest algebra of cohomological Hecke operators
associated with curve modifications of coherent sheaves along a fixed proper curve Z, which may
be singular and reducible; and second, the derivation of an explicit connection to Yangian-type
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quantum groups. This program is initiated and in part achieved through the sequence of works
[DPSSV25a, DPSSV25b], and the present paper.

In [DPSSV25a], we developed the general theory of the COHA HAx 7 of coherent sheaves
on a smooth quasiprojective complex surface X with set-theoretic support on a proper curve
Z C X. One may view this algebra as a nilpotent version of the COHA introduced in [KV23]. The
companion paper [DPSSV25b] establishes a PBW-type theorem relating the COHA HAx 7 for a
reducible curve Z with the COHAs HAy 7, of the irreducible components Z; of Z. This allows in
principle to reconstruct HAx 7 from the individual pieces HAx 7., and from local commutation
relations between intersecting irreducible components Z;, Z;.

The present paper provides the first computation of HAx 7 and consequently of the algebra
of cohomological Hecke operators of curve modifications of coherent sheaves, in the important
case of Kleinian singularities. Using the results of [DPSSV25b], this paves the way to the study of
the COHA HAx 7 whenever Z is a union of (—2) rational curves which intersect transversally.

More precisely, fix a finite subgroup G C SL(2,C), let 1: X — Xcon be the minimal resolution
of the Kleinian singularity Xcon = C2/G,and let Z = C = 71’1(0) C X be the exceptional
divisor. We also allow an arbitrary diagonal torus T C GL(2,C) which commutes with the action
of G. Let Q = (I, Q) denote the McKay quiver of G, and let gr and g := gr be the corresponding
simple Lie algebra and its affinization. The affine Yangian Yo is a deformation of the enveloping
algebra U(ge) of the universal central extension

gen = g¢[s*, ] K withK:= P Qe, & P Qcxe

leN (EN, (>1
kEZ, kA0

of the double loop algebra g¢[s*, t].

g:“ =n, st @s p[s ] K. where K_ = @ch .
k<0

Consider the following nonstandard positive half of g

The first main result of the paper is the following.
Theorem A (Theorems I11.7.8 & I11.7.25). The following hold.

(i) Assume that T = {id}. There is an algebra isomorphism
Ox,c: HAxc —— U(gf))

where U(g:”) is an explicit completion of U(g)).

(ii) There is an algebra isomorphism
Ox,c: HAL - —= Y
where Y7 is a filtered deformation of U( gJ) defined over H$.

The algebra YJ, is defined as a limit of quotients of the standard negative half Y5 C Ygin
which the transition morphisms are given by truncated braid group operators.

Remark. The isomorphisms Ox ¢ intertwine the action of Xs on HA)T( c and U(g:”) or YJ given

by tensor product by line bundles, under the isomorphism Pic(X) =~ X¢, and braid group action,
respectively. Furthermore, the isomorphisms @y ¢ also intertwine the action of multiplication
nil

ps (Xc) and the action of explicit derivations on U( gJy) and

by tautological Chern classes on Coh
Y&.

Furthermore, we can compute explicitly the image under ®x ¢ of the fundamental classes
nil

DS (Xc). More precisely, let C; be an irreducible

of some natural irreducible components of Coh
component of Cyq and let

Yii sl — g¢ and  Yien: glpell — Gell
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be the canonical embeddings of the corresponding root subalgebras. Let 3;, be the irreducible

component of @0!)”" (Xc) parametrizing sheaves scheme-theoretically supported on C;, of rank 1
and degree n — 1 on C;, and let 9); ; be the irreducible component parametrizing zero-dimensional
sheaves of length d with punctual support at a point of C;.

The second main result of the paper is the following.
Theorem B (Theorem I11.8.6, Corollary I11.8.8).

(i) Assume that G = Z/27Z, X = T*P!, and C = P!. Then, for anyn € Zandd € N

—k
Y (—=1)"Opeprp1 ([3n])u <Zx s _”> -exp(Zhs‘kuk> ,

nezZ nez k>1
Orepipt ([Va]) = (-1 'hs™?,
where xT, f, x~ is the standard basis of sl,.

(ii) For an arbitrary G and any irreducible component C; of C, we have a commutative square

HAT*]Pl,]Pl —— HAX,Ci E— HAX,C

Orsp1 p1 l J®x,c
0y Viell 0y
U(g[ze”) U(gzh)
of algebra morphisms, where the top left arrow is induced by the isomorphism of formal

neighborhoods T*Plp =~ Xci, while the top right arrow by the functoriality of COHAs
with respect to closed embeddings.

Combining the claims (i) and (ii) yields an explicit description of ®@x ¢([3;,]) and Ox ([ 4])
forany i, n,d.

Corollary (Corollary 111.8.7). HA% X c s topologically generated, as an algebra over Sx 2, by the funda-
mental classes [Q); 4], [3in] fori € If,d € Nandn € Z.

Strategy of proof. The construction of the isomorphisms @y ( is obtained by a ‘limit’ process, using
the derived McKay equivalence [KV00, VdB04] DBS(Coh(X)) o~ Dgs(Mod(HQ)) together with the
weak action of Bex on these triangulated categories. More precisely, we show that the derived
McKay correspondence restricts to an equivalence

Pc(X/Xcon) =~ nilp(I1g)
where Pc(X/Xcon) is the heart of perverse coherent sheaves on X with set-theoretic support in
C. Composing this equivalence with the autoequivalence S 4 given by the tensor product by
line bundles £ 5, with fr € X¢ ~ Pic(X), and letting 6 tend to infinity in the strictly dominant
chamber yields a sequence of hearts

S 4, (nilp(I10)) ,

in DP(Coh¢ (X)), each equivalent to nilp(ITg), which converges to Coh(Xc). By the main result
of Part I, Theorem C below, we thus get an algebra isomorphism between HAX c and the limit
cohomological Hall algebra of the sequence of hearts S_ f(nllp(HQ)). Note that the COHA of
each of these hearts is isomorphic to the negative half Y5 of the Yangian of gg via the morphism
@ introduced in §I1.6. To understand this limit COHA, we identify the operation of tensoring by
a line bundle £ ; with the action T 5 of the lattice element of the affine braid group Bex. This,
combined with the main result of Part II, Theorem D below, allows us to identify the limit COHA
with an adequate limit of YJ quotients of affine Yangians, with transition morphisms given by
the action of the algebraic braid group operators.

’The ring of universal tautological classes Sy ¢ in Formula IIL7.6.



COHOMOLOGICAL HALL ALGEBRAS AND YANGIANS 7

The precise computation of the image under the isomorphisms ®x ¢ of fundamental classes
[3; 4] and [2); 4] uses the functoriality of nilpotent cohomological Hall algebras, which allows us
to eventually reduce the problem to some explicit computations in the case of type Ay, i.e., the
case of the surface T*IP!. On the way, we perform several geometric computations which are
interesting in their own right, and valid in the general context of a symplectic surface S and a
possibily reduced curve C whose irreducible components are smooth and intersect transversally.

Let us now describe two auxiliary results of Parts I and II which could be of independent
interest.

Part 1. Variation of t-structures and 2-dimensional Cohomological Hall algebras. In Part I, we address
the following question: how are cohomological Hall algebras related when constructed from hearts of
different t-structures on the same triangulated category?

The answer to the above question is well-known in the setting of the usual Hall algebras of
functions on moduli stacks of objects in a finitary hereditary category: Cramer [CralO] proved
that even though the Hall algebras of derived equivalent hereditary categories need not be iso-
morphic, their Drinfeld doubles are. In other words, they may be viewed as two different positive
halves of the same quantum group (see also [Sch12b, Lecture 5]). Although we believe that some-
thing along these lines should also hold for cohomological Hall algebras®, the situation is much
more subtle. For instance, there is no general construction of a comultiplication, hence no recipe
to define a natural Drinfeld double.

One can ask a simpler question. Given a sequence of t-structures T, on a fixed triangulated
category €, assume that 7, converges in a suitable sense to a t-structure T... Assume also that
one may define cohomological Hall algebras HA,, for any n € IN, and HA,. Note that the
construction of cohomological Hall algebras associated with hearts of t-structures on triangu-
lated categories is given in [DPS22] and we refer to loc.cit. for details. In what sense does HA,
‘converge’ to HA;_? In Part I, we develop a framework to answer this question for variations
of t-structures arising from slicings on a triangulated category €. Under suitable assumptions
on the moduli stacks of 7,,-objects we define a limiting cohomological Hall algebra associated to the
sequence T, and we prove a ‘stabilization” theorem relating such an algebra to HA_,.

Let P be a slicing on C in the sense of Bridgeland (cf. Definition .1.1). Let (a;) be a decreasing
sequence of real numbers converging to d. € (0,1]. We define for each k € INU {o0} a t-structure

o= (P(>a—1),P(<a)),
for a pair of integers k > ¢ we write I; ; := (a; — 1,a;] and we consider the derived stack
Cohps(C, Iy x) := Cohps(C, ) N Cohps(C, T7)
as well as the induced simplicial derived stack
S.Cohps (G, I(,k) .

When ¢ = k (including co) we simply write Cohps(C, Ix) and SeCohps(C, I;). Here, the stack
Cohps(C, ;) is the derived moduli stack of pseudo-perfect objects of € which are T,-flat for n €
IN U {co}.
Theorem C (Theorem 1.4.2, Corollary 1.4.4). Let C,P and (ay)x be as above. Under Assump-
tion 1.1, we have:

(i) Forany k < ¢, S,Cohps(C, I 1) satisfies the 2-Segal condition.

(ii) The ind-pro derived stack

SeCohps (€, 78) = ”colgim” ”linl}” SeCohps (€, Iy g)

>

satisfies the 2-Segal condition.

3In fact, Theorem A provides a first nontrivial example of such a principle for cohomological Hall algebras. It also
illustrates the need to consider adequate completions.
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(iii) Under also Assumption 1.2, we get
HA ;= HEM(Cohs(C, 7)) = “lim” colim HEM (Cohys (€, 1))
00 > % 4
carries a canonical graded associative algebra structure. We call it the limiting cohomologi-
cal Hall algebra associated to 1.

(iv) Under Assumptions 1.1, 1.2, and 1.3, there is an equivalence of ind-pro derived stacks
SeCohps (€, Tos) —* SeCohps (€, )
which induces an isomorphism of cohomological Hall algebras
HA;, — HA ..

Under the presence of a compatible torus action, the above theorem holds equivariantly as
well.

Point (iv) establishes that the limiting COHA HA coincides with the COHA HA_ of the
limit t-structure T under specific conditions: Assumption I.1 ensures the openness of the derived
stacks Cohps(C, 7y) in the derived stack of pseudo-perfect complexes; Assumption 1.2 guarantees
the derived Ici nature of the map g, which is automatic for our choice of €, and the properness
of p. These assumptions are necessary in order to obtain a limiting COHA. Assumption 1.3 is
the most relevant one here and essentially requires quasi-compactness for the derived stacks
Cohps(C, Iy ;) parametrizing objects of a fixed class, whose HN factors belong to the interval Iy x.

Part I1. COHASs of quivers, reflection functors, Yangians, and braid group actions. Let Q = (I, Q) be a
quiver without edge loops. Let I denote the associated preprojective algebra and let Ag be the
stack of nilpotent finite-dimensional I1g-modules. There is a torus T acting on Ag by rescaling
the edges of Q. We consider the twisted T-equivariant nilpotent cohomological Hall algebra

HA{ =Hl(Ag),
which is a (Z x INI)-graded associative H}-algebra, where H}. denotes the equivariant coho-
mology of a point. Following [NSS525] in the K-theoretical context, we define a multi-parameter

Yangian Y g by generators and relations and prove in Theorem I1.6.3 that there exists a surjective
algebra morphism

.Y T
®: Y5 — HAJ

from the negative half Y, C Yg to HAE which we conjecture to be an isomorphism. This
conjecture is proved in the case of affine quivers in Part IIl. An analogous result for the full
COHA, rather than the nilpotent one, is established in [Jin24] for affine type A quivers. In the
K-theoretical context, this conjecture is addressed in [VV22].

One of the key features of the bounded derived category D?(mod(T1g)) of the abelian category
mod(I1g) of finite-dimensional representations of Il is that it carries an action of the braid group
Bg associated with Q by derived autoequivalences, generated by the derived reflection functors
RS; for each i € I. This action has important consequences for the representation theory of the
associated Kac-Moody Lie algebra g and for the associated quantum groups, see e.g. [BK12].

The main result of Part I relates this action of Bg on D?(mod(I1g)) to the standard algebraic
action of Bg on the Yangian Y g given by the usual triple exponential

T, = exp (ad(x7)) o exp  — ad(x; ) o exp (ad (7))

Just as the functors IRS; do not preserve the heart of the standard ¢-structure of DP(mod (Ilg)), the
action of Bg does not preserve Y. Let Ag) and () A g be the open substacks of finite-dimensional
ITp-representations which are injective and surjective at i, respectively. Then, the functor RS;
induces an equivalence

Sie: IAg —= AY)
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Let (a;);c; denote the canonical basis of INI.
Theorem D (Corollary I1.7.1,Proposition 11.5.3, and Theorem I1.7.2). The following holds:

(i) The restriction map induces isomorphisms

HI(DAg) — HA] = HAE/(HAE)M -HAL

HI(AY) —— HAGY = HAD [HAL - (HAD)

where (HAg) . is the graded piece of degree «;.
(ii) The action of the braid operator T; € Aut(Y o) induces an isomorphism
T 0¥ =Y2 /Y, Yo —— Y —v- /v5 .Y,
T;: Y g = yg/yl Y5 — YY) = YQ/YQ Y; .
(iii) The following diagram commutes, up to an explicit sign

g —1 s vy

o| lo

()gp AT Si# T, (i)
HA, —— HA{

The sign involved in the commutativity of the above diagram comes from the twisting of the
multiplication in HAB

Further directions. To finish this introduction, we very briefly gather some of the natural direc-
tions of research suggested by the present work and to which we hope to return in the future.

A description by generators and relations of HA;T(,C. As proved in [SS20, Theorem 5.1] for X = T*IP!
and conjectured for an arbitrary minimal resolution X of a Kleinian singularity, the fundamental
classes [3; ,] and [9); 4] are expected to generate topologically HA)T(,C. Then, Theorem B provides
an approach for determining the relations among these generators by using their realization in
terms of Yangian generators and the relations between Yangian generators. We plan to compute
the relations between these geometric generators in the future.

Representations of HA)T(,Z and a realization of the double. The formalism developed in [DPS22] for
constructing representations of cohomological Hall algebras should extend naturally to the nilpo-
tent COHA case. This generalization would enable the construction of representations of the al-
gebra HA)T(,Z by considering appropriate moduli stacks of semistable sheaves or complexes of
sheaves, including their framed versions when X is an open surface. Such geometric representa-
tions of HA)T(,Z would be essential for defining the right notion of ‘double’ of HA)T(/ ,by studying
the commutator between positive and negative operators. In the case of Kleinian resolution of sin-
gularities, we anticipate that this double algebra recovers a completion of the Maulik-Okounkov
Yangian [MO19] associated with a non-dominant coweight.

This approach to the representation theory of HA;TLZ should recover and generalize known
constructions of Lie algebra actions on the homology of moduli spaces of Gieseker-stable sheaves
on K3 or elliptic surfaces, as studied in [Nak03, Yos10, DeH20, DeH23].

We further hope and anticipate that the action of HA)TQZ could help precisely determine the
Ext-operator on the cohomology of smooth moduli spaces of stable sheaves on smooth surfaces.
This application would be particularly valuable when combined with Theorems A and B in the
context of Alday-Gaiotto-Tachikawa conjectures for ALE spaces, see [Neg22a, Neg23].
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Triple loop Yangians. When X = T*P! and Z = P!, the algebra HA)T(,Z is isomorphic to the
quantum group Y& (gl,), which may be thought of as a double loop version of the Drinfeld
positive half of the Yangian Y (gl,). The case of a Kleinian resolution of type A gives rise to two
copies of Y (gl,) which satisfy commutation relations specified by their respective embeddings
in YZ (gls).

For Q a quiver without edge-loops or multiple edges, it is therefore tempting to define a dou-
ble loop Yangian associated to Q generated by subalgebras Y ( aby); isomorphic to Y ( al,) for
each vertex of i € Q and by imposing that Y ( gl); and Y ( g[z) commute if 7, j are not adjacent
and satisfy the above type A, relations if i, j are adjacent in Q. When @ is taken to be itself an
affine quiver, the above quantum group could be taken to be a definition of a positive half of a
triple loop Yangian. It would be interesting to compare this with the quiver Yangians defined by
Li and Yamazaki in the context of the algebra of BPS states for non-compact CY3 in [LY20].

Limiting COHAs. It is worth noting that the limiting COHA (cf. Theorem C) has potential appli-
cations extending beyond the scope of this paper. In particular, the theorem becomes valuable
in situations where directly defining a two-dimensional COHA associated with the heart of a
t-structure proves difficult.

Consider the case where X is a minimal resolution of the singular surface C%2/G, for G C
GL(2,C) a finite subgroup. The derived GL(2,C) McKay correspondence yields an equivalence
QCoh(X) ~ A-Mod, where A is the endomorphism algebra from Van der Bergh'’s construction
[VdB04]. When G C SL(2,C), this algebra A coincides with the preprojective algebra of the asso-
ciated McKay quiver. According to [Wem11, Corollary 1.1], the algebra A has global dimension
three when G ¢ SL(2,C), despite being derived equivalent to a surface. In such cases, we an-
ticipate constructing a limiting COHA for A in the sense of Theorem C—(iii) and characterizing
it.

Structure of the paper. Part I consists of four sections. §I.1 recall the notions of slicing and Bridge-
land pre-stability condition of a triangulated category. In §1.2 we introduce the derived moduli
stacks of objects of interest and discuss their 2-Segal space structure, which is used in §1.3 to in-
troduce the limiting COHA HA .. Furthermore, in §1.4 we compare the limiting COHA with
HA-_.

Part II consists of seven sections and one appendix. In §II.1, we recall the Lie theory associated
with a quiver, in particular the notions of Weyl and braid groups. §I1.2 concerns the construction
of the two-dimensional (nilpotent) COHA of a quiver. In §I1.3 we recall the theory of (derived)
reflection functors which will be used later in the part. In §I1.4 we introduce the multi-parameter
Yangian associated with an arbitrary quiver, while in §I1.5 we define the action of the braid group
of a quiver on the multi-parameter Yangian associated with the same quiver. §I1.6 establishes the
relation between the Yangian and the nilpotent COHA associated with a quiver. Finally, in §I1.7
we prove the main result of this Part, which is the compatibility between the braid group actions
on the Yangian and the nilpotent quiver COHA. Appendix I1.8 concerns the sign twist appearing
in the compatibility result.

Part III is formed by eight sections and three Appendices. In §III.1 we recall the structure of
the root and weight lattices in the affine quiver case, moreover we recall the notions of affine
and extended affine braid groups. §II.2 concerns the introduction of a two-parameter Yangian
associated with an affine quiver: we discuss its classical limit and we compare with the multi-
parameter Yangian introduced in §II.4. In §IIL.3 we introduce quotients of the Yangian and of
the affine quiver COHA which will play a crucial role in the description of HAX c in terms of
affine Yangians. §llI.4 provides a summary of the derived McKay equivalence followmg [VdB04]
and a description of the category of (nilpotent) perverse coherent sheaves. In §III.5, we define a
weak action of the extended braid group on the bounded derived category DP(mod(T1g)), while
in §II1.6 we discuss the relation between such an action and a slicing induced by a King stabil-
ity condition on DP(mod(ITg)). Our first main result, the characterization of HA)T(,C in terms of
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affine Yangians, is given in §II1.7, while in §III.8 we provide a description of the (conjectural) geo-
metric generators of HA)T(,C, which are fundamental classes of certain stacks, in terms of Yangian
generators. Finally, Appendices II1.9 and III.10 contain proofs of statements given in this part,
while Appendix III.11 discusses some purity results for quotient stacks.
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PART I. VARIATION OF {-STRUCTURES AND 2-DIMENSIONAL COHOMOLOGICAL
HALL ALGEBRAS

In this part we introduce the construction of the limiting COHA. Given a slicing P on a tri-
angulated category Dj and a decreasing sequence of real numbers {ay}ren with ap = 1 and
limit ac € (0,1), we associate to the abelian category P ((de — 1,400]) an associative algebra,
defined as a suitable limit of the cohomological Hall algebras attached to the abelian categories
P((a —1,a;)) for k € N.

Remark. The construction of the limiting COHA can equivalently be formulated in terms of an
increasing sequence of real numbers {ay } ey with agp = 0 and limit a., € (0, 1), together with the
abelian categories P ([ay — 1,ax)) for k € IN U oo.

Notation. In this part, we follow the notation introduced in [PS23, §1.6], with the difference that
we denote with Spc instead of S the oo-category of spaces. In particular, we use the implicitly
derived convention: given a morphism of derived stacks f: X — Y, we let

f*: QCoh(Y) — QCoh(X)
be the derived pullback functor, and we let
fi: QCoh(X) — QCoh(Y)
be the derived pushforward. All fiber products, Hom sheaves and spaces, and tensor products

will be understood in the derived sense, unless otherwise stated.

[.1. SLICINGS

Let C be a triangulated category.

Definition 1.1.1 ([Bri07, Definition 3.3]). A slicing P of C consists of full additive subcategories
P(¢) C Cforeach ¢ € R, such that

e forallp € R,wehave P(¢+1) =P(¢)[1],
e if ¢y > ¢oand E; € P(¢;) for j = 1,2, then Home (Ey, Ez) =0,
o (HN filtrations) for every nonzero object E € C there exists a finite sequence of morphisms

fs A

0=E;1q Es e E;:=E (L1.1)
such that the cofiber of f; is in P(¢;) for some sequence ¢s > ¢s_1 > --- > ¢ of real
numbers.
©
Remark 1.1.2. Note that the sequence (I.1.1) is unique up to isomorphism. A
We write ¢ (E) := ¢ and ¢~ (E) := ¢s. For an interval I C R, we write
P(I):={E€cC|¢T(E),¢ (E) eI} =(P(p)|pcl)cCC.
Notation I.1.3. For any ¢ € R, we set
P(>¢) =P((¢,+)) and P(>¢):=P([p, +e0)),
P(<¢)=P((~c0,¢)) and P(<¢):=P((~o0,¢]).
©

Remark 1.1.4. For any ¢ € R, one has pairs of orthogonal subcategories (P(> ¢)), P((< ¢)) and
(P(= ¢)),P(< ¢)). Note that the subcategories P(> ¢) and P (> ¢) are closed under left shifts
and thus define t-structures on C, where P((¢, ¢ + 1]) and P([¢, ¢ + 1)) are the corresponding
hearts, respectively.

In the following, we shall denote by 7, the t-structure with heart P ((¢, ¢ + 1]). A



COHOMOLOGICAL HALL ALGEBRAS AND YANGIANS 13

Definition 1.1.5. Let C be a triangulated category. Fix a finite rank free abelian group A and a
group homomorphism

v: Ko(C) — A
A pre-stability condition® on € with respect to A is a pair ¢ = (A, v, P, Z) where P is a slicing of

Cand Z: A — C is a group homomorphism, called a central charge, that satisfy the following
condition: for all 0 # E € P(¢), we have Z(v(E)) € Rsq - €.

We will often abuse notation and write Z(E) for Z(v(E)). The nonzero objects of P(¢) are
called o-semistable of phase ¢. @

1.2. 2-SEGAL DERIVED STACK OF FLAT OBJECTS

In this section, we shall introduce a suitable derived stack of flat objects and its simplicial
version, which would inherit the structure of a 2-Segal derived stack.

1.2.1. Recollection of 2-Segal stacks. We refer the reader to [PS23, §4.1] and [DPS22, § 1.11]
for background material on the notion of 2-Segal object introduced by Dyckerhoff-Kapranov in
[DK19].

Let k be an algebraically closed field of characteristic zero. We start by reviewing the Wad-
hausen construction. Given an integer n we let [n] denote the linearly ordered poset {0 < 1 <
-+ < n}and we set

Ty == Fun([1], [n]) .
The collection of the various T,, determines a functor
Te: A — Cate -
Given a stable co-category C, we set
Sn € Fun(T,,C)

be the full subcategory spanned by those functors F: T,, — C satisfying the following two condi-
tions:

(1) F(i,i) ~0;
(2) forevery 0 <i < j< n—1,thesquare
F(i,j) —— F(i+1,j))
P(i,]’l+ 1) — F(i+ 1l,j +1)
is a pullback in C.
The co-categories S;,C depends simplicially on 7, i.e., they assemble into a simplicial object
SeC: AP — Cateo,

known as the Waldhausen construction of C. One of the main observations of [DK19] is that this
satisfies the 2-Segal condition. The functoriality of this construction allow to replace C by a func-
tor

C: dAff? — Catd,
giving rise to a 2-Segal object in derived prestacks
SeC: A°P — PreSty,

which we refer to as the Waldhausen construction of €. Besides, this construction is obviously
functorial in C.

n [Bri07], this is the notion of a stability condition.
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Notation I.2.1. Given a stable co-category C, we refer to F € S,,C as an n-flag of objects in C. Given
0<i<j<n weset

ev;i(F) = F(i,j), (L2.1)
We also denote by
9i(F) € SyaC

the (n — 1)-flag obtained restricting F along the morphism [n — 1] — [n] in A that misses i. In
particular, when n = 2 we have the overlap of notation

80 =€&vy12, 81 = €evp2, 82 =€evp1 - (1.2.2)
@

Remark 1.2.2. Let (A, +) be an abelian group. The group structure can be encoded into the struc-
ture of a simplicial set satisfying the (1- and hence) 2-Segal condition, that we denote

A®: A°P — Set.
We write 7t: A°P — A°P for the associated cocartesian fibration.

We can modify the above construction by replacing A°P with A°P and accordingly define a
natural A-graded variant of the 2-Segal condition (cf. [DPS22, §1.6]).

Let D € Prllc"w be a compactly generated k-linear co-category of finite type. Given a derived
affine scheme S € dAff;, we write

Dg = QCOh(S) kD,
and we write DE° for the full subcategory of Ds spanned by S-pseudo-perfect objects. The functor
MG*: dAFFP — Catgl (1.2.3)

that sends S to DY is a étale hypersheaf, and Toén-Vaquié [TVa07] moduli of objects M, is by
definition given by the rule

Ma(S) = (MF(S))™,

where for an co-category €, we denote by €= its maximal co-groupoid. Applying the Waldhausen
construction to (I.2.3) and passing to the maximal co-groupoid at the end, we obtain a 2-Segal
object

SeMp: A — PreStc .

When n = 1, there is a canonical identification

SiMp ~ Mg .
Notation 1.2.3. Given a full categorical substack M§* C M$*, we write

Do i= Mo(Spec(k)) € D

We also write

Mo = (MF™)~
for the associated derived stack. @
Definition 1.2.4. A full categorical substack M2t of M$t is said to be admissible if:

(1) the associated derived stack M is an admissible indgeometric derived stack in the sense
of [DPSSV25a, Definition 2.16]5,

(2) the map My — M is formally étale.
@

5Roughly speaking, M) is a derived stack, which is essentially characterized by the property that their underlying
reduced stack is geometric.
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Following [DPS22], we define a simplicial object Se .M by declaring that for every [n] € A the
square

SnMO ? SHM':D

J{ J{(evi,j)

HMOH HM@

0<i<j<n 0<i<j<n
is a pullback, where the maps ev; ; are introduced in Formula (1.2.1).

Definition 1.2.5. A full categorical substack Mt of M$3" is said to be closed under extensions if
the square

SzMO E—— SZMD

lao X 82 lao X a2

Mo x My —— Mp x My
is a pullback, where 0; is defined in Formula (1.2.2) fori = 0,1, 2. @

Now, we introduce a A-graded 2-Segal object structure on S, M.

Let M§?" be a categorical substack of M 3" closed under extensions. We set D := M§?*(Spec(k))
and we fix a morphism of abelian groups

0: Ko(ﬂo) — A

Given v € A, we let M (V) be the substack of M defined by the following property: given S €
dAffy, an S-point x: S — M belongs to M (v) if and only if for every k-point y: Spec(k) — S
the image in A of the composite x o y: Spec(k) — M via v coincides with v.

More generally, given a positive integer n > 0 and
vV = (V0,1,V1’2, - /anl,n) c A" ,

we define S, M (v) as the fiber product

l l(evl},lreV1,2/-~/eVn—1,n)

n—1 n—1
H Mo(vijip1) — H Mo

i=0 i=0
Concretely, Sy My(v) parametrizes families of flags {M; ;}o<i<j<n such that

o(Mjj) = ) Viri1 €A
i<k<j

Since v is additive, it is straightforward to check that the assignment
([n],¥) — SpMo(v)

forms a A-graded 2-Segal object with values in dSty. In particular, [DPS22, Theorem 1.1.1] shows
that Se. M| determines an [E1-monoid in Corr*A (Fun(A,dSty)), the (oo,2)-category of correspon-
dences with values in Fun(A, dSt; ) with monoidal structure induced by A (for details, see [DPS22]).
In what follows, we tacitly consider S, M as a A-graded 2-Segal derived stack.
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1.2.2. Derived stack of flat objects. Let M§* be a categorical substack of M$" and let T be a
t-structure on Dy := M§*(Spec(k)).

Construction 1.2.6. We let Coh(Dy, T) be the full substack of M, defined as follows: given S €
dAffy, an S-point x: S — M belongs to Coh(Dy, 7) if and only if for every k-point y: Spec(k) —
S the composite x o y: Spec(k) — M is T-flat. Given a morphism of abelian groups

0: K()(DQ) — A ,
a positive integer n 2> 0 and v € A", we write
8,Coh(Dy, T;v) := §,Coh(Dy, 7) N SyMy(v) .

This gives rise to a A-graded 2-Segal derived stack SeCoh(Dy, 7).
Definition 1.2.7. Let M§?" be a full categorical substack of M.
(1) We say that a t-structure T on Dy is open if the canonical map
Cohps(Do, T) — My
is representable by open Zariski immersions.
(2) We say that a pair (A, v: Ko(Dg) — A) is open if for every v € A, the canonical map
Mo(v) — My
is representable by open Zariski immersions.

(3) We say that a triple (7, A, v) is open if both T and (A,v) are open, and moreover the
derived stack Cohps (Do, T; v) is both open and closed inside Cohps(Dy, T).

@

1.3. THE LIMITING 2-SEGAL STACK

Fix a full categorical substack M§?* of M$'. We also fix a slicing P on Dy in the sense of
Definition I.1.1 and an open pair (A, v) in the sense of Definition 1.2.7. Finally, we introduce a
decreasing sequence of real numbers {a; }xcy starting at a9 = 1 and converging at 2, € (0,1).
Following Remark I.1.4, for k € N U {oo}, we denote by T the t-structure on Dy defined by

T= (P(>a — 1), P(S a)) ,

and we make the following assumption:

Assumption L.1. The triples {(7, A, v) }ren are open. %)

Under this assumption, we have
Cohps(Dg, T) = | [ Cohps(Dy, 75 v) .
veEA

For this reason, we commit an abuse of notation and consider Cohps(Dy, T) as a A-graded 2-Segal
derived stack.

Notation 1.3.1. Given two positive integers ¢ < k < oo, we denote by Iy the interval (ay — 1,4
Our assumptions on the sequence {a;} guarantee that I;; has length less than one. When ¢ =

kl-
k,
we simply write [ := (a4, — 1, a;] instead of I . %)

Construction 1.3.2. Let k > ¢ be two positive integers, we write

CthS('Do, Il,k) = CthS(Qo, Tk) n CthS(Do, Tg) .

Notice that Assumption I.1 automatically implies that this is an open substack of M, and even
of Cohps(Dy, 19). We let

Se Cths ('D(), If,k)
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be the induced simplicial derived stack, which we further consider over S, A. Notice that for
[n] € Aand v € A" and k' > k, there are canonical open immersions

Sy Cohps (Do, Ipj;¥v) — SyCohps (Do, I v) -
We set
S, Cohps (Do, IZoo;g) = ”}{i;rgﬂ’ Sy Cohps (Do, Ir4;v) € Pro(dSty) .

This allows to consider SeCohps (Do, I) as a A-graded simplicial object. %)

Lemma 1.3.3. In the setting of the above construction, for any £ € IN, the A-graded simplicial pro-derived
stack SeCohps (Do, I7,,) satisfies the A-graded 2-Segal condition.

Proof. To begin with, observe that each SeCohps (D, Irx) € Fun(A°P,dSty) satisfies the A-graded
2-Segal condition. At this point, the conclusion follows from the fact the 2-Segal condition is
closed under limits and that whenever £ is an co-category with finite limits, the inclusion

E — Pro(€)
preserves them. 0
Construction 1.3.4. For ¢/ > /, observe that there is a canonical map
SeCohps (Do, If,) — SeCohps(Do, I ) -
We set
SeCohps(Do, 755) = ”colgim” SeCohyps(Dy, I;/,,) € Fun(A°P, Ind(Pro(dSty))) -
As before, we can perform this construction at the A-graded level, and we can therefore consider
SeCohps (Do, 755 ) as a A-graded simplicial object in Ind(Pro(dSty)). @
Lemma 1.3.5. The A-graded simplicial ind-pro-derived stack S¢Cohps(Do, 7o) satisfies the A-graded
2-Segal condition.

Proof. We know from Lemma 1.3.3 that each S,Cohps(Dy, I;.) satisfies the A-graded 2-Segal
condition. At this point, the conclusion follows from the fact that the 2-Segal condition is closed
under limits and that whenever £ is an co-category with finite limits, the inclusion

E — Ind(€)

preserves them. O

Definition 1.3.6. We refer to SeCohps (Do, 7o) as the limiting A-graded 2-Segal derived stack asso-
ciated to the sequence {ay }. %)

In order to attach a cohomological Hall algebra to Cohps(Do, 7;), we need some extra as-
sumptions.

Notation 1.3.7. For positive integers /1 < ¢, < kand v = (vg1, V1), we write
SzCths(Do, Iézrk X Izl/k X IgZ,k;g)

for the open substack of S,Cohps(Dy, Ty; v) parametrizing extensions Fy1 — Fy» — Fj  such that
Fp1 and Fy» are 7y, and 7-flat, and F is 7y, and t-flat. @

Assumption 1.2
(1) For any k € N, the map
80 X 822 SZCthS (DQ, Tk) — Cths(Do, Tk) X Cohps(Do, Tk)

is derived lci.
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(2) For any ¢; € IN and for every pair v = (v1,V12) € A?, there exists an integer N > {4
such that for every K >k>¥0; >N, the square

J
SzCthS (@0, Ifzrk/ X Iflxk/ X Igzlk/,‘!) *1> Cths (@0, Iﬂl,k’;vo,l + Vl,Z)

l l

el
SQCths (DQ, Ifz,k X Ifl,k X Ifz,k; !) — CthS ('Do, Iﬂl,k/' vo,1 + V1,2)

is a pullback and the horizontal arrows are representable by proper algebraic spaces.

%)
Remark 1.3.8. Note that if for any k € IN, the smooth Serre functor® S!, (2] of D restricts to Dy and
it is T;-exact for k € IN, then Assumption 1.2—(1) holds. A

Proposition 1.3.9. Let D be a motivic formalism, and let A € CAlg(D(Spec(k))) and letT C Pic(D*(Spec(k)))
be an abelian subgroup. Assume that A is oriented and that T is closed under Thom twists. Under As-
sumptions 1.1 and 1.2,

H(]))’r (Cohps (Do, 7h); A) == @ “lim” cck)l>i§n HOD’F (Cohps(Do, Irx;v)) € Fun(A, Pro(Mod,?))
vEA -

carries a canonical A-graded algebra structure.

Proof. In virtue of [DPSSV25a, Theorem 3.9] and of Lemma 1.3.5, it suffices to argue that As-

sumption 1.2 ensures that for every pair v = (vg1,vi2) € A?, writing v = v + v, the
correspondence
SZCths (DO/ Tng; X)
V \81
Cohps (Do, 755 v12) x Cohps (Do, Th;vo 1) Cohps (Do, 555 v)

For the left diagonal morphism, it suffices to observe that for fixed positive integers k > ¢, As-
sumption I.2-(1) guarantees that the canonical map

dp X 92: SCohps (Do, Ipk; v) — Cohps (Do, Ik; viz) X Cohps(Do, Ik vo1)

is derived Ici, and Assumption 1.1 guarantees that the transition maps as k and ¢ vary are open

immersions. We can therefore apply H(])) T(—A) and pass to the colimit in k and the limit in £ to
obtain a well defined morphism

(ao X 82)! : @ H}))’r (Cohps (Do, I:g,' Vl,Z);A) (9 H(]))’r (Cohps (Do, Iot;VO,l);A)
Vo1t+Vi2=Vv

— P HY(S:Cohys (Do, I5;v); A) -

Vo1+Vi2=V
As for 91, we first observe that a simple cofinality argument yields

“ L7 + . ~ D7 s + —+ + .
COléll’n S>Cohps (Do, I&oo,g) ~ col}11m c[(z)lggl S>Cohps (Do, I o X 1 oo % Izzroo,g) .

Fix ¢1. Assumption 1.2—(2) guarantees that there exists an integer N such that for every k > /» >
N the map

SzCths ('Do, Igzlk X Iflxk X Iézrk’. !) — Cths (@0, Igllk; V)
is proper, and therefore it induces a well defined morphism

81,*: HEM'F (SzCths (Do, Ifzxk X IZ],k X IZZ,k;!);-A) — H(?M'r (Cths(®0/ IZ],k; V),'.A) .

6See e.g. [DPS22] for its definition.
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Since the square obtained varying k is a pullback by assumption, we can pass to the colimit in k
to obtain a well defined morphism

81,* : HEM’F (SZCohpS ('DQ, I-

oo X IZ,OO X Iz;k;g);.A) — HEM’F (Cohps (Do, IZ,miV);A) )

By composition with the natural open restriction map

HEM! (S2Cohps (Do, I x I x T w); A) — HMT (SCohps (Do, If , < I X I iw); A)
we also obtain a well defined morphism
91,1 HYM! (83Cohps (Do, I x If % 15:%); A) — HEMT (Cohps (Do, I} )5 A) -
At last, for ¢} > ¢y, the square
8,Cohps (Do, I x IZ,OO X 15;v) —— SpCohps (Do, I % IZ,DO X 355 V)
Cohps (Do, Izg’oo;g) Cohps (Do, IZ,OO;!)
is obviously a pullback. This allows to pass to the (formal) limit in ¢1, and to define
01 % D HEM'F (S2Cohps (Do, Th;v); A) — HEM'F (Cohps (Do, 5 v); A)
V0,1V 2=V

O

Remark 1.3.10. When D* := *PD is the topological formalism of [DPS22, §11.1.11], A := Q, and
I' .= Z(1/2) (see Remark I1.1.24 of loc.cit.), we simply write

HA@g,r:g
for the cohomological Hall algebra H(]))’r (Cohps (D, 735); A). Moreover, instead of seeing it as a

pro-ind-(A-graded)-vector space, we see it as a A-graded vector space endowed with the quasi-
compact topology’. We shall call it the limiting cohomological Hall algebra.

If by varying of /, k the derived stacks Cohps(Dy, Iy ) admit an action of a torus T such that
Constructions 1.3.2 and 1.3.4 are T-equivariant, we denote by
HAJ

Do,

the corresponding T-equivariant limiting cohomological Hall algebra. A
L.4. STABILIZATION AND COMPARISON
Observe that for fixed k > £ there is a canonical map
SeCohps (Do, I10o) —+ SeCohps (Do, Iy -
This map propagates first to a map
SeCohps (Do, I1,0) — SeCohps (Do, I,
and then to a map

¢: “coléim” SeCohps (Do, I00) —> SeCohps (Do, 75) (L4.1)

of A-graded simplicial objects in Ind(Pro(dSt;)). In practice, we are interested in knowing that ¢
is an equivalence. This can be ensured under some more stringent conditions.

7In the sense of [DPSSV25a, Remark 3.1].
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Construction I.4.1. Fix a slicing P and an open pair (A, v) on Dy. Moreover, fix a group homo-
morphism Z: A — C such that (A, v, P, Z) is a pre-stability condition on Dy (cf. Definition .1.5).

Fix now ¢ € IN. We say that an object E € P(Iy) is of class Vv = (vy,Vvy,...,vs) € A® if for the
HN factor E;/E;,q of the Harder-Narasimhan filtration (I.1.1) of E we have v(E;/E; 1) = v; for
i=1,...,s. Insucha case, we set ¢; = ¢(E;/E;1) = ¢p(v;) fori=1,...,s.

Given v € A, we denote by HN(v) the set of tuples V.= (vy,vy,...,vs) of variable length
satisfying

Vit +Vs=V
and
P(vs) > p(vVs—1) > - > ¢(v1) .
Following [Bay19, §3], we write HNP (V) for the convex hull of the set
{0,Z(v1),Z(v2),...,Z(vs),Z(v)} C C.
Given two elements v, w € HN(v), we write
V< W <= HNP(¥) C HNP(W).
This makes HN(v) into a countable poset.

We let Coh:;'sN(ﬂo, 74;V) be the full substack of Coh(Dy, T) defined as follows: given S €
dAffy, an S-point x: S — Coh(Dy, T) belongs to CohESN (Do, ; V) if and only if for every k-point
y: Spec(k) — S the object E € Dy associated to the composite x o y: Spec(k) — M admits an
Harder-Narasimhan filtration of the form (I.1.1) such that v(E;/E;;1) = v; fori = 1,...,s. We
shall call Coh,t's'\I (Do, T¢; V) an Harder-Narasimhan stratum of Coh(Dy, T). %)

Assumption L.3.

(1) In addition to the slicing P and the open pair (A, v) on Dy, we assume the existence of
a central charge Z: A — C in such a way that (A,v, P, Z) is a pre-stability condition on
Do.

(2) For every £ € N, every v € A and every v € HN(v), the corresponding Harder-
Narasimhan stratum

Coh{iN(Dg, ;%)
is a locally closed substack of Cohps(Dy, 7).

(8) For every Mukai vector v € A and every pair of positive integers k > /, the derived stack
Cohyps(Do, I 4; v) is quasi-compact.

@

Under this assumption, the Harder-Narasimhan strata form a stratification

Cohps(Do, 75v) = | | CohEsN(DO,T,;;V).
YeHN(v)

of CthS (Do, Ty, V).

Theorem 1.4.2. Under Assumptions 1.1 and 1.3, for every £ € N, [n] € A and v € A", there exists
N € IN such that for every k > N, the canonical comparison map

S5, Cohps (@0, I 0o; v) — §,Cohpg (DO, Iok; v)
is an equivalence. Moreover, N does not depend on the simplicial variable [n]. In particular:
(1) The canonical comparison map
Cohps (Do, I,00) —> Cohps(Do, IZOO)

is an equivalence of A-graded pro-derived stacks.
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(2) The map (1.4.1) is an equivalence of A-graded simplicial objects.
Proof. 1t is clearly enough to prove the first statement, as items (1) and (2) are obvious conse-
quences. Fix ¢ € N, [n] € A and
V= (V01,Vi2, -, V1) € A".
We have to prove that the induced map
81 Cohps (Do, I 005 v) —> SyCohps (D, IZOO;!)

is an equivalence in Pro(dSty). Thanks to the A-graded 2-Segal property, it is enough to deal
with the cases n = 1 and n = 2. Since M§?" is closed under extensions by assumption and
v: Ko(Dg) — A is additive, we see that it is in fact enough to deal with the case n = 1.

Fix two positive integers k > ¢ and v € A. As shown in Construction 1.4.1, there is a strati-
fication of Cohps(Dy, 7y; v) in locally closed substacks parametrized by the Harder-Narasimhan
types HN(v):

Cohps(Do, 7;v) = ||  CohfN (Do, 7;9).
veHN(v)

Since Cohps(Dy, Iy ; v) is quasi-compact for every £ < k < oo, it must encounter only finitely
many strata of the above stratification. In particular, the set (k) of phases 6 that satisfy 6 > a
and that occur for families in Cohps (Do, Iy x; v) is finite. Define

o (k) = {min(I(k)) if (k) # @
ay ifJ(k)y=0D.
Since / is fixed, for k' > k > £ one has J(k') C J(k), and therefore one has
Ormin (k') = Omin (k) .
On the other hand, one also as de < 0in (k), and furthermore for k > ¢ one has
Omin(k) < ar ifand onlyif J(k) #@.

In particular, if N is such that ay < O, (¢), it follows that for every k > N one has J(k) = @.
This immediately implies that for k > N the natural inclusion

Cohps(iDO; It oo; v) C Cohyps (DO; Ig,k;V)
is an equality, and the conclusion follows. g
Corollary 1.4.3. Under Assumptions 1.1 and 1.3, for any {1 € N and for every pair v = (vo1,v12) €
A2, there exists an integer N > {1 such that for every k' >k > ¢, > N, the square

0
SzCths ('Do, Iﬂz,k’ X Igl,k/ X Ilek”‘g) *1> Cths(®0/ Iél,k’}VO,l + V1/2)
)
SzCths(po, Ifzrk X Igl’k X I[Z’k,'g) *1> Cths (Do, Ig]’k; Vo1 + Vl,Z)
is a pullback.

Proof. It follows from Theorem 1.4.2 that we can choose N such that the vertical maps become
equivalences. O

Corollary 1.4.4. Under Assumptions 1.1, 1.2, and Assumption 1.3, and the additional assumptions
(1) the t-structure Too = Ta,, 1S Open;
(2) the map
dg X 92: SCohps (Do, Teo) — Cohps (Do, Teo) X Cohps (Do, Teo)

is derived Ici;
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(3) the map
91: $,Cohps (Do, Tes) — Cohps (Do, Teo)
of A-graded derived stacks is representable by proper algebraic spaces;
the cohomological Hall algebra HA 1, associated to Cohps(Do, Teo) is well defined and it is isomorphic
to HAy, . Asimilar statement holds in the T-equivariant setting.

Remark 1.4.5. Note that if the smooth Serre functor S, [2] restricted to Dy is Tw-exact, then the
condition (2) above holds. A
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PART II. COHAS OF QUIVERS, REFLECTION FUNCTORS, YANGIANS, AND BRAID
GROUP ACTIONS

II.1. LIE THEORY ASSOCIATED TO QUIVERS

We fix a quiver Q with vertex set I and edge set (). We assume that both I and () are finite,
and that () does not contain any edge-loop.

I1.1.1. (Co)root and (co)weight lattices. We denote by Yg := ZI the free abelian group on I and
we denote its canonical basis by Ag = {a; |i € I}. We call the a;’s the simple roots, Ag the set of
simple roots, and Y g the root lattice of Q. Let {;}c; be the dual basis in Xg = (ZI)". Thus, @;
is the fundamental coweight defined by the linear form d € Yo — d; € Z forany i € I. Set

=) @. (IL1.1)
i€l
We consider the canonical pairing
(—,—):XoxYg —2Z. (IL.1.2)

For any i € I, we define the simple coroot &; € Xg by setting (&;,«;) = 2 and (&;, w;j) is the
negative of the number of edges between the vertices i and j in the quiver Q for i # j. The matrix
A = (a;})ijer, with a;; := (&;,«;), is a symmetric generalized Cartan matrix. It gives rise to a
derived Kac-Moody algebra gg, which is ZI-graded.

Notation II.1.1. Let ng be the negative nilpotent Lie subalgebra of gg, graded by the negative
roots. @

I1.1.2. Weyl and braid groups. The Weyl group Wg of Q is the subgroup of GL(ZI) generated by
the simple reflections

it & — aj— (Ec]-,txi)oci .

This is a Coxeter group, subject to s? = 1 for any i € I, and the braid relations

Sl‘S]‘ = S]'Sl' if lli/]' =0, (H 1 3)
S,‘S]'Si = S]‘Sl’S]' if ai,]' =-1. o

The length £(w) of w € Wg is the minimal £ such that w = s;, - - - 5;,. Such an expression is called
a reduced expression. The Weyl group Wg acts on CI = Yg ®7 C and (CI)" = Xg ®z C by

si(d) =d — (&;,d)a; and s;(A) = A — (A, a))&;,

withd € Cland A € (CI)V.

The Braid group Bg of Q is the group with generators T; with i € I and the braid relations
(IL1.3) with T; in place of s;. If w = s;, - - - 5;, € Wg isareduced expression, weset T, == Tj, - - - T},
These elements are well-defined, i.e., they do not depend on the chosen reduced expression, and
satisfy Typ = Ty, Tp when £(uv) = £(u) 4 £(v).

II.2. THE NILPOTENT COHOMOLOGICAL HALL ALGEBRA OF A QUIVER

In this section, we introduce the 2-dimensional cohomological Hall algebra associated to nilpo-
tent finite-dimensional representations of the preprojective algebra of a fixed quiver Q.

I1.2.1. Moduli stack of (nilpotent) finite-dimensional representations of the preprojective al-
gebra of a quiver. In this section, we shall introduce the moduli stacks of finite-dimensional
representations of the preprojective algebra of a quiver and their nilpotent counterparts.
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11.2.1.1. Quiver representations. Let CQ be the path algebra of Q. As customary, we call a represen-
tation of Q a (right) CQ-module.

We denote by Mod(Q) be the category of representations of Q@ and by mod(Q) the subcat-
egory of Mod(Q) consisting of finite-dimensional representations. For each dimension vector
d € NI, let mod(Q)q4 be the subcategory of representations of dimension d. Assigning to a
finite-dimensional representation of Q its dimension vector yields a map from the complexified
Grothendieck group Ko(mod(Q)) ® C to CI. The Euler form on CI is given by

(di,d) =Y di;dr;— Y. dyidy; = dimHom(M;, Mp) — dim Ext! (M, Mp) (I1.2.1)
icl e:i—jeq)

where M, M, are two representations of Q of dimension dj, dy, respectively. We introduce the
symmetric bilinear form

(di,dp) := (dy,d2) + (do, dy)
fordy,d, € INI.

11.2.1.2. Preprojective algebras. Recall that @ = (I,Q)) is the double quiver of Q. The preprojective
algebra T1g is the quotient of the path algebra CQ by the relations

Y (efe—ee”)=0.

ecQ)
Let Mod(ITg) be the abelian category of representations of ITg and let mod(ITg) be the subcate-
gory of Mod(I1g) consisting of finite dimensional representations. There is an obvious forgetful
functor mod(ITlg) — mod(Q). For each dimension vector d € INI, let mod(I1g)4 be the subcate-
gory of representations of Iy of dimension d. Since Q has no edge-loops, there is for any i € I a
unique I1g-module ¢; with dimension «;. Furthermore, it is simple.

We shall need the following crucial property of mod(Ilg) (cf. [SY13, Lemma 2.18] or [SV20,
Proposition 3.1]):

Theorem I1.2.1. Assume that Q is not a finite type Dynkin quiver. Then the algebra I1g is Calabi-Yau
of homological dimension two, i.e., there are functorial isomorphisms

Extiry (M, N)" ~ Ext%fgi (N, M)

for any two finite-dimensional I1g-modules M, N. Moreover, we have

2 . .
Y (=1)' dimExt; (M, N) = (dwm, dn)
i=0

where dy, dy are the dimension vectors of M and N.

Remark 11.2.2. The condition on the quiver is not an issue for us: if Q is of finite type then we may
embed it in a larger quiver Q' (which is not of Dynkin type) and extend trivially any representa-
tion of Q to Q.

I1.2.1.3. Nilpotent representations. Let Z be the two-sided ideal of 11 which is generated by all
the arrows of Q.

Definition 11.2.3 ([SY13, Definition 2.14]). A representation M of 11y is nilpotent if there exists
¢ > 1 such that MZ¢ = 0. @

Remark 11.2.4. Let M be a finite-dimensional representation of I1g. It is nilpotent if and only if M
has finite length and its composition factors consist of oy, . . ., Te. A

Nilpotent representations form Serre subcategories of Mod(Ilg) and mod(Ilg). In particular,
they are stable by extensions. We denote by nilp(I1g) the category of nilpotent finite-dimensional
representations of 1.
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11.2.1.4. Stability conditions. Fix § € Xg. In what follows, we shall call 6 also a stability condition.

Definition I1.2.5. The (6-)degree of a dimension vector d = (d;);c; € NI~ {0} C Y is defined
as

degy(d) == (6,d).
The (6-)slope of d is

degy(d)
(d) = —2¢ ,
H 9( ) ( 0, d)
where g is introduced in Formula (IL.1.1).
Let M be a finite-dimensional representation of I1g. Its degree (resp. slope) is the degree (resp.
slope) of its dimension vector. Q

Definition IL.2.6. A representation M of T1g of dimension d # 0 is §-semistable if for any subrep-
resentation N of M of dimension d’ we have

pup(d') < pg(d).

A nonzero representation M is called 8-stable if the strict inequality holds for any nonzero proper
subrepresentation N C M. @

A finite-dimensional I1g-module M has a unique filtration
0=MgCMsC---CM =M

with subsequent quotients being f-semistable of strictly decreasing 6-slopes £s > -+ > /1. This
filtration is called the Harder-Narasimhan (HN) filtration of M and the successive quotients are
the HN factors of M. For each representation M, we define the rational numbers ;.. (M) and

1§ max (M) to be the minimal and maximal f-slopes of the HN-factors of M: we have

]’lé-min (M) = ‘61 = Vé(Ml/MZ) and Vé-max<M> = gs = ]’lé(MS) .

I1.2.1.5. Modulistacks of representations. We denote by Rep(I1g) the classical moduli stack parame-
trizing finite-dimensional representations of I1. It splits as a disjoint union

Rep(ITg) = | | Repa(Tlg)
d

into closed and open connected components, according to the dimension vector d € Yg. Each
Repq (I1p) is a finite-type classical geometric stack.

The stack Repg (I1g) may be realized as a quotient stack as follows. The group Gq := []; GL(d;)
acts by conjugation on the space
Ea:= P Hom (C%, )
e:i—jeQ)
of d-dimensional representations of Q. Consider the G4-equivariant map
pa:Ea — Qolldi),  (xe),cq— Y (xeXer — Xprxe) .
i ecQ)
Then

Repg(Tg) ~ uz'(0)/Gq .

For any i € I, there is a tautological vector bundle V; on Repq(Ilg) of rank d;, which is pulled
back from BGL(d;), and for any arrow e: i — j € Q) there is a tautological map x.: V; — V;. The
maps (xe),cq satisfy the preprojective relations. We will refer to the data (V;, xe) ;| oy as the
tautological T1g-module on MRepq(Ily), and sometimes abusively denote it V4. The collection of
tautological ITg-modules on Repy(I1g) gives rise to a locally free sheaf V on Rep(I1p).
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We let Ag stand for the closed substack of Rep(I1g) parametrizing nilpotent representations.
We have

Ag= || Aa.
deNI
This is a finite type classical geometric stack. Furthermore, it is pure of dimension

dlmAd = —<d,d> .

There exists a derived enhancement Repg4(ITg) of Repq(I1g) which is of (virtual) dimension
equal to —(d, d) (cf. [VV22, §2.1.4] or [DPS22, § 1.2]). In particular, thanks to Theorem I.2.1 we
deduce® that Rep(I1g) is a derived Ici derived geometric stack, of finite type over C.

Let § € X be a stability condition. The subfunctor of f-semistable ITg-representations of di-

mension d € Yg forms an open substack %epf{ss (ITg) of Repg(I1g). The former admits a canon-

ical enhancement, so there is also a derived open substack Rep%*(I1g) of Rep4(I1g). Note that
the construction of a canonical derived enhancement of an open embedding of a geometric clas-
sical stack into a geometric derived stack follows from [STV15, Proposition 2.1]. We shall use this
result also in the rest of this Part without explicitly mentioning it.

Definition I1.2.7. The derived moduli stack Ag of nilpotent finite-dimensional representations of
I1g is the formal completion of Ag inside Rep(I1p). %)

We denote by Ag'ss the derived moduli stack of 8-semistable nilpotent representations of T1g
of dimension d.

Remark 11.2.8. One can show that fRepq (I1g) is equipped with a symplectic structure and that Aq
is a generically Lagrangian substack (cf. [BSV20]). We will not use this. A

I1.2.2. Definition of the preprojective Cohomological Hall algebra. We shall now define, fol-
lowing [SV20] (see also [SV13b]) the cohomological Hall algebra (COHA for short) associated to the
category mod(Ilg). Since we will mostly be interested in the nilpotent case in this paper, we
focus on that. Rather than the Hamiltonian formalism used in loc. cit., we will use here the for-
malism developed in [PS23, DPS22, DPSSV25a]. The two approaches coincide thanks to [KV23,
Proposition 6.1.5] and [PS23, §5]. Note that [KV23] considers the COHA of the one-loop quiver,
while, in [PS23], the authors compared their construction of the K-theoretical Hall algebra via
Derived Algebraic Geometry with the construction in [KV23]. Both arguments used in loc.cit. can
be readapted to the present setting.

11.2.2.1. Equivariant Borel-Moore homology of the stack of nilpotent 11g-representations. Consider the
action of the torus

Tmax = { (7)eeny € (€) 1670 =175 Ve f € Q) = (Gu)? x Gy
on the stack Ag, which is given by the following formula
(qe)e - xp == quxy

for h € Q. Fix a subtorus T C Tmax and let H}. be the cohomology ring of the classifying stack
BT := pt/T. Set

HA{ :=H](Ag) ~HJ(Ag) and HA] :=H](A4) ~HI(Ag)

for d € INI. The obvious NI-grading on HAE is called the horizontal grading. The space HAE
carries a shifted cohomological grading, called the vertical grading, such that

T T
HAG = Hi_(q,0)(Ad)

8Recall that if Q is of finite Dynkin type then we embed it into a larger quiver.
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for k € Z. The top homological degree is in zero vertical degree, i.e., we have

HAg = Hgop(AQ) = @ Hz(d,d)(Ad) .
d

For a future use, let us quote the following important structural results.
Theorem 11.2.9 ([SV20, Theorem A], [Dav24]). For any d € INI, the following holds:
(1) HA] is free as a H}-module.

(2) HAL is concentrated in even degrees and carries a pure mixed Hodge structure (in particular, it
is equivariantly formal).

(3) forany i > 0, the equivariant cycle map H;“Ot’T(Ad ;0) — HL(Aq) is surjective.

(4) The graded dimension of HAE is given by the following generating function

Y dimHAJ 5 24" = (1— 7)™ Aexp (-—
d.k —q

where Ag q(t) is Kac’s polynomial counting absolutely indecomposable representations of Q over
finite fields.

Remark 11.2.10. It is in fact possible to prove that the cycle map H;“Ot'T(Ad; 0) — HL(Aq) is an
isomorphism. A

11.2.2.2. Hall multiplication. Consider the convolution diagram
Rep(ITg) x Rep(I1g) +—— Rep®t(I1g) —— Rep(Tlg) , (I1.2.2)

where Rep®*(Ilg) is the derived stack parametrizing short exact sequence 0 —+ M — R —
N — 0 of finite-dimensional II1g-modules, and where the maps q and p associate to such a
sequence the pair of representations (N, M) and the representation R respectively. We use the
notation Rep®*(Ilg) := S;Rep(Ilg) and g = 9y x 3, p = 91, where the maps 0; are defined in
Formula (I1.2.2), because it is more standard.

Note that p is a proper representable map, while g is a derived Ici map, see [VV22, §2.2] or
[DPS22, § 1.4].

As nilpotent representations form a Serre subcategory, the diagram (I1.2.2) restricts by base
change to a diagram involving A ¢ in place of Rep(Ilgp):

9 p

Ag X Ag AG Ag . (I1.2.3)

By arguing as in [DPSSV25a, §5] (and using [DPS22, § I1.5.2] instead of [PS23, §4]), we obtain
a well-defined associative algebra structure on both

He (Rep(ITg)) and HAG = H,(Ag) = DH.(Ad),
d
by the map p.q'.

We summarize the main properties of HAE as follows.

Theorem I1.2.11 ([SV20, §5]). The multiplication p.q* endows HAB with the structure of an associative
INI-graded algebra. Moreover, the multiplication is of degree zero with respect to the vertical grading, i.e.,
it factors as m: HAdT,k ® HAdT,,k/ — HA£+d, ek In particular, HA/[ is a NI-graded subalgebra of

T
HAQ.
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11.2.2.3. Orientations and sign twists. Let Q' = (I,()') be another orientation of Q and let ' C Q
be the set of arrows in () which are reversed in )’. There is a natural isomorphism

Uug or: %ep(l‘[g) —/ 9%2}3(1_[9/)
(xe)eeﬁ —_ (efxe)eeﬁ

where

1  ifeeQNT,
€ = .
-1 ifeeT,

which extends to the derived enhancements Rep(Ilg) ~ Rep(Ily ), and restricts to isomor-
phisms Ag ~ Ag and Ag ~ Ay Itis easy to check that this isomorphism is compatible with
the diagram (I1.2.3). It follows that 15 o induces an isomorphism of algebras

HAB = > HAg/ 7

which we will denote with the same notation u¢ .

Note that the composition ug/ g o g o is not the identity map at the level of stacks as it
reverses the sign of x. for e € I' UT*, but the corresponding isomorphism at the level of COHAs
is the identity. In other words, u¢ o/ are canonical identifications between the COHAs HAE for
all orientations of the underlying graph of Q.

In order to relate COHAs with Yangians in §I1.6, it will however be necessary to twist the
multiplication on HAE by appropriate signs.

Definition I1.2.12. A twist is a bilinear form
O: ZIxZ] — Z/2Z

satisfying
O(d,e) +O(e,d) = (d,e) . (I1.2.4)
©

We set

mg 4, = (—1)°@d)p g HAT @ HAL — HAL .

Notation I1.2.13. HAZQ denotes the vector space HI (Ag) endowed with the twisted multipli-

cation @dl,dzm% 4, BY abuse of notation, from now on, the untwisted COHA will be denoted by

2
HAB“”tW, while we shall use the notation HAJ, for the COHA whose multiplication is twisted

by the Euler form ® = (—, —) o, which is introduced in Formula I1.2.1. %)

As shown in Proposition I1.8.1, the isomorphism class of HAg@ is independent of the choice
of ®. Furthermore, the isomorphism restricts to a sign twist on each weight space HA] and can
be chosen to be the identity for d € {w; | i € I}. By [SV20, Theorem B], HA{, is generated as

an algebra by HA] for d € {w; | i € I} and hence any two choices of twistings as above yield
canonically isomorphic algebras. We obtain the following result.

Proposition 11.2.14. There are compatible graded algebra isomorphisms

79,0t HAL —— HAL
between the COHAs of any two orientations Q, Q' of the same underlying graph. These are uniquely
characterized by the condition that

10,0 lual = 400 lHal -

foranyi € I
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Remark 11.2.15. Proposition I1.2.14 extends to arbitrary pairs (®,®’) of bilinear forms satisfying
Equation (I1.2.4). A

I1.3. DERIVED REFLECTION FUNCTORS AND COHOMOLOGICAL HALL ALGEBRAS OF QUIVERS

In this section, we recall the theory of (derived) reflection functors and describe the relations
between it and the theory of nilpotent quiver COHAs.

For simplicity, we shall assume here that the quiver Q is not a finite ADE quiver’.

I1.3.1. (Derived) reflection functors for preprojective algebras. In this section, we shall de-
fine (derived) reflection functors for representations of I1y. We follow the treatment given in
[SY13]. Note that the results we cite from [SY13] have been already proven in [BIRS09] for finite-
dimensional modules over the completed preprojective algebra Ag, i.e., the completion of Ilg
with respect to the augmentation ideal. In [SY13], the authors reproved some of the results of
[BIRS09] to show that they also hold for ITg. Derived reflection functors were also treated in
[BK12, BKT14].

Fix a vertex i € I. Let ¢; be the primitive idempotent of Iy attached to the vertex i € I. We
define a two-sided ideal I; of I1g by

Ii = HQ(l - Ei)HQ .

As Q has no edge loops, I; is an ideal of codimension 1 and there is an exact sequence

0 I Il o; 0,
where 0; is the unique simple ITg-module of dimension «;.

Theorem I1.3.1 ([SY13, Theorem 2.20, Lemma 2.21, Proposition 2.25, and Theorem 2.26]). Let w

be an element of Wo with a reduced expression w = s, s, - - - 5j,.

o The multiplication in T1g gives rise to an isomorphism of (I1g, I1g)-bimodules
I,‘l ®]If1Q Iiz ®Hﬁg e ®HﬁQ I,‘r ~ Iil ®HQ Iiz ®HQ e ®HQ Il'y ~ Iil s Il'y .

o The product I;, - - - I;, depends only on w; we can thus denote it by L. It has finite codimension
in HQ.

e I is a tilting (I1g, I1g)-bimodule of projective dimension at most one and Endy, (Iy) ~ Ig.
For any w € Wy, we define the following subcategories of mod(I1p):
Tw = {M € mod(Tlg) | I, ®n1, M = 0},
Fo = {M € mod(I1g) | Torfy, (Lw, M) = 0} .
and
T = {M € mod(Ilg) | Extfy, (I, M) = 0} ,
F = {M € mod(Ilg) | Hompi, (L, M) = 0} .

Remark 11.3.2. Since I, is of projective dimension one, Ext%T o (Iy, M) = 0 and Tor%I o (Ipy, M) =0
for any module M. A

We define the following endofunctors of Mod(ITg):
Sy = Hompy, (Iy, —) and S, = Iy ®r1p — - (IL3.1)
Proposition 11.3.3 ([SY13, Proposition 2.7] and [BKT14, Theorem 5.4]).

9Again, in the case that Q is a Dynkin quiver, we may embedd it into a larger quiver.
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o The pair (T%,F™) is a torsion pair of mod(I1g). For any finite-dimensional representation M of
I1g, the evaluation map

Ly ®r114 Hompyy (Ly, M) — M
is injective and its image is the torsion object of M with respect to the torsion pair (T%,F%).
o The pair (T, Fw) is a torsion pair of mod(Ilg). For any finite-dimensional representation M of
Iy, the coevaluation map
M — Hompy, (Ly, Iy @114 M)
is surjective and its kernel is the torsion object of M with respect to the torsion pair (T, Fup).

o There are mutually inverse equivalences
SZU
Tw ?w
St
Remark 11.3.4. Note that M € T if and only if I, ®x o Homa, (L, M) — M is surjective, while
M € F,ifand only if M — Hom, (I, Iy ®Ag M) is injective. Thus, T% and F, are open, in the
sense of [DPS22, Definition I1.2.57], thanks to the semicontinuity theorem. AN

Proposition I1.3.5 ([BKT14, Proposition 5.7]). Let u,v,w € Wg be such that {(uvw) = £(u) +
£(v) + £(w). Then, one has mutually inverse equivalences

S0
F,OT® 7 FNTO (IL3.2)
i

The ideal I, gives rise to two quasi-inverse auto-equivalences RSy, := RHompy o (I, —) and
LSy := Iy ®%Q —, see [SY13, Theorem 2.3 and Lemma 2.22],

RS
D®(Mod(I1g)) | D®(Mod(I1o)) ,
]st
RSy
Db (Mod(T1g)) —>]LS Db (Mod(T1g)), (I1.3.3)
]st
Dgsrn“(Mod(HQ)) ﬁﬁ Dgsln”(Mod(HQ)).
Remark 11.3.6. We have Ds(Mod(Tlg)) =~ D®(mod(ITg)) and D5 ;;(Mod(ITg)) = D®(nilp(ITg)).
The latter is proved in [Lew?24, Theorem 1.4]. A

Proposition I1.3.7 ([SY13, Proposition 2.27]). For w an element of Wg with a reduced expression
w =s; - -8;,8;, we have

RSy ~RS;, 0---0RS;, oRS;, and LSy, ~1LS; o---0lLS;, oLS;, .
Remark 11.3.8. As a consequence of the previous proposition, it is straightforward to deduce that
the assignments T; — RS; and Tlfl — ILS;, for i € I give rise to a (weak) action of the braid

group Bg on DP(Mod(T1g)). At the K-theoretical level, the corresponding action of Bg on the
dimension vector ZI is the standard action of Wy. A

The following result is a direct consequence of Theorem 11.3.1 and Remark 11.3.2, which will
be used later on.

Proposition I1.3.9. Let u,v,w € Wq be such that {(uvw) = £(u) + £(v) + (w). Then the derived
functor RSy, restricted to I, N TYY coincides with the reflection functor Sy, while the derived functor ILS,
restricted to Fyo N TY coincides with the reflection functor S,



COHOMOLOGICAL HALL ALGEBRAS AND YANGIANS 31

I1.3.1.1. An equivalent description of S;. In this section, we provide an equivalent description of the
functors S; and S! for i € I at the level of the categories of finite-dimensional representations of
I1o following [BK12, §2.2]. First, it is convenient to view a ITg-module as a pair (V, x) consisting
of an I-graded vector space

V=V
iel
with linear maps x.: V; — Vj and x,+: V; — V; for each arrow e: i — jin Q) satisfying the
preprojective relation. We will denote the pair (V, x) simply by x.
For each i € I, we associate to a representation (V, x) of Ilg the following diagram

~ (D RO ——
Vi — V, — V; , (I1.3.4)
where
Vii= P Vi)
ecQ
tle)=i
and

Dy = P ele)x. and x() = P xe .
ecQ) ecQ)
t(e)=i te)=i

Here, e(e) = 1if e € Q and —1 else. The preprojective relation at the vertex i is ()x o x()) = 0.

We now define two new ITg-modules S;(x) and S}(x) as follows. The underlying vector spaces
for S;(x) at the vertices j # i, as well as the maps V; — Vj for j, k # i, coincide with those of x. We

replace V; by ker ((i)x), and define the maps adjacent to the vertex i by replacing Formula (I1.3.4)
with the canonical diagram

~ x(Do() ; ~
AR er (x) —— V;

We define S;(x) in the same way, replacing V; by Coker (x(i) ) and using now the canonical diagram

~ . Doy ~
Vi —— Coker(x(l)) g 2

It is not difficult to check that the endofunctors
Si, Si: mod(Ilg) — mod(Ilg)

introduced in (I1.3.1) coincide with those which associate to (V, x) the representations S;(x) and
S!(x), respectively. In particular, 7% and F;; are equivalent to the full subcategories of mod(I1g)

consisting of the modules such that the maps ()x and x(?) are surjective and injective, respectively.

I1.3.2. (Derived) reflection functors and COHAs. For any v, w € Wy, let Rep(I1g)7, be the open
substack of ?Mep(I1g) parameterizing finite-dimensional representations of I1g, which belong to
TN Fw. Let Rep(I1g)f, be its canonical derived enhancement. Define

Ay = Ag Xep(r1y) Rep(llg)y and  Ag = Ag Xgep(11,) Rep(Ilg)y - (IL.3.5)
In addition, set
(i)AQ =A% and A(Qi) =As,,

DAg =A% and Al := A,
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for any i € I. The derived equivalences (I1.3.2) induces mutually inverse auto-equivalences
of Rep(Ilg). Thanks to Proposition I1.3.9, the equivalences (I1.3.3) induces mutually inverse
equivalences

RSy

—
ReP(HQ)Zw - ReP(HQ)E}v ’
LS,

hence also equivalences
RSy
ow w
AW T A

«—— Puo -
LS,

(IL3.6)

Note that the isomorphism of classical stacks, which are open in their respective full stack, lifts
automatically to the derived level by using the construction of the canonical derived enhance-
ment of [STV15, Proposition 2.1].

For w,v € Wg, set

“WHAL = HI(A"), HAL™ =HI(Ay), and “WHAJ™ =HI(A}).

The stack equivalences (I1.3.6) yield mutually inverse isomorphisms

Sw)+
(Sw) I.(w)

@HA (1L3.7)

(St)

and

Sp)x
(AT B gy AL (113.8)

When w = s; withi € I, we set
Dy AT . @Al T,() ._ T,(w)
HAQ = HAQ and HAQ = HAQ ,
and S; . = (Ss;)« and S , = (8¢ )
Proposition I1.3.10.

(1) There are right and left HAg—modules structures on (i)HAg and HAg(i), respectively, such that
both restriction maps (res: HAg — (Z)HAg and res(?) : HAE — HAZ(Z) are HAg—module
homomorphisms.

(2) The mixed Hodge structures on both (i)HAg and HAg(i) are pure and the maps (Dres and res!?)
are surjective.

(3) ker (resg): HAl — HAg’(i)) = HAch—al- * HADZ and ker ((i)resd: HAl — (i)HAch) =
HA; «HA} .

(4) The graded dimensions of (i)HAg and HAg(i) are equal and given by

dim "HA] = Exp( y Ad(q’l)zd) = dimHAG",

1
-1
1 =97 geNFNy
where z9 = [T;c; sz and Aq is the Kac’s polynomial of the quiver Q with dimension vector d.

Proof. Since T% is the torsion part of a torsion pair, it is closed under quotients, while since J,
is the torsion-free part of a torsion pair, it is closed under subobjects. This implies that upon the
open base change, the convolution diagram (I1.2.3) gives rise to diagrams

(i)AQ X AQ — Aeth XAQ (i)AQ — (i)AQ
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and

(i) t (i) (i)
Ag X Ag «—— AG Xpo Ag — Ag

From this, (1) is a consequence of standard open base change properties.

We now prove (2). Fix a dimension vector d € INI. We shall concentrate on HAg’(i), since the
other case is similar. By [SY13, Lemma 2.23-(4)], a finite-dimensional I1g module belongs to 7% if
and only if it does not contain any submodule supported at the vertex i. Fix a stability condition
§ € X such that éi = 1and éj < 1 for each j # i. Then, we also get that a finite-dimensional
I1g module M belongs to 7% if and only M does not have any submodule of -slope equal to
1. Equivalently, the maximal 6-slope of M is strictly less than 1. Thus, the classical stack AE{) is
a union of the (finitely many) Harder-Narasimhan strata with ps . < 1. Likewise, the closed

)

complement Agq \ Ay’ is the union of all Harder-Narasimhan strata with py . = 1.

Since the category of finite-dimensional representations of I1g is 2-Calabi-Yau, each Harder-
Narasimhan stratum is a vector bundle stack (in the sense of [DPS22, Definition 11.1.31]) over a
product of stacks of §-semistable nilpotent representations of ITg of a fixed dimension vector.
Now, By [Dav23, Theorem B] the mixed Hodge structure of the T-equivariant Borel-Moore ho-

mology of Ag'ss is a direct summand of HA4 and the latter is cohomologically pure by [SV20,

Theorem A] or [Dav23, Theorem A]. This proves that both Ag) and Ag ~ Ag) have a pure mixed
Hodge structure, from which we deduce (2).

We next prove the first statement in (3) (the proof of the second one is similar). The kernel of the
restriction resg) : HAL — HA(TI’(Z) is the image of the pushforward map HI (Aq ~ Ag)) — HAL
Because of [SY13, Lemma 2.23-(4)], the map

to(pdfﬂé,’,ﬂéi): tO(AZ?,El—lXi) — Ad

factors via the inclusion of the stack Agq ~ AE;) into Aq. Thus, the multiplication mq_ g =
(Pd—a;,0;)% © q’d_ai,ai factors as

HA] , @HAL —“— HI(Aq~AY) —— HAT .

Thus we are reduced to proving that the map v is surjective. The following argument is similar
to that used in [SV20, §5.8].

Fixi € I'and £ € N. For any dimension vector d, define the derived stack A(; ) 4 by the
pullback square

j ext
» e
Aip),d AT tm;

q% P . (11.3.9)
A

d_[“i X Agﬂti — Ad—éﬂtl’ X Aélxi

For any short exact sequence of nilpotent representations of the form0 - N —+ E -+ M — O such
that N is of the form 0’1-6% for some ¢ € IN and M belongs to J5,, N is the torsion part of E and M is
the torsion-free part of E with respect to the torsion pair (Ts,, Fs;) of mod(Ilg). In particular, such
a short exact sequence is canonical, and N is the unique submodule of E of dimension vector £«;.
Now, Hompy o (07, M) = 0 by the defining properties of the torsion pair (Ts; f}'si). The latter and
the 2-Calabi-Yau property of the category of finite-dimensional representations of I1g imply that
the map ¢?) is a vector bundle stack morphism. Since Ag)_ ta; % Ata; is cohomologically pure,
A(i ), q is cohomologically pure as well.
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In addition, the analysis above yields that the composition of the top horizontal map j in
(I.3.9) with the map p: A$Y, a;la; — A Is the inclusion of a locally closed geometric substacks.
In particular, A(; ) q parametrizes d-dimensional nilpotent representations M of I1g such that
dim Hom(c;, M) = £. Let A(; ¢) q denote the truncation of A; s 4. Therefore,

Ad AN Ag) = |_| A(i,é),d .
>0

We also define

Aiso,a= L] Ageya and Agspa= || Ageyas

>0 o>
Ajs,a= || Ajey,a and Agsga= || Age)a-
>0 o>

Set
T(i0) | T(i>0) . T(i>0) .
HAL = HI (A p,q), HAY"D = HI(Ajopq), HATPZD = HI(Aj o)) 4) -

By cohomological purity, we have the short exact sequence

0 — HAYY) 5 HALZ) — HAT) 0. (11.3.10)
We now prove by descending induction on ¢ that HACTI’(i’>‘ﬂ’) is contained in the image of the
map v. Assume that HAg’(l’>@ C Im(v) for some ¢ > 0. By Formula (I1.3.10), to prove that

HAdT’(i’ﬂ) C Im(v) we consider the following diagram

0 a7 A AN
AgZ g, X Dy < Niipy,a — Nip)a

\Lu J{] lu/ 7
q t
Ad—ra; X Mo <= A 10, — Ni>0),a

where both squares are cartesian. Note that by construction g() is an equivalence. Then, the
composition

(p)- 0 (") HALY, o HAL, — HALY

is an isomorphism. Since the map

uw':HAL_,, ®HAJ, — HA}") ©HA],

—&X,'

is surjective by purity, we deduce that the map (u/)* o p, o g' is also surjective.

Finally, we prove (4). By [SV20, Corollary 2.2], since ()A4 and Ag) are pure by (2) and have
polynomial count (cf. [BSV20, §5]), the computation of the graded dimensions of HAdT’(l) and

(i)HA(Tl reduces to a finite field points count: this is performed in loc.cit (see in particular, Corol-
lary 5.2 of loc.cit.). O

II.4. YANGIANS

In this section, we introduce an extended version of a Yangian associated to Q, as an algebra
given by some explicit set of generators and relations.

Recall the torus

Trnax = {(fyg)eeﬁ € (C*)ﬁ YeYer = VU fr Ve, f € Q} . (I1.4.1)
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Let €, and 7 be the first Chern classes of the tautological characters 7, and .7, of the group
Tmax. Then
H}max = Hy

max

(pt) =Q [Se

eeﬁ]/{sg—keg*:h VEGQ}.

In what follows, we use the standard notation for (anti) Lie brackets: set {a, b} := ab + ba and
[a,b] :== ab — ba.

I1.4.1. Definition of the Yangian. For any i,j € I, withi # j, set
Gij(t) =TT (t+ee). (IL4.2)

ecQ)
e:i—j

The following “functional equation” holds:
Gij(t) = (=1)%ig;i(—t—h) . (I1.4.3)
Definition I1.4.1. The extended (multi-parameter) Yangian Y§, of Q is the unital associative HY. -
algebra generated by xiié, hi ¢, xi e, withi € I and £ € IN, subject to the following relations:

o foranyi € land / € N

Kio € Z(YS), (I1.4.4)
e foranyi,je€landr,s € N
{hi,rr hj,s} =0, (I1.4.5)
[x;;, xj_,s} = Oijiris (11.4.6)
e foricl
(u—w F R () (w) = (u—w £ h)x" (w)h;(u), (I1.4.7)
(u—wFh)xi(u)xi (w) = (u—wEh)x (w)xi(u), (I1.4.8)
o fori,j€ I, withi#j
Gij(u — w)hi(u)x} (w) = G j(u —w —n)xf (w)hi(u) , (I1.4.9)
Gij(u —w — ki (u)x; (w) = G —w)x; (w)hi(u), (I1.4.10)
Cij(u— w)xj(u)xj*(w) =giu—w— h)xj*(w)xj(u) , (I1.4.11)
gi,]'(u —w— h)xlf(u)xj*(w) 2 gi,]-(u — w)x]f(w)x;(u) , (I1.4.12)

Serre relations:

2 [xz;t(ua(l))/ [xii(uU(Z))' [ Ty [x,;t(ua(m))r x]i(w)} - H] =0 (I1.4.13)

ceEGy

fori,j € I, withi # j, where m :=1— aj and &;, denotes the m-th symmetric group.
e foranyi,j€ I, withi# j,andanye:i —je€Q

GG (0 (@)
(u—o—-m)gj(u—w)ji(w—o) _ = _ = _
(v—w—h jr ge)(u —]w + &) X (o) (w)xi (u)
N Gij(v—w)g;i(u—w)

(u—w+e)

x; (w)x; (u)x; (v) =0,
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Gji(w—u)lji(w—0)
J(in7/h+€e) x]f(w)xi*(v)xf(u)

T e 0 @ 0

. éi,j(v( ;wifii(;)_ ©) e )x (W) () 20, (1414)

Here,
hi(u)=1+n1 Y hyu 1 and xf(u)= Y xiu T evyu],
(EN teN
and for A(uy,...,us),B(uy,... us) € Yb[ulil, ..., ui'] theequality A(uy, ..., us) = B(uy,. .., us)
means an equality of the coefficient of each monomial involving strictly negative powers of the
variables associated to associated to xiiZ fori € Iand ¢ € N.

The (multi-parameter) Yangian Y g of Q is the unital associative algebra over H}. _, which is the
quotient of Y§, by the two-sided ideal generated by the «; ;’s, with i € I and £ € IN. @

Remark 11.4.2. The first definition of the Yangian of a quiver without edge-loops is as an alge-
bra over Q[h] (e.g. [Dri86, Dri87, Var00, Gua07, GRW19]). In our terminology, it would be the
one-parameter Yangian. Recently, also the two-parameters Yangian has been introduced, when
the quiver is an affine type A quiver, as an algebra over Qley, €3], see [Kod19a, BT19, Kod21].
Since we are interested in the relation between Yangians and two-dimensional cohomological
Hall algebras of quivers, for us it is more natural to consider the largest torus Tinax which acts
on representations of the double quiver and from this point of view define the Yangian as an
algebra over H}. ~ . We shall consider the two-parameters Yangian when the quiver is an affine
ADE quiver in §II1.2.1.

The inclusion of the additional set of central elements {;} in the definition of the extended
Yangian is motivated by an analogous construction for the Maulik-Okounkov Yangian (see e.g.
[MO19, §5.3.4 and §6.1.1]). From their perspective, our extended Yangian corresponds to the Yan-
gian and our Yangian would be closer to their core Yangian.

A

Remark 11.4.3. The set of equations above recovers the usual relations of Yangians in particular
cases, as we shall show below.

First, note that (11.4.6) is equivalent to
hi(w) — hi(u)

u—uw

| (), 7 (w)] =0 (I1.4.15)

Let r,s € IN. By taking the u~" 1w =5~ coefficient of (I1.4.7) and (I1.4.8) for i € I, we get

[hi,m,xi} - [hi,,, xi,j:s—i-l} = ih{hi,r, Xi} (I1.4.16)
{xiﬂ,xi} - {xfr’xi—i—l} = ih{xfr,xfs} / (11.4.17)

respectively.

Leti,j € I, withi # j. Letr,s € N. If a;; = 0, the u~"~'w "1 coefficients of (I1.4.9) - (11.4.12)
are

+ +
[hi,r-&-lr x]‘,s} - [hi,rr xj,s+1} =0,

+ + +
[xi,r+1’xj,s} - [xi,rr xj,s-«—l}

0.
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If there exists a unique edge ¢ between i and j in ), the u~" 1w~ coefficients of (I1.4.9) —
(I1.4.12) are

+ + + Ee — Epx +

+ + + ..+ _
[xiﬂ’-&-l’xj,s] - [xz r’ ],s+1} =+

where

o1 ifiojeq,
Tl -1 ifjsieq.

If there are two edges ey, e, from i to j, the u ="~ 1w =5~ coefficients of (I1.4.9) — (I1.4.12) are
|:hi,r+2/ x]i,sj| -2 |:hi,r+]/ x]:’t,s+1:| + |:hi,rr x]‘%s+2:| -
F (&g + eez)hi,r—i-lx]'i,s + (Se}‘ + gez)x ipi1 £ (o) + €0y, rx] s+1 + (SET + Eeg)x]?ts+1hi,r

+
Feei el rx + Eex€es x]'/shi,r ’

+ + + + + .+ _
[xi,r+2’ xj,s] -2 |:xi,r+l’xj,s+1:| + [X ],s+2} -

+ + + + 4+ + +

F (e, + sez)xi,r+1xj,s + <€e’{ + €e§)xj,sxi,r+1 + (e + Sez)xi,rxj,s+1 + (86’1‘ + Eeﬁ)x]'sﬂxir
+ +

F eeleele X £ 4 ee*sezx] Xy

These relations simplify to the standard ones appearing in the affine Yangian of sl, under the
specialization &, + &., = I (cf. [Kod19a, Definition 5.1] and [BT19, §1.2]).
Finally, note that (I1.4.9) and (I1.4.10) yield a relation involving only the generators h; g, ..., h; ,

and x] PR ]r+k for any r and any k < |a; ;|. For instance, when k = 0, we get

[hl 0, X } +aj jx; i (11.4.18)
while when k = 1, we have
|:hlll i} F2 ( 2 ) x]:‘t’r+1 + |a§j|h{hi,o,x]-i’r} + Z (83 — g)x]i,r .

ecQ)
e:i—j

Again, in the case |4;;| = 2 and e, + &, =  we recover the usual relation

|:hll/ :| :sz] r+1 + h{hi,O/ x]:,tr}
appearing in [BT19, §1.2]. A

Remark 11.4.4. The cubic relations (I1.4.14) are additive analogues of similar relations appearing
in [NSS25, §3]. In loc.cit., it was shown that together with the usual quadratic relations, these
provide a presentation of the (localized) K-theoretical Hall algebra of an arbitrary quiver Q, for a
full set of equivariant parameters. Although we do expect a similar result to hold in the cohomo-
logical Hall algebra context, we also imposed the usual Serre relation. As an illustration of this,
we prove below that the Serre relation (I1.4.13) for 7, j two vertices joined by a single edge e: i — j
is a formal consequence of the other relations. In order to unburden the notation, we set

U=x; (u), V=x(v), W= x;(w) .
The quadratic relations read

(u—v+mUV+@0—-—u+h)VU=0, (I1.4.19)
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[ ]
(Uu—w—eex)UW— (u—w+e,)WU=0, (I1.4.20)

(0—w—¢e) VW — (v —w+e, )WV =0, (I1.4.21)
while the cubic relation is
(W —u+ e )UVW — (u—v—R) VWU + (v —w + e, )WUV = 0. (11.4.22)

Let us denote by Ryv, Ryw, Ryw and Ryyw the left-hand-side of (11.4.19), (11.4.20), (I1.4.21) and
(I1.4.22) respectively, and let us denote by Ry the cubic relation with the roles of U and V
exchanged. Then a direct computation shows that

Ryvw + Ryuw +2{Ruv, W} + [U, Ryw] + [V, Ruw]
= r((UV + VU)W —2(UWV + VWU) + W(UV + VU))
which is the usual Serre relation (I1.4.13) with a;; = —1. A

When Q is clear from the context, we will sometimes simply denote Yo, QQ, by Y, Y,

I1.4.2. Gradings and truncations of the Yangians. In this section, we shall introduce a grading
and a truncation of the Yangian, which will play a relevant role later on.

11.4.2.1. Horizontal and vertical gradings. Let Yfé and Yeg'o be the subalgebras of Y, generated by
{xﬁ |iel, ¢ € N}and {h;sx;o|i € I, £ € N}. Let Y°Q’>O be the subalgebra generated by YQQO
and YE and let Yeg,go be the subalgebra generated by YZO and Y. Similarly, we introduce Yéo,
Y9, and Y
Q Q-
The algebras Y§,, YE, and Yeg’o are Z x ZI-graded with
deg (x7}) = (—2¢,+a;) , deg (h;,) = (—2(,0), deg (x;¢) == (—2¢,0), (I1.4.23)

and deg (&) == (—2,0).

Let Y5 [(,d], Yjé[é, d], and YEQ'O[E, d] (resp. Y§, Y5, and \Y;’O) be the graded pieces of degree
(—2¢,d) (resp. of degree d) of Y§,, Yé, and YQQ'O, respectively. The Z-grading is called the vertical
grading, the ZI-grading the horizontal one.

It is also fruitful to consider the filtration on the same algebras obtained by putting the gener-
ators in the same degree as in (I1.4.23) but the scalars €, in degree 0. We shall call this the standard
filtration of Y, Yo, .. ..

Set xl.jE = xl?to, h; := h;p, and ; := ;o with i € 1. The elements xii,hl-,xi with i € I generate the
subalgebra Y§ of Y{, consisting of all elements of vertical degree zero. Similarly, we define Y.

Set Yi :=Y5NY§=Y5NY,.

Lemma I1.4.5. The algebra Y is isomorphic to the enveloping algebra U(gg) of the Kac-Moody Lie
algebra associated to Q.

Proof. Since all the relations defining Y g are homogeneous, Yy is isomorphic to the algebra gen-
erated by {xl.i, h; }ie; modulo the degree zero part of the relations. It suffices to observe that these
reduce to the usual Serre presentation of go. 0

11.4.2.2. Augmentation ideal and truncations of the Yangian. For i € I, let Y; be the subalgebra gen-
erated by the elements xl.ig and h; y with £ € IN. The subalgebras Yii and Y?, etc., are defined as
above.

Let I be the augmentation ideal in Y o. We abbreviate
I =1nYs, PP:=1nYy, 1:=1nYy, IF:=Y,nI*.
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For a future use, we now introduce some truncations of the algebra \Yé. Fix i € I and define
‘ NERVEYE b o ) y=/y=T~
OYg:=Y5/I;Yg and Y =Yg/ YgI; .
There are right and left Y 5-modules structures on DY g and Y(Qi), respectively, such that the
canonical maps

vy — OYg and n: Y5 — YY (IL4.24)
are Y 5-module homomorphisms. Let DY and \Yg) be the subspaces of vertical degree zero.

11.4.3. Triangular decomposition. In this section, we prove the triangular decomposition of Y5,

Theorem I1.4.6. The multiplication yields the following isomorphisms
YooYy’ oYy, — Y, (I1.4.25)
and

Y5 vy —— Y% and Y'Yy —— Y& . (I14.26)

Theorem I1.4.6 yields the existence of a canonical projection
pr: Y§ — Y5 = Y5/I70YG .

Furthermore, note that there exists a version of Theorem I1.4.6 for the Yangian Y, which
yields the canonical projection

pr: Yo — Y5 = Yo/I"Yq. (I1.4.27)
Our method of proof Theorem I1.4.6 will follow the standard approach in the case of quantum
loop algebras (see e.g. Hernandez [Her05, §3]). First, let us recall the following useful lemma.

Let A be an algebra with a triangular decomposition (A", H, A™). Let T (resp. T~) be a two-
sided ideal of A* (resp. A~™). Let B:= A/(A- (t+ +77) - A) and denote by B* the image of A*
in B.

Lemma I1.4.7 ((Her05, Lemma 4]). If t— - A C A-t and A-t" C v+ - A, then (BT,H,B™)isa
triangular decomposition of B and the algebra B* is isomorphic to A* /T+.

Definition 11.4.8. Let YNQQ be the unital associative H}. _ -algebra generated by xl.ie, hi ¢, %; ¢, With
i € I'and ¢ € N, subject to the relations (11.4.4), (I1.4.5), (11.4.6), (11.4.7), (I1.4.9), and (11.4.10).

Let % be the quotient of % by the relations (11.4.8), (I1.4.11) and (I1.4.12). @

_—\ + p——
It is easy to see that the triple ( (Yeg) , Yeg’o, (Yeg) ) gives rise to a triangular decomposition

P ——\=*
of Yg, where (Yeg) is generated by the x?} without relations (see the end of Remark I11.4.3).
=\ =*
Let T+ be the two-sided ideal of (YQQ) generated by

[(u —w—h)x (u)x (w) — (u—w+ h)xf(w)xf(u) 0 foriel,

(€ = w)xF () (w) = Gy —w — W) () (w)|_ orijel,i],
1<0
and

[(u —w+h)x; (u)x; (w) — (u—w— h)xf(w)x;(u): » foriel,

030 = 0 = M) ()37 () = Gy — )35 ()37 ()] forije T, i 4],
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respectively, where [—] ¢ denotes truncation in negative degree of the power series.

Lemma I1.4.9. The following inclusions hold:

(Vo) c(Yo) & amt (Yg) -t cw (V) .

In particular, the triple
(ve) ve (%))

— N\ E
is a triangular decomposition of Y, where (Y“Q) is the subalgebra generated by the xl.ié.

Proof. First, a direct computation shows that

[(u —w+h)x (u)x(w) — (u—w —h)x;"(w)x;" (1), x; (z)] 20,

1 1

by using the relations (I1.4.16) and (I1.4.17). In addition, by using the relation (I1.4.15), one can
show that

G =0 = ) () () = G0 — ) (@) () 3 ()] =0,

where the last equality follows from the relation (I1.4.9) and the “functional equation” (I1.4.3). A
similar but tedious computation shows that

—xgl vy’ T
Using the triangular decomposition Ye = (Y° ) . YZO . 6{/?9)  we easily deduce that
The case of T~ may be shown in the same way. We conclude using Lemma I1.4.7. g
Now, set

T+ = ker ((%)i — Yjé) .

Proof of Theorem 11.4.6. The proof boils down to some direct but lengthy computations, which we
sketch below. Using Lemma I1.4.7 again, it is enough to show that

_-%Q%-T_ and %ﬂﬁ QT+~%.
First, using relations (I1.4.7), (11.4.9), and (I1.4.10), one shows that

— e, 0 e, 0 — e, 0 + + e, 0
-YQ CYQ - T and YQ T CT -YQ .

_-(YQQ><OC(YQQ)<O'T_ and (YQQ)@-T - (Y ) -

¢
Q
—\ >0 <0 0
where (YQQ) and (YQQ) are the subalgebras of Ye generated by (Yé) and Y° and by

It follows that

(Yg) ~and YZO, respectively. The isomorphisms in (I1.4.26) for YQQ’@ and Y°Q’>O thus hold by
Lemma I1.4.7.
Using the relations (I11.4.6), one see that

——\ 20 <0
[tF,x;,] € (YQQ) and [t7,x]] € (YQQ) .
By projecting to YZO and (Yéo, respectively, we get that

>0
+ ~ ¢, 20\ _ + o0
[T7,x;, ]Eker(( ) — Yy )—T Yy,
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[T, x; ]Eker(< )<0—>YZ<O):MQ’0.T

Here the equalities on the right-hand-side follow from the isomorphisms in (I1.4.26). Therefore,
the triangular decomposition (I1.4.25) of Y holds thanks again to Lemma I1.4.7. g

Remark 11.4.10. Note that a priori we could have defined
~t ——\ £
= ._ +
T o=ker (V) — YY),

and proved that
+ 4
vi~ (Yg) /7
gives rise to a triangular decomposition of Y, by using the same arguments as in the proof of
Theorem 11.4.6. By introducing the algebra Yg and proving the triangular decomposition for it,
we deduce that YjQE can be seen as the algebra generated by the xﬁ, withi € [ and ¢ € IN, subject

to the relations (I11.4.8), (11.4.11), (11.4.12), respectlvely, the cubic and the Serre relations and ‘only’
the extra relations obtained by applying ad(x; ) to the cubic and the Serre relations. A

II.5. BRAID GROUP ACTION ON THE YANGIAN

In this section, we shall introduce the braid group action on the Yangian, its negative nilpotent
half, and certain quotients of the latter.

IL5.1. The braid group actions on Y and on Y. There is a Bg-action on Y g by algebra auto-
morphisms defined as

Bg — Aut(Yyp), (IL5.1)

T; — exp (ad(x;")) oexp ( —ad(x; ")) cexp (ad(x;"))
for i € I. These operators are well-known in the context of Kac-Moody algebras. In the context
of Yangians they were first considered in [GNW18], see Formula (3.15) in loc.cit., for Yangians of

affine ADE quivers and further studied in [Kod19b]. This gives well-defined operators since the
adjoint representation of the Yangian, restricted to each root sy, is integrable.

Lemma IL.5.1. Letd € ZI.
(1) We have T;(Yq) = Y,qy and T;(Y{) C ¥e Y2, where e runs over the set s;(d) + Na;.
(2) Ti(I;) C 1Y, and T;(Yg) € Y0¥,

Moreover, let w = s;, - - -s;,8;, be a reduced expression of w € Wg and By = s;,-+-s; (aj,) for
r=1,...,0. We have:

(3) Ty (Yé) CYe YfOYé, where e runs over the set Zle INB;.
Proof. The first claim is straightforward and well-known (see e.g. to [Kod19b, Proposition A.2]).

Thanks to Theorem II1.4.6 (the triangular decomposition), the second claim in (1) follows from the
inclusion

Ti(YE) € (Y3 Y7 )y

where (—),(q) is the degree s;(d) part of (—). We next turn to (2). Clearly, T;(Y;) = Y;. Since
I C Yren x;,Yi, it is enough to check that T; (x7,) € I for each integer /. Now, the relations
(II 4.9) (see also (I1.4.18)) and (11.4.10) (see also (II. 4 16)) y1e1d

= o] =3 (] 9o )
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Thus, the claim follows by iteratively applying [Kod19b, Proposition A.2]. The second statement
in (2) follows from the above argument together with the equalities
+v0 _ yOy+ Oy+ — y+y<O
Y5Yo =YY, and Y;Y5 =YoY, .
Finally, (3) follows from (2) and (1) by induction. (|

For any w € Wy, we define the linear operator T, given by the composition

Tw pr

Tw: Yé YQ YQ Y_ , (IL.5.2)

where the last map is the projection (IL4.27). We call Ty, the truncated braid group operator
associated to w.

Let BJQr C Bg be the submonoid generated by the elements T;, with w € Wgo. We call 35 the

positive braid monoid of Q. It is known that B JQF is isomorphic to the monoid generated by the T;’s
modulo the braid relations (II.1.3).

Proposition I1.5.2. The assignment Ty, — Ty, for w € W gives rise to a representation of BJQr on Yy,
i.e., to a morphism of groupoids BJQr — End(Y ).

Proof. Letw = s;, - - - 5,5, be a reduced expression and B, = s;, - - -s; ,, (&;,) forr =1,..., 0. We
shall argue by induction on r.

Letv :=s;,  ---s;s;, and i = iy. We will prove that T;, = T;T,. Fix an element x € Y, By
Lemma I1.5.1, we have T,(x) = y +z, withy = Ty(x) € Y5 and

=1
z e ZH?OYé with 0F£e€ leNSif S (‘Xir) .
e r=

We have Ty (x) = T;(y) + T;(z) and

(-1
z) € ZTi(]IfO)T,'(\Yé) with 0#£ee ) Ns; -5 (a).
e r=1

Note that all weights s;, - --s; (a;,) in the formula above are positive roots, which are different
from «;, hence T;(z) € ]I>0T i(Yg) C I*%Yo. Thus T;(z) belongs to the kernel of the projection

(I1.4.27). Therefore Ty (x) is the image of T;T,(x) by the projection (I1.4.27), proving the proposi-
tion. g

I1.5.2. Truncated braid group action.

Proposition I1.5.3. There exists a unique map T;: (i)YQ — Y(Qi) such that the diagram

_ T; _
Yo —— Yg

(i)nl lno‘)
. T .
yg —— v

is commutative. Here, the vertical arrows are the canonical projections (11.4.24).

Proof. We have an inclusion T;(I; Y5) C IFY g C I7%Y g hence there is a factorization

Yo —— Yo

| N [

yg — Yg
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()

We now compose with the projection 77(): Y45 — Yy to obtain the desired commutative dia-
gram. 0

II.6. RELATION BETWEEN THE YANGIAN AND THE NILPOTENT COHA OF THE QUIVER

In this section, we construct a surjective algebra homomorphism from the negative half Y of

the Yangian to the cohomological Hall algebra HAZ for T := Tmax. We shall use the notation T
and Tmax interchangeably.

I1.6.1. The algebra S. Define the Z x INI-graded commutative algebra
S:=Hx[pi(zi) i€l £ >0],
where

deg(ee) = (2,0), deg(pe(z)) = (2,;) .

Forany i € I, we set

ch(zi) = po(zi) + ), péé?i) :
=

We endow the algebra S with a cocommutative bialgebra structure by setting
A(ch(z;)) = ch(z;) ® 1+ 1 ® ch(z;)
foreachi € I.

Remark 11.6.1. It can be helpful to think of py(z;) as the {-th power sum in an infinite set of vari-
ables z;1,z;5, ... and of py(z;) as an extra formal variable. A

For each dimension vector d € INI, there is a canonical algebra homomorphism
105 — H.Tde(pt) , ch(z;)) — ch(V)),
where V; is the tautological vector bundle on BG4 pulled back from BGL(d;) introduced in
§I1.2.1.5. Observe that ((po(z;)) = d; for any i € I. Composing the natural H3. _ -action on
d

HAE with the map ¢ and taking the sum over all dimensions d, we get an action of S on the
HZ.-algebra HAg, which we denote as

. T T
N:S®@HAy; — HA, .
Lemma I1.6.2. The action N is Hopf, i.e., for any c € Sand ay,a; € HAZ we have

cNay-ap) = E(c; Nap)-(cj Naz),

J
where A(c) =Y c; ® c;-’.

Proof. Fix dq,d; € INI and consider the convolution diagram (I1.2.3)

q

ext P
Ag, X Ad2 — Ad1,d2 — Ad1+d2 .

1
There is a short exact sequence of tautological bundles
0— de — Vd1+d2 — le — 0.

The lemma follows from the additivity of the Chern character and the projection formula, as in
[SS20, Proposition 4.2]. O
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On the other hand, there is an action of 5 on YQQ
N:S®@Ys — Yo
such that for each vertex i € I and each positive integer ¢, the polynomial p(z;) acts as the
derivation satisfying
pe(zi) N xfk = £4; ka# , pe(zi) Nhix =0, pe(z;)NKjp =0, (IL6.1)
and po(z;) acts as d; - id on the d-graded piece Y§. This action preserves the subalgebras Yjé and
Yeg'o. It is of degree zero with respect to the ZI-grading.

11.6.2. The homomorphism ®. The goal of this section is to prove the following theorem.
Theorem IL.6.3. There is a surjective Z. x INI-graded HZ-algebra homomorphism
®: Y, — HAJ,
h , (IL.6.2)
Xip—> (zin)" N [Ag]
fori € Iand ¢ € IN. Moreover, we have:

(1) @ intertwines the vertical gradings on'Y g and HAE.
(2) @ intertwines the S-actions on'Y g and HAZ.

(3) @ restricts to an algebra isomorphism Y, — HAg .

Proposition 11.2.14 yields the following.

Corollary 11.6.4. For any choice of twist ©: ZI x Z1 — Z /27, there exists a surjective algebra mor-
phism
Yo 7,0
$e: Yy — HAg
satisfying the same conditions as in Theorem I1.6.3. The isomorphisms yg e are compatible with the
morphisms ®, i.e., we have yg o Po = Pgy.

When there is no risk of confusion, we will simply write ® for ®g. Motivated by the main
result of [NS525], we make the following conjecture:

. . . A o~ 7 .
Conjecture 11.6.5. The map ® induces an isomorphism Y 5 ® Frac(H3) — HA§ ® Frac(H3,).

Warning 11.6.6. Note that with our conventions, the map ® does not preserve weights, but rather
sends the graded piece of Y of weight —a € Y to the graded piece of HAE of weighta. A

To prove Theorem I1.6.3, we first recall the shuffle algebra presentation of the cohomological
Hall algebra of a quiver.

11.6.2.1. Shuffle algebra and cohomological Hall algebra of quiver. For d € INI, define
Sy
Shy = H'T[zi,g‘ie I,1 gegl} )
where & is the permutation group of d letters and &4 := [[; &, is permuting the set of variables

{zi1, -+ ziq, } for each vertex i.

When considering elements of Shyq, we will indicate the range of variables in bracket: for
instance, P(z[; g]) is a function in the variables (z;) fori € Iand 1 < £ < d;, while P(z[q11,d+¢])
is a function in variables (z;¢) fori € Iand d; +1 < £ < d; +¢;.

Note that there is a canonical identification Shq = Hf (Repq(Q)). We define a graded asso-

ciative algebra structure on Shg = H*T (Rep(Q)) such that, for each P € Shgq and Q € She, we
have
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(P* Q) (Z[l,d+e]) = (-1 Z (H@z [1,d])7 Z[d+1, d+e] H @z,] [1,d]7 Z[d+1, d—l—e])

4 icl ijel

P(z1,q)) - Q(Z[d+1,d+e])) , (1L6.3)

where o runs among all I-tuples of (d;, ¢;)-shuffles, and

Zik — Wi —h
iz 4], p, e}) - ]<1k—<[d_ ﬁ and 511( [1,d), @[, e]) ]lk:[_ Cij(zix —wjp) -
<< 1<t<e;

Here, {; () has been introduced in Formula (I1.4.2), while (—, —) stands for the non-symmetrized
Euler pairing attached to Q, introduced in Formula (IL.2.1).

Theorem I1.6.7 ([SV20, Theorem A]). The pushforward with respect to the closed embedding of classical
geometric stacks Ag — Rep(Q) yields an injective HZ.-algebra homomorphism ¢: HAE — Shg which

is a S-module homomorphism™°,

Concretely, we have l(( DN [A]) = zfll € Shy, foranyi € Iand ¢ > 0.
11.6.2.2. Proof of Theorem 11.6.3. We are ready to prove the main result of this section.

Proof. The proof of relations (11.4.8), (11.4.12), and (I1.4.14) are done by a direct computation using
the shuffle formula (I1.6.3). Since the first two (quadratic relations) are standard and follow di-
rectly from the presentation, we focus on the cubic relation. The images in the shuffle algebra of
all the terms involved consist of series of the form

E(z1,u1) - E(zs,us)P(z1,...,25) = [E(z1,u1) - - - E(zs, t0s) P(ut1, .. .,us)]<0 ,

where [—] - stands for the truncation to negative powers of all u variables. Here P(zy,...,zs) €
Q[zfcl, ...,zf1] is any Laurent polynomial. Let us now fix i # j € I. Using the above observat1on
and the functional equation (I1.4.3) for the functions Cl i(t), one sees that in the shuffle algebra,

Cl]( )gi,]'(v_w)] <0’
R (o

u—o—

x; (u)x; (0)x; (w) = —[X(u,0,w)—— —

x; (0)x7 (w)x; (u) = (=1)%*! (X (u, v, w)" w)gji(w —u)] o
u—v+h

:—[X(u,v,w) u— @1]( )gi,j(u_w_h)}d)’

u

‘—f‘aﬁ(w —u)gji(w —0)] _,

u—o—h gl,]( w_h)gi,j(v_w_h)]<0/

X (w)xg (u)x; (v) = — [X(u,0,w)
= - X Yy
[X(u,0,w) ——— —
where
X(u,v,w) = (E(zi1,u)E(zi2,v) + E(zi2,u)E(2i1,0)) E(zj, w) .
The cubic relations follow.

Let us now turn to the Serre relation. By a classical trick of Grojnowski and Nakajima (see
[NakO1, §10.4]), it is enough to prove it for generators x;, X all in vertical degree zero (in-
deed, by successively applying the derivations py(z;) to the degree zero Serre relations, one can
generate the Serre relations in any multidegree, in the same way as symmetric polynomials are
generated by power sum functions).

In terms of the COHA, this amounts to checking a relation in the subalgebra HAg . From the

equivariant formality of HAT1 for any d € INI (cf. Theorem 11.2.9), it follows that the structure

10Note that the torus T fulfills the genericity condition which [SV20, Theorem A] requires.
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of this algebra is independent of the choice of the torus; we may therefore replace T by any
smaller torus, in particular by the (standard) torus used in e.g. [YZ18a], where the Serre relation
is checked'!. Statements (1), (2), and (3) are immediate from the definition of .

The surjectivity of the map ® follows from the generation theorem [SV20, Theorem B] together
with the obvious fact that the image of ® contains HAEI_ for all i € I. Finally, the restriction ®

of ® to Y, is an isomorphism since Y, and HAg have the same graded dimension as U(ng),
where ng is the negative nilpotent subalgebra of gg (see e.g. [Sch12a, Theorem 4.23]). O

Remark 11.6.8. To prove the degree zero Serre relations, one may alternatively use the characteris-
tic cycle map and the compatibility with Lusztig’s geometric Hall algebra (see §I1.7.1.5). A

11.6.3. Extension by the loop Cartan. Motivated by the analogy with Maulik-Okounkov Yan-

gians and the theory of Nakajima quiver varieties, we introduce an extension HAggo of HAZ by
adding a ‘Cartan’ part and extend the morphism & to that setting. For this, let us consider the
commutative polynomial algebra

HA) =5.®S,,
where
S;=H[pi(zi);i € L >0] and Sy:=HX[p,(y;);i€L=>0].

Here we write 5, for S in order to avoid confusion. We equip it with a cocommutative coproduct
by setting

Alpe(yi) = pe(yi) @1+ 1@ p(yi) and Alpe(zi)) = pe(zi) © 1+ 10 pe(z)
for any i, £. We also define an action
. 0 T T
N: HAY @ HAL — HA]

as follows: ch(z;) acts by multiplication by ch(V;) and py(y;) acts by zero. This allows us to form
the semi-direct product

HAL< .= HA) x HAJ,

which is the quotient of the free algebra generated by HAOQ and HAE modulo the two-sided
ideal of relations

xa =Y xiNax],
i

with x € HA) and a € HAL,

In order to extend & to HAZ’@, we introduce symbols W; for i € I which we shall formally
treat as vector bundles on A g satisfying

Chg(W,‘) = péé{/z) S HA];’<0 .

Let us also set

Fi=q Wi—(1+qVi+ Y 7. Vi+ Y 2.V
ecQ) ecQ)
e: j—i e:i—j

HNote that the authors of [YZ18a] use the opposite multiplication for the COHA.
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Theorem I1.6.9. The assignment

Aa(F)
hi(z) —— 1+v€Z]N[)\l/Z(qZ}‘i)ﬁ_ ,
Kig pe(yi)

where A_y,,(E) is the equivariant Chern polynomial of £, extends the map ® to a surjective algebra

homomorphism \Yeg,go — HAB@, which restricts to an isomorphism of algebras Y% ~ HAOQ.

Proof. The only nontrivial relations to check are (I1.4.8) and (I1.4.11). These follow from direct
computations in all points similar to [Var00, §5]. O

We will often identify \YQQ’O with §; ® S, without further mention.

I1.7. COMPATIBILITY BETWEEN BRAID GROUP ACTION AND DERIVED REFLECTION FUNCTORS

In this section, we relate the action of the truncated braid group on Y g with the derived re-
flection functors. Note that Proposition I1.3.10 has the following immediate consequence:

Corollary II1.7.1. The'surjeftive alge?m homonjolrphism b Yé — HAZ factors to surjective homo-
morphisms DY g — (Z)HAg and Y(QZ) — HAg(l).

Recall from §I1.6.1 the S-actions on HAZ and Y. Itis clear that these actions descend to 5-
actions on the quotients HAg(i) and (i)HAg, as well as ()Y g and Y(Qi) for each i € I. Moreover
the morphisms ()Y g — (i)HAg and Y(Qi) — HA;’U) are S-equivariant.

As usual, we say that i € I is a sink of Q if there isno edge i — j € ), while i € I is a source of
Qif thereisnoedgej — i € ().

The main Theorem of this section relates the action of reflection functors on the COHA and
the action of braid operators on the Yangian.

Theorem I1.7.2. Fixi € I and assume that i is a sink of Q. Then the diagram

Q

T’i B (IL7.1)
(i) @ T,(i)
Yy —2» HA[§

is commutative.

The Yangian Y g is independent of the orientation of Q, and the COHAs HAE and HASTZ_Q are
canonically isomorphic. However, these isomorphisms are given by sign twists on each weight
space (see §11.2.2.3), and are in fact not compatible with the reflection functors. The assumption
that i is a source guarantees that there is no sign twist in the diagram. Note that there is a slight
abuse of notations in diagram (I.7.1): the map S; . is induced in Borel-Moore homology by the
composition of equivalences

The proof of Theorem 11.7.2 is divided into four steps:
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e In §I1.7.1 we prove the vertical degree zero version of Theorem 11.7.2, i.e., Theorem I1.7 4.
The proof reduces to the compatibility of the braid group operator T; with the operators
at the level of classical Hall algebra of Q induced by the BGP functor and the use of
the characteristic cycle map to lift such a relation at the level of the cohomological Hall
algebra of Q.

o In §I1.7.2 we prove the compatibility between the action of the Chern classes of tautolog-
ical bundles and the action of the braid group, using the representations of the Yangians
on the Borel-Moore homologies of Nakajima quiver varieties.

o In §I1.7.3 we characterize the supports of (i)HAg and HAdT’(i) as Shq-modules.

§11.7.4 we show that the operators T; descend to maps (i)HAg — HAg(i). For this we

introduce partial doubles of HAZ and Y, at a fixed vertex i € I.
All these steps are put together in §I1.7.5 where we finally prove Theorem I1.7.2.
Theorem I1.7.2 admits a generalization to the case of HABG) for an arbitrary twist ©. To any
A € Xg one may associate an automorphism p i € Aut(Y) given by
px: U — (—1)(}”“')
and a surjective algebra morphism d% Yo — HAg@ given as
qD}é = Pgopy .

There is a natural action of the Weyl group Wy on the set of twisting forms ©, given as follows:
ifwe Wand ©: ZI x ZI — Z; is a twist, then w - © is the twist defined by

(e,d) — @(wil(e),wfl(d)) .

Corollary I1.7.3. Fix i € I and let © be an arbitrary twist. There exists an (explicit) A € Xg such that
forany v € Xg the diagram

v

. [ i T
Yo —2— VHAL®

T’-J J‘Si,*
s; (V) +A

Sl‘~ T ce
Y(Q') N S N
is commutative, where HAsTi’SQf' 0 = HT(AS)Q)

Proof. Let us first assume that v = 0.

Recall the algebra isomorphisms g g : HAg'@/ o~ HAE'@N for any two twists @ and ©”
(cf. Proposition 11.2.14). Fix an arbitrary twist ® and denote by yg @ the algebra isomorphism
corresponding to the Euler form (—, —) ¢ and ©. Similarly, for any vertex i € I, we shall denote
by 7s,0,5,- the algebra isomorphism corresponding to the Euler form (—, —);,g and s; - ©.

Let us fix the orientation of Q so that i is a sink, and extend the commutative diagram (I1.7.1)
as follows:

(i)YQ P (i)HAg 700 (i)HATQ,(a
Ti[ Jsi,* Jsi,*
T,(i) 15950 T,5i-0,(i)

(i) @ T
Yy ——— HA;y) ———— HAJ
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The composition
_ @ T VsiQs;-0 Tsi-©
Yo ——— HA; o ———— HA
is an algebra morphism, which coincides with ®@,.g up to a sign twist. It thus has the form (Dé\r@
for a well-defined A, whose explicit form may be computed.
The case of v # 0 follows by a similar argument. O

IL.7.1. Degree zero case. Let Y{ be the subalgebra Y§, consisting of all elements of vertical degree

zero. Set Y, = Y5 N Y. Let also consider the subalgebra HA0 = HtTop(AQ) of HAE. The
restriction of the map & to the subalgebra Y of Y5 factorizes to a map

®): Yy — HA],
as shown in Theorem I1.6.3-(3). Now;, introduce
DYy =Y, /I;Yy and Y =Y; /YT,
DHAD = HL (IAg)  and  HADY = HT (AY).
By Corollary I1.7.1, the map P yields a pair of surjective algebra homomorphisms
®p: Yy — PHAT and @p: Y\ — HAT®
Both maps T; and S; . preserve the degree 0 subspaces. The first step to prove Theorem I1.7.2 is

the following result.

Theorem 11.7.4. Fix i € I a sink of Q. Then, the diagram

()Y, T; Y(()i)

l% [ (IL7.2)
(i )HAO HAT (1)
is commutative.

To prove the theorem we proceed in the following way. We first consider the analogous state-
ment for IF;-Hall algebras Hg ¢, which essentially follows from work of Lusztig and Sevenhant-
Van den Bergh on braid group actions and BGP functors. We next use the Cebotarev density
theorem and the trace map to lift this result at the level of categories of perverse sheaves Ko(Qg),
first over IF, with Q-coefficients, then over C with C-coefficients. Finally we apply the character-
istic cycle map CC: Ko(Qg ) — HAg and use the known fact, see [Hen24], that it is an algebra
homomorphism of algebras.

I.7.1.1. The BGP functor. Fix a field k. For i a sink of Q we let mod(Q)i be full subcategory of
mod( Q) whose objects are (V, x) such that the map

P xe: EBV -V (IL.7.3)
e: j—i

is surjective. Similarly, for i a source of Q we let mod(Q); be full subcategory of mod(Q) whose
objects are (V, x) such that the map

P xe: Vi — @V (IL7.4)
e:i—j

is injective. Here, in the direct sum in the r1ght—hand—51de of the map (I1.7.3) and in the direct sum
in the left-hand-side of the map (I.7.4), j runs over all vertices of Q that are adjacent to i.
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For a fixed vertex i, let 5;Q be the quiver obtained by reversing all the edges which end at
i. In particular, if 7 is a sink (resp. source) of Q, i is a source (resp. sink) of s;Q. We shall now
recall the construction of the BGP functor following [BGP73]. Assume that i is a sink of Q. To a

representation (V, x) we associate the representation (V, X), where
N Vi ifj#1i,
Vi= (ke (€D x: DV Vi) ifj=i,
e: j—i j
and the linear maps X are the obvious ones. Similarly, if we assume that i a source of Q, to a
representation (V, x) we associate the representation (V, X), where

- V; ifj#i,
V= coker( P :V,'%GBV]-) ifj=i,

et i—j j
and the linear maps X are the obvious ones. This construction gives rise to the functor
Si: mod(Q) — mod(s; Q)
if i is a sink, and to the functor
St mod(Q) — mod(s; Q)
if i is a source. In particular, if 7 is a sink, the functor S; descends to an equivalence
S;: mod(Q) — mod(s; Q);,
whose inverse is given by the restriction of S/.
From now on, we let i be a sink of Q. Let
D f: Rep(Q)) — Rep(Q) (IL.7.5)
be the embedding of the open substack consisting of finite-dimensional representations of Q for
which (I.7.3) is surjective; likewise, let
FO: Rep(s:Q) 1) — Rep(s;Q) (IL.7.6)

be the embedding of the open substack consisting of representations of s;Q for which (I1.7.4) is
injective. The BGP functor S; induces a morphism

Si: Rep(Q) — Rep(s;Q) .

It restricts to an equivalence
Si: Rep(Q)) — Rep(s;Q) sy (I1.7.7)
whose inverse is given by S'.

11.7.1.2. Classical Hall algebras and braid group action. Let v be a formal variable and let U, (ng) be
Lusztig’s integral form of the quantized enveloping algebra of ng (see e.g. [Sch12b, Appendix 4]
for the definition). Now, let 4 be a prime power and let us fix a square root € of 4. Set

Ue(ng) == Uu(ng)lv=c -

We also set
U, (ng) = Uu(ng)/fills(ng) and U (ng) == Uy(ng)/Uu(no)fi,

where f; € Ug(ng) is the ith Chevalley generator. We define ()U.(ng), Uéi) (ng) in a similar
fashion.

Let Repg (IFy) be the set of isomorphism classes of Fy-points of Rep(Q) and let Fung, (Q) be
the space of all maps Repg(IF;) — C. We endow it with a twisted Hall multiplication, where the
twist is defined as e.g. [Sch12b, Lecture 1]. The composition subalgebra Hg C Fung, (Q) is the
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subalgebra generated by the characteristic functions 1;: Rep,, (F;) — C for i € I. The Ringel-
Green Theorem provides an isomorphism

0 HQ,S — US(nQ) (II.7.8)

see e.g. [Sch12b, Theorem 3.16]12.
Recall that i is a sink. The embeddings of stacks (I1.7.5) and (I1.7.6) induces inclusions (@) f and
') of the sets 9Rep ) an. eps. » of isomorphism classes o -points of the stacks
(@ of th Repg(Fy) ") and Repy, o (Fy) ;) of phism cl f Fyp f the stack

Rep(Q)D and Rep(s; Q) ;) into Repg(IFy) and Rep,, o (IFy), respectively. This gives rise to the
following quotients

(i)HQ,S — ((l)f)*(HQ,E) and Hg:)Q,s e (f(i))*(Hs,'Q,s)
of the vector spaces Hg ;. and Hj, g ¢, respectively. The map 6 descends to linear isomorphisms

(ge: DHg, — WUc(ng)  and  6Y:H',, — U (ng) . (1L7.9)

1

Indeed, the isomorphism 6, maps 1; to f;, hence it restricts to isomorphisms
11' . HQ,S L> fl'us(l‘lQ) and I‘IQ,S . 11' L) Ug(ng)fi .

Moreover, a function ¢ € Funp, (Q) is supported on the complement of mepQ(qu)ﬁ) (resp. of
%epSiQ(IFq)(i)) if and only if it is left (resp. right) divisible by 1;, and the same holds for Hg , by
e.g. [Lus93, Theorem 14.3.2].

The functor S; introduced in Formula (I1.7.7) induces a bijection
iRep o) (]Fq ) (l) L) %epsi Q (]Fq) (i)
The direct image by S; yields a linear isomorphism

Siwt MHoe — H{jp,

such that the following diagram of linear isomorphisms commutes

. (i) .
(/H g, _e (MU (ng)
lsi,* lr;,,l . (11.7.10)

i (@) i
Hgi)Q,S ? U£ )(ng)

This is shown in [Lus93, §38, Lemma 38.1.3], see also [SVdB99] and [XY01, Theorem 6.3-(a)] .
Here, T; _, is Lusztig's braid group operator considered in [Lus98, §8] and [Lus93, §38]. More pre-
cisely, it corresponds to Lusztig’s braid group operator twisted by the Cartan involution swap-
ping ¢; and f;. The classical limit of T _; is the standard operator T; € Bg. In the following
paragraphs, we will successively prove variants of (IL.7.10): first at the level of categories of per-

verse sheaves over IF;, then over C, and finally at the level of HAg .

12Njote that U, (ng) and U, (né) are isomorphic as algebras, where né is the positive nilpotent Lie subalgebra of gg.
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I1.7.1.3. Lusztig’s categorification of the Hall algebra (Fy-case). Let k = F,. Let D5, (%ep(Q)) be the
bounded derived category of constructible mixed complexes (i.e., complexes of IF;-Weil sheaves)
on Nep(Q). We shall consider the usual (complexified) Grothendieck group Ko (DB (9ep(Q)))
and the (complexified) split Grothendieck group Ke (D2 (%ep(Q))). It has the structure of a
Clv, v !]-module given by v" - [C] := [C[n]] for any n € Z (i.e., v acting as the grading shift
operator).

Let Qg C DB (Mep(Q)) be the Lusztig category introduced, e.g., in [Lus91, §2 & §3]. Its com-
plexified split Grothendieck group Koy == Ko (Qgy) is a free C[v, v~!]-module. By [Lus91,
Theorem 10.17], there is a C[v, v~ !]-algebra structure on K g x and a canonical isomorphism

\Ijki KQ,k L> UU(nQ) .

Let W94y and Ds(’l)g be the essential images of the categories Qg , and 9, ¢ x by the pull-back

1

functors induced by ()f and f(?), respectively. Set
K gp = Ka(Igs) and K}, =Ks(al,) .

These are free C[v, v~!]-modules generated by the classes of shifts of simple perverse sheaves in
9o whose support intersect /9ep (Q) and Rep) (Q) respectively.
By an argument of Lusztig, see, e.g., [Sch12a, Lemma 3.19], the kernel of the restriction maps
Kox = WK grand Koy — IC(Ql?k are respectively the left and right ideals generated by [IC(9ep,, (Q))] =
. 1(fi)- Thus ¥} factors to isomorphisms

09, : O gr — MU,(ng) and ¥ kY, —“» U (ng) . (L7.11)

The aim of this paragraph is to prove the following result:

Proposition IL7.5. The direct image by S; yields an equivalence of graded additive categories ()9 ok
Dgl)g  Taking the split Grothendieck groups we get a commutative square of linear isomorphisms

(i) .
(DK o N (DUy(ng)

i T (I.7.12)
(i)
Kok —> U
To prove the proposition, we need some preliminary result. First, we shall use the trace map to
deduce this from (I1.7.10). By [Lus98], see e.g. [Sch12a, Theorem 3.25], the trace of the geometric
Frobenius yields an algebra isomorphism

Te: ICQ,S = ICQ,k|U:g — HQ/g . (11.7.13)

Note that the composition 6 o T, coincides with ¥y |,—.
If i is a sink, we likewise set
(i)ICQ,S = (Z)KQ,k|U:£ and ’CS(:)Q,E == ’Cst|U =g .

Lemma I1.7.6. The trace of the geometric Frobenius T yields linear isomorphisms

ir: Vg, —— WHg, and Ts()./CS()Q ~y Hgﬂgs . (IL7.14)
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Proof. Note that the following diagrams

ICQ,E BRLA R (i)ICQ,E ICS!'Q'S = Ics(f)Qxf

JTS l(i)rf and lu lTs(i)
(Df)* (i) D) ()

Hg, —— “YHg, Hs, 0, ’ Hs,Q,e

commute and the maps (()f)* o 7. and (f)))* o 7, are surjective. Hence, ()7, and Te(i> are sur-
jective as well. The injectivity follows from the fact that the domains and targets have the
same graded dimension. Indeed, ()KC 0, and (DH g . both have the same graded dimension as

(i)Ug(nQ) ; the same argument works in the second case. (]

Proof of Proposition I1.7.5. Let us consider the following commutative diagram of linear isomor-
phisms:

O DH g, Leg DUe(ng)

ﬁ*l . (1L7.15)

The functor

Sia: DR(V%ep(Q)) —— Df(Rep(1Q) "
is an equivalence. Since both categories ()9 ok and Dg)g , consist of semisimple complexes
and are stable by direct summands, it is enough to prove that S; , restricts to an isomorphism

K ok IC(i)Q - which fits into a commutative diagram of the form (I.7.12).

5i
Now, the trace of Frobenius may not be injective on Kg (D5, (‘9epgx))|v=e, SO We may not
directly define

Six: Ko (0 gp) —— K@(Qﬁf)g)

such that the diagram (II.7.12) commutes by completing the the diagram (I1.7.15). To overcome
this problem, we shall consider all extensions of the field IF; in k at once and use the Cebotarev
density theorem.

For any n € Z-q, considering the set Repg(IFyn) instead of Repg(IF;), we define the alge-
bra Hg . as before. Consider the subalgebra Hg, of [],.oHg. generated by the families
of characteristic functions of the simple modules. We also see U,(ng) as the subalgebra of
[T.>0Uen (ng) via the diagonal embedding. Considering the maps 6 in Formula (I1.7.8) and
Ten in Formula (I1.7.13) for each extension k/IFgn, we recover the canonical C[v, v~ !]-algebra iso-
morphism

Y ICQ,]{ — UU(I‘lQ) .

Similarly, we define maps (9 and () as in Formula (IL.7.9) and ()1 and ™ as in Formula (IL7.14)
for Ko and Hgy. Thus, we get the following commutative diagram in which all maps are
isomorphisms

(OFs

, . (i) ,
DK g — DHg, e DUy (ng)

lsi/* lTi/,—l

/C(i) i) HS)Q,U L Ul(,i) (no)
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By the Cebotarev density theorem, the products of all traces of Frobenius for n € IN is injective
on Kg, (DB, (‘Rep ox))- Furthermore, the trace map commutes with the functor S; , so the map (D
and 70 are injective. We thus deduce that the functor S; , restricts to an equivalence Ofy) ok ~

le)g . yielding the desired isomorphism

Thus, the claim is proved. U

11.7.1.4. Lusztig’s categorification of the Hall algebra (C-case). Letk = C. We denote by Q¢ ¢ Lusztig’s
category of semisimple complexes on PRep(Q). It is again an additive, graded subcategory of
Db, (Repg ). We shall denote by Kg ¢ its complexified Grothendieck group, a free Clv, v™1]-
module. We have a C[v, v~!]-algebra isomorphism

TC: ICQ’C é UU(ﬂQ) .
We define the categories Oly] Q,C/Qg)gc as before, as well as their respective complexified

Grothendieck groups (VK 0,C/ ICS(:)QC Again, by e.g. [Sch12a, Lemma 3.19] (which applies also
over C), the map ¥¢ descends to algebra isomorphisms

(c: DK ge — MUy(ng) and  ¥0: K1)~ U (ng)

Composing these isomorphisms with the isomorphisms appearing in Formula (I1.7.11), we get
commuting squares

’CQ,]{ L ICQ,C ICsiQ,k © ” ’CsiQ,C
l . l and l l

, e . 1 (i) i

UKo — UKgc Kl = Klpe

Lemma I1.7.7. The functor S; , induces an equivalence of graded categories (1 gc = Qg)g ¢ Whose

class in the Grothendieck group fits in a commutative diagram

. Six
DK g —— Ks(,l)Q,k
"')@l l@’(” : (IL7.16)

Proof. Let Repz(Q) — Spec(Z) be the stack of finite-dimensional representations of Q over
Z, and let D?(9epy(Q)) be the derived category of constructible complexes of Q;-sheaves on
Repz(Q). One may define a graded additive subcategory Qg 7 of semisimple complexes whose
restriction to each Repy, (Q) yields QQE and whose restriction to the generic fiber yields, after

tensoring with C, the category Q¢ ¢. For each fixed dimension vector d € INI, over a dense open
subset Oq C Spec(Z), the category Qg 7 is additively generated by the collection of Lusztig
sheaves IL; 7z, where i runs over all I-compositions of d, see, e.g., [Sch12a, §3.5].

The reflection functor S; is defined over Z and gives rise to an equivalence of open substacks

Siet MMepz(Q) — Rep(51Q) .
By Proposition 11.7.5, we have
Sipe (Li) [ g1ep, () € Dt (IL7.17)
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for any k = IF;. The same thus holds over a suitable dense open subset of Spec(Z) for any object

of )9 g 7. This implies that (I.7.17) holds also over the generic point of Spec(Z), which gives the
first statement of Lemma I1.7.7. The commutativity of the diagram (I1.7.16) follows by a similar
argument: S; , ((ILj ¢)| DR epy( Q)) is a certain virtual linear combination of (restrictions of) Lusztig

sheaves ILy ; with coefficients independent of k by the commutative diagram (I1.7.12). The same
relation thus holds over C. (]

As an immediate corollary, we obtain:

Proposition I1.7.8. There is a commutative square of linear isomorphisms

. (i) .

(K o e, DUy (ng)

si,*l ﬁ-l . (IL7.18)
W ¥ 0

ICSI'Q,C UU (nQ)

11.7.1.5. Characteristic cycle map. We shall now use the characteristic cycle map as a way to relate
the Grothendieck group of Q¢ ¢ with the degree zero piece HA( of the nilpotent quiver COHA.

Note that Ko(Qoc) = (Kgc)|v=—1. We shall need the following result due to Hennecart
(for standard properties of characteristic cycle map, see [Hen24, §2.1] and references therein).
Recall that the twist A~ of an INI-graded associative algebra A is the algebra having the same
underlying vector space but twisted multiplication

Agode (=1) 4 m| g4, -

Theorem I1.7.9 ([Hen24, Theorem 1.2 and Corollary 9.3]). The characteristic cycle map
CC: Ko(Qoc)! ™) — HAg
is a C-algebra isomorphism, which sends the generator [IC(Rep(Q; a;))] to the generator [Ag(a;)].

m<7f7>

Corollary I1.7.10. There is a sequence of algebra isomorphisms

CC': (Kge)| ~ —= U(ng) —— U 1(ng)\~7 —— (’CQ,C)<7'7>‘U:71 —— HAp .

Proof. The isomorphism U(ng) ~ U_;(ng)!~~), which is induced by the identity on the Cheval-
ley generators, is proved in [Hen24, Proposition 8.7]. O

In order to unburden the notation, we shall simply write Kg ¢ 1 for (Ko )

v=1

As i is a sink of Q, the classical cotangent stack of (i)i}{ep(g) is equivalent to the classi-
cal truncation of (i)%ep(ﬂg) ; similary, as i is a source of s;Q, the classical cotangent stack of
Rep(s; Q)1 is equivalent to the classical truncation of ‘}iep(HsiQ)(i). Moreover, the isomorphism
Si + DRep(Tlg) — Mep(I1g)™ is equal to the composition D9rep(ITg) — ep(ITs0) " —
MRep(T1g) (") where the first isomorphism is induced by the BGP reflection S;. The CC map being
compatible with the restriction to open subsets, we have commutative diagrams

cc’
Koc1 —CC, HA, Ksoc1 —— HAg
l J and l
. Oce ; ccH) ;
DK et —S5 (IHA, K ey L HAY)

Since the restriction map HAy — (HA, is surjective by construction, the map (e’ is also
surjective. As (VK o,c,1 and (’HA( both have the same graded dimension as (/U (ng), the map
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(cc’ is an isomorphism. The same applies to (CC') (). Finally, using the functoriality of CC with
respect to stack isomorphisms, we obtain the following result.

Corollary 11.7.11. The following diagram of isomorphisms is commutative:

. Ocer .
(i) 0c1 — (VHA,
s,,{ Js,,* (1L.7.19)
() (€O AW
Ksoca HA, .
Here we have identified the preprojective algebras of Q and s;Q via the map ug s, 0.

11.7.1.6. Proof of Theorem 11.7.4. The claim simply follows from the composition of the specializa-
tion at v = 1 of the commutative square (I1.7.18) with the commutative square (I1.7.19). Note that
with our conventions, the classical limit of Ti’ _; isequal to T;. O

I1.7.2. Tautological classes and the braid operators. In this section, we establish a compatibility
between the truncated action of the braid group on the Yangian Y, and the operators of multipli-
cation by tautological classes. Our proof relies on the action of Y§, on the homology of Nakajima
quiver varieties.

11.7.2.1. Braid group action on tautological bundles. Let us begin by describing the action of the braid
group Bg on the collection of tautological bundles V; on Ag, for j € I. We use the same notation
for tautological bundles restriction to the open substacks ()A g and A(QZ).

Fix i € I. The equivalence RS; in (I1.3.7) induces an isomorphism of T-equivariant Grothen-
dieck groups

Siv: KJ(Coh(1Ag)) —=— K (Coh(Al))).
For future use, we record the following fact.

Lemma I1.7.12. We have

V] fork #1i,
Si([Vk]) = Z YelVi] — 7V fork=i.

Proof. Over objects of OFN o,wehaveRS; , = §;,,ie.,RS;, isin fact underived. From the explicit
description of S; in §I1.3.1.1, we have the following short exact sequence of coherent sheaves on

@i).
AQ :
0— S;(Vi) — Vi — ¢*V; — 0,
where
)71 = @ ’)’eV] .

3615‘

e: l*)]
The assertion follows. O

Let S be the completion of 5 relatively to the ideal of elements without degree zero term. We
define the following generating series in 5

o
Ye :=exp(e.), q*=exp(h), ch(z)=r+ Z %")
>1 :
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fori € I and e € Q. There is a unique Bg-action on the graded algebra S such that for any i € I
the element T; acts through the homogeneous automorphism of degree zero such that

ch(zg) fork £1,
Ti(ch(z)) == § Y 7ech(zj) — gPch(z;) fork=1.

e

e:i—j

Equivalently, if we introduce the following formal series in S[s]

V4
7: =exp(se.), ¢q% =exp(sh), and ch(z,s):=ri+ ) Pf(zi)%

>1
then, the Bg-action on S is characterized by
ch(zg, s) fork #1i,
Ti(ch(z,8)) = § Y 5ch(z),s) — q%ch(z;,s) fork=i.
ecQ)
e:i—j

11.7.2.2. Yangians actions on the Borel-Moore homology of Nakajima’s quiver varieties. We next recall
some material on Yangians’ actions on the Borel-Moore homology of Nakajima’s quiver varieties.
For any pair of dimension vectors v, w in INI, let 9ty (v, w) be the Nakajima quiver variety asso-
ciated to Q of dimension vectors v and w. It carries two families of tautological vector bundles
V; and W; over My (v, w), by varying of i € I, yielding an action of the ring

H‘.’fw = Hévawa(pt) ’

where G4 = [];c; GL(d;) for d € INI, by multiplication with the Chern character of both families
of bundles on the vector spaces

Fow:=HS"*T(Mg(v,w)) and Fy:= P Fow-
velNT

By [Var00]", there is a representation of the Yangian Y5 on Fy which is compatible with the
HAggO—action on Fy, introduced in [SV20, §5.6], via the homomorphism ®: \YQQ’@ — HAggO.
The Yzo-action on Fy is given as follows, see [Var00, §4] and [YZ18b, §5.5],

n—

Ay (Filv,w))
hi(z) —— 1+ VEZH:\H o (qz]:i(v, w))

Kip * chy(Wi) N —

where

Fiv,w) =g Wi— 1+ 2)Vi+ Y 7'Vi+ ¥ 2.1V
eeQ) ecQ)
e:J—1 e: l‘}]
We denote by'evzz Yeg’o — S, (resp. by evy: YQQ’O — Sy) the evaluation at py(y;) = 0 (resp. at
zip = 0)foranyi € Iand / € N.

13Note that the construction of the representation in loc.cit. is for the one-parameter Yangian of Q, but it generalizes
straightforwardly to our setting.
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The elements p(y;) and py(z;) in Ye 0 give rise to the formal series ch(y;,s) and ch(z;,s) of

YRQO [s]. From this point of view, the actlon of \Ye % on Fy,w corresponds to the action induced by
the algebra homomorphism (cf. § I11.6.3):

evyw: Y — HY w
ch(zj,s) = ch(V},s),
ch(yj,s) — ch(Wj,s) .
Let us denote by «: \YOQ — Yeg’o the canonical embedding (given by the first assignment in Theo-
rem I1.6.9). We shall need the following observations.
Lemma I1.7.13.

(1) The compositions

ev
e YO o ¥y =5 S and ke XYY o YD —5 8,

are isomorphisms.

(2) The isomorphism ¢ := Kz ok, 1is given by

ch(yj,s) — Y 7ch(z;,s) — (14 ¢%)ch(zj,s) = Tj(ch(zj,s)) — ch(zj,s) -
ecQ)
e: j—i

Recall that we have an identification Yeg'o ~5; ®5y.
11.7.2.3. Compatibility between truncated braid group action and tautological classes. We are now ready
to state the main result of this section.

Theorem I1.7.14. Leti € I, u € Y g, and ¢ € S. We have T;(c N u) = T;(c) N T;(u).

Proof. We shall prove that
Ti(pe(zj) Nu) = Ti(pe(zj)) N Ti(u) (IL.7.20)
forany u € WY, j e I,and £ € N.
First, note that if j # i we have T;(p,(z;) Nu) = py(z;) N Ti(u) = Ti(pe(z;)) N T;(u) for any
u € Y since py(zj) Nx;” = 0. In particular, Formula (I1.7.20) holds.

From now on, we consider the case j = i. First, under the isomorphism Yeg’o ~5; ®5,, we
have py(z;) Nu = [py(z;), u] for any u € Y, hence

Ti(pe(zi) Nu) = [Ti(pe(zi)), Ti(u)] -
Let
pr: Yo — Y, and @ Y, — Dy o
be the canonical projections. Set t; y := T;(p¢(z;)) — p¢(z;i), which is an element of Y{, where we
see py(z;) as an element in Y. If u € Y, then

Ti(pe(zi) 0 Ore(u)) = (D o pr)([Tilpe(z:)), Ty(w))
((l)ﬂOpr)([w(zz),Tz(u)D (D7 opr)(ad(tio) Ty(u))  (1L7.21)
= pe(z) NTi(V7(u)) + (W7 o pr) (ad(t) Ti(u)) -

Note that t; , € Y{[0] and that
Y5[0] = Y% @ (I Y{OIF) N g[o] .
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By construction, we have ()7t o pr)(I7 YL 0) = 0 = (U7 0 pr) (ol Y7°L") for any v € Y5,
Hence
D7 oproad(tis) = D oproad(pi(tis)) ,
where p;: Y¢[0] — Yf'o is the projection along I[;Yf’O]I;r. Moreover, by construction p;(t; /) € YY.
Next, we compute the element p;(t; /) = p;((T; — 1)(ps(z:))) in Y. We first consider the A;
quiver consisting of the vertex {i} instead of Q. In order to distinguish them from Y0 %, ... we

let Y, x;, .. . refer to the same objects, but for the A; quiver. For any pair of non-negative integers
(vi, w;), we have M(v;, w;) = T*Gr(v;, w;). The vector space

wi
Foy; = @ Foy,,
v;=0

is an (-highest weight representation of Y¢ with ¢-highest weight vector u := [9(0, w;)] whose
(-highest weight is given by the map evg, o x;: Y? — HG , (cf. [Var00]). The algebra Y7 acts
on Fy, and the operator T; acts on Y} and F,, in a compatible way via Formula (IL.5.1). Set

U_ == Ti_l (uy). Then u_ € Fy, 4, is a lowest weight vector.

Consider the formal series ch(z;, 5) in Y?[s]. Note that V; = W, on 9(w;, w;). Hence, we have

Ti(ch(z;,s)) Nugy = T;(ch(z;,s) Nu_) = Ti(ch(V;,s) Nu_)

11.7.22
= T;(ch(W;,s) Nu_) = ch(W;,s) Nuy ( )

Now consider the formal series t;(s) := ) _ t;, s in Y¢[s]. Noticing that p(z;) N us = 0 for any
£ > 1 and that the evaluation morphismgGIN
Y [0] — Ha,wi , x—>xNuy

factors through p;, we deduce from the equality (I1.7.22) that

(ev . © Ki)(pi(ti(s))) = ch(W,s) ,
where ev;ilwi : Yf’o — HS, «,- Since this holds for any w;, we have

pi(ti(s)) =1, ((ch(ys,s)) € Y{[s],
which completely determines p;(t;(s)).

Going back to the setting of the whole quiver Q, the previous analysis shows that

pi(ti(s)) = x,; ((ch(yi,5)) € S[s] -

Since Sy is central in Y§, and «; ! (ch(y;,s)) € Span{ch(y;,s),ch(zj,s) | j € I} we have
(7 proad(y) = 7 o proad(x. (y))

for all y € S. Thus, we obtain

(7 opr)(ad(pi(ti(s)))) = (D o pr)(ad(rz (pi(ti(5))))) = W o proad(e(ch(yss))) -
Now, we go back to Formula (I1.7.21): for u € Y, we have
Ti(pe(zi) N O (u)) = po(zi) NTi( D () + D7 o proad(p;(tie))

= pe(z) NTi( D7 () + (D o pr) ([Ti(pie) = pie Ti(w)))

where the second equality follows from Formula 2. Therefore, the claim (I1.7.20) follows. O
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I1.7.3. Support and shuffle algebras. As explained in §11.6.2.1, HAZ admits a canonical embed-
ding into a shuffle algebra Shg. In particular, for any d € INI we have an inclusion HA] C Shy,
and HA] is an ideal for the standard algebra structure on Shy. The same holds for HA] o * HADZ

and HAZ * HAgf & and hence also for (i)HAg and HA(Tl’(i). The aim of this section is to give an

estimate on the supports of the latter Shy-modules, viewed as coherent sheaves on Spec(Shy),
see Propositions 11.7.20 and 11.7.23 below.

11.7.3.1. Partitions and strings. We begin by introducing some combinatorially defined subschemes
of Spec(Shy). Recall that for any d, we have

. Sq
Shy == H'T{zi/g‘zel, 1gzgd,-]

Note that we have taken the torus to be Amax. We also set

ShQ = @ Shd .
deNI

Each Shy is a polynomial algebra for d € INI, hence we can define
C(@) := Spec(Shg) .
We slightly generalize this definition. For a finite set D, define
Shp = H[ya |a € D]GD ,
where &p is the group of permutations of D. Set
C(P) := Spec(Shp) .

By abuse of notation, for any n € IN, we set c .= cn) where I, := {1,...,n}. Furthermore,
we write C = Spec(H’T). We will view points of C(4) as parametrizing collections of I-colored
points of C (possibly with multiplicities). We shall also sometimes use the notation

C(P1DaDs) . c(P1) 5 ... 5 C(Ds)

Definition IL7.15. A pointy € C(P) is generic if y, —y, ¢ Zh for any a,b € D, witha # b. Let
C(P)e  C(P) be the open subset of generic points. @

Define

Compl) := {cp: D— 1N

Y ¢(a) = n} and Par? := Comp?/&p

a

for any n € IN, which we shall call D-compositions of n and D-partitions of n, respectively. We will
denote a D-partition by A = (A;),ep, remembering that these are defined up to permutation.

Definition I1.7.16. For y € C and a positive integer n, the string of length n starting at y is the
element

str(y,n) == (y,y+h,...,y+nh—h) e C
A string of length zero is empty. ©
Given a partition A = (Aq,...,As) of n, we have the tuple
str(y,A) = (str(y, Aq),str(y, A2), ..., str(y,Ag)) € CY = €M) x ... x s

We may view it as an element in C(") via the obvious map C*) — C(),
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Definition I1.7.17. Lety € C(P),z € C(") withy generic, and let A be a D-partition of n. The pair
(y,z) is in left relative position A if there is a permutation ¢ € &p such that

z={J str(Yo(a), Aa) -

aeD
@

Remark 11.7.18. Pictorially, (y, z) is in left relative position A if the subset of C defining z is obtained
by attaching strings of length A at the points of y, in some order. A

We let Xp, ) C C(P)e x €M) be the (reduced) closed subvariety of pairs (y,z) which are in
left relative position A. The first projection X7, | — C(P)° is a finite morphism. We consider the
following subvarieties of C(P) x C("):

XDI”//\ = Xloj,n,/\ / ZOD,n = U Xg),n,)\ ’ ZD,n = U XD,n,A . (11-7-23)
A A

Note that Xp , » and Zp , are closed, reduced, of dimension |D| dim(T), and that XD, is irre-
ducible.

Now, we introduce a finite set D which will be associated to fixed d € INI and i € I. First, set
h :=d —d;a;. Forj € I, with j # i, define
Qj,i = {eeﬁ\e:j—m’}, Dd,j = {1,2,...,(1'})(0]',1', D = |_|Dd,j-
jel
5
The group Sy, acts on Dgj. Thus, the group
G = H Gdj (I1.7.24)
jel
j#i
acts on the set D. An elementin D is a triple (j, k,e) withj € [,k € {1, ... ,dj}, and e € Q;; (hence
i # jas Q is assumed to have no edge loops).
Consider the surjective map

0: Shp —» Shy, (IL7.25)

sending v, € Shp witha = (j,k,e) € D to Zjk — € € Shy,. Let c®) — D) pe the corresponding
injective map. Set
Zd,i = C(h) X c(D) ZD,d,- - C(h) X C(di) = C(d) .

Thus, Z4 ; is a (in general not reduced) closed subvariety of C (d) of codimension d;. The G-action
on D yields a G-action on the set of D-compositions. For any ¢ € Com pg ,5et0 =& - ¢, and

Co = { (z, U str(zjx — 83,4)(j,k,8))>

zecw}. (IL.7.26)
jke

Remark 11.7.19. Note that Cp depends only on O and not on ¢.

Moreover, each Cg is irreducible, closed, and of codimension d; in C(d). Hence it is an irre-
ducible component of Z ;. In addition, as O runs among the G-orbits in Com pdD]_ , the subvarieties
Co cover Zq ; and are pairwise distinct (though not disjoint). A
11.7.3.2. Supports. In this section, we shall prove the following estimate for the support of HAdT’(i)
in C(d).

Proposition I1.7.20. As a coherent sheafon C(9), HAg’(i) is pure of dimension }_;.; dj and Su pp(HAdT’(i)) C
Zd,i'
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Proof. The subspace Shy_,, x Shy, is an ideal of Shq. As we shall show in Lemma I1.7.24, which
we shall prove in §I1.7.3.3, the canonical map

T,(i)
HA,

= HAL/(HAL_, HAT) — Sha/(Shg_,, * Shy,) = &
is injective. To finish the proof, it thus only remains to check that & is isomorphic to Oz, , .

We begin by introducing an auxiliary coherent sheaf £p on C(P) x C@), from which £ will be
obtained by base change. For this, consider the unique Shp-linear map

w: Shp ® Sh(y 1), ® Shy, — Shp @ Shy,, (1L.7.27)

that fits into the commutative diagram

Shp ® Sh(d,-fl)oci & Shai L, Shp ® Shditxi

lw qu , (1L7.28)
Shy_, ®Sh,, —* Shy
where
Rid®id

b & ShD &® Sh(d,-—l)tx,' X Shai Shh &® Sh(d,-—l)tx,' X Shai ~ Shd—ai &® Shai ,

¥': Shp®Shy, ———9  Shy, ©®Shy, ~ Shy .

Here, the map 0 is introduced in Formula (I1.7.25). Explicitly, we have
w(1l@g®h)(y,z1,...,24) =
d;
—an) y . Zx—zp—h
(71)<d 04 ) Z h(ze)g(z1,- - 20, -, 24;) H(ze —Ya) H k=T (117.29)
=1 a€D kAt %k T2

where g € Sh(di—l)al-/ and 1 € Shy,. Here, the notation g(z1,.. .,z},...,zd’.) means that the
variable z; is removed from the tuple (zy,...,z, ) forany £ =1,...,d;.

Note that the right-hand-side of the above formula is regular, although the summands have
poles. Furthermore, the map (I.7.27) is Shp ® Shy, -linear, where Shy . acts on the left-hand-
side via the obvious embedding into Shy,_;),, ® Shy,. We let £p be the cokernel of w. Note
that

Oz,, = (0" @id)(0z,p,4,) € Coh(CV),
while, by virtue of the diagram (I11.7.28),
E=(0"®id)(&p) .
We are thus reduced to showing that £p >~ Oz p 4.
From Formula (IL.7.29), it is easy to see that for any f € Shp, g € Sh(y,_;),, and h € Sh,, we
have w(f ® g®@h)(y,z) =0 forany (y,z) € Zg,d,-' where

Zg,dl- = {(y,z) € ZOD,d]_ zp # 2, VU # k} .
Indeed, every term in the defining sum of w(f ® g ® h) is regular and vanishes. As Zg 4, is open
and dense in Zp 4, we deduce that there is a canonical surjective morphism
K: ED — OZD,i .

In order to prove that « is injective, we use the (affine) projection 7r: C(P) x (@) — C(P),

Lemma IL7.21. Set N := |D|and cy 4, = (N tj"*l ). Then

(1) 7.(Ogzp, ) is of (generic) rank cy 4,-
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(2) 7.(Ep) is a locally free coherent sheaf on CP) of rank CNd;-

Proof. Let (y, 1) be a generic point of C(P). The description of Zp 4. in Formula (I1.7.23) shows
that the dimension of the fiber of Oz, , at (y, ) is equal to the number of D-compositions of d;,
which is ¢y 4.. This shows (1). l

Now, we prove (2). Let us endow the algebras Shp and Sh,, with a grading by putting each
of the variables y,, zx, and  in degree one. The map w in Formula (I1.7.27) is homogeneous. We
deduce that the Shp ® Shy,,.-module &p is graded.

The algebra Shp is a noetherian integral domain and &p is a finitely presented module over
Shp. Thus, it is enough to show that the dimension of £p ®gn,, k(p) is the same for all prime
ideals p of Shp. Here k(p) denotes the residue field at p. Thanks to the grading, it is enough to
check this at a generic point and at the point (y, %) = (0,0) in C(P).

S

1

Now, the fiber £p ®gn,, k(0,0) of Ep over (0,0) is isomorphic the quotient of C[zy, ..., zg,
by the ideal Iy generated by the set

d;

{LeNh)|hec]} .

(=1
The ideal Iy is generated by the power-sum functions p; with j > N. We have

C[Zl,...,zdi}edi = INEB@CW[)\ ,
A

where the direct sum runs over the set of partitions of length < d; whose parts are strictly less
than N, and m, is the monomial symmetric function. The number of such partitions is cy 4,
Thus, we have

dim(&Ep ®gnp, £(0,0)) = cng, -

We now consider Ep ®sp, k(y, 1) at a generic point (y, ) in C(P)°. By upper semicontinuity, we
have

cng; = dim(Ep @gny, k(0,0)) > dim(Ep ®gny, k(y, 1)) > dim(C[Zp 4] @sn,, k(y, 1)) = N g, -
It follows that dim(Ep ®gn, k(y, 7)) = cn 4, This proves that Ep is a locally free sheaf of rank
CNd;+ (]

We may now finish the proof of Proposition I1.7.20. The morphism 7, (x) is onto and gener-
ically an isomorphism since 7. (€p) and 71.(0z,;) have the same generic rank. As 71.(&p) is
locally free, in particular torsion-free, this implies that 77, (x) is injective. But then « is itself injec-
tive, and thus « is an isomorphism as desired. O

A version of Proposition I1.7.20 can be formulated for (i)HAZ. We set
str(n,y) == (y,y—h,...,y —nh+h) e C
fory € Cand n > 1. Moreover, if A is a partition of 1, we set
str(A,y) = (str(Ay,y),...,str(As,y)) € ).

Definition I1.7.22. Lety € C(P) be generic, A a D-partition of 1, and z € C("). A pair (y, z) is in
right relative position A if there is a permutation ¢ € &p such that

z = U str(/\a,yg(a)) .

aeD
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Let X5, C C(P)° x C(") be the (reduced) closed subvariety of all pairs which are in right
relative position A. We set

X\opn = Xf\,D,ni ccP x WP, = UXX,D,n , Wp, = UX/\,D,n .
A A

Fixi € Iand d € ZI. For j € I, with j # i and, we define

Dj,g = [1,ﬂ]‘] X Q]‘,i and D= |—.|Dj'a .
]

The group &, introduced in (I1.7.24), acts on the set D. Let h := d — d;a;. Consider the surjective
map

6: Shp — Shy,
sending y, € Shp witha = (j,k,e) € Dtozj; + ¢, € Shy. Let C® — C(P) be the corresponding
injective map. Set
Zi,d = C(h) X (D) WD,dl- C C(d) .

The irreducible components of Z; 4 are described as follows. For any G-orbit O := & - ¢ in Com pD
we put

Co = {(z U str(g(i k), zjx + 20))

jke

zec(h)}.

Each Cp is irreducible, closed, and of codimension d; in C(@) as O runs among the G-orbits in
Com pg . Hence it is an irreducible component of Z; 4. In addition, the sets Cp cover Z; 4 and are
pairwise distinct (though not disjoint).

The following is the analog of Proposition 11.7.20 for (i)HAg.

groposition 11.7.23. Asa coherent sheaf on C(9), (i)HAg is pure of dimension Y.; d; and Supp( (i)HAg)
ide-

N

11.7.3.3. Injectivity. This section is devoted to the proof of the following result, which was needed
in the derivation of Proposition I1.7.20.

Lemma I1.7.24. Fori € I and d € INI, we have
HAJ N (Shg_,, * Shy,) = HA]_, «HAT . (I1.7.30)
Taking the direct sum with respect to all dimension vectors of (11.7.30), we obtain
HAL N (Shg » Shy,) = HAL  Sh,, .

To prove the lemma, we shall use the localized coproduct on the shuffle algebra Shg, con-
structed by Yang-Zhao in [YZ18b, §2], to which we refer for details. We consider the extended
shuffle algebra Shy, == ShOQ x Shg, where

S
0 . °
Sh = QH: |1 € > 0]
jel
The algebra Sh{, has a natural grading Sh = € Sh§, where
delNI

¢ 0 0 ; 4
Shy == Shy x Shy = Sh [z, |j € [, 0<k<d| .
It is equipped with a localized coproduct
A:ShE — P (Shg ® Shg) ) (I.7.31)

d+e=c loc
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which takes values in a space of Laurent series in the variables z;, h; . The precise form is not
important to us. It will suffice to know that it enjoys the following properties:

(1) The algebra structure on Shp, extends to the right-hand-side of (I.7.31) and A is a mor-
phism of algebras.

(2) We have

2 1 2 1
A(Shg) € €D Sheg H sz 23 m)
c,deINI

ijelkten],

where Sh 4 := Sh; ® Shy. Here, xM) and x@ stand for r® 1and 1 ® x respectively.
(3) We have

A(HAD) € ((Shy x HAD) @ HAD)
in the sense that
(mn @1)(A(HAQ)) C HAg
(16 7) (A(HAD)) C (Sh x HAD) [}zl [i,j € 1, k £ € N]
for every

m—Hz Hh]k'

where 71, is the linear form p1ck1ng the coeff1c1ent of the monomial .
(4) For any x € Shy, we have
Ago(x) =x®1 and Aggq(x) =1®@x+ Py,
where
P, e 2 o} @ Sha) [z /n)

ijelkteN]|.

Proof of Lemma 11.7.24. Note that HAZ = Sh,,, hence it is enough to check that
HAL N (Shg « Shy,) C HAL « Shy, .
Let us write HAznai = DBon HA,?MI,. We claim that

HAL N (Shg * Shyy,) € HAL % Shyy, + Shg + She g, (IL7.32)

forn > 0. Indeed, let ¢ € INI and ¢ = d + na;. We choose a basis {l;} of Shy,, and elements
g¢ € Shy. Set

f=Y gr*hy € Shq*Shyy, .
l

From properties (1) and (4) above, we deduce

n

Auaya(f) =Y Boa(ge) * Duayo(he) + Y Y Dy d—ka; (80) * Druoy—kagk; (o) (117.33)
7 7 k=1
n

€ X (e @ge+ Py whe) + 11 (Sh,@(Sha ks, * Shi)) o -
l l k=1

If f € HAZ then by applying the linear form (/y)* ® 1 to Formula (I1.7.33) and using Property (3)
we get

~ n
g € HAg + Z Shd—kzxi * Shktxi .
k=1
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Thus, Formula (I1.7.32) holds.
We can now finish the proof of Lemma I1.7.24. Note that if n is positive then

HAL . %Sh,, =HAT ,_x(Sh,)*"

Cc—nu; Cc—ne; i
=HA! ,, *(HA,)*" D «Sh, Cc HAl | xSh,, .
Thus, by repeated use of (I11.7.32) we get
HAT N (Shg # Sh,,) C (HAL, «Shy,) + HAT N (Shg « Sh,)
C (HAL, «Sh,,) + HAT N (Shg* Shss,) C ---
On the other hand, for n big enough we have Sh¢_ s, = {0} and hence HACT N (ShQ * Sh,Xi) =
HACT,,XZ_ * Shy, as wanted. 0

I1.7.4. Partial doubles at a fixed vertex. Recall that we have fixed a vertex i € I. In this section,
we define a truncated braid group operator T;: (Z)HAE — HAg(Z). For this, we first define a

‘partial double’ DiHAZ of HAL , by completing the nilpotent subalgebra Y, C HAZ into the
full Yangian Y;. For simplicity, we will denote by the same symbol 2y the generators of the

Yangian Y 5 and their image under the morphism ®: Y5 — HAZ.

Definition I11.7.25. The partial double of HAZ at the vertex i is the algebra DiHAE generated by
HAE together with elements x;', ; », with £ € IN, subject to the following relations:

o the elements x;, h; ¢, and x;, for £ € N satisfy the defining relations of the Yangian Y; of
type slp.
. [x;rk,xj}] =0forallk,/ € Nandj,i € [ and ] #i.

A

e the elements /; ; and 2y satisfy the relations (I11.4.10) for k, ¢ € IN.

In a similar way, we define the partial double D;Y g of Y g at the vertex i. It is naturally a subalgebra
of Y Q- @

By construction, there is a surjective algebra homomorphism ®: D;Ygo — DiHAZ extending
the algebra homomorphism introduced in Formula (I1.6.2).
Note that (x;’O, hio, x;) forms a sl(2)-triplet which acts locally nilpotently on DiHAZ, thus

giving rise to an operator T; € Aut(DiHAg). It fits into the commutative diagram

DiYo — ' D;Yq
d
D;HAL — DHAL
where T; € D;Y is induced by Formula (IL.5.1).

Let us denote by HAIT’Jr and HA?’0 the subalgebras of D,HAE generated by x;, and h; ¢, with
¢ € N, respectively.

Lemma I1.7.26. The multiplication map
m: HAT" © HAT® @ HAT, — D;HA],

is an isomorphism.
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Proof. Let us denote by Yo the Maulik-Okounkov Yangian of Q. By [SV23, Theorem 1.1-(a) and
-(b)], it carries a triangular decomposition Y}, ® YR/IO ® Yo, and there is an algebra isomor-
phist HAg'SO % ,\Sﬂ% The defining relations of DiHAg imply the fixistence of a factorization
HAE — DiHAg — Ymo, which shows the injectivity of the map HAB — DiHATQ. In addition,
the elements of YR/IO correspond to operators of multiplication by Chern classes of the tautologi-

cal bundles, as discussed in e.g. [SV17, §3.4.3]. Finally, by [MO19, Proposition 11.3.2], there is an
inclusion Y§ — Yo corresponding to the vertex i.

Thus, there exists a commutative diagram

HAT* @ HAT?  HAT, " D;HA]
Yo ® Yo ® Yo —— Ymo

with injective vertical homomorphisms. Since the bottom horizontal homomorphism is an iso-
morphism the top horizontal homomorphism is injective. The surjectivity can be proved by stan-

dard straightening arguments, because by [SV20, Propositions 5.8 and 5.12], HAB is generated
byxj_[forjelandﬂelN. O

We may now define the truncated braid group operator T; on HAE as before. Consider the
composition

HAT —— DHAL — D;HAL —— HAT,

where the last map is the projection induced by the triangular decomposition.

el

Proposition I1.7.27. The map T;: HAZ — HAZ descends to an isomorphism T;: (i)HAg — HALY

such that the following diagram commutes:

©

(g —T sy vy

o] s

(Dyr AT Ti T, (i)
HA, —— HAj
where T;: DY g — Y(Qi) is defined in Proposition 11.5.3.

Proof. The fact that the map T;: HAZ — HAZ descends to a homomorphism T;: (i)HAg —

HA;’(i) is proved just in the case of the Yangian, see Proposition 11.5.3. That T;: (i)HAg —

HAg(i) is an isomorphism follows from the fact that T;: ()Y o — Y(Qi) is an isomorphism, that

the map @ is onto, and that (i)HAg and HAg(i) have the same graded dimensions, see Proposi-
tion 11.3.10—(4)). O

Remark 11.7.28. The same construction applied to D;Y o gives back the operator T; defined in
Formula (I.5.2). A

There is a canonical sign-twist isomorphism HAT ~ HAZQ, compatible with the maps Yo —
HAE and Yo — HAZQ. It descends to an isomorphism HAg(i) o~ HA;‘C’S). We will denote by

the same letter the induced truncated braid group morphism T;: (i)HAg — HAST,.’S ),
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I1.7.5. Proof of Theorem IL.7.2. In this section, we put together all the results of §I1.7.1-1.7.4 in
order to finally prove the commutativity of the diagram (I1.7.2).

In view of Proposition I1.7.27, Theorem I1.7.2 is a consequence of the following result:

Proposition 11.7.29. The maps S; ., T;: (i>HAg — HA:'g) are equal.

Proof. Set

¥i=5,. —Ti: YHAL — HALY .

Our aim is to prove that ¥ = 0. Since T = Twmax, all the torus weights e, satisfy the following
condition
€e + ee/ # 0 7

forj,i € I, withj #i,e € ();;, and e e Q) ;. Recall the automorphism T; € Aut(S) from §I1.7.2.
There is a commutative diagram

S i S
End(HAT) 2, End(HAZ'((é)))

in which the vertical arrows are induced by the canonical actions of S on (i)HAg and HA:’((;)). We
use T; to equip the space HA?’((Q))
deduce that ¥ is a morphism of Shy-modules. Next, by Theorem I1.7.4, the map ¥ factors to a
map of Shg-modules

with the structure of a Shgq-module. From Theorem I1.7.14 we

¥: OHAJ/(Sha- VHA, ) — HATY) (I1.7.34)

By comparing the supports of both sides in C(4), we will show that ¥ = 0, hence ¥ = 0.
Let us first explicitly describe the image, under the embedding :: HAZ — Shg introduced in

Theorem 11.6.7, of certain elements in HAg .

For any d € INI, let [Repq(Q)] € HAg be the fundamental class of the zero section of the map
Repg(Q) — Repg(Q). As Q carries no edge loops, we have t[iﬁepd].a].(Q)] =1€Shy, forjel
and dj € IN. Fix a total order iy < i < --- < i, on the vertex set I. Then, for any d € INI we have

([Repg, o (] Repg o (AN =1-TT TT T @x—zpete) (11735

s<t ecq  1<ks<d;
e: i5—>i]v 1§(Sdl.t
for some sign 7, given by
~1
- rl—[(—l)*zm digdi #e: is—ir€Q)
s=1
We will simply write the above product as
ug=n-]] (zie— Zje +€e) .
i<j
e:i—j
By construction, the annihilator of the source of the map (I1.7.34) in Shy contains (i>HAO 4
Thus it contains all the elements u~ in Formula (I1.7.35), for any total order < on I. Therefore,
the support of the source of the map (I1.7.34) is contained in the intersection of the zero loci of all
possible elements u . Hence, by Proposition 11.7.20, it suffices to check that for any irreducible
component Co of Zg,q) ;, there exists an element of the form 1« which does not identically vanish
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on Co, hence Z,,4); is not contained in the intersection of the zero loci of all possible elements
u <. We claim that this holds for any order < in which i is maximal. Indeed, for such an order <,
we have

Ti(u<) =1y H (ke — Zjo T+ €¢) - H (Zko — Zjjo + €0+ €)-

j=k jkel
e: j—k e: j—iel k—i
-1
' | | (zi,o_zj,o+h+€e) s
jel
e:i—j

where j, k run over elements in I \ {i}. Using the description (I.7.26), it is easy to check that such
an element does not identically vanish on any of the irreducible components Cp. This proves the
claim. g

IL.8. APPENDIX: SIGN TWISTS OF ALGEBRAS

The following operation of twisting the multiplication in graded associative algebras is used
in several instances in this work. Let I' := ZI be a free abelian group of finite rank and let (A, *)
be a I'-graded associative algebra, A = @, A,. Let w: I' x I' = Z be a bilinear form. We define
anew algebra (A%, Zf;) by setting A := A“ and for homogeneous elements x,yy € A“

= (—1)@(x]lyD)

Xxy: (-1) X*Y.
This new product is associative. Moreover, the twisting operation is associative in the sense that
(Aw)rf = AWtO,
Proposition I11.8.1. Let A, T, w be as above and assume that w is antisymmetric. Fix a basis eq, ..., e, of
I and for each v =Y yie; € I we set

1y = (—1)5i<i rivjwleie))
Then the map f: A — A%, given by x — uy x is an algebra isomorphism.

Proof. It suffices to check that f is an algebra morphism, which reduces to the relation
Uyyo = uyug(—l)“’('y'a) .
Setting ¢;; = w(e;, ¢j) we have
Uyto _ (_1)Zi<j((%+17i)(%ﬂfj)*%%*ffﬂfj)ﬁij _ (_1)Zi<j(‘717]'+%f7j)€ij _ (_1)Zi<j(‘7m*%f7j)€ij
uvyug'
= (=1)«ro)

O

As a corollary, we see that two bilinear forms I' x I' — Z which have the same symmetriza-
tion give rise to isomorphic twisted algebras. The isomorphism given above is explicit but not
canonical (it depends on the choice of a basis).

Remark 11.8.2. Note that u,, = 1 for any i. If A is generated by @, A,, this condition fully deter-
mines the isomorphism. A
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PART III. COHA OF A MINIMAL RESOLUTION OF A KLEINIAN SINGULARITY AND
AFFINE YANGIANS

Notation. Throughout this Part, we fix a finite subgroup G of SL(2,C) and we let O = (If, ()
be the corresponding finite type ADE Dynkin diagram, with I = {1,...,e} and an arbitrary
orientation. Let @ = (I, Q) be the affine extension of Qf, with I = It U{0}. Let @ = (I,Q =
QU {a*|a € Q}) be the double quiver associated to Q.

III.1. LIE THEORY OF AFFINE ADE QUIVERS

Let us denote by g and g the affine Kac-Moody algebra and the semisimple Lie algebra asso-
ciated to Q and Oy, respectively. This short section serves mainly to fix some standard notations
related to (co)root systems of g, g¢, and the associated braid groups.

II1.1.1. Affine and finite roots and coweights. Let {«y,...,a.} denote the simple roots of g, so
that the root and coroot systems of g are, respectively,

Y=FZx; and Y=PZ4.
icl icl
We denote by A C Y the subset of roots. We denote by A™ and A'™ the subsets of real and

imaginary roots. We use the notations Yy, Y¢, Af for the analogous notions for gs. Denote by ¢ the
highest positive root in A and by ¢ its associated coroot.

Let & € Y be the indivisible positive imaginary root, i.e., the minimal element in the intersection
of INI with the kernel of the canonical pairing (I.1.2), so that A'™ = Z4. We have

S=9+ag=) ria;, (II1.1.1)
iel
where ry := 1. Then
h=Y r (IIL.1.2)
iel

is the Coxeter number of Q. The explicit values of I and the r;’s are:

h r1,72,73, ..., Vo1, te
Ay | N+1 1,...,1
Dy | 2N —2 1,2,2,...,2,1,1
Eg 12 1,2,3,2,1,2
E; 16 1,2,4,3,2,1,2
Eg 30 2,4,6,5,4,3,2,3

Let {A;|i # 0} be the fundamental coweights of Q¢ and let {&; |i € I} be the fundamental
coweights of Q. For i # 0, the coweight A; can be expressed as

;\,‘ = d)i - TZ'CIJO .
We put
pr=Y A and p=) @ =p+ (1+h)dy. (I11.1.3)
i#0 i

Let
X = @Zwi and X' := EBZZO‘ZH
i i

be the sets of coweights and dominant coweights of Q, respectively. The corresponding lattices
and monoid for Qs are denoted by Xs, )V(;r A coweight 0 = Y, a;A; will be called strictly dominant
if a; > O for all i. For any d € ZI, we write d = df + né, with df € ZA¢ and n € Z, and we call
(P, d) the height of ds.
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III.1.2. Extended, affine, and finite braid groups. Let W, := Wg be the affine Weyl group, i.e.,
the Weyl group of the affine ADE quiver Q. The Weyl group W := Wg, of Qs coincides with the
subgroup of W,s generated by the simple reflections s; with i # 0. Let wy be the longest element
in W.

Let Wex be the extended affine Weyl group. By definition, we have Wex = W Xf = T' Wias,
where I is the group of outer automorphisms of the underlying diagram of Q. We abbreviate
ty =1x A for each coweight A € X¢. The W,¢-action on CI extends to a Wex-action such that

ty(d)=d—(4,d)6 (IIL.1.4)
forany d € CI.
Let B := Bg, be the braid group, B¢ := Bg the affine braid group, and Bex the extended affine braid
group. The group Bey is generated by elements T, with w € Wey, modulo the relations
ToTw = Tow  if L(vw) = £(v) + L(w) ,

where /(u) is the standard length function. We abbreviate Ty := Tj, for each coweight A € X¢ and
T; := T, for each affine simple reflection. The affine braid group B,¢ coincides with the subgroup
of Bex generated by the T;’s for i € I, while the braid group B coincides with the subgroup of Bex
generated by the T;’s with i # 0.

Define the elements Ly with A € Xg as

Ty if A is dominant
Ly = (II1.1.5)

T/v\1 T}: Ljf A = Ay — Ay, with A4, A, are both dominant .
2
Itis known that Ly = Ty T} ! does not depend on the choice of the decomposition of A. Moreover
2
Ly=1.
We recall the following result, which will be used later on - see, e.g., [Mac03, Chapter 3, §3.3].

Proposition IIL1.1. The extended affine braid group Bex is generated by B U {Lx A € X¢} subject to

the following relations:

Ly Ly, = Ly, Ly, (IIL1.6)
T;Ly = LyT; (IL.1.7)

when s;(A) = A, and
Ly =TiLy_y T (IIL.1.8)

when s;(A) = A — &;.

Remark 111.1.2. We have Ty = Lq;,Ts;l by [Mac03, Formula (3.2.8)], and there is a group isomor-

phism Bex > I' X Byy.
A

Recall from §IL.5 that there is an action of the braid group B, on U(g). Combined with the
obvious action of T, it gives rise to an action of Bex on U(g). We will need the following explicit
result for the action of translation elements.

Proposition II1.1.3. Under the isomorphism g =~ uce(gf [sil]),for any root & € Ag, any A € X¢, and
any n € Z we have

Ly(xs") = (—1) A xgn—(Aa)
forany x € g,.

Proof. For Q of type Agl) this can be checked by an explicit computation (it is enough to consider

the action of Ly, = Ty, where 7 is the automorphism exchanging the vertices 0 and 1 of Agl)).
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To deal with the general case, it is sufficient to assume that « € {£a; |i # 0}. This may in turn
be deduced from the classical limit of [Bec94, Corollary after Proposition 3.8], which yields, for
any i,j € I ~ {0} a commutative diagram

X
lliT
( X f)s

%

s Aut(U))
I E— AUt(‘g[\Z)

where
WE sl — UCg

is the canonical embedding corresponding to jand u;: (X¢)sr, — X is defined by & — ;. Notice
that only the case i = j is dealt with in loc. cit. but the general case is similar. g

III.2. YANGIANS OF AFFINE ADE QUIVERS

Yangians Y g associated to arbitrary quivers and maximal number of quantum parameters
were introduced in Part II, see Definition 11.4.1. In the present section, we focus on the situation
of an affine quiver Q. We prove that, in that case, a two-parameters version of Y g is isomorphic
to the affine Yangian introduced and studied in e.g. [Var00, Gua07, GRW19, Kod21, BT19], which
is a quantization of the elliptic Lie algebra g = uce(g¢[s*!,t]), a universal central extension
of the double loop algebra gf [s*1,t]. Recall that in our notation, gs is the semisimple (finite-
dimensional) Lie algebra associated to the finite type quiver Q. We also prove that the map
Yy — HAE from the Yangian to the twisted equivariant nilpotent cohomological Hall algebra
of Q given in Theorem I1.6.3 is an isomorphism in that case. The definition of the affine Yangian

in the Agl) case is a little bit different from that of other affine cases, we take extra care treating it.

II1.2.1. Definition of the affine Yangian. Fix the torus T := C* x C*. Let ¢; be the first Chern
classes of the tautological characters y; € C* for i = 1,2. Then H} := H}.(pt) = Qle1, £2]. We set
h=1¢e1+¢p.

Definition IT1.2.1. Let Q be an affine ADE quiver, Q # Agl). The extended (two-parameters) Yan-
gian X5, . of Qis the unital associative H7-algebra generated by xij,[f,hi,g, Kki¢, with i € I and
£ € N, subject to the relations

e foranyi € Iand / € N

Kig € Z(WQ) ) (I1.2.1)
e foranyi,j€ landr,s €N
[hi,r/ hj,s: =0, (II1.2.2)
x5 = dighires (II1.2.3)
(i, 65| = Faijs,, (IL2.4)

1 h €1 — €
[hi,r+1,xfs] — {hi,rr x]i,s“_ = iiai,j{hi,rr xjis} - mi,le {hi,rr X]is} , (111.2.5)

+ + + .+ ] _ o+ ot &1 & 4+ 4
[xi,r+1’xj,s] - [xi,r’ Yst1] = iialff{xi,r’ xj,s} —MijT [xi,r’ xj,s} /
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where
1 ifi>jeQ,
mij=4q-1 ifj—>ieQ,
0 otherwise .

e Serre relations:

Y [ ey [ [ -] =0 (m26)
XX, , % , X 2.
ola, Lo i) Wa(m)” s

fori,j € I, withi # j, where m := 1 — a; ; and &, denotes the m-th symmetric group.

The (two-parameters) Yangian Y g.¢, ¢, of Q is the unital associative H7-algebra, which is the
quotient of Y¢,., . by the two-sided ideal generated by the «;,'s, with i € I'and £ € N. %)

Remark 111.2.2. Assume that Q # Agl). When 1 = €5, i.e.,, when we restrict ourselves to the
diagonal torus C* — C* x C*, the Yangian Y g.¢, ¢, |¢;=¢, is the usual affine Yangian which has

appeared in the literature (cf. e.g. [Var00, Gua07]). When Q = AS), with N > 2, the above
definition recovers the definition of the corresponding two-parameters Yangian introduced by
Kodera, see, e.g., [Kod21, Definition 2.1]. A

(1)

We now turn to the special case Q = A;’. We consider the affine Yangian introduced by
Kodera in [Kod19a, Definition 5.1] and by Bershtein-Tsymbaliuk in [BT19, §1.2]. Note that the
relation (II1.2.7) was missing in Kodera’s definition, while present in the one of Bershtein-Tsym-
baliuk.

Definition II1.2.3. The extended (two-parameters) Yangian X5, . of Q = Agl) is the unital associa-

tive H}-algebra generated by xl.ig, hi ¢, %ip, withi € I and ¢ € IN, subject to the relations (II.2.1),
(II.2.2), (111.2.3), and (II1.2.4) for any i, j, the relation (II1.2.5) for i = j, the Serre relations (I11.2.6),
and

|:hi,r+2/ x]is} -2 [hi,r+1rxji,s+1} + {hi,r/ x]-i,sﬂ} =F(e1+ 32){hi,r+1rxji/s} + (&1 + 82){hi,r, xﬁsﬂ}

+
Fee [hi,r/ x]-,s} ,

+ o+ £ o+ + o+ |_ £ o+ + o+
[xi,r-l-Z' xj,s] -2 [xi,r-&-l’xj,s-i-l} + [xi,r’ xj,s—&—z} =F (a1 + 82){xi,r+1’xj,s} + (a1 + 82){xi,r’ xj,s-i—]}

Ferea [, 2],
[h,ﬂ, xﬂ T h{h,-,o, x]i} ) (I11.2.7)
fori #jelandr,s € N.
The (two-parameters) Yangian Y ., ¢, of Q = A%l) is the unital associative H}-algebra, which is

the quotient of Y5, . by the two-sided ideal generated by the x;,’s, withi € Tand € N. @

The subalgebras Yg; e, 62’Yeége1, £y Yé(;)sl, gy -+ - ATE defined in the usual fashion. The affine Yan-

gian Y gy, ., carries two gradings: the horizontal grading by the group ZI and the vertical, or
cohomological grading by the monoid IN. The respective degrees of generators are as follows:

deg(xjy) = (+a;, (), deg(his) = deg(xi¢) = (0,(), deg(e;) = (0,1).

We shall sometimes denote by (Y gy, ¢, )4 the graded piece of horizontal degree d € ZI.
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Theorem I11.2.4. The multiplication map yields the following isomorphisms

+ e,0 - ~ ¢
YQ;81n€z ® YQ;€1/€2 ® YQ;F&,EZ YQ;€1,€2 /
and
+ e, 0 ~ ¢,>0 e, 0 — ~ ¢, <0
\YQ;Sbsz ® YQ;Sl,Sz YQ;ELSZ and YQ;SLSZ ® YQ;SLSZ YQ;Sl,sz

Proof. The arguments appearing in the proof of Theorem 11.4.6 apply here as well. We leave the
details to the reader. O

III.2.2. Elliptic Lie algebras. We next describe the Lie algebras which arise as classical limits of
the above Yangians.

Definition III.2.5. Let O be an affine ADE quiver. Let sg be the Lie algebra generated by Xﬁ and
H; ¢, withi € Tand £ € IN, subject to the following defining relations:

e if Q£ Al

[Hi,rr H],S:| =0, (1I1.2.8)
[Xfr’ X;s} =0ijHirys, (I11.2.9)
{Hz,r, X]ﬂ =+, X; ., (I11.2.10)
XE X5 = (x5 X (1.2.11)
and
ad (Xi,io)l*”’”’ (x5) =0 fori#j. (I1.2.12)

o if O = Agl): the relation (IIL2.11) for i = j, the relations (I11.2.8), (II1.2.9), (1IL.2.10),
(II1.2.12), as well as

+ + + + £ oyt
fori # j.
Let 50@ be the Lie subalgebra of sg generated by the elements H;, withi € [ and ¢ € IN, and let
55 be the Lie subalgebra of s generated by the elements Xl.ig withi € Iand £ € N. @

Note that s carries a ZI x Z-grading with deg(Xﬁ) = (%wa;, —2¢) and deg(H, ;) = (0, —2¢)
foranyi € I and £ € IN.
Remark 111.2.6. The above definition coincides with [GRW19, Definition 2.5] when Q # Agl). The
case of affine type A quivers (including A%l) ) is also considered in [Tsy17]. A

Let Y|o be the specialization Y g.¢, ¢,/ (€1,€2)Y 0;¢, ¢,- Define Y~ |q similarly. Our main moti-
vation to consider elliptic Lie algebras is the following result.
Proposition I11.2.7. The assignment, fori € I and £ € N,
5 oand Hig— hig, (I11.2.14)
extends to an isomorphism of Z1 x IN-graded Q-algebras

+
Xl.,é — X

U(sg) — Y]o ,
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and restricts to

U(sg) — Yo -

Proof. The case Q # Agl) is proved in [GRW19, Proposition 2.6]. We shall follow the same argu-
ments as in loc.cit. to prove the remaining case Q = Agl).

First, note that the defining relations of Y|y are of Lie type, hence Y|y is isomorphic to the
universal enveloping algebra of a Lie algebra 55, where s, is the Lie algebra generated by xiie

and h; o, withi € I and / € IN, subject to the relation (III.2.11) for i = j, the relations (II1.2.8),
(1I1.2.9), (I11.2.13),

[0, xhy] = %y, (II1.2.15)
[hl-,l,xﬂ =F2xh,,, fori#j, (I11.2.16)
[hi,m,xij;} = [hi,r, X?;H} , (I1.2.17)
[h,ﬂz, x]ﬂ —2[hi,,+1,x]%s +1} + [hi,r, o +2} =0, fori#j, (I11.2.18)
and
weZG {xfrwm’ [xij;w(z)’ [xf;w(s),xfs]ﬂ =0, fori#j. (II1.2.19)
3

Note that if i = j, the relations (II1.2.15) and (II.2.17) are equivalent to (II1.2.10). On the other
hand, when i # j, the relations (I11.2.15), (111.2.16), and (II1.2.18) are equivalent to (I11.2.10). Thus,
the assignment (I11.2.14) extends to an epimorphism of algebras U(sg) — Y.

To conclude, we need to show that the inverse assignment xﬁ — Xﬁ and h; , — H; s extends
to a homomorphism Y|y — U(sg). We have to check that the relations of Definition III.2.5
imply the relations (I11.2.15) — (II1.2.18) and (II.2.19). The former has been already proved in the
above paragraph. We are left to deduce the Serre relation (I11.2.19) from Definition II1.2.5. This
follows by successively applying ad(H; ) to (II1.2.12). O

It is also interesting to consider presentations of the positive halves szE. The proof of the fol-
lowing result will be given in Appendix IIL.9.

Proposition I11.2.8.
. 509 is isomorphic to the free commutative Lie algebra generated by H; ;, with i € I and ¢ € IN.

° 55 is isomorphic to the Lie algebra generated by the elements Xiié withi € Iand { € N satisfying
the relations:
(1) (1.2.11) and (11.2.12), if @ # ALY

(2) (I.2.11) for i = j, (11.2.12), (I.2.13), and
Hxﬁﬂxfs}xﬂ - fo; Xﬁﬂ}xﬁ} =0, fori#]j
ifo=a.

II1.2.3. Elliptic Lie algebras as double loop algebras. We now give another description of sg as
the universal central extension of a double loop algebra. Consider the Lie algebra g¢[s*!,¢] =
gr ®g Q[s*, t]. By [Kas84, Theorem 3.3], it admits a universal central extension defined by

gl 1= uce(gr[s™,1]),

where

uce(ge[s™1, t]) = g¢[s™, ] @ (QY(Q[sF, 1]) /d (Q[s™, 1]))
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as a vector space, with Lie bracket such that Q! (Q[s*1, #]) /d(Q[s*!, #]) is central and
[x@a,y@b] =[x, y]@ab+ (x,y) - b(da)

for x,y € grand a,b € Q[s*, t]. Here, (—, —) is an invariant bilinear form on g¢. For a commuta-
tive Q-algebra A we denote by Q! (A) is the module of Kéhler differentials of A and by d(A) the
subspace of exact forms.

Note that Q! (Q[s*1,#]) /d(Q[s*!, t]) has a basis given by
{sflds, t'skds | 0 e Zs1, kez}.

Set ¢y := t!s~1ds for ¢ € N and Crp = t'sk=1ds for £ € N, with £ # 0, and k € Z, k # 0. Then gq
has the following equivalent description:

genl = o¢ls™, ] 0K withK:= Qe ® P Qeye,
(eN (eN, (>1
keZ, k#0
with ¢, ¢x ¢ central elements, and Lie bracket
[x,y] @ " +k(x,y) - coyn ifk+h=0,
[x,y] @ sKFhHn 4 (kh — tn) - (x,y) - Cmingtk ifk+h#0.
We equip the Lie algebra g with the Z x ZI-grading such that
deg (x @ skt) = (—2¢,d +k5), deg (cr() = (—20,ké), deg(c/) = (—2£,0),

where x belongs to the root space (gf)q, k € Z, and ¢ € IN. We'll call the first term of the grading
the horizontal grading and the second term the vertical grading.

[x® skt y @ ") = {

The negative half ne) of ge is the Lie subalgebra spanned by the homogeneous elements whose
horizontal grading belongs to —INI ~\. {0}. We have

negy =n[t] ® K- where K_ := P Qcy, (1.2.20)
k<0
where n = s 1g¢[s~!] @ n¢ is the (standard) negative nilpotent half of g.
Let (ngji)¢,q and U(ngy )/ g be the degree (¢, d) pieces in the Lie algebra n and its enveloping
algebra U(ngy).

Lemma II1.2.9. One has

dlmU(n ||)g -d tZZd = Exp Z Ad(tiz) Zd ’
. et 1—t72
€Z,deNI deNI
where Ag(z) is the Kac’s polynomial of the quiver Q with dimension vector d and z9 = [T;¢; z‘ij”.

Proof. This follows from the relation

Aq(t72
dim(ngy)p_aqt'zd= Y a )zd, (II1.2.21)
(€Z, deNT deNT ~

which is itself a consequence of Formula (II1.2.20) together with the equalities
1 ifd € A'®,
Aq(z) =L e+z ifdeAm,
0 otherwise .
Recall that e is the rank of gs. (|
Let us denote by XilL and H;, withi = 1,...,¢, the Chevalley generators for gr normalized so

that (X', X, ) = 1and H; = [X;", X ]. Let X, be root vectors of g for the roots +¢ normalized
so that (X, X_p) = 1, where ¢ is the highest root of g¢. Set Hy := [X}, X, ].
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Proposition I11.2.10. The assignment
X — XF ot fori=1,...eandl €N,
Xafg — X4 ® t's*l fort e N,
Hip— Hi®t£ fori=1,...,eand { € N,
Hoo— Hp@t' +t's7lds (€ N.
defines a Lie algebras isomorphism ¢: sg — e In particular, it restricts to an isomorphism of Lie

algebras ¢: 55 — N

Proof. This may be shown using the same arguments as in [MRY90, §3], (see in particular Propo-
sition 3.5 of loc.cit.). We leave the details to the reader. O

Il1.2.4. Standard filtration and relation with COHAs. The H}-algebras Yg., ¢, and YjQE‘ ere, Ad-
mit increasing IN-filtrations, called the standard filtrations, for which the generators xﬁ and h;
have degree £ and deg(e;) = 0 fori =1,2. Letgr¥o.¢, ¢, aBd grYjQE;el,ez be the associated graded.
They are ZI x Z-graded in the obvious way. Let fl.iz and h; ; denote the images of xﬁ and hl.ig in
grYo;e cr-
We may see T as a subtorus of Tmax (introduced in Formula (I1.4.1)) via the embedding
(11,12) € T— (e = 11, 7er = 12)ecq € Tmax -
Then, &1 = ¢, and &3 = €.+ for e € (). This yields a specialization morphism H}, ~~— HJ.

Let Yo be the Yangian of Q introduced in Definition 11.4.1 (i.e., the one with the extra cubic
relations). Recall that Y g and YE are equipped with standard filtrations defined in the same way

(see §11.4.2.1). Let HAE be the nilpotent COHA as defined in §I1.2.2, with respect to the torus T.

Theorem II1.2.11. There is a ZI x Z-graded H}-algebra isomorphism

b & U(Sé) ®Q H% ~ U(I‘le”) ®Q H;« —— grYQ;Sl,Ez
given by the assignment
XX,
forieland f € IN.
Moreover, we have a chain of isomorphisms:

— ~ — . ~ T
Yoee, — Yo ®hy Hr — HAg
where the second map is the homomorphism ® introduced in Theorem 11.6.3.

Proof. Thanks to the defining relations of Y g, ,, ¢, and Proposition II1.2.8, there exists a surjective
homomorphism

Y: U(sg) ®o HT = U(ne) ® HT — gr¥q. o, -
To prove that U(sé) ®qHy and grYy, . . are isomorphic, it is enough to compare their graded
dimensions.
Now, Remark II.4.3 yields the existence of a surjective homomorphism
Y-

Q;e1,62 — Yé :
Because of Theorem I1.6.3, we have also a surjective homomorphism

.V T
@.YQ—>HAQ.
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Therefore, we have the following chain of inequalities, in any fixed degree (d, £):
grdim(U(ﬁé) ®qHY) > grdim(gr\Yé;sl,Sz) > grdim(Yé) > grdim(HAg) .
Now, the graded dimension of U(s) ®q H7 is computed in Lemma II1.2.9 and it coincides with
the graded dimension of HAE by [SV20, Theorem A-(d)]. Hence
grdim(U(ﬁé) ®qHY) = grdim(gr\Yé;sl,sz) = grdim(Yé) = grdim(HAg) .
From this we obtain all the claims in the Theorem. 0

Corollary I11.2.12. There is a Z1 x Z-graded HY-algebra isomorphism
Y: U(sg) ®g H} ~ U(gen) ®o HY —— 8rY0.c, e,
given by the assignment

Xz,ié — fﬁ and Hi,f — E',[,

fori€land { € IN.
Likewise, there is an isomorphism of Z.1 x Z-graded H}-algebras

Yoepe, = Yo ®HT.
Proof. The first statement follows from the triangular decomposition of the Yangian (cf. The-

orem III.2.4) and Theorem II1.2.11. The proof of the second claim is similar, based on Theo-
rems I1.4.6. O

Remark 111.2.13. When Q # Agl), the first statement of Corollary II1.2.12 appears as [GRW19,
Theorem 6.9]. A

From now on and until §II1.7, we will only work with equivariant parameters belonging to H}
and hence simply denote Y g, ., by Yg.

We conclude this Section with the following refinement of Proposition 11.5.3. The standard
filtration of Y g induces filtrations on the quotients ()Y o and Y(Qi). The map T; preserve these
filtrations and descends to a map gr(T;) between the associated graded.

Corollary I11.2.14.
(1) The map

YY) — Yo/ (IP°Yo + Yol ),

induced by the canonical embedding X' C Y g, is an isomorphism.

(2) The map T;: Y g — Y(Qi), introduced in Proposition 11.5.3, is an isomorphism.
(3) There are isomorphisms

gr(Y o) = (U(nan)/ 1 x; t'U(nen)) ©q HE,
(0

gr(Yy) ~ (U(nen)/; U(nen)x; ) g HY,
>0

and the map gr(T;) coincides with the (truncation of the) standard action of the braid group on
the enveloping algebra U(gey).

Proof. We start by proving (1). By Theorem I11.2.4, the composition Y5 — Yg — Yg/ 170Y ¢ is
an isomorphism. In addition I7°Y g + Y oI, = I*%Y g + Y I;". The result follows by definition

of Y(Qi). We turn to (2). In light of Theorem I1.7.2, it is enough to note that the map &: Yé ~ HAE

descends to isomorphisms ()Y g =~ (i)HAg and Y(Qi) o~ HAg’(i).
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Finally, we show (3). We have
gr(1Y o) = gr(Y~ Q)/er(I; - Yg) .
Note that, a priori, we only have an inclusion
gl - Yg) 2 D enll)-en(Yy),
k+h=j
hence only a surjection
(Unen)/ Y x; t'U(nen)) ®q HY — gr(VY) .
>0

To see that this map is an isomorphism, we compare the graded characters. By Proposition I1.3.10-
(4), we have

: 1 1
dim gr(0Y) g, q'z9 = Exp AqlghHz4) .
Y dim gr(¥).a00' = (7= (= b, el )

The graded character of (U(neii)/ Lys0 ¥; tU(ng)) ®q HY is given by the same expression thanks
to the PBW theorem. The same argument works for Y(QZ) . The identification of gr(T;) follows by
construction. O

III.3. QUOTIENTS OF THE YANGIAN AND OF THE COHA OF AN AFFINE ADE QUIVER

In this section, we consider the structure of quotients of the COHA HAB associated to open
substacks of Ag determined by Harder-Narasimhan conditions, and describe the corresponding
quotients of the affine Yangians Y .

III.3.1. Quotients of the nilpotent quiver COHA. In this section we shall introduce quotients of
the equivariant nilpotent quiver COHA arising from Harder-Narasimhan strata and study their
algebraic structures. Our quiver Q is fixed to be of affine type, but the results are valid for any
quiver (even one with edge-loops) and any torus T C Tinax.

111.3.1.1. Homology of Harder-Narasimhan strata.

Definition IIL3.1. Let x C Q be an interval. We denote by mod(I1g)* the full subcategory of
mod(I1g) consisting of those finite-dimensional representations of ITg for which the f-slopes of
all the HN factors'* belong to «. ©

For any ¢ € Q, we set mod(Ilg)! = mod(ITg)t¥}, mod(ITg)>! = mod(Ilg)“+*), and
mod(TTg) <! := mod(TTg)(~*]. The following is clear.

Lemma I11.3.2. The pair (mod(I1g)>¢, mod(I1g)<*) is a torsion pair on the category mod(I1g), which
is open in the sense of Lieblich [AB13, Definition A.2].

Given an interval x C Q, let nilp(ITg)" be the category of nilpotent finite-dimensional repre-
sentations M of ITg whose Harder-Narasimhan-factors all have 6-slope in x and let AG be the
corresponding moduli stack.

Lemma II1.3.3. The stack A, is an open substack of Ag.

Proof. This follows from Lemma IIL.3.2 in the case of intervals of the form [/, 0), (¢, 00), (—o0, ()
or (—oo,¢); the general case now follows from the formula
ABT? = A xp, NG

l4gee §11.2.1.4 for the definition of HN factors.
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Notation IIL.3.4. We denote by A the canonical derived enhancement of Af inside Ag. For
d € NI, we let A§ (resp. Aj) be the connected component of AY, (resp. A%) of representations of

dimension d. We abbreviate A4 == A g} and A, = A g}. @

Definition IIL.3.5. Given two disjoint intervals x, x” of R, we write ¥’ < « if for any a € «” and for
any b € x wehavea < b. @

Given disjoint intervals k1, . .., ks with k1 < xy < - -+ < K, define the derived stack AB""’KS as

K1,K2 t
AG? ———— AF

q"l”‘zl lq

A X AG —— Ag x Ag

for s = 2, and for arbitrary s > 2 as

AK1,...,K5 — AKl,KzLJ'"I_IKS %

0 0 TR N2 (IIL.3.1)
Q

Q

Denote by Ag""’xs the classical truncation of AS""’KS. Moreover, for dq,...,ds € INI, let Aﬁll".'.'.”zi‘g
(resp. A’;ll’,'.'.'.’,';ss) be the connected component of Ag"“’xs (resp. AS """ ") parametrizing representa-
tions M having a (necessarily unique) filtration 0 =: M;4q # My C M;_; C --- C M; = M for
which M;/ Mz+l has dimension vector d; and the 6- -slopes of all its HN-factors belong to «; for
eachi =1,...,s. Note that AKl ds is a locally closed substack of Ay g,.

If each «; is a singleton, then A 11 "' is a Harder-Narasimhan strata. In general, Aj""% is

YRR A ] //b

a finite union of Harder-Narasimhan strata. For M € A} ds as above, we denote by M =

M;/ M; 1 the ith factor. Finally, Ag,, 4, denotes the locally closed substack of Ay g, parametrlz-
ing objects of HN-type (dy,...,ds). We denote by Ay, 4, the corresponding derived enhance-
ment.

Lemma II1.3.6. Fixxq,..., ks, resp. dy,...,ds as above.

(1) AB"""(S is an iterated vector bundle stack over AB X+ X AB.

(2) Ag,,...a, is an iterated vector bundle stack over Ag'lss X +ee X Ag'sss.

Proof. To prove (1), it suffices to deal with the case s = 2 because of Formula (II1.3.1). Fors = 2,
the projection map M — (M;/M,, M;) induces an equivalence

AG"™ = SpecSym((RHom(M', My)[1])") ,

where RHom (M1, 90,) is viewed as a complex over Ag X AK2 where 90! is the universal object
of Ag while 91, is the universal object of AKQ2 (see e.g. [PSZ3 Proposition 3.6]). It is enough
to prove that RHom(M',M;)[1] has tor-amplitude [0,1]". Furthermore, to perform the com-
putation of the tor-amplitude it is enough to consider the two families of representations 90!
and 9, over a point, i.e., it is enough to show that Ext?(M!, M) = 0 for M' € nilp(ITg)* and
M; € nilp(ITg)*2. The properties of the Harder-Narasimhan filtration, the conditions on «1, k3 en-
sure that Hom(M,, M') vanishes. By the 2-Calabi-Yau property (cf. Theorem I1.2.1), this implies
that Ext?>(M?, M) = 0 as wanted.

Statement (2) is obtained by specializing (1) to the case of x; being singletons and fixing the
connected component of Ag. 0

Proposition III.3.7.

151 homological notation.
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(1) For any interval x, the mixed Hodge structure of the stack A, is pure and the restriction morphism
He (Ag) — H{(AY) is surjective.
(2) The map

Agla, —>HA M— (MY,..., M)

is an iterated vector bundle stack. In particular, the mixed Hodge structure of the stack Aﬁll"".'.”zi‘s
is pure.

Proof. For a general pair (x,d), the stack A is a finite union of Harder-Narasimhan strata. By
Lemma I11.3.6, each such Harder—Narasimhan stratum is an iterated vector bundle stack over
a product of stacks of the form A . The mixed Hodge structure of A{ is pure for any e, £ by
[SV20, Theorem 3.2—(b)] or [DaV23 Theorern 6.4]. It follows that the same holds for any Harder-

Narasimhan stratum, and hence also for Aj. Then, Statement (1) is a consequence of the purity

of Af and its closed complement Ag \ Af, which is itself, for any fixed d, a finite union of
Harder-Narasimhan strata.

Statement (2) is a consequence of Lemma II1.3.6. O

Notation II1.3.8. For any geometric classical stack X, which is a quotient stack, its Borel-Moore
homology is finite-dimensional in each degree as Q-vector space. Thus, we can define

) = Y dim(H (X))
i
For any interval x, we also set

Pps(zt) = ), P(Ag,1) pldd) d
deINI

The factor +(44) is added to take into account the cohomological degree shift in the grading of
HAL %)

Recall that A4(t) € IN[t] is the Kac polynomial counting absolutely indecomposable represen-
tations of the quiver Q of dimension vector d over finite fields, see, e.g., [BSV20]. The following
is a refinement of Theorem II.2.9.

Proposition I11.3.9. The following hold:
(1) For any partition Q = xy U - - - U ks with x; < x; for i < j, we have

Ppy(zt) = Hkazt

(2) Forany ¢ € Q, we have
e 1 o4

(3) For any subset x C Q (not necessarily an interval) we have

o\ 1 _
Ppg(zt) = (1—72) 2EXP<1_tz Y, Aalt 2)Zd>~
deNI
]lé(d)GK

Proof. Let us begin with (1). By Proposition II.3.7 we have

Pro(zt) = Y, PARG ) @dkidi— Y 3" dim HT (AQ7G ) £ (@05 d
d],...,dg dl,“.,ds i
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=) Zdlm HT<HA ) FLs(djdy) i di — HPAg(z,t).
l

dl/ s i
In the above calculation, we have made use of the relations
K1,-e/Ks
P(Ag,t) = Y P(AQ 51,
di+-+ds=d

S

which comes from the purity of each strata Aﬁl"ﬁ.‘.”és and
K1,eee/Ks
dimHT (g o) (AF75) = dimHE (HA )

which comes from the fact that the morphism Agll".‘."";ss = I A d]]- is an iterated vector bundle
stack of rank —Y_,,~,(d,, dy) (see Lemma II1.3.6 and [DPS22, Remark 11.1.32]).

Let’s turn to (2). By (1), we have a factorization into an infinite product
Pry(zt) =11 PAg z,t) (IIL.3.3)
leQ

Note that for any fixed d only finitely many slopes j;(e) may arise for e < d, hence the above
infinite product is well-defined and convergent. We may use the Harder-Narasimhan recursion
formula to uniquely determine P AL (z,t) from Equation (II1.3.3); in other words, there is a unique

family of power series

PAgQ(Z,t) = Z zxk,dtkzd ,
k,deINI
pg(d)=¢

with ¢ € Q, for which Equation (II1.3.3) holds. It only remains to observe that the right-hand-
side of Formula (II1.3.2) obviously satisfies this condition. Statement (3) is proved in the same
way. O

Thanks to Proposition II1.3.9, we may relate the existence of semistable representations of the
preprojective algebra to the value of the Kac polynomial A4(t), which is nonzero precisely when
d belongs to the root system of Q. In particular, we have the following.

Corollary I11.3.10. A §-semistable representation of [1g of slope zero is necessarily of dimension d € ING.

Proof. Let d € INI be a root of Q, which we may write as d = nd + e where e either belongs to
INA¢ or —INA¢. But then unless e = 0, we will have §(e) # 0. This means that d € INJ. O

Remark 111.3.11.

e Proposition II1.3.9 is valid for an arbitrary quiver Q (even one including edge-loops, as
long as one replaces the Kac polynomials by its nilpotent version, see [BSV20]).

e For any collection ordered disjoint intervals (or even subsets) «1, . . ., ks we have

s
PASMKS (Z, t) = H PAg (Z, t) .
k=1
A

1I1.3.1.2. Algebraic structures on quotients of the COHA. We examine in this section the structure on
the quotients

T . yT
HA; =H, (AD)
induced by the multiplication in HAB This heavily depends on the type of interval .
Proposition I11.3.12.
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(1) Forany ¢ € Q, HAg,{e} is a Z. x INI-graded Hy-algebra.

(2) The canonical restriction

P HI(Aq) — HAg{Z}
deNI ’

()=t

is an algebra homomorphism, where the source has an algebra structure induced by the one of
HAJ,

(3) Forany interval x = [a, b], HAg,x is a right Z x INI-graded HA; {b}—module and a left Z. x NI-
graded HAY _ -module.

0,{a}
(4) For any interval kx = (a,b], the restriction map HAB — HAgK is surjective and its kernel is
equal to
— T T T T
Ky, = ), HAG-HA; + ) HA; -HAp.
py(d)>b py(d)<a

Similar results hold if we replace we replace (a,b] by [a,b), [a, ] or (a,b), allowing a = b.

(5) For k = (—o0,1], HAgK is a left Z x NI-graded HAg—module. For k = [a, ), HA(;TK isa
right Z. x INI-graded HAg—module. Similar results hold for k = (—o0,b), (a, c0).

Proof. The category of all §-semistable representations of a fixed §-slope v is an abelian subcate-
gory of the category mod(I1g) which is stable under extension. Statement (1) follows. In addition,
if

0—x—y—z—0

is an exact sequence in mod(I1y) in which x,y, z are all of slope v and y is semistable then both
x and y have to be semistable as well (indeed, x belongs to mod(ITg)=" and has slope v, which
forces it to be semistable, and likewise for z). We deduce that there is, for any d, e of slope v, a
diagram

q° exty P’
v v ’ v
Ad><Ae <7Ad,e — Ad+e

lj I b :

Ag % Ae +—— AFE T Adre

in which all the maps j, j/,j” are open immersions, and all squares are cartesian. The fact that the
restriction map is a morphism of algebra follows by base change.

The two parts of (3) are similar, we only prove the first. Fix a short exact sequence in mod(I1yp)
of the form

0—x—y—2z—0,

with y € mod(Ilg)* and x of slope b. Arguing as above, we deduce that x is semistable. The
map x — y thus factors as x — y” — y, where y’ is the maximal subobject of y which belongs to
mod(ITg)?. We deduce that z fits in an exact sequence

0—y/x —z—y —0,
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where y' € A(Q”’b) and hence z belongs to mod(ITg)*. We therefore have the following diagram,

for any d and any e of slope b

d+e

lj 7 l] /

Ag X Ae PR AFS AN Adie

X b q° ext,x p° K
AgXDAe —— Ay, — A

where all the squares are cartesian and the morphisms j,j/,j” are open immersions. Again, (3)
follows by base change.

We now turn to (4). Surjectivity is proved in Proposition I11.3.7—(1). The kernel of the restric-
tion morphism is the image of the map H{ (Ag \ A%) — H{ (Ag), which is injective for purity
reasons. We will show that H (Ag ~ Ap) = Ky . Fixd, e € NI and assume that p5(d) > b. If

0—x—y—2z—0,

is a short exact sequence of nilpotent I1g-modules with x of dimension d and z of dimension e
then the maximal slope submodule of y has slope at least 115(d) > b. Hence y € Agie \ Af, .- In
other words, there is a factorization

to(p): to(Aed) — Adye N Afre — Adse

which proves that HAL - HAL C HI(Ag ~ A%)- The inclusion HAL -HAI CHI(Ag~ Ap) for
pg(d) < ais proved in a similar fashion, using minimal slope quotients. Thus K C HI(Ag ~
A%). To finish the proof, we need to show the reverse inclusion.

We shall argue by induction on Harder-Narasimhan strata, so we first introduce some prelim-
inary material. Let HN(d) stand for the (finite) set of Harder-Narasimhan types of weight d, i.e.,
tuples d = (dy, ..., ds) of elements of INI satisfying

de =d and “Llé(dl) <0 < }lé(ds) .
k
Denote by Sq4 the locally closed Harder-Narasimhan strata of Aq corresponding to d. We have

a=11%4,
d

where the union ranges over all HN types d = (dy, ..., ds) for which
a<py(di) <-- <pg(ds) <b. (I1.3.4)

Let HN'(d) be the subset of HN types not satisfying (II1.3.4). We define a total order on HN(d)
as follows: ford = (dy,...,d;) and v € Q we put

|Q‘>v = Z d;.
pg(di)>v
We put d < d’ if there exists v such that [d|>, = [d'|>, for all 7 > v while [d]>, > |d'|>,.

To conclude the proof, we need the following lemma.

Lemma I11.3.13. Fixd € HN(d).
(1) The substack S<q = [ Je<q Se is closed,

(2) The multiplication map factors as HAgl ® - ® HAES — HI(S<q) — HAY, and the composi-
tion HAE} ®-® HAgS — HI(S<q) = HI(Sq) is surjective.
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Proof of Lemma I11.3.13. To prove (1) it is enough to show that for any d, Sq C S<g4. Consider the
induction diagram

q° extss P° 1,00
SS “e SS % I ARVAS)
Agy X XA Ay r Mgy,

I |7 v

9 ext
XX Ads AQ Ad

Aq

1

where /; = 15(d;) and where the leftmost square is a pull back. Note that p° is an equivalence
and g° is a vector bundle stack morphism (see Proposition II1.3.7). Moreover, Af;ll".'.'.’%s = Sq.

As p is proper, Sq is contained in the image of p, hence it suffices to prove that there exists a
factorization

/

to(p): to(ASY) - S=q — Aq. (IIL.3.5)
Let x € A4 and assume that x has a filtration x5;,1 = 0 # x; C x5_1 C --- C x1 = x with
xi/xi41 € Ag;. Unless x € Sgq, there exists j such that x;/x;41 € Affk fork > jwhile x;/xj.1 € Sn
withn = (ny,...,n;) # (d;). But then pz(n,) > py(d;) = ¢;. We deduce the existence of a
subrepresentation x; C x' C xj;1 such that pz_ . (x') > ¢; while dim(x") > Y ;dy, which
implies that x € S for some e < d. This proves the factorization (I11.3.5), from which we deduce
both (1) and the first part of (2).

The last part of (2) follows from the base change formula
plo(@) of = () opioq,
where j': S4 — S=q is the open embedding. Observe that, by Proposition II11.3.7, the map
7 HI(Agy X - x Ag,) — HT(Affl X -+ x A ) is surjective. O

We return to (4). Assume that H (Ag \ AY) € Kg, and letd = (dy,...,ds) € HN'(d) be
minimal such that H (S<4) € Ky - By hypothesis, we have 5(d1) < a or js(ds) > b. In either
case, HAg1 e HAgS C K, By the minimality of d, HI(Se) C Ky, for any e < d, and thus
HI(S-q) C K; .- But then, by Lemma I11.3.13—(2), we have

He(S=4) = He(S<a) + HA ---HA] C K,

0,

a contradiction. This yields the reverse inclusion H (Ag ~ AG) C K, and finishes the proof of
Statement (4).

Finally, Statement (5) follows in a similar fashion from the fact that the category mod (ITg)(~*"?!
is closed under taking subobjects (since it is the torsion-free part of a torsion pair —see Lemma I11.3.2),
and likewise mod(ITg)**) is closed under taking quotients. O

III.3.2. Quotients of the Yangian. We now examine the counterparts, for the Yangian, of the

quotients considered in the previous section. For any interval x = (a,b] (including the case
a = —ooand/or b = o), we define
Joo= ). Yo¥Ya+ Y, YuYg and Yy, =Yg/l (II1.3.6)
Hg(d)>b py(d)<a

We extend this definition to other types of intervals in an obvious manner. Note that Y, is
N x ZI-graded. Moreover, J; . C J5 ., whenever «’ C .

Proposition I11.3.14. The following holds.

(1) Foranyb € Q, Yy v inherits from Y g of an associative algebra structure.

(2) For x = [a,b], there is a canonical right action of Yy (b} and a canonical left action of Y {a} O
Y
0

K
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(3) For x = (—oo,b], there is a canonical left action of Yo on Yy . For k = [a,+00) there is a
canonical right action of Y o on Xy . Similar results hold for intervals of the form (—oo,b) or
(a,+00).

Proof. By definition, (Y () )a is nonzero only when i5(d) = b, hence we may view Y (v as the
quotient of
U= P Y,
py(d)=b
by UNJy (- Observe that if e satisfies ji5(e) < b (resp. pz(e) > b) and d satisfies yi5(d) = b then
py(e+d) < b (resp. py(e +d) > b). It follows that U N Jg {1y is an ideal of U, hence (1).
Statement (2) is proved in a similar way, while Statement (3) is obvious from the definition of

D i 0

Combining the above with Proposition II1.3.12 yields the following.
Corollary I11.3.15.

(1) For any interval x C Q, the isomorphism ®: Y5 — HAB yields an isomorphism of vector
spaces y: Yy  — HAgK.

(2) Forany b € R, the map ®p: Yy fy — HAg,{b} is an isomorphism of algebras.

(3) For any interval x, the isomorphism ®y intertwines the various right or left actions of Yy (b} and

T - T
HAé,{b} or YQ and HAG.

To gain a better understanding of the quotients Y ,, we now describe their classical limit in
terms of double-loop root systems. For an interval x C Q, we put

Ay, = {dEINI‘yé(d) EK}.

Note that Aé,x is stable under addition inside A if d,e € Aé,x are such that d + e € A then
d+e € Ay, Inparticular,

(e = D (nei)-a

dGAé,K

is a Lie subalgebra of ng. For any «, the standard filtration on \Yé induces one on J5 , and de-
scends to a filtration on Y ,. We denote by grY _the associated graded. Recall the isomorphism

Y U(ne) ® HY — grYy,.
Proposition I11.3.16. The following hold:
(1) For any « there is a canonical isomorphism ¥ic: U((nen)g ) ® HT — grYy,.
(2) Forany v € Q, there is a canonical graded algebra isomorphism ¥ : U(("ell)é,{u}) ®q H} —
gryél{v}.
(3) The above isomorphisms intertwine the right or left actions of U((nen)g,) ®q H} and gr¥y  or
of U((nei)g 1)) ®o HY and gr¥y 1.

Proof. The compatibility with the algebra structure or actions being clear from the construction,
we focus on (1). For x = (a, b] there is a canonical embedding

gy, © Z gr¥g-gr¥y+ Z grYy-gr¥y
pg(d)>0b py(d)<a
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= Y U(me) -Umen)a+ Y, Unen)-a-Ulnen) -
pg(d)>b py(d)<a

It follows that there is a canonical surjection

erYy, =erY /ey, —— U(nell)/(Zyé(d)>b U(nen) - U(nen)-a + Xy (d)<a U (en)-a - U(nell)) ,

and the right-hand-side coincides with U((nel); ) thanks to the PBW theorem
Unen) = U((nen)g,(—coa)) © U((Rein)g,c) @ U((net)g (5,00

together with the observations that
Y. Unen)-a - Ulnen) = U((nel)g (_ooq)+ - Ulnen) ,
py(d)<a

Y, U(nen) - U(nen)-a = Unen) - U((nen)g g,00))+ -
yé(d)>b

where as before (—) + denotes the augmentation ideal. It it thus enough to prove that grY, and
U((nen)g,) have the same graded dimension. For this, we may use the isomorphism of graded
vector spaces Yy -~ HAGIK and Proposition I11.3.9—(3), which gives us

Y. Ad(fz)zd) ,

dim((HAT dt — (1 —+2)"2E
% im((HAy )a,)z ( ) “Exp =

deNI
Hy(d)ex
while
Y- dim((U((nen)g ) ® HY).a,0)z% = (1 - t_z)_2EXP< Y. dim(nep)-a, Zd) -
£,d deNIL/¢
py(d)ex
The proof now follows from the relation (II1.2.21), see Lemma I11.2.9. O

III.4. PERVERSE COHERENT SHEAVES ON RESOLUTIONS OF ADE SINGULARITIES

In this section we relate, via the McKay correspondence, the derived category of coherent
sheaves on a Kleinian resolution of singularities X with the derived category of representations
of the preprojective algebra I1g of the associated affine quiver. We introduce for this the perverse
t-structure on DP(Coh(X)), following [VAB04]. We also relate (complexes of) coherent sheaves on
X supported on the exceptional locus with nilpotent representations of I1g.

II1.4.1. Geometry of the resolutions. The quotient Xcon = C2/G has an isolated singularity at
the origin. Let 71: X — Xcon be the minimal resolution of singularities of Xcon. Fix a diagonal
torus A C GL(2,C) centralizing G. For G of type A, the diagonal torus A could be {1}, G, or
Gy x Gy, while for G of types D or E, it could be {1} or G,. The group A acts on Xcon in the
obvious way and this action lifts to a A-action on X such that the map 7 is A-equivariant (one
may see this using e.g. the Nakajima quiver varieties interpretation of the map ).

Let C := 717 1(0) and denote by Cieq its reduced variety. The irreducible components Cy, ..., C,
of C,eq are isomorphic to PL. The following is well-known.

Proposition II1.4.1.

(1) The vertices of Qs are in bijection with the irreducible components C; of Cyeq. Two vertices are
joined by an edge if and only if the corresponding components intersect. The intersection is trans-
verse and consists of one point. The intersection matrix of the C;’s is equal to the opposite of the
Cartan matrix of Q.
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(2) There is a bijection i — 1; from the set I of vertices of Q to the set G of irreducible representations
of G, and for any i,j € I the number of arrows in Q) from i to j is the dimension of the vector space
Homg (17 © C2, 7).

We have the following equality in Pic(X):

4
C= Z r,-Cl- ’
i=1

where the numbers r; are introduced in Formula (II1.1.3).
Lemma II1.4.2. There is a canonical isomorphism

Pic(X) —— X¢, (I11.4.1)
mapping Oy(—C;) to&; fori=1,... e.
Notation IIL.4.3. We denote by L the line bundle associated to the coweight A€ X;. @
II1.4.2. Perverse coherent sheaves on the resolution. Let C be the so-called null category of the
pair (Xcon, X), i.e., the abelian subcategory of Coh(X) consisting of objects E such that R7t.E = 0.

Following [VdB04, §3.1], we introduce the following torsion pair on Coh(X) (denoted in loc. cit.
by (T2, F21)):

T := {F € Coh(X) | R'7,.F = 0 and Hom(F,C) =0},
F:={F € Coh(X) |R7t,.F =0} .

We denote by P(X/Xcon) C DP(Coh(X)) the heart of the tilted t-structure induced by (T, F ). We
call it the Bridgeland’s perverse t-structure. For E € P(X/Xcon), all cohomology sheaves #'(E)
vanish except fori = —1,0, H~}(E) € F,and H°(E) € T. We call E a perverse coherent sheaf.

Consider now the abelian subcategory Cohps(X) of Coh(X) consisting of properly supported
coherent sheaves. Then the pair (TN Cohps(X), F N Cohps(X)) is a torsion pair of Cohps(X). We
denote by Pps(X/Xcon) the corresponding tilted heart in DP(Cohps(X)) =~ DBS(Coh(X)), where

the latter is the subcategory of DP(Coh(X)) consisting of complexes with properly supported
cohomology. Thus, Pps(X/Xcon) is the abelian subcategory of P(X/Xcon) consisting of objects
with proper support.

Remark 111.4.4. By [Yos13, §2.1], see also [DPS23, Appendix A], one has the following characteri-
zation of these intersections:

TN Cohps(X) ={F € Cohps(X) |Hom(F,Oc,(—1)) =0fori=1,...,e},
F N Cohps(X) ={F € Cohps(X) | F is a successive extension of subsheaves of the
Oc,(=1)'sfori=1,...,e}.

Hence, H ! (E) is a pure one-dimensional coherent sheaf for E € Pps(X/ Xcon). A

We introduce the following subcategories of P(X/Xcon) (resp. Pps(X/Xcon)):
e PO (X/Xcon) (resp. PgS(X/XCon )) is the full subcategory of P(X/ Xcon) (resp. Pps(X/ Xcon))
consisting of perverse coherent sheaves E with H~!(E) = 0;

o P71(X/Xcon) (resp. P;sl (X/Xcon)) is the full subcategory of P(X/Xcon) (resp. Pps(X/ Xcon))
consisting of perverse coherent sheaves E with H°(E) = 0.

By construction, the pairs (P*(X/Xcon), P! (X/ Xcon)[—1]) and (Phs(X/ Xcon), Pps (X/ Xeon)[—1])
are torsion pairs of Coh(X) and Cohps(X), respectively. From the defining properties of torsion
pairs (see also [DPS23, Lemma 2.22]), we have:

Lemma II1.4.5.
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e Let E € P)(X/Xcon) and F := H°(E). Then, any quotient F — F"" in Cohps(X) corresponds
to an object in Pgs (X/Xcon)-

o [et E € P;_}(X/Xcon) and F := H1(E). Then any subsheaf F' — F in Cohps(X) corre-
sponds to an object in P (X/ Xcon).

Proposition II1.4.6. If the supportl6 of E € Pps(X/ Xcon) is zero-dimensional, then E € PBS(X / Xcon)-
Vice versa, if F € Cohps(X) is zero-dimensional, then F & PgS(X / Xcon)-

Proof. We prove the first statement. Let E € Pps(X/Xcon) be a perverse coherent sheaf whose
support is zero-dimensional. Thus both H~1(E) and H°(E) are zero-dimensional. On the other
hand, since R%7t, H~1(E) = 0, we get H ' (E) = 0, therefore E ~ H°(E).

Conversely, let 7 € Cohps(X) be zero-dimensional. We have R!7,.F = 0 since H!(X, F) = 0.
Now, consider £ € €. By definition, R7r.£ = 0. Hence, £ does not admit any zero-dimensional
subsheaf. Thus Hom(F, &) = 0. Therefore, F € TN Cohps(X) = P3(X/ Xcon)- O

III.4.3. Tilting equivalence. Following [VdB04, Lemma 3.4.4], let D; be the unique Cartier divi-
sor of X such that D; - Ci = 6ij fori,j =1,...,e. Set D :== Dj + -+ D,. Under the isomor-

phism (II1.4.1), the line bundle Ox(D;) corresponds to the fundamental coweights A; of Oy for
i=1,...,e. Moreover, dim H'(X,9x(—D;)) = r; — 1 where 7; is as in Formula (III.1.1).
Foreachi=1,...,¢, let & be the locally free sheaf obtained as the universal extension
0— 0% — & — 0x(D;) — 0
associated to a basis of H!(X, Ox(—D;)). We set & = Ox.

Remark 111.4.7. By construction, the &;’s are the locally free sheaves defined by Gonzalez-Sprinberg
and Verdier [GSV83]. As shown in loc.cit., they generate, over Z, the Grothendieck group of lo-
cally free sheaves on X. JAN

By [VdB04, Theorem 3.5.5], each &; is an indecomposable projective object in P(X/Xcon) and
the direct sum

e
P=@P¢ (IIL.4.2)
i=0

is a projective generator in P(X/Xcon ).

Set R := C[A?] and R, := (11 ® R)C for any irreducible representation 77 of G. The following
hold (see e.g. [CBH98, Wem11]):

RxG =Endgc(R), R®=C[Xcon], Ilg=End(P)=Endgc(m.P), and 7P =EDR,.
neG

We equip the ring R with the obvious A-action. This yields an A-action on the algebra I1g by
algebra automorphisms. Hence, the group A acts on the categories Coh(X) and Mod(I1g) and
therefore on the triangulated categories DP(Coh(X)) and D®(Mod(ITg)). By combining this with
[VdB04, Corollary 3.2.8], we have the following result.

Theorem I1L.4.8. P is a tilting object of DP(Coh(X)). The functors
7 := RHom(P, —): DP(Coh(X)) — DP(Mod(Ig)), (I11.4.3)

(—) ®li, P: D*(Mod(Tlg)) — DP(Coh(X))

16Recall that the support of an object in DP(Coh(X)) is the union of the supports of its cohomology sheaves.
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determine an equivalence of derived categories, which is equivariant with respect to the action of A.
The same holds if we consider the categories DBS(Coh(X)) ~ DP(Cohps(X)) and DBS(I\/Iod(HQ)) ~
DP(mod(I1g)). These functors restrict to an A-equivariant equivalence of abelian categories

P(X/Xcon) —— Mod(Ilg) ,

as well as
Pps(X/Xcon) —— mod(Ilg) . (II1.4.4)
Remark 111.4.9. By [VdB04, Proposition 3.5.7] the simple modules oy, . . ., 0, associated to the nodes
of the affine quiver correspond to the spherical objects, in the sense of Definition III.5.3,
0p ~1(0c) and o; ~1(Oc,(-1)[1]),
for1l <i<e. Set
Oc forj=0,
=V oc (-1 forj=1
(D[] forj=1,....e.
These complexes satisfy the orthogonality relations
]RHOm(g,',Ij) = 51',]‘£,
for0<i,j<e. A
Given an object E € Pys(X/ Xcon), the categorical equivalence (I11.4.4) implies that RHom (&, E)
is a one-term complex of amplitude [0, 0], which we denote by V;, for any k = 0,...,e. Thus, an

object E of Pps(X/Xcon) is mapped to a representation M of ITg with underlying Z, ., 1-graded
vector space

e
V= Vi,
k=0

where the k-th summand has degree k. We denote by dy(E) the dimension of Vi for 0 < k < e.
We set d(E) = (di(E)) € INI and call it the dimension vector of E. Since E is properly supported
one has

chi(E) := —chy (K Y(E)) 4 chy (H°(E)) = i n;C; and x(0x,E)=n,
i=1

forsomen,n; € Z,i=1,...,e.
Lemma I11.4.10 ([DPS23, Lemma 2.12]). We have
rido(E) — di(E) = ny,
forany 1 <k < eand
(0o, d(E)) =do(E) =n.

II1.4.4. Nilpotent perverse coherent sheaves and nilpotent representations. The goal of this
section is to establish a version of the tilting equivalence (I11.4.4) for nilpotent objects.

Denote by nilp(Ilg) the abelian category of finite-dimensional nilpotent representations of
ITg (cf. Definition I1.2.3 and Remark I1.2.4), and by Pc(X/Xcon) the abelian category of perverse
coherent sheaves on X set-theoretically supported on the exceptional curve C. They are Serre
subcategories of mod(Ilg) and Pps(X/ Xcon).

Let D2(Coh(X)) denote the bounded derived category of complexes of coherent sheaves on
X with cohomology sheaves set-theoretically supported on C and let D?_ . (Mod(T1g)) denote

ps, nil
the bounded derived category of complexes of I1o-representations with nilpotent cohomology

objects.



COHOMOLOGICAL HALL ALGEBRAS AND YANGIANS 91

Theorem II1.4.11. The functors
7 := RHom(P, —): D2(Coh(X)) — DL, .(Mod(Ig)),

ps, nil
(=) @iy P: Dpg nii(Mod(ITg)) — DR (Coh(X))

ps, nil

determine an equivalence of derived categories, which is equivariant with respect to the action of A. This
restricts to an A-equivariant equivalence of abelian categories

Pc(X/Xcon) —— nilp(I1g)

In the remaining part of the section, we will show that the categories nilp(ITg) and Pc(X/ Xcon)
are mapped to each other under the equivalence 7. This will imply Theorem I11.4.11.

Let us recall two results from [SY13], which will be useful later on. Denote by 8 the set of
isomorphism classes of simple representations of I1g, which are not isomorphic to one of the
{00,...,00}.

Lemma I11.4.12 ([SY13, Lemma 2.31]).
(1) The dimension vector of any representation in mod(Ilg) in 8 is d.
(2) If the dimension vector of a representation M of I1g is 6 then M is either simple or nilpotent.

(3) Suppose M, N are simple representations of I1g so that the isomorphism class [M] of M belongs
to § and M, N are not isomorphic. Then

Extir, (M,N) =0 and Extj (N,M)=0.
Remark 111.4.13. Under the assumptions of Lemma I11.4.12—(3), we have
Extfi,(M,N) =0 and Extfj (N,M) =0
for all k € Z. Indeed, since M, N are non-isomorphic simple modules, we get
Ext{r, (M,N) =0 and Extf;,(N,M)=0.

Since the abelian category mod(Ilg) is 2-Calabi-Yau (cf. [SY13, Lemma 2.18]), by Serre duality,
the above equation implies the vanishing result for k = 2 as well. A

For any S € §, we define the full subcategory modg(I1g) of mod(I1g) which consists of finite-
dimensional representations of [1g whose composition factors consist only of S. The previous
lemma leads to the following.

Proposition I11.4.14 ([SY13, Proposition 2.32]). There is an orthogonal decomposition of abelian cate-
gories

mod(Ilg) =~ modg(Ilg) @ nilp(Ilg),
where

mOdg(HQ) = @ mOds(HQ) .
ses

Remark 111.4.15. Let p € X be a closed point. Note that O, belongs to the abelian category of prop-
erly supported perverse coherent sheaves Pps(X/Xcon). Therefore 7(0)) is a finite-dimensional
representation of I1g. Since each direct summand of the local projective generator P, defined in
(II1.4.2), has rank rk(&;) = r;, for 0 < i < ¢, the dimension vector of 7(0,) is J. A

Lemma II1.4.16. Let p € X be a closed point.
(1) If p € X\ Cyeq, then T(0O)) belongs to 8.
(2) If p € Cyed, then T(0Op) is nilpotent.
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Proof. Suppose that p € C; for some 1 < i < e. Then there is a an exact sequence
Oc, — 0p — O¢,(—=1)[1]

in Pps(X/Xcon). By applying 7, one obtains a surjective morphism 7(0,) — 0; with nontriv-
ial kernel. This shows that 7(0,) is not simple. Then Lemma III.4.12—(2) shows that 7(0,) is
nilpotent.

Now, suppose that p € X \ Creq. We have to show that 7(0,) is simple. Let us assume that it
is not. Then it must be nilpotent by Lemma I11.4.12—(2), therefore its composition factors belong
to {00, - ,0¢}, by Remark I1.2.4. Since all objects T~ (0;) are set-theoretically supported in Ceq,
this is a contradiction. O

Lemma I11.4.17. Suppose that M is a simple representation of I1g of dimension vector 6. Then T~ (M) ~
Op for some closed point p € X where

(1) p € Creq if M is nilpotent, or

(2) p € X\ Cyeq if M is simple.

Proof. Since M is simple, it either belongs to T(P%(X/Xcon)) or to T(Ppl (X/ Xcon)). Since there
are no coherent sheaves on X of dimension vector —8, we get that M belongs to T(PY(X/ Xcon)).-

But then F := t=!(M) € Coh(X) is of dimension vector &, hence by Lemma I11.4.10 satisfies
chi(F) = 0and x(F) = 1, from which we conclude that 7 ~ O, for some closed point p € X.
Then the claim follows from Lemmas I111.4.12—(2) and 111.4.16. (|

Lemma I11.4.18. Let 1 < i < eand let L C Oc,(—1) be an arbitrary subsheaf. Then L[1] belongs to
Pps(X/ Xcon) and T(L[1]) is nilpotent.

Proof. The fact that £[1] belongs to Pps(X/Xcon) follows from Remark II1.4.4. Now, we prove
that T(L[1]) is nilpotent. First, one has an exact sequence in Cohps(X)
0—L—=0c(-1) —Q—0
in Cohps(X), where Q is a zero-dimensional sheaf with Supp(Q) C C;. This yields the exact
sequence
0— Q— L[1] — O¢,(=1)[1] — 0
in Pps(X/ Xcon). Therefore, one has an exact sequence
0 —1(Q) — t(L[1]) — 0, — 0
in mod(ITg). Since nilp(I1g) is a Serre category, thus closed by extensions, and 7(Q) can be real-

ized as an extension of skyscraper sheaves 0, with p € Ceq, T(Q) is a nilpotent representation
by Lemma I11.4.16. Therefore, T(£[1]) is nilpotent as well. O

Proposition 111.4.19. Let E be a perverse coherent sheaf, which is set-theoretically supported on C. Then
T(E) is a nilpotent finite-dimensional representation of I1g.

Proof. One has the canonical exact sequence
0— H YE)[1] — E— H(E) — 0

in Pps(X/Xcon). Remark I11.4.4 shows that H ! (E) belongs to smallest Ext closed subcategory of
Cohps(X) generated by subsheaves of Oc,(—1), for 1 < i < e. Then Lemma II1.4.18 implies that
7(H~1(E)[1]) is nilpotent. Therefore it suffices to show that T(H’(E)) is also nilpotent, since the
category nilp(Ilg) is Ext closed.

By Proposition II1.4.14 one has a direct sum decomposition

T(HO(E)) ~ M; & M;
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where M is belongs to modg (I1g) and M, is nilpotent. This yields a direct sum decomposition
HO(E) = 7 (M) & 71 (My)

in Pps(X/Xcon). Since all the simple composition factors of M; belong to 8§, Lemma II1.4.17
implies that 71 (M;) has a filtration in Pps(X/Xcon) so that all successive quotients are zero-
dimensional sheaves supported in the complement X \ C,eq. Hence T'(M;) is also a zero-
dimensional sheaf supported in the complement X \ Cq4. Since E is set-theoretically supported
on C, also H°(E) is set-theoretically supported on C, hence M; must be identically zero. Thus
7(H°(E)) =~ M, is nilpotent. O

The next goal is to prove the converse of Proposition I11.4.19. First note the following:
Lemma I11.4.20. Let E € P (X/Xcon). Suppose that E has a filtration
OCE,C---CE/,=E
in Pps(X/ Xcon) so that all successive quotients belong to {O¢, (—1)[1],...,0c,(=1)[1], Oc} up to iso-
morphism. Then Supp(E) C C.
Proof. We will first prove by descending induction on 1 < i < ¢ that all subobjects E; C E, for
1 <i < ¢, belong to Pgs(X/Xcon). Set I, := E;/E;_1. Then one has two cases:

(i) Suppose that F; ~ Oc. Since E; = E has amplitude [0, 0] by assumption, the long exact
sequence associated to

0—E 1—E —F—0
yields H~1(E,_;) = 0.
(ii) Suppose that F; ~ Oc,(—1)[1] for some 1 < i < e. Then one has an exact triangle
Oc, (1) — Er-g — Ey
in DP(Coh(X)). This implies again that %1 (E,_;) = 0.
The inductive step is completely analogous.

Next we prove by increasing induction on 1 < i < ¢ that Supp(E;) C C. Since E; is a coherent
sheaf, by assumption one must have E; ~ O¢. Set F, = E;/E;. One has two cases:

(i) F; ~ Oc. Then, clearly, Supp(E;) C C.
(ii) F> ~ O¢,(—1)[1] for some 1 < i < e. Then one has the following exact triangle
OC[(—l) —E1 — E»

in DP(X). Since all objects have amplitude [0,0] this is an exact sequence in Cohps(X).
Using the induction hypothesis, this implies that Supp(E;) C C.

The inductive step is completely analogous. g

Proposition I1L.4.21. Let M be a finite-dimensional nilpotent representation of I1g. Then T—1(M) is
set-theoretically supported on C.

Proof. Let E = 7~!(M). By Remark I11.4.4, H~!(E) is set-theoretically supported on C. Then
Proposition 111.4.19 shows that M; := t(H~!(E)[1]) is a nilpotent representation. Moreover, one
has an exact sequence

O— M —M— M, —0,

where My ~ T(H(E)). Since the subcategory of nilpotent representations is abelian, M, is
also nilpotent. In particular, M, admits a filtration so that all successive quotients belong to
{00,...,0¢} up to isomorphism. This implies that #°(E) admits a filtration in Pps(X/Xcon)
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so that all successive quotients belong to {Oc, (—=1)[1],...,0¢,(—1)[1],0c} up to isomorphism.
Then Lemma I11.4.20 shows that also H’(E) is set-theoretically supported on C. g

The combination of Propositions 111.4.19 and I11.4.21 yields a proof of Theorem I11.4.11.

IIL5. BRAID GROUP ACTIONS ON Df(Coh(X))

In this section, we use the McKay correspondence to transfer the well-known action of the ex-
tended affine braid group Bex on D}((Mod(Q)) to an action on D5 (Coh(X)) by means of spher-
ical twist functors associated to the objects Oc and Oc,(—1) for i = 1,...,e. Our main result
is the identification of the autoequivalence RSy corresponding to a translation in Bex with the
autoequivalence given by tensoring with line bundles L5.

IT1.5.1. Recollection on braid group actions on DBS(Mod(HQ)). The theory of derived reflection
functors has been introduced in §I1.3.1. Now, we recall how to use them to define a braid group
actions on DBS(Mod(HQ)).

Theorem III.5.1 ([IR08, Theorem 6.6-(2)]). The assignment T; — ILS; for i € I defines an action of the
affine braid group B, on Dgs(Mod(HQ)).

Note that this statement has been generalized to any quiver without edge-loops, see [BIRS09,
Propositions I11.1.4 and 111.1.5, and Theorem I11.1.9].

Now, we shall introduce an equivalent way to formulate the affine braid group action via twist
functors. Let C be a C-linear 2-Calabi-Yau triangulated category.

Definition IIL.5.2. Let x be an object in €. The twist functor Ty is the endofunctor of € acting as
T.(y) := Cone (]RHom(x,y) Qg x) — y) ,
while the dual twist functor T’ is the endofunctor of € acting as
T..(y) := Cone (y —', RHom(y,x)" ®L x) —1] . (II.5.1)

@

Definition III.5.3. Let x be an object in €. We say that x is (2-)spherical if we have
RHom(x,x) =C & C[-2].
%)

According to [ST01, Proposition 2.10], if x is 2-spherical, the functor Ty is an equivalence, with
quasi-inverse Tf.

LetC = Dgs(Mod(HQ)). Then, for any i € I, the simple ITg-module ¢; with dimension «; is
spherical in Dgs(Mod(HQ)).

Lemma IIL5.4. One has T;, (Tlg) =~ I;.

Proof. Note that

C fork=0
Extt, (Ip, o) ~ ’
HQ( o) {0 otherwise .
Then the evaluation morphism in Formula (II1.5.1) reduces to
I1g —= RHom(Ilg,0;)" ®¢ 0; ~ 0;

which coincides with the canonical projection. Hence Ty, (TIg) ~ I. O
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The above lemma together with [IR08, Theorem 6.14] yield the following.
Proposition I11.5.5. The functors Ty, and 1LS; are isomorphic for any i € I. Hence, also the functors T,
and RS; are isomorphic for any i € I.

We now extend the action of B, on DES(Mod(HQ)) to an action of Bex. Recall that I' denotes
the group of outer automorphisms of Q. Any automorphism 7t € I gives rise to an algebra
automorphism of the algebra ITg, hence to an autoequivalence 7 of the category Mod(I1g) such
that 77(0;) = 0(;) for each vertex i € I. This yields an action of ' on DES(Mod(HQ)).

Corollary IIL.5.6. The above actions of B¢ and I give rise to an action of the extended affine braid group
Bex on D (Mod(ITg)).

Remark 111.5.7. Using the canonical lift Wex = I' X Wy — Bex we may thus define functors
RSy, LSy, for any element w € We,. For each Ae )V(f and i € I we abbreviate

RSy = ]RStR and RS; = RS, ,
]LS/V\ = ]Lst}‘ and ILSZ' = H_,Ssl. .
A

II1.5.2. Action of the extended affine Braid group on DBS(Coh(X)). Let Aut(DgS(Coh(X))) be

the group of exact self-equivalences of D5 (Coh(X)). By Theorems I11.4.8 and IIL5.1, Proposi-
tion I11.5.5, and Corollary II1.5.6 there is a group homomorphism

PIR: Bex — Aut(DB (Coh(X))),
such that
pir(Ti) = T/Ocl.(—l) and pr(T; ) = Toc (-1 fori#0,
or(To) =Ty, and pRr(Ty ") = To, -

Note that the sheaves O¢ and O, (—1),fori =1,...,e, admit an A-equivariant sheaf structure.
Thus, the subgroup p(Bex) of Aut(DBs(Coh(X))) centralizes A.

Proposition IIL.5.8.
(1) There is a group homomorphism pex: Bex — Aut(DBS(Coh(X))) such that
pex(T;) = T’Oq (1) and pex(T') = Toc (1) fori#0, (IIL.5.2)
pex(Ly) = L3 ® — for A € X¢,
with respect to the description of Bex given in Proposition 111.1.1.
(2) We have pex = pIR-
Proof. Let us first prove Claim (1) .

Since the defining relations of the braid group B, follows from Theorem IIL.5.1, we must check
the relations (1I1.1.6), (I11.1.7), and (I1I.1.8) in Proposition III.1.1.

Relation (II1.1.6) is obvious. To prove (II.1.7), note that the condition s;(1) = A implies that
L5 ®0c,(—1) = Oc,(—1). Hence, we have

T,(‘)Cl.(—l) o(Ly®—)=(Ly®—)o T/Oc,»(—l) :

v

To prove (II1.1.8), note that the condition s;(A) = A — &; implies that L5 ®0c (-1) = Oc¢, and
Ly 5 ®0c,(—1) = O¢,(—2). Hence, we have

T/Oc,v(*l) © (EX—M ®—)o Tl@ci(*l) - T/OC,-(*l) © T/kaai@mci(*l) °o(Lig®-)

= Tl@ci(*l) o T/OCZ-(*Z) o(L

po¥

e
X
L
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= (ﬁ&i X —) o (ﬁ;\_&i X —)
=L 19—,
where the third equality follows e.g. from [IU05, Lemma 4.15-(i)-(2)].
Now, we concentrate on Claim (2). It is enough to check that pex(Ty) = T’OC = oir(Th).

We have Ty = qu,TS_q)l, where ¢ is the highest positive root in Af (cf. Remark I1I.1.2). Fix a
reduced expression of s, in W of the form

Sp = 85j; Si/S]‘Si/ T
We have s;, - --s;,(&;) = ¢ and
By applying (I11.5.2), we have

peX(LﬂVL,'T]‘il) = (OX(_C]) ® _) OTOC]-(_l) - (TlOC] o T/OC](fl))) @] Ton(_l) = T/OC] ,

where the second equality follows from [IU05, Lemma 4.15-(1)—(2)]. Thus, we are reduced to
prove that

A=/ / ! /
Toc = Toc, (-1)°Toc, (-1 ° " °Tog, (-1)°Tog °Tog, (-1 Tog, (-1)°Tog, (-1)-
If we set

®=Toc, (-1)°Toc, (-1)° " °Tog, (1)

iq iy Cig

the formula above becomes
T = Do T’ocj 0@l = T&,(OC]_) ,
where the second equality follows from [IU05, Lemma 4.14—(i)]. Thus, we are reduced to prove
that
Oc =®(Oc),
or, equivalently, that

E = TOCi' (-1) 0---0 TOCi2(_1) o TOCil (_1)(OC) = OC. .

v ]

To prove the equality above, first, we shall show that E is a perverse coherent sheaf concen-
trated in amplitude [0, 0]. Define

Br=siSi, - Si, (&) €A for r=0,...,0.

Here, we set iy := 0. Since s;, .. . 5, S0 is a reduced expression in Wy with iy, ..., i1 # 0, we deduce
that B, ..., Bo are positive roots and that

,BO = 5i,Siy_1 """ Sy (DC()) =0— 06]‘ and ;BZ = &, -
We fix a coweight 0= Y.icr0i w;in X ®7 R such that for all i # 0
0; = (6,0;) >0=(6,B) - (I11.5.3)

We consider the Bridgeland’s stability condition whose heart is A := mod(I1g) and whose central
charge is the group homomorphism

Z: Ko(mod(Ilp)) =ZI — C,

d+— —D(d) +1R(d) = —(6,d) +1(g,d) .
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Recall that the simple ITg-module 0y with dimension ag is a spherical object in D5 (Mod(I1g)),

and that the B,¢-action on the category DBS(Mod(HQ)) is given by twist functors as in Theo-
rem I1L.5.1. Thus, the object

M =T, - T, (00) € Ds(Mod(TIg))

is spherical. Note that the argument of Z(B) is 71/2 because D(By) = 0, while the argument
of Z(B,) is strictly bigger than 71/2 for each r > 0 because D(B,) > 0. Here, the argument is
taken in [0, 7r). Hence, we apply [BDL23, Proposition 4.2] and we deduce that M belongs to the
abelian subcategory mod(I1g), is of class g and that M is Bridgeland’s 6-semistable, (hence slope
f-semistable of slope (6, By) = 0).

The tilting functor T in Theorem I11.4.8 is compatible with twist functors, i.e., TT( )oTXTO T,
for any spherical object x € Dgs(Mod(X)). Thus, T(E) = M. Hence, the object E is perverse and
7(E) is f-semistable with (6, (ch(E))) = (6, Bo) = 0. Now, Conditions (II.5.3) imply

(6,6) = (6, o) + (6,2)) = (6, 7) > 0.
Thus, by [DPS23, Proposition 2.23], we obtain that E ~ H°(E) € Pgs(X / Xcon) and moreover E is
a pure one-dimensional sheaf on X. It remains to prove that E is isomorphic to Oc;.

We have T(ch(OCj(—l)[l})) = a; and t(ch(0y)) = ¢ for each closed point p € C; (cf. Re-

mark I11.4.15). Hence, we get
T(ch(0g;)) = t(ch(0p)) — T(ch(O¢, (~1)[1])) = 6 — &;.

Thus, [E] = [Ocj] as K-theory classes in Ko(X). Therefore, E is a pure sheaf scheme-theoretically
supported on C;, hence it is the pushforward of a degree zero line bundle on C;. Since C; is
rational, we must have E = OC],. (|

Remark 111.5.9. A three-dimensional version of Proposition I11.5.8 is proved in [HW23, Theo-
rem 7.4]. As pointed out to us by M. Wemyss, one could “slice down” the 3-fold to get the
surface we are considering and one should get an equivalent proof of Proposition IIL5.8. A

Remark 111.5.10. When Q = Agl), the equality pex(Tp) = T’OC may also be proved using [IUO5,
Lemma 4.16] and the following formula for Ty in B¢
To=TTo - To1Lg, T, - T, T Y,

which follows from the relations in §I11.1.2. A

By Theorems I11.5.1 and I11.4.8, and Proposition II1.5.8 the tilting equivalence 7: D(Coh(X)) —
DP(Mod(ITg)) intertwines the Bex-action on both sides. This yields the following.

Proposition IIL5.11. Let A € X;. The tilting equivalence T intertwines the autoequivalence S, =
(Ly®—)of DBS(Coh(X)) with the autoequivalence RS of DBS(Mod(HQ)), i.e., there is an equivalence
of functors

ToS)y~RS)o7T.

II1.6. SEMISTABILITY AND BRAID GROUP ACTION

In this section, we provide a refinement of the tilting equivalences of Theorems II1.4.8 and
I11.4.11, which matches subcategories of semistable objects in Dgs(Coh(X)) and Dgs(Mod(HQ))
for appropriate stability conditions. We also describe the behavior of the categories of semistable
objects under the action of the extended affine braid group Bex. We present this last result in the
setting of Bridgeland stability conditions on a triangulated category, as in Part I.
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I1I.6.1. Torsion pairs with respect to w-stability. Let w be an integral polarization on X. For any
properly supported coherent sheaf F on X with chy (F) # 0, the w-slope of F is given by

__x(F)
‘uW(]:) o C(J~Ch1(f) !

(if F is zero-dimensional, its w-slope is +co by definition).

Definition II1.6.1. Let F be a pure properly supported coherent sheaf on X of dimension one. We
say that F is (w-)(semi)stable'” if for any nonzero subsheaf 7' of F we have piy (F') (<) peo (F).
%)

Recall that any coherent sheaf F in Cohps(X) has a canonical filtration
0CFCFHC--CF=F (II.6.1)
with k > 0, where
e Fy C F is the maximal zero-dimensional subsheaf of F, and
e foranyi > 0, F;/F;_1 is w-semistable and
o (F1/Fo) > peo(Fa/ F1) > - > peo(Fx/ Fi1)

We call the filtration (I11.6.1) the Harder-Narasimhan filtration of F. The successive quotients
Fs/ Fs—1, for 0 < s < k are the Harder-Narasimhan factors of F. For any properly supported
coherent sheaf F we set

Ho(F1) ifFy=0

Vw—min(f) = ‘uw(}-k/fkfl) and ﬂw-max(f) - {+00 if]:O 7& U

Definition IIL.6.2. Let k C Q be an interval. We denote by Cohps(X)* the full subcategory of
Cohps(X) consisting of those properly supported sheaves on X for which the w-slopes of all the
HN-factors belong to . ©

Notation I1L.6.3. Forany ¢ € Q, we set Cohps(X)! := Cohps(X) 14}, Cohps(X)>* 1= Cohps(X)(é+),
and Cohps(X) S := Cohps(X) (4. %)

The following is clear (cf. [AB13, Example A.4—(2)]).

Lemma IIL.6.4. Forany ¢ € Q, (Cohps(X)>*, Cohps(X)<") is a torsion pair of Cohps(X), which is open
in the sense of Lieblich [AB13, Definition A.2].

III.6.2. Semistability and tilting. The goal of this section is the proof of the following result. Let
0= Yiel 0;00; € Xbe a coweight such that

e
;>0 for 1<i<e and fy=-) rb;. (I11.6.2)
i=1

Remark 11L6.5. For 6 € X satisfying (II1.6.2) we get (6,6) = 0. We denote by 0 := ¥, o 0;0; € X
the finite coweight canonically associated to 6. A
Let w € Picg(X) be a rational polarization on X such that
b; = (w,C)
fori=1,...,e.
17Here we use the notation (<) following [HL10, Notation 1.2.5]: if in a statement the word “(semi)stable” appears to-

gether with relation signs “(<)”, the statement encodes in fact two assertions: one about semistable sheaves and relation
signs “<” and one about stable sheaves and relation signs “<”, respectively.
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Theorem IIL.6.6. Under the above assumptions, the tilting functor (111.4.3) yields equivalences of cate-
gories
C°h§s°(X) =~ Pgs(x/xcon) ~ mod<’(Tlg),
Cohs?(X)[1] ~ Pp (X/Xeon) ~ mod™’(Tlg),

for which the first equivalence maps the subcategory of zero-dimensional sheaves onto mod®(ITg).

Before proving the theorem, let us start by recalling [DPS23, Corollary 2.17] applied to the
above 6:

Lemma II1.6.7. Let E be an object of Pps(X, Xcon ). Then one has

deg;(E) = w - (chi(H'(E)) — chi (H(E))) , (IIL6.3)

do(E) = dim H°(H°(E)) 4+ dim H (1 Y(E)).
Proposition 111.6.8. Let E be a 0-semistable object of Pps(X, Xcon) with degy(E) < 0. Then E belongs
to PO(X/ Xeon).
Proof. Suppose E is f-semistable and H~1(E) # 0. Using Formula (IT1.6.3),
degy(H ' (E)[1]) = w - chi(H ' (E)).

Since E is §-semistable with deg(E) < 0, this implies that w - ch; (X ~(E)) < 0. This leads to a

contradiction since H ! (E) must be pure of dimension one as shown in Remark I11.4.4. Therefore,
E belongs to P (X/ Xcon)- O

Corollary I11.6.9. There is an equivalence of categories

PY(X/Xcon) ~ mod<?(Tlg) .

Proof. Let E be an object of Pps (X, Xcon) =~ mod(I1g). We shall prove that E belongs to Pgs (X/Xcon)
if and only if py. . (E) < 0.

(=) Since H~!(E) = 0, it follows immediately that H~!(F) = 0 for any sub-object F C E in
Pps(X/ Xcon). Hence Equation (II1.6.3) yields

degy(F) = —w -ch{(F) <0.
(«=) Conversely, let
0=EyCE C---CE=E
be the Harder-Narasimhan filtration of E relative to f-stability. Thus, Hg(Ei/Ei—1) < fymax(E) <
0 for all i. Hence all E;/E;_1 belong to Pgs(X / Xcon) by Proposition I11.6.8. This implies that E
belongs to PgS(X / Xcon), since this category is closed under extensions. O
Lemma I11.6.10. Let E € PO (X/Xcon) and set F := H°(E).
e degy(E) = 0 if and only if F is a zero-dimensional sheaf.
o Ifuy(E) <O, then py,(F) > 0.

Proof. By using Equation (II.6.3), we get degys(E) = —w - chy(F), which implies the first state-
ment.

Now, let us prove the second statement. Assume that chy (F) = }_¢_; n,C;. Note that

oy degg(E) w - chy(F)
W E) = G aE)) ~ X F) o (A (F) )
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_ ([ _Xiamn , B

- (w-chl(}') Ho(F)(6,0) ,
where the second equality follows from Lemma III.4.10 and Formula (I11.6.3). Now, the quantity
Y.i_1 n; coincides with D - ch; (F), hence it is positive. If ji5(E) < 0, then

B0 w- (@

Hol(F) >

Proposition I11.6.11. There is an equivalence of categories CohESO(X) o~ PgS(X / Xcon)-

Proof. Let F be a coherent sheaf on X with proper support. We shall prove that F, seen as a
one-term complex of amplitude [0, 0], belongs to P (X/ Xcon) if and only if pt,-min(F) > 0.

If F is zero-dimensional, the assertion follows from Proposition I11.4.6. Assume now that F is
not zero-dimensional. Consider the Harder-Narasimhan filtration of F:

Og}_onlC"'C}_k:f.

Since F — F / F_1 is a quotientin Cohps(X), by Lemma II1.4.5 we have F / F_1 € Pgs(X/Xcon).
Set Ex_1 = Fr_q € PgS(X/Xcon). Thus, ps a0 (F/Fr—1) < 0, hence py(F/Fr_1) < 0. If
degy(F/Fik-1) = 0, by Lemma IIL6.10, the complex E/Ej_; is zero-dimensional, hence we ob-
tain p (F/Fr-1) = 0. If uy(F/Fr_1) < 0, by Lemma IIL.6.10, we get p, (F/Fr—1) > 0. But
then Vw—min(}-) = Vw(]:/]:k—l) > 0.

Let us prove the reverse implication. Assume that each F;1/F; is w-semistable of positive
slope fori = 0,...,k — 1. By [DPS23, Proposition 2.26], each quotient corresponds to an object
in PgS(X /Xcon). Note that the zero-dimensional sheaf F corresponds canonically to an object
in Pgs(X / Xcon). Since PgS(X / Xcon) is closed under extensions, we have F € PgS(X /Xcon) as
well. 0

Proof of Theorem 111.6.6. Corollary I11.6.9 and Proposition I11.6.11 yield that the tilting functor (I11.4.3)
yields an equivalence of categories

Cohsd(X) ~ PO (X/Xcon) = mod<*(I1g) ,

which maps the subcategory of zero-dimensional sheaves onto mod®(T1g).

Now, recall that (Pgsl(X, Xcon), PBS(X/Xcon)) is a torsion pair of Pps(X/Xcon) =~ mod(Ilp).
In addition, the pairs (mod~%(I1g), mod<"(ITg)) and (Coh;?(X), CohsY(X)) are torsion pairs of
mod(ITg) and Cohps(X), respectively. By the orthogonality relation of torsion pairs, it follows
that the tilting functor (I11.4.3) yields an equivalence of categories

Cohsd(X)[1] =~ Ppl(X/Xcon) ~ mod™(TIg) .

II1.6.3. Bridgeland's stability conditions and braid group action.

1I1.6.3.1. Exact autoequivalences preserving phase order. Let GL' (2,R) be the universal cover of the
group GLT (2, R) of real 2 x 2-matrices with positive determinant. It can be described explicitly
in the following way. Let R — S! be the universal cover given by ¢ + ¢"™; then GL' (2,R) is the
set of pairs (T, f), where T € GL™(2,R) and f: R — R is a choice of a lift of the induced action
of T on S. In particular, the map f is increasing and such that f(¢ +1) = f(¢) + 1.
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By [Bri07, Lemma 8.2], given a triangulated category D, there is a right action of GL" (2,R) on
the space Stab(D) of Bridgeland'’s pre-stability conditions, in the sense of Definition I.1.5, on D given
as:

(Z,P) (T, f) = (Z1,5), P(z,p) »

where Z () = T~1oZ and Pirp)(¢) == P(f(¢)) for any ¢ € R. In particular, the action of
(T, f) “permutes” the categories of semistable objects with respect to the pre-stability condition
(Z,P).

Following again [Bri07, Lemma 8.2], recall that there is also a left action of the group Aut(D)
of exact autoequivalences of D on Stab(D) given by:

P (Z,P)=(Zso,Po),

where Zg == Z o ® ! and Pg(¢) == ®(P(¢)) for any ¢ € R. Thus, in general, the action of
@ does not preserve the family of categories of semistable objects. We introduce a criterium to
ensure that an exact autoequivalence of D permutes the subcategories P(¢) of semistable objects.

The semi-closed upper half plane, which is the union of the strict upper-half plane and the
strictly negative real line:

H:=HUR.y={re™|r>0and 0<v <1} CC.
Definition I1L6.12. Let ® € Aut(D). We say that ® preserves the phase order in ™ H for some

A € R if ® restricts to an autoequivalence of the abelian category P((A, A + 1]) and there exists
T € GL*(2,R) such that

o T1 (em/\H) C STAH.
e Zg = T~ ! 0 Z as morphisms from Ky(D) to C.
%)

Let @, A, and T be as in the above definition. We denote by fr: R — R the unique continuous
bijection such that fr((A, A +1]) C (A,A+1] and

fr() = - arg (T (™))

as maps on S!. In particular, (T, fr) € a_+(2,R). Hence, fr is increasing and fr(¢ +1) =
fr(@) +1.

Proposition I11.6.13. Let ® be an exact autoequivalence of D that preserves the phase order in ™™ H for
some A € R and let T be corresponding element in GL™ (2, R). Then, for any ¢ € R and for any interval
I C R, the functor P restricts to equivalences

D: P(p) —=— P(fr(¢)) and &:P(I) —= P(fr(I))
In particular, (Zg, Po) = (Z(T,fT)/P(T,fT)>‘

Proof. Since ® preserves the phase order in ¢ H, for any E,F € P((A,A + 1]), one has that
arg(Z(F)) < arg(Z(E))ifand onlyifarg(Z(T(F))) < arg(Z(T(E))). Since ®isexactin P((A, A +
1]), we deduce that the equivalence ® maps semistable objects of phase ¢ € (A, A + 1] to semistable
objects of phase fr(¢). Since ® is exact in D, we deduce that ® maps the category P(I) to
P(fr(I)) for any interval I C (A, A +1].

Now, note that forany I C (A +k, A +1+ k| for some k € Z, we have ®(P(I)) ~ P(fr(I)) by
using the relation between slicing and the shift functor (see e.g. [Bri07, Definition 3.3]). Finally,
for any I C IR, we have

P(P(I)) = (P(P(P)|pel) ~(PPINA+kA+1+k]))|keZ)
~ (P(frINA+kA+1+k]))|keZ) ~P(fr(I)).
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Thus, the first part of the statement follows. The second part is then evident. O

For any ¢ € IR, let us by 7 the t-structure on D such that P ((¢, +-c0)) is the connective part of
Tq;.
Corollary I11.6.14. Under the same hypotheses of Proposition 111.6.13, ® is a t-exact autoequivalence of
D with respect to the t-structures tp and Ty, (4 for any ¢ € R.

111.6.3.2. Stability condition for quivers and braid group action. Now, let § € X be a coweight sat-
isfying conditions (I11.6.2), and let f; € X be the corresponding finite coweight. Consider the
stability condition Z; on mod(Ilg) given by

Zs: Ko(mod(Tlg)) ~ ZI — C,
d — —Dy(d) +1R(d) = —(6,d) +1(5,d) .

It satisfies the Harder-Narasimhan property (cf. [Bri07, Example 5.5]). Hence, by [Bri07, Proposi-
tion 5.3], it corresponds to a pre-stability condition (Zy, Py) on DBS(Mod(HQ)). By construction,
mod(ITg) = P((0,1]).

Proposition I11.6.15. The exact autoequivalence RS ,5 of Db (Mod(T1g)) preserves the phase order in
e /2 ,

Proof. Tensoring by the line bundle £ ,; is an autoequivalence of DS (Coh(X)) =~ DP(Cohps(X))
which descends to an autoequivalence of the abelian category Cohps(X). Via the tilting equiva-
lence 7 we obtain that the autoequivalence RS 5 restricts to an autoequivalence of the abelian

category Py((—1/2,1/2]) (cf. Proposition II1.5.11).
Now, consider

10
T = <2h 1) €sL(2,2),

where /i is the Coxeter number introduced in Formula (II1.1.2). By Formula (III.1.4), for any
d € ZI ~ Ko(mod(I1g)) we see that

zé(le_;;f(d)) = Z3(RSy (d)) = —(6,d) +2(6,d)(6,6) +1(6,d) —2(6,d)(5,6)1
=T1(Z4(d)),
where the last equality follows from the fact that (6, 8) vanishes and 1 = (g, ). Hence,
-1 -1
ZéORS—Zéf =T OZGv

Moreover, T preserves the half plane R>q + R. In particular, T~!(e~""/2H) C e~""/2H. Thus,
the claim follows. O

We abbreviate f := fr: R — IR. Note that the map f preserves the interval (—%, %] Proposi-
tions I11.6.13 and IIL.6.15 yield the following.

Lemma I1L.6.16. For any interval I C R, the derived equivalence RS »5 of DBS(Mod(HQ)) descends to
an equivalence

RS 550 Py(I) —— Py(f(1))
Set

ko= (—00,0] and xp:=(-1/(2h¢),0] forl eIN,{>1. (I11.6.4)
Note that x;,1 C xy C xp forany £ € IN, ¢ > 1.
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We also set
11
Vi ‘= fk(O) € <—2, 2]
fork € Z.
Remark 111.6.17. For any ¢ € [0,1/2), we have

@)= Larg (1)
Thus, we have
v = %arg (TF(1)) = %arctan(ﬂzk) (IIL.6.5)
for any k € Z. Hence one has vy < vy for any k € Z while
inf{y |keZ} = —% and sup{|keZ} = %
VAN

Theorem I11.6.18. Let 6 € X be a coweight satisfying the conditions (I11.6.2) and let w € Picg(X) bea
rational polarization on X such that 0; = (w,C;) fori=1,...e.

(1) The functor T restricts to equivalences of additive categories

T2 Cohps(X)~? —=— mod(I1g)<" = Py ((O'%D

71 Cohps (X)<0[1] — mod(I1g)*" = P, ((4,1])
In particular, the functor T restricts to an equivalence of abelian categories
T: Cohps(X) —— Py ((—%, %D
(2) For any k € Z, we have equivalences of abelian categories

(RS 55,)%: mod(Tg) < —~— Py (v, 3])
(]Rs_zgf)k: mod(I1g)~? —— P; ((%,V.k-l-l})

(RS )F: mod(ITg) —— Py ((vp, 1+ v4])

(3) For £ € N, with £ > 1, we have mod(ITg)*t = Py((v,,1/2]).
(4) For any k € Z, the square of equivalences

Cohps(X)>2% — T P, ((vk,%b
-20¢ fRS-zéf

Cohps(X)>2%-2 T Py ((vk_l,%})

S

is commutative.

Proof. We start by proving Claim (1). Recall that the slope associated to Z; is

D) (4d)
Hld) = R@) = Ga)
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Then, an object N € mod(Ilg) is slope-semistable if and only if it is Bridgeland’s semistable with
respect to Z, i.e., if and only if

NePy(A) with A= %arg (—us(N)R(N) + R(N)) € (0,1], (IIL6.6)

for puy(N) € R, while A = 1/2/if py(N) = +oo. Here, R(N) = R(d) if d is the dimension vector
of N.

Now the first part of the claim follows from this observation together with Theorem IIL6.6.

Since
mod(I1g)~°[~1] = Py ((;1D [—1] = Py ((;OD ,

and Cohps(X) is the extension-closed subcategory of DP(Cohps(X)) generated by Cohps(X)<? and
Cohps(X)~Y, we get that the functor T restricts to an A-equivariant equivalence of abelian cate-
gories

T: Cohps(X) —— Py ((—%'%D

To prove Claim (2), we apply Lemma II1.6.16 successively k times to the subintervals (0,1/2]
and (—1/2,0] of (—=1/2,1/2]. This gives the first two equivalences. Note that Py((1/2,1]) =
Py((—=1/2,0])[1] by definition of slicing. As mod(IIg) is the extension-closed subcategory of
DP(mod(ITg)) generated by mod(ITg)<? and mod(I1g)>" we get the last equivalence.

Claim (3) follows from Formulas (I11.6.6) and (II1.6.5).

Finally, note that

X(F) = 2chi (F) - w
Chl(]:) %

Claim (4) follows from this together with Proposition II1.5.11. O

e (S5, (F)) = pao(F @ Lyg,) = = pw(F) —2.

II1.6.4. Braid group action and the quotients of the Yangian and of the COHA. We shall now
consider the action of the extended affine braid group Bex on DBS(Mod(HQ)), and the various
quotients of Y 5 and HAg associated to the image under these of the standard heart mod(I1g) or
of the exact subcategory mod(IT1g)<P.

Let § € X be again a coweight satisfying the conditions (II1.6.2). For £ € N, let x; be as in
Formula (II1.6.4). We define the following quotients of HAE:

T YT Ak
HA; ) =Hs (AQ) - (IIL.6.7)
There is a sequence of projections
T T T
HA; o) =~ HAy ) > HAy ()~ (IIL6.8)
Note that HAGI’ (¢) Maps surjectively to HI(AOQ) forany ¢ € IN.
Thanks to the isomorphisms of Corollary II1.3.15, there is an isomorphic chain of projections
Yé’(o) A cd Yé,(ﬂ) - Yé/([+1) e (III.6.9)
where for ¢ € IN, we set
Yé,(é) = Yé/’f/ . (IH610)

Note that Yy () maps surjectively to Yy {0} for £ € IN.
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All the maps featuring in the chains of projections (I11.6.8) and (II1.6.9) are N x ZI-graded.
Moreover, there are canonical isomorphisms

. ~ T
Pyt Yy ) — HAy )

By Theorem II1.6.18—(2) and —(3) there is an equivalence of stacks

0. AKe _~ K

(RS ,4.) tAg —— AQ

This equivalence induces, for each d € INI, an isomorphism of vector spaces which we denote
by the same symbol

‘. T ~ T

(RS 54.)": (HAé, Jg — (HAé,

(0 0,

Our next task is to get a better understanding of the restriction map HAL =~ — HAg using

6,(0) (£+1)
the isomorphisms @ ;). Let I be the group of outer automorphisms of the underlying diagram
of Q. It acts by algebra automorphisms on Yo in the obvious way. This yields an action of the
extended affine braid group Bex on Y g by algebra automorphisms.

For any w € Wey, recall from §I1.5.1 that we define a linear operator Ty, given by the composi-
tion
To: Yo Yo —* " Y,

Yo

where the last map is the projection (IL4.27). Let BZ, C Bex be the positive extended affine braid
monoid, i.e., the submonoid generated by the elements Ty, with w € Wey. The following can be
proved as Proposition I1.5.2.

Proposition I11.6.19. There exists a homomorphism BJ, — End(Y) of monoids, which sends Ty, to

Ty It defines an action of the positive braid monoid B, on Yo

We now come to the main result of this section. For future use, it will be important to allow
arbitrary twistings © in the definition of the COHA multiplication.

Theorem I11.6.20. Let ©: ZI x ZI1 — Z /27 be a twist and assume that ty - © = O for any A€ X;.
Then, the diagram

RS 44

T,0 ¢ T,0
HAJO —— HAJO
%)T T%)

Yi,2) Y,00)
| |

Yo —— ¥
TO© ._ T TO . T
commutes. Here, we set HA(;,(Z) = HAé,(z) and HAé,(o) = HAé,(O)'

Proof. Recall from Formula (I1.3.5) that we defined, for every pair of Weyl group elements u,v €
Wy an open substack A}, C Ag. When we have only u (resp. w), we simply write A* (resp. Ay).

Because RS 5 restricts to an equivalence of categories
RS _,5: nilp(TTg)* — nilp(TIg)"™
there are open embeddings

tox
A C A and A C Aty - (IIL.6.11)
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Indeed, by Proposition I1.3.3, the stack At-zéf parametrizes nilpotent representations M satisfy-

ing H'(RS,5(M)) = 0. Likewise, A parametrizes nilpotent representations M satisfying
“1(IRS,3(M)) = 0. Taking the pushforward, we get the following commutative diagram

RS 4
T,® -26¢ T,®
Al HA; 0)
T T , (111.6.12)
(£9,) RS T(t o,)

HAQ —— HA,

where the vertical maps are induced by the open restrictions.

Consider the reduced expression t-zéf = 8;,8i, - - - 8j,- By Propositions I1.3.7 and 11.3.9, the lower
map in (I11.6.12) factors as

(t.zéf)HAT RSjy (sz--u%r)HA (Sll) RSiy (Si3~~~sf,)HA (sysiy) RSz RS, HATr(t-zéf)
Q Sl1 Siy Siy Q tzéf Q
Tf(t-zé ) T,(t 26 )
Observe that HA, ™7 ~ HA .0 " because trg, - © = O. We may complete this chain of maps

into a large commutative dlagram by adding commutative squares such as below (for clarity, we
only write it for the second step):

T T
HAé,(l) HAé,(O)
(tzef)HAT RSiy  (siy s")HAZ J(si;) RS (Sis“.Sir)HAZ/(sSﬁZZ) RSy RS, HAtTlv(tgf)

11 ipSiy 26¢
(siy) RSj T,(siy)
HASHQ o HA
| !
Yo Y

The bottom square commutes (up to a sign) by Proposition I1.5.3 and Theorem I1.7.2, the mid-
dle square commutes via the isomorphisms (I1.3.8) and the top square is (II1.6.12). Gathering all
theses diagrams together yields a commutative square

RS 5
T,0 -26¢ T,0
HA; ) > HAg o)

ol
T %

_ -0¢ _
Yo —— Yg

for some coweight A, which may be taken modulo 2X;. Repeating this process composing the
resulting diagrams yields a diagram

RS 4
T,0 -46¢ T,®
HAy o) — HAy
W, e
T gg;

Yo —— Y,
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where I/ = A + bag, (A) = 24 = 0in X¢/2X¢, as wanted. O

We shall denote by the same symbol T-4éf the isomorphism Y/ @ — Yy ) fitting in the
diagram

T—49}
— Yy

Yo ,
J_ —>T_4éf J_
Q Q
Remark 11.6.21. Theorem I11.6.20 and it proof remain valid for an arbitrary A in place of 26; €

X¢, provided that the definitions of the intervals xg, x| are suitably modified in order for the
inclusions in Formula (IT1.6.11) to remain true, and one considers a multiple nA in place of 46;.

III.7. LIMIT OF AFFINE YANGIANS AND COHA OF AN ADE SURFACE

In this section, we put the pieces together and finally obtain an algebraic description of the
nilpotent COHA of resolutions of Kleinian singularities in terms of affine Yangians, see our main
Theorems I11.7.5, 111.7.8, and 111.7.25.

II1.7.1. Recollection of nilpotent cohomological Hall algebras. Let X be a quasi-projective scheme,
Z a closed subscheme of X. Let Cohg:'sI (X7) be the derived stack of properly supported coherent
sheaves on X whose set-theoretic support lies on Z. As shown in [DPSSV25a], this stack exhibits
an intricate geometric structure. Indeed, it arises naturally as the colimit as n tends to infinity of
the derived stacks of coherent sheaves scheme-theoretically supported on thickenings nZ of Z,
and consequently is not a (derived) geometric stack.

The following result characterizes the geometry of CohgisI (X2):

Theorem II1.7.1 ([DPSSV25a]). Let X be a smooth quasi-projective scheme, Z C X a closed subscheme
and assume that X admits a projective compactification that contains Z as a closed subscheme. Then:

(i) The underlying reduced stack r‘adCohB,iS' (Xz) is geometric, and the canonical morphism
r*dCohl(X7) —+ Cohps(X)
is a closed immersion.

(ii) The derived stack CohggI (X) coincides with the formal completion of Cohps (X) along redCohgisI (X2).

This theorem shows that re‘j'CohB;'(}A(Z) generalizes the global nilpotent cone, i.e., the moduli
stack of nilpotent Higgs sheaves on a smooth projective complex curve C, when X = T*C and
Z = C C X is the zero section.

Now, the construction of the COHA HAy 7 of coherent sheaves on X set-theoretically sup-
ported on Z in [DPSSV25a] proceeds in two stages. First, we introduce the abstract class of ad-
missible indgeometric derived stacks, which is essentially characterized by the property that their

underlying reduced stack is geometric. Theorem III.7.1 shows that both Cohg,isI (}A( 7) and the de-
rived stack Sy, Cohgisl(}?z), classifying n-flags of objects in Cohgisl()?z) for any n > 2, are admis-
sible indgeometric. Second, we adapt the motivic formalism developed by A. Khan for derived
stacks (see [Khal9, Kha21] and references therein) and show that it gives rise to a well-behaved
Borel-Moore homology theory of admissible indgeometric stacks. In particular, the Borel-Moore
homology space H,BM(CohBiSI(}/ZZ)) is defined as a topological abelian group and satisfies the
standard functorialities. We prove the following;:

Theorem II1.7.2 ([DPSSV25a]). Let (X, Z) be as in Theorem 111.7.1, with dim(X) = 2. Then
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(i) In the diagram
Cohlll(X7) x Coh(X;) +— S,Cohll(X;) —— Cohlll(X,)

the morphisms q and p are derived lci and proper, respectively. The topological vector space
HAg = HEM (CohggI (X2)) equipped with the multiplication p.q' is an associative algebra.

(ii) Let (X', Z") be another pair satisfying the same properties as (X, Z). Any isomorphism of formal
completions Xz ~ X', induces an isomorphism of algebras HAx 7 =~ HAyx 7.

(iti) Let j: Z' C Z be a closed subset. The direct image j. gives rise to a continuous algebra morphism
HAX,Z’ — HAX,Z-

If there is an algebraic torus T acting on X such that Z is T-invariant, the above theorem
extends verbatim to the equivariant setting. Moreover, the above construction recovers the coho-
mological Hall algebra of nilpotent Higgs sheaves on a smooth projective complex C studied in
[SS20], when X = T*C and Z = C.

II1.7.2. Nilpotent cohomological Hall algebra of Xc. Recall the resolution of Kleinian singular-
ity X — Xcon := C?/G and the diagonal torus A C GL(2,C) centralizing G. Note that the torus
A could be {1}, Gy, or G, X Gy, for G of type A, while it could be {1} or G,, for G of types D or
E.

Let Cohgis| (Xc) be the derived stack of properly supported coherent sheaves on X whose set-
theoretic support lies on C (cf. Theorem I11.7.1). First note that the derived McKay equivalence,
Theorem I11.4.11, induces an isomorphism Go(Cohc (X)) ~ Go(nilp(Ilg)) ~ ZI. Thus, the de-
rived stack Cohgisl(}?c) decomposes into a disjoint union of open and closed substacks of the

form Cohgis| (Xc; d), where the latter is the substack parametrizing sheaves of class d € ZI.

By Theorem IIL.7.2, we consider the equivariant nilpotent cohomological Hall algebra HA;‘}/C

with Q-coefficients. The topological algebra HA?;,C is a Z x ZI-graded HY%-algebra. The first
grading (vertical) corresponds to the homology grading; the second one (horizontal) is the class in
the Grothendieck group Go(Coh¢ (X)) of the category Cohc(X) of coherent sheaves set-theoretically
supported on C. As a topological vector space, HA‘)‘},C may be realized as

HAg c ~ lim H (Uy) ,

where {U; }; runs over an admissible open exhaustion of CohgisI (Xc), and the limit is taken in the
category of graded vector spaces (cf. [DPSSV25a, Remark 3.1]). The first grading is shifted in the
following way:

(HAS C)aj = Hi (q.4)(Cohpl(Xc;d)) .

In order to relate it to quantum groups, we will twist the multiplication by the sign associated

to the bilinear form
©: Ko(Cohc (X)) x Ko(Cohe(X)) ~ ZI x ZI — Z./27Z
defined by
O(a;, aj) = (wj, &), 0(4,0) =0, O(a;,6) =0(5,a;) =0 (1.7.1)

foralli,j € I

The symmetrization of the bilinear map © is equal to the Euler form (—, —) and moreover

ty - © = O for any A € X¢, as Z belongs to the kernel of @. As a consequence, Theorems I11.2.11
and II1.6.20 are valid for this twist, see Proposition I1.2.14 and Corollary I1.6.4.

Remark 111.7.3. Note that because @ (9, ) = 0, the subalgebra corresponding to the derived stack
of coherent sheaves on X, set-theoretically supported on C, which are zero-dimensional sheaves
is untwisted. A
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Notation IIL.7.4. In order to unburden the notation, we will refrain from using the notation
HA?’? and simply write HAQ,C. ©

II1.7.3. Limit of COHA of affine quivers. We will now use the tilting equivalence T together with
the braid group action to relate HAQ,C with the twisted equivariant nilpotent cohomological Hall
algebra of the quiver Q.

We begin by fixing notations concerning the torus. Recall that T := C* x C* acts on all the
moduli stacks or moduli spaces of representations of I1g. In particular, it acts on X, which may
be realized as the moduli space of semistable J-dimensional representations for a suitable sta-
bility parameter. There is a subtorus of T which maps isomorphically onto A. For simplicity,
we shall denote it by A as well. Note that because Ag is equivariantly formal and H*(Ag) is
cohomologically pure (see [SV20, Theorem Al]), the natural map HI (Ag) ®ns HY — HA(Ag) is
an isomorphism (cf. Proposition III.11.1 applied to Ag). Base changing from H}. to H% we obtain
analogues of all the results of §I11.2 and §III.3 relative to the torus A instead of T.

We shall use the framework developed in Part I to approximate the derived moduli stack
Coh(Xc) of coherent sheaves on X set-theoretically supported on C with the derived moduli
stacks associated to the images of the category nilp(I1g)<? under the functor (IRS_Zéf)k when k
tends to +oc0. Note that for k > 0 this functor maps objects of nilp(I1g)<’ to actual complexes of
ITg-modules.

We set
D :=TIg-Mod and Dy := DB . (Mod(Tlp)),

ps, nil

where the former is the co-category of modules over I1g. Recall that for £ € Z we have (cf.
Formula (I11.6.5))

1
= — arctan(2h{) .
Vg = —arc an(2h()
Following §1.3, for any ¢ € Z, define the derived stack

A g = Cohps(Dp, T,) N Cohys(Do, T1/2) ,

where T is the t-structure on Dy associated to the slicing Py introduced in §I11.6.3.2 for any ¢ € R
(cf. Remark 1.1.4) and Cohys(Dy, Tp) is given in Construction 1.2.6. Then, ZAQ parametrizes the
finite-dimensional nilpotent objects belonging to the category

P ((vg,1/2]) = Dby iy (Mod(T1g)) NPy((ve,1/2]) .

When ¢ € N, Theorem I11.6.18-(3) gives a A-equivariant equivalence of derived stacks
Ke 0
Ay~ "Ag,

while for £ < 0, the stack ‘A o parametrizes complexes of I1g-modules rather than actual mod-
ules.

For any ¢ € Z, by Theorem II1.6.18—(4) the tilting equivalence T induces A-equivariant isomor-
phisms

.
Cohjl(Xc)™% ~ ‘Aq

We now extend the definition of HAgl given in Formula (II1.6.7) by setting for any £ € Z

)

A AL
HA{ , = HI (‘Ag) .

Thus, we have a chain of projections

A A A
- HA{ |~ HAJ (| —HAf ) - (I1.7.2)
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Note that all the maps py_1 ¢: HA?(Z_l) — HAg‘w)
(=1

Ay and hence N x ZI-graded. Define
HAZ = lim HA/

occuring in (I[1.7.2) are induced by the open

; 14
embeddings "A 5 —

(-6)

with respect to the maps p,_; o, where the limit is equipped with the quasi-compact topology
again. This is a topological IN x ZI-graded vector space.

Theorem III.7.5.

(1) There is a canonical N x Z.I-graded algebra structure on HAZ induced by the COHA multipli-
cation on HA’é.

(2) There is a canonical graded algebra isomorphism ©: HAQ,C ~ HAZ.
In particular, HAZ does not depend on the choice of a (strictly dominant) 6.

Proof. We apply the framework developed in §1.3. For k € IN, set a; := v + 1. Then, we have

lim a ——l—i-l—}—‘a
ktoo €2 T T R

Let A :== ZI and letv: Ko(Dy) — A be the map that associates to the K-theory class of a nilpotent
finite-dimensional representation of Iy its dimension vector.

Now, since
RS 15, (mod(Ilg)) = Py((ax — 1, ax]) (I1.7.3)

for any k € IN by Theorem I11.6.18—(2) and the standard t-structure on I1o-Mod is open, Assump-
tion I.1 holds.

Again, thanks to the equivalence (II1.7.3), Assumption 1.3 holds for any k € IN since it is evi-
dently true for k = 0: in this case, Harder-Narasimhan strata of the moduli stack Ao are known
to be quasi-compact and locally closed. Thus, Corollary 1.4.3 holds as well. Since Assumption I.2—-
(1)) holds for k = 0, by the equivalence (I11.7.3) it holds for any k € IN. Moreover, Assumption .2—-
(2) holds for k = k' = 0, by using again the equivalence (II.7.3) and Corollary 1.4.3, we obtain
that Assumption 1.2 holds for any k € IN.

Thus, we can apply Proposition 1.3.9 and we obtain an A-equivariant limiting cohomological
Hall algebra

HA%O o+ = P limcolim HZ (Cohps (Do, (ap — 1,a4];v))

aezr b K=t
as a A-graded-vector space, endowed with the quasi-compact topology.
Now, Theorem 1.4.2 yields
colim HZ (Cohps (Do, (ap — 1,a);d)) =~ HZ (Cohps (Do, (2, —1,1/2];d)) = HI (‘Aq4) -
>

Therefore, as A-graded vector spaces, HA‘%O -+ Is isomorphic to HAZ, endowed with the quasi-
compact topology. This proves Statement (1).

Now, notice that Ps((—1/2,1/2]) is equivalent to the abelian category Cohc(X) of coher-
ent sheaves on X set-theoretically supported on X. Statement (2) follows from Corollary 1.4.4,
since its hypotheses are all verified by T, which corresponds to the standard t-structure on
D2 (Coh(X)). O

Remark 11L.7.6. Let us explicitly describe the multiplication in HAZ. For any ¢ € N, let us de-
note by HAg(arl,ag] the cohomological Hall algebra of the category Pg'l((ﬂg —1,ay]). Thereis a

surjective morphism
A A
HAY — HAéf(f) .

(ap=1,a]
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Let x = (x;); and y = (y;), be elements of HAZ. Let us fix some arbitrary lifts %, 7, of x4, in
HAgf(arl,ag] for £ € IN. Let us also denote by 77, ¢: HAg"(n) — HAg( 0 the canonical restriction
morphism when n < £. Then for any fixed ¢ we have

(x-y)e = 70,0 (Xn - Jn)

for any n < ¢, with the multiplication on the right-hand-side taking place in HAQ (an—Tan]" A
I.7.4. Limit of affine Yangians. We now recast the limit HAZ as a limit of quotients of the affine
Yangian. To do that, we shall use the results described in §II1.3 and §lI11.6.4. For simplicity we
still denote by Yé, ... the specializations Yé OHs, HS, . ... Theorem IIL.6.20 implies that we have
a commutative diagram

HAA L HAA W a4
6,(0) 6,(2) 6,(0)
‘%)T %)T - T%)
-46¢
T_ id T_ T-4éf T_
Yo Yo Yo

in which the maps HAg" 0 HAQ o) and Yy ) — Yy () are the canonical restriction maps. The

middle row of diagram (II1.7.4) is explicitly given as the composition

T

- - 40 - pr _
YQ/']Ié,KO YQ/]Ié,Kz T—4éf (YQ)/T—4éf (Hé,Kz) YQ/]Ié,KO 4
where the two rightmost maps are isomorphisms by Corollary I11.2.14.
For an arbitrary £ € Z, we define

Y520 = Targ, (Yo) / Tugg Ui, -

Remark 111.7.7. The above definition agrees with the definition of Yé, 0) given in Formula (I11.6.10)
for £ € IN. A

We have, by transport de structure, an isomorphism T 4 : Yy 5 — Yy o, o) which is IN-
graded but acts as t 45 on the weight as well as a restriction map 755 5¢: Yé,(zéfz) — Yé/(ﬂ)
which is a map of IN x ZI-graded vector spaces. We may extend in a unique way the isomor-
phisms P 5): Yé,(%) — HA(‘;,(2 0 to all values of £ € Z, in a way compatible with the restriction
maps and braiding isomorphisms, namely so that the following diagrams commute:

RS.
HA4 —— " HA4 HA4

P20-22¢ A
6,(20) 6,(20—2k) 6,(20-2) HAé,(ZZ)
‘I’(Z/)T - ¢’(2z72kﬁ and d’(zuzﬁ ‘I’(zﬂ)T
-4kdg 702,20
Yy 20 Y (20—2x) Y (20— Y 20

forall/ € Z and k € IN.
Define

o1 §
Y = 11§“Y9,(-2£) .
The limit is equipped with the quasi-compact topology again. The following result holds.
Theorem I11.7.8. The following holds:



112 D.-E. DIACONESCU, M. PORTA, E. SALA, O. SCHIFFMANN, AND E. VASSEROT
(1) There is a canonical N x ZI-graded algebra structure on Y& induced by the multiplication on
Yo.
(2) There is a canonical IN x Z1-graded algebra isomorphism
do: HAL — YT
induced by the maps @ 5.

Notation IIL.7.9. We denote by Ox (: HA?/C ~ Y, the composition of ® and ®co:

HA{ - —2- HAZ
\ l% :
Ox,c
Y&

@

Remark 111.7.10. It follows from the above theorem that Y{; is independent of the choice of 6 in
the strictly dominant chamber. This can also be seen directly. A

Remark 1IL.7.11. For the reader’s comfort, let us explicitly describe the multiplication in Y. Let
x = (x90)¢ and y = (yo¢) be elements of Y. Let us fix some arbitrary lifts X5y, 74 of x4, Yoy in
Tysg, (Yé) for ¢ € Z. For n </, let us also denote by 7y, 2/ = Tpp_227 0 -+ 0 Top2n42: Yé,(Zrz) —
Y5 20 Then for any fixed ¢ we have

(x - y)e = Tonp0(Fon - Jou)
for any n < ¢, with the multiplication on the right-hand-side taking place in T, (Y 5). A

Remark II1.7.12. It is also possible to give presentation of Y{, purely in terms of Y (0) using the
isomorphisms T ;5 0 Yy o) — Yy ). Namely, for any d € ZI we have

(Y&)a =~ lim(Yy ) )

-400¢ (d)
with transition maps
Tlogpe42: (Yé,(o))f_ugf(d) — (Yé,(o))t_4(€+l)éf<d)
x— T 45 (x)
Again, the multiplication is induced by that on Y. In other words, we may represent (and

make computations with) elements in Yg; as collections (xy), of elements in Yé (rather than in
a translate T,,5 (Y )) but with increasing weights. A

Remark 111.7.13. The collection of twisted PBW projection maps pryy = Ty oproT s Yo —
Ty, (Xg) gives rise, after further projection to T4 (Y g/ Hé_,xg ), to amorphism Yo — YZ, which
may be interpreted as a ‘semi-infinite’ PBW-projection map. A

II1.7.5. Action of X;. The abelian group X; acts by tensor product on Coh(Xc) and hence by
algebra automorphisms on HAQ,C. Since the twist @ is invariant under £, the tensor product is
compatible with the twist in the multiplication. In this paragraph, we make explicit the induced
action on Y. Fix A € X and consider the composition

_ Ly pry -
Yg Yo Ty (Yg) (I1.7.5)

where pry = T 5 o pro T, is the twisted PBW projection map to T%éf(\){é). Because Ly acts
on the weights as the translation element 5 of the Weyl group, and because t5 preserves A; X
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75, the composition (II1.7.5) gives rise to a map Ly ,,: \Yé/]IG?K — T449f( é/]]gko) = Y20
Moreover, by construction the diagram

— — L)LZ[ 2
Yo/Vge = Yoo

\ J{le/ 2,20
Azl

commutes. This shows that the collection of maps Ly ,, gives rise to a well-defined map ¥ /J . —

Y. The same process allows us to define maps T, 06 (Yé /T KO) — Y& which fit into a commu-
tative diagram

T(z 19f( Q/]] ) — Y4

ﬂzg,zrzgl /

4[9( Q/]I )

which finally yields amap Ly: Y& — Y.
Proposition II1.7.14.

(1) Forany A, i € X¢ we have Ly Ly = Ly, € End(Y%), i.e., X¢ acts on Y.

A+t

(2) The map O  intertwines the actions of Xs on HA X,c and Y.

Proof. Statement (1) follows from the fact that braid operators Ty, Ty, Ty,5, € Aut(Yg) all com-

mute and preserve weights in —A x Z4. Statement (2) for dominant A is a consequence of Theo-
rem I11.6.20 and Proposition I11.5.8-1, see Remark I11.6.21. The case of an arbitrary A then follows
from the definition of Ly (cf. Formula (IIL.1.5)). O

Remark 111.7.15. From Proposition IT1.7.14—(2) we deduce that X acts on Y{; by algebra automor-
phisms. This may also be checked directly from the definition, using the fact that X acts on Y¢
by algebra automorphisms and preserves weights in —A x Z¢. A

II1.7.6. Action of tautological classes on HA?}/C. In this section we will define certain tautolog-
ical cohomology classes on Coh""( Xc), forming a commutative family of operators on HAQ c-
Recall that the cohomology ring of Cohy, 1(Xc) can be described as follows, see [DPS22, Nota-
tion I1.1.16 and Remark I1.1.44],
H, (Cohpd (X)) ~ lim HY (L),
where {U/;} is an admissible open exhaustion of CohgisI (X¢), and the limit is taken in the category
of Z x ZI-graded rings. There is a similar description of the cohomology ring H% (CohgisI (Xc) x
X).
There is a natural action
H3 (Cohpd (Xc)) ® HE (Cohgl(Xc)) — HE (Cohpl(Xc))
given by the cap product (cf. [DPS22, Construction I1.1.29-(4)]).

Next, we consider tautological sheaves. The stack CohnII (X¢) carries a universal sheaf U
Coh(X¢ x CohBQ(XC)). It will be more convenient to cons1der a slightly different sheaf. Let
&' € Coh(X x Cohc ps(X)) be the universal sheaf of Cohc ps(X). Let : Xc — X be the canonical
morphism, and let

j,: Cohll(%c) — Cohc,ps(X)
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be the morphism constructed in [DPSSV25a, §4.5]. Thus we have a morphism

~ o~ id o~
Re x Cohll(Re) —“ X x Cohfll(Xc)

idxj,
—— X x Cohc ps(X)

Set € := (7 xid),(U) € Coh(X x Cohgisl(f(c)). Note that € is coherent because U is coherent.
[DPSSV25a, Theorem 4.49] (see also [DPSSV25a, Theorem 4.53]) yields the following.

Lemma II1.7.16. We have
&~ (idxj,)"(&).

We are now ready to define some tautological cohomology classes on Coh';;' (Xc). We fix a
smooth A-equivariant compactification #: X — X and consider the natural extension

€ € Coh(X x Cohll(Xc))

of & Note that Xc ~ §C- Locally on Coh(X x CohBL'()A(C)), the sheaf € is of finite perfect
amplitude, hence we may define the Chern character

ch(€) € Hy (X x Cohll(Xc)) .

We consider the canonical projections

X x Cohfil (X¢)

evy &
X CohgisI (Xc)
Given any class « € H% (X)), let
Uy = evi(evi(a) Uch(€)) .
Then the assignment « > ¥, defines a homomorphism of HZ-modules
7: HY (X) — HY (CohDl(X()) . (I11.7.6)
Now, we will show that this homomorphism factors through the restriction map

h*: H, (X) — HY (X) .

Let f: C — X be the canonical closed immersion. Let U := X \. C. Note that the restriction

ch (E) ’ (X\X) xCohgisl()A(C) =0

since €| (X~X)xCohfll(X¢) = 0. Therefore, the long exact sequence associated to the closed immer-

sion f X id shows that

h(E) = (f xid)-(c)
for some (not necessarily unique) relative cohomology class ¢ € H% (X x CohgisI (Xc), U x CohgisI (X)).

Now, let f': C — X be the natural closed immersion and let U’ := X \ C. Recall that excision
yields an isomorphism of relative cohomology groups

e: HY (X x Cohfl (X¢), U x Cohfll(Xc)) — HY (X x Cohfil (Xc), U’ x Cohll (X)) .
Moreover, one has cup-products
U: H% (X x Cohfll (X)) ® HY (X x Cohll(Xc), U x Cohfl (X)) —
H2 (X x Cohl(Xc), U x Cohfll (Xc))

and
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L' H (X x Cohl(Xc)) ® H3 (X x Cohli(Xc), U’ x Cohhl(Xc)) —>
He (X x cohg‘s'(;?c), u' x cohg;'()?c))

which are naturally compatible with e. Finally, note that the restriction map 1*: H$ (X) — H% (X)
is surjective since the equivariant cohomology of X is pure.

Lemma II1.7.17. Let evy: X X Cohgis'(f(c) — X be the canonical projection. Given p € H%(X), one
has

(evi(a) Uch(€)) = (f x id)«(e " (evk(B) L' e(c))) (I11.7.7)
for any & € H%(X) and any ¢ € HI(X x Cohgisl(f(c),ll X Cohgisl(f(c)) so that h*(a) = B and
(F x id).(c) = ch(E).

Proof. Given a € H%(X) and any ¢ € HA(X x cOhg;'(Xc),u X Cohgisl(f(c)) so that h*(a) = B
and (f x id)«(c) = ch(€), one has
(f x id)«(evy(a) Uc) = evi(a) Uch(E),
as well as
e(evi(w) Uch(€)) = evx(B) U e(c) .
This implies identity (I11.7.7).
Next, suppose ¢y, ¢, € HI (C x Cohgg(f{c)) satisfy the conditions

(f xid)«(ck) = ch(€)
for 1 < k < 2. Then one has
(f x id). e L(evi(B) LV e(er — c2)) = (F x id).eviy(#) U (c1 — c2))
=ev(a) U (f xid)«(c1 —c2) =0
for any a € H%(X) so that h*(a) = B. O

As a consequence of Lemma II1.7.17, we obtain the following.

Corollary I11.7.18. The morphism (111.7.6) factors as v = v o h* where
v H*(X) — H3(Cohll (X)),
is the unique H%-module homomorphism mapping p € H*(X) to
vg = ev(evy(a) Uch(€))

forany o € H*(X) so that B = h* ().

For any ¢ € IN, define

v = evi(evi(a) Uchy(€)) € H3 (Cohll (X)),

where « € H*(X) is an arbitrary lift of p.

We define the ring of universal tautological classes as a commutative polynomial algebra in infin-
itely many variables

Sxc = HY, {Q&ﬁi,@m li=1...,e0>1k> 2] ,

with B; := chy(&;), where &; is the i-th indecomposable projective object in P(X/Xcon), intro-
duced in Formula II1.4.3, for 1 < i < e. We equip it with a grading such that

deg(chy ) == deg(y) +2(—4.
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There is a graded ring homomorphism

1: Sxc — H3(Cohll(Xc))

(II1.7.8)
@glv — Vey
This in turn yields an action by cap product

X®@c— xNc

Define a coproduct on Sx ¢ by the formula
A(chy,) =chp, ®1+1®chy,
forall £,7.

Proposition IIL.7.19. The action of Sx c on HAQ,C is Hopf, i.e., we have

cN(xg-x2) =Y (ciNxy) - (cf Nx2)

i
where we have used Sweedler’s notation A(x) = Y_; ¢} @ c/.
The proof of Proposition II1.7.19 is given in Appendix III.10.

Remark111.7.20. Using the quasi-compact open exhaustion of CohgisI (Xc) constructed in [DPSSV25a,
§4.6], one can prove the Kiinneth formula

H (X x Cohpl(Xc)) = HA (X)®H3 (Cohpd (X)) -
Then the class v, can be equivalently constructed as
Uy = (a,ch(€)) € qu(CohBisl(}A(C)) ,

where (—, —): H% (X) ® H% (X) — H%(X) is the intersection pairing. This leads to an alternative
of proof of Proposition I11.7.19, proceeding by analogy to [MMSV23, Proposition 1.18]. The above
approach uses only the six operations. A

II1.7.7. Compatibility of action of tautological classes. Recall the ringS = H [p,(z;) | i€ I, >
0] from §IL.6.1. It may be understood as the ring of universal tautological classes for the stack Ag.
There is a representation of Bg on § and an action N: S ® HAg — HAg which descends to an

_ (0)
¢ < 0, the stack ZAQ parametrizing objects in Pg" ((ve, 1+ vy]) carries tautological complexes V;

action of S on HAg1 for any interval «, in particular on HA4 for any ¢ > 0. More generally, if
K o,

for i € I; we may define an action of S on HAg1 via

(€)

eh(zi) = polz) + X PO s en()
>1 :

By construction, these actions of S on HA(’;q are compatible with each other: the restrictions of

(0 _
the actions of S on HA(‘;’( 0 and HAé4 4 coincide on the stack parametrizing objects in Pg"( ]),

where | = (vg,vp + 1] N (vg, v + 1] It entails that there is an action
N:S@HAL — HAZ .

From Lemma I1.7.12 we deduce the following;:
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Lemma II1.7.21. Forany ¢ € Z,k € IN, the diagram

Tope @RS 15,

A A
S®HA{ S©HAL,
o r

HAA ROy HAA
8,00) 8,(0—k)

is commutative, where the braid group action on S is introduced §11.7.2.1.

Note that X is equivariantly formal, i.e., one has an isomorphism
H3 (X, Q) ~ H*(X,Q) ® H . (I11.7.9)

Furthermore, the cohomology H?(X) is freely generated by the classes B; := chy(&;), where &; is
the i-th indecomposable projective object in P(X/Xcon), introduced in Formula I11.4.3, for 1 <
i < e. Using the isomorphism (II1.7.9), let us write

TdX:u-l—FZMi-‘Bi,
i
where 1,11, ..., u, € HY. Because X is symplectic and non-proper, we have Tdx = 1if A = {id},
hence u € 14 H7% u; € HY. Setting ch, =3, chy,, there is a unique algebra isomorphism
c:5— SX,C

satisfying
e
o(chy,) = rjuch; + Z riujmﬁj —uchg,, (i=1,...,e)
j=1

e
o(chz) = uchy + ) Jujchg.,
j=1

where r; = rk(&;). We use it to identify Sx ¢ and S.
Proposition II1.7.22. The map © is S-equivariant, i.e., the following diagram is commutative

Sxc®HA$ . —2% . SoHAL

Jo I

HA% - © HAZ

Proof. By construction, the isomorphism @ is constructed using the quasi-compact open exhaus-
tion of Cohgisl()?c) by the substacks CohB!(}A{C)d for ¢ € Z, together with the isomorphisms
T Cohgisl()?c)d ~ KAQ. The algebras Sx ¢ and S act on H‘,“(Cohgisl(f(c)d) and H’,“(KAQ),
respectively, by cap product with some explicit tautological cohomology classes. To prove the
Proposition, it thus suffices to show that the morphism ¢ identifies these two families of tauto-
logical classes.

By Theorem I11.4.8,
Vi = T (evi(eviEY ® €)) € Gé(EAQ)

for any i € I, where ev and evy are the projections from Cohgisl(f(c) x X to the two factors,
respectively. . For 0 < i < e, let £; € DY (X) be a A-equivariant perfect complex extending &; to

X. Using the Grothendieck-Riemann-Roch formula [Kha19, Corollary 3.25], we get
ch(V;) = Tu(ch(eve (evi &) ®€))) = Tuevi(evie(ch(E}) U Tdy) Uch(€)) .
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Using the isomorphism (II1.7.9), a straightforward computation yields

e
h*(ch(glv) U Tdy) =riu-1+ Zi’iujﬁ]‘ —upf;.
j=1
Therefore, applying Corollary I11.7.18, one obtains

e
ev (ev*y(ch(é';/) @] Tdy) = riuvy] + Zl riujvg, — uvg, .
]:
Given Formula (IIL.7.8), this proves the claim. O
Recall from §I1.6.1 that there is also an action of S on Y, provided by the Formulas (I.6.1).

By Theorem I1.6.3, the isomorphisms P, are S-equivariant. We thus obtain the following direct
corollary.

Corollary I11.7.23. The isomorphism O ¢ : HAQ,C — Y is S-equivariant.

I1.7.8. Explicit description of HAy c. At the moment we do not know a full presentation of Y,
(or of HAQ,C) by generators and relations. However, as we will see in this Section, it is possible to
describe explicitly HA{ - when A = {id}. As the forgetful map HA(Ag) ®pe, Q HEM(AQ) is
functorial, it induces an isomorphism of algebras Hf‘(éAQ) e Q =~ HEBM (‘A o) forany l € Z,
hence by Theorem II1.7.5 we get
HA{ c @4, Q ~ HAxc .

In view of Propositions I11.2.7 and I11.2.10, this gives an isomorphism of algebras

HAQ ~U (ne”) . (IH710)

Since Theorem II1.7.5 works regardless of torus actions, the non-equivariant versions of Theo-
rems II1.7.5 and I11.7.8 yield an isomorphism of topological algebras

HAX,C ~ li?’ler,(_zf) ®H:4 Q, (II1.7.11)

where the left-hand-side is now the non-equivariant cohomological Hall algebra HAx .

We now use the isomorphisms (II1.7.10) and (III.7.11) to obtain an explicit description of HAx .
From §II1.3.2, we have

Y 0) @Hs, Q = U((nen)y g) Where  (nen)y )= B (nen)g,
ﬁGA(O)
with
Ag) = {a+n5 ] we AfU{0}, n <0}.
For ¢ € N, the subquotient Y (20 @hs, Q of U(ge) is obtained from Y; o) @hs, C by applying
the automorphism T 4 . It follows that
Yy (20 @Hy Q = U((nein) o) Where  (nen)y o= O (nen)p,
BEAG,(20)

with

Dy a0y = {+1nd | o€ Af U{0}, n—46(6f,a) <0} .

Define

Y20 = EB (ﬂen)/s

BEAG (20 My (2(0-1))
so that (ne”)é’(_m = (nen) (2(t-1)) @ ¥(-20)- The PBW isomorphism

g,
U((mein)g(-20)) = U(r(2r)) @ U((nei)g (20-1)))
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gives rise to a projection morphism U((neir) (.p0)) = U(1 5(¢—1))), and we have
HAxc = Yo @ Q = lim U((nen)g 2¢)) -
Note that, as subsets of A, we have Aé,(o) C Aé,(_z) C ---and
Ay = LZJAé,(_M) = (A X Z5) U (~INS) .

In terms of the isomorphism between ge and the universal central extension of g¢[s*!,t]), we
have

ndy = P (nen)p =nsls™, ] &s The[s ™, ] & P Qeysr - (I11.7.12)
ﬁGAé k<0

As we next explain, the limit lim, U((ng)) 4 ( 4)) may also be described as a completion of the
+
n

o) C U(geln)- For this we shall use the following general lemma.

subalgebra U(

Lemma II1.7.24. Let m = @, my be a Lie algebra graded by a subset I of a Z-lattice L. Let r,d: L —
Z be two linear forms, and assume that r(T) C N. Set u(a) = d(a)/r(a) and set m_y == @, my,
where « runs over the set of all weights such that y(a) < k. Then, the multiplication in U(m) yields a
complete topological algebra structure on the topological vector space

U(m) = lim U(m)/ (m - U(m)) ,
the limit being taken in the category of topological Z.1-graded vector spaces.

Proof. Choose a basis {x, |r € N} of m consisting of weight vectors such that x, € mg,, with
plao) = plar) > p(ag) > -
We call normal monomial an element of U(m) of the form
Xp Xpy o+ Xy,

withry > ry > -+ > r; > 0. The normal monomials form a basis of U(m).

Let u = (uy) and v = (vy) be elements of U(m) of weight a, 8 € T respectively. Let i, and 3,
be lifts of 1, and vy in U(m) of weight a and B, respectively, for each integer ¢ < 0. We consider
the obvious projection

me: U(m) — U(m) / (mop-U(m)) .
We must check that for each large enough integer m (depending on /, « and p), the element
7 (B - To—m)

does not depend on m. To do that, we fix for every n < 0 elements x, and vy, in m, - U(m) of
degree o and B respectively, and we prove that

10 (g + Xo—m) - (Bo—m + Yom)) = 70 (Tp—y - Tp—m)
for m > 0. Thus, we must check that
UppmYo—m € Moy - U(m)

for m > 0. We may assume that #,_,, = x, and y,_,, = x5, where x, = x xp, ---x;, and
Xs = X5 Xs, '+ * Xs; ATE normal monomials of weight « and  with p(as,) < £ — m. Write

XrXs = Xo1 Xr Xy *+* XpjXsy = Xs; + [xr, xsl]x52 C X
The first term belongs to
Mgy - Um) Cmep-U(m).

We claim that [x;, x5, | belongs also to m_, - U(m) if m is large enough. Indeed, the element [x;, xs, |
in U(m) is a linear combination of normal monomials. Let x¢, xy, - - - xt, be any normal monomial
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entering the decomposition of [x;, x5, ]. We must check that p(as,) < £ if m is large enough. The
slope function is convex, i.e., we have

plo1) < ploz) = plor) < plon + 02) < p(oz),
for all 01,07 € I'. Hence, the claim, and the proposition, follows from the computation
rlo (o) | @) _ f=m
r(as, +a)  rlas +a) ~ r(a+p)
In the above, we used the fact that 7(I') € N so that r(as, ) < r(as, +a)and r(a) < r(as, +a). O

‘u(’xﬁ) < ,”(“51 +"‘) =

We summarize the main results of this section in the following Theorem. Let G(n:“) be the
completion, in the sense of Lemma I11.7.24, of U(n, ), with respect to the slope function j4. Recall
that n:” is introduced in Formula (II1.7.12).

Theorem I11.7.25. There is a canonical isomorphism of complete topological algebras
@chi HAX,C —/ U(n:”)

Moreover, ©x ( intertwines the action of tautological classes in the same sense as in §I11.7.7. Likewise, it

intertwines the actions of the lattice X¢ by tensor product and by braid operators in the sense of Proposi-
tion I11.7.14.

In the next Section, we will describe explicitly the image under ®@x  of a set of generators of
HAx c.

Remark 111.7.26. The above computation also allows one to understand the classical limit, in the
sense of the standard filtration, of HAQ’C. More precisely, the standard filtration of Y g induces
one on both Y5 and the quotients Y (20) for £ > 0. The transition map Y 0 Yy (2) Is com-

patible with this filtration because the braid operators T; and and their truncated versions T; are,
by Formula (I1.5.1), compatible with this filtration. This induces by Remark I11.7.12 a filtration on
HAx c. We then have an isomorphism

grOxc: ngAQ,C — grY§ ~ lim, 8rYy o) = lim, U((ne”)é,(%)) ®HY ~ U(n(;') ® HY
A

II1.8. SOME EXPLICIT COMPUTATIONS OF FUNDAMENTAL CLASSES

In this Section we compute explicitely the image under ®, ®x ¢ of certain geometrically de-
fined elements of HAQ{C, namely the subalgebras corresponding to zero-dimensional Hecke mod-
ifications and to certain fundamental classes of irreducible components of the stack Cohgis| (Xe).

As we expect that these generate HAQ,C under the operations of Hall multiplication and multi-
plication by tautological classes, this in principle fully characterizes the isomorphism ®, ©x .

Under the tilting equivalence T we identify Go(Cohc (X)) with ZI, see Theorem I11.4.11. We

denote by Cohg;I (Xc; d) the substack of CohgisI (Xc) parametrizing those sheaves with K-theory
classd € ZI.

II1.8.1. The subalgebra corresponding to zero-dimensional sheaves.

Notation IIL.8.1. We denote by
(HA% O = @ HA(Cohll (Xc; 46)),
leN

the cohomological Hall algebra of zero-dimensional sheaves on X with set-theoretic support in
C. %)
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As being zero-dimensional and semistable of slope oo are equivalent conditions for a nilpo-
tent coherent sheaf on X, the algebra isomorphism © restricts to an algebra isomorphism

Ong: (HAX oo —— HAZ = HI(AD)

where the right-hand-side is the equivariant nilpotent cohomological Hall algebra of semistable
nilpotent representations of slope 0. In terms of Yangians, we can write things rather explicitly.
Since Oy ¢ is compatible with the grading, we have

(HAY o = D (Y2, -
(eN
To unburden notations, set
Y =P Y.
£>0
First note that for any « = (a,0] we have
Vo W Yo = 3, Ye:Yq,
e+deINs
Hy(e)<0,

which is in fact independent of 2 < 0. Note that J 5 (Y, is a two-sided ideal in Y5, hence

(Yé_,@e))w = @ (Yé_,(%)>k5

is naturally a graded algebra. Furthermore,

Typ: (Yé,(zz))N s (Yé,(zmz))N 5
is a graded algebra isomorphism for any ¢. This proves the following.

Proposition II1.8.2. Ox ( restricts to an algebra isomorphism
. A ~ — - — —
(@)X,C)M- (HAS c)ne — Y/ (Yo Y20) N Yye)

where
0= Z Y., and Y = Z Yyq -

ecINI deNT
yé(e)<0 }lé(d)>0

When A = {id}, the situation is even simpler: Theorem II.7.25 yields the following.
Corollary I11.8.3. We have

(®X,C)]N§: (HAxc)ne —— U(bss st @K_)

where K_ is as in Formula (I111.2.20).

II1.8.2. Fundamental classes of irreducible components. Recall that by [DPSSV25a, Corollary 4.54],

the canonical morphism CohggI (Xc) — Cohps(X) is formally étale. Thus, we have

dim(Cohlt (Xc;d)) = dim(Cob,s(X;d)) = —(d, d)
for any d € Z. On the other hand, we have a chain of closed immersions

**dCohll (Xc; d) = "I¢ohnl(Xc;d) C €obli (Xc;d) C Cohfll(Xc; d) (II1.8.1)

which induce isomorphisms in Borel-Moore homology (cf. [DPS22, Remark I1I1.1.33]). As de-
scribed in [DPSSV25a, §4.6], an admissible open exhaustion of Cohgg(}?c, d) is formed by the
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open substacks CohnII (Xc,d)>! parametrizing those sheaves with minimal slope greater than /.
These correspond to the substacks ug()?c ;d) introduced in [DPSSV25a, Formula (4.6)].
Tensoring by line bundles, we see that
Cohgisl(f(c,d)% ~ Cohgisl(}A(C,e)>O ~ AS0,
for some e € INI, where the last equivalence follows from Theorem III.6.6. From [Lus92], see
also [Sch12a, Theorem 4.11] it follows that r‘EdCohB!()A(C ;d) is pure dimensional of dimension
—1(d, d) (with infinitely many irreducible components). Denote by Irry c(d) the collection of
irreducible components of recjCoh""(XC, d) (or, equivalently, of red@oh""(Xc; d)). Unlessd € INY,
this is an infinite set. Given the degree shift in the definition of HA% % c and its construction as a
limit, we deduce that the subalgebra of HA§ c consisting of elements of vertical degree 0 is

(HAS ). = @ Hlga) (@%@ = @{ L u3l3]lu; € Q).

d 3€|I’rxc(d)
Unless otherwise specified, we will always consider the fundamental class [3] := ["93] of a
reduced irreducible component 3 € lrrx c(d).
Since Ox ¢ is Z x ZI-graded, it restricts to an algebra isomorphism

(©x,0)40: (HA% (), 0o U(n i) -

where
ndio = nels™ @s hels ] (II1.8.2)

Remark 111.8.4. In passing from a derived stack to its reduction, it is useful to keep in mind the fol-
lowing property which is valid for any geometric derived stack: the closed immersions (I11.8.1) in-
duce equivalences of small étale sites (see [TV08a, Corollary 2.2.2.9], or [HHR24, Remark 1.6.6(a)].
A

Remark 11.8.5. It is well known that the smooth locus of redAQ is a Lagrangian substack of
Rep(I1g) (this follows for instance from [Lus92]). However, r‘EdAQ is not expected to be derived
Ici and one may wonder about the existence of a canonical intermediate (derived) stack

Ao C *8A, C Rep(Ilg),

Lagrangian in the sense of [PTVV13]. The same question arises for rEdCothI (Xc) in Cohps(X).
We will not need this. A

It is an interesting question to describe precisely the image by ©x ¢ of the fundamental class
[3] of a given irreducible component 3 € Irrx c(d). By analogy with the case of quivers, where
this basis of (HAg). o is known as the semi-canonical basis, one cannot expect to have explicit
expressions for all elements. We will however obtain precise results for zero-dimensional sheaves
and sheaves set-theoretically supported on a single (arbitrary) component of C and of rank one
on that component. As we expect that these generate (HA%C).IO as a topological algebra, this
fully characterizes the isomorphism (Ox () .0 Note also that because of the compatibility with
the action of tautological classes, we expect that O ¢ is uniquely determined by its restriction
(©x.) .-

Our main theorem, which will be proved in §II1.8.6, reads as follows:
Theorem III.8.6.

(1) Fori € Ifand n € N, let 9; ) € lrrx,c(nd) be the irreducible component containing the
zero-dimensional coherent sheaves on X, of length n, whose support is a single point x € C;. Then

Ox,c([Vim]) = (=1)" hs™" .
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(2) Fori € Ifand n € Z, denote by 3;, € lrrx c(—a; + nd) the unique irreducible component
containing the coherent sheaf Oc,(n — 1) (equivalently, the irreducible component parametrizing
sheaves of class —a; + né scheme-theoretically supported on C;). Then

u*k
Y (—1)"Ox,c([3in))u " = (2 xfs”u”) -exp <Z hiskk> . (I11.8.3)

nez nez k>1

Corollary IIL8.7. HAQ’C is topologically generated, as an Sx c-algebra, by the fundamental classes
i 4], [3in) fori € Ir,d € Nand n € Z.

Proof. In view of Theorem II1.7.25, it is enough to prove this after passing to the associated
graded, i.e., in the non-equivariant situation, which we now assume is the case. Thanks to The-
orem II1.8.6, it suffices to show that the Sx c-subalgebra U of U(n},) generated by the Fourier

ell

modes of the right-hand-side of (II1.8.3) is dense. By definition, U contains the elements
1
X"+ ) Exfs’”khis*k
k>1

for any i,n as well as the subalgebra Q[/;s~¢]; ;. From this it follows that x;"s" € U for any i and
any n. Indeed, by definition of the topology on U(n:”) any sequence (uy)y of the form
up = x; " P,

with P, = P(h;, his~1,...) a polynomial in generators h;, h;s~!, . .. of s-degree —k tends to zero as
k — oo and we may apply a triangular basis argument. We deduce that G(ngl o) C U and finally
that U(nj;;) C U since U(n)) is generated by Sx c and U(nj, ). O
Leti € If and let
Yiislh — gf and Yien: 8l — Gell
be the canonical embeddings of the corresponding root subalgebras.
Corollary II1.8.8. For any irreducible component C; of Cyeq, we have a commutative square
HAT*]Pl,]Pl L) HAX,C,' —_— HAX,C
Oyt | l@x,c (II1.8.4)
=~ Yiell =
U(g[;:e“) U(g:}l)

of algebra morphisms, where the top left (vesp. right) arrow is induced by the isomorphism of formal neigh-
borhoods T*IP1py ~ }A(Ci (resp. by the functoriality of COHAs with respect to closed embeddings).

Proof. There are obvious algebra embeddings and identifications

ST*]P],]lﬂ — SX,Ci — Sxc

|=

A0 So

with respect to which the morphism 7; ¢ is equivariant. The corollary is now a consequence of
the fact that, by Theorem II1.8.6 and Corollary I11.8.7, the diagram (IIL.8.4) commutes for a set of
topological generators. O

The proof of Theorem II1.8.6 hinges on a few geometric computations, which are valid in
greater generality than for the pair (X,C) and which may be of independent interest. We be-
gin with these.
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II1.8.3. Geometric computations in dimension zero. In this section we work under the follow-
ing assumption:

Assumption IIL.1. S is a smooth quasi-projective symplectic complex surface and C C S is a
reduced curve whose irreducible components C]- forj=1,...,f are assumed to be smooth and
proper. We will also assume for simplicity that the intersections C; N C; are transverse. &)

We denote by (—, —) the Mukai pairing on Ko(S)g and by [F] € Ko(S)q the class of a coherent

sheaf 7. In accordance with the case of Kleinian resolutions, we set a; == — [OC]. (=1)] forj =
., f and denote by ¢ the class of a zero-dimensional sheaf of length one.

Remark IIL8.9. As S is symplectic, the Mukai pairing (—, —) is symmetric, and may be written as
the symmetrization of a bilinear form (—, —). By Proposition I1.8.1, the twisted algebra HAé"g
is independent (up to canonical isomorphism) on the choice of (—, —). In other words, there is
a ‘natural’ twisting of the algebra structure on HAg ¢, similar to Formula (II1.7.1). For simplicity,
we do not consider such twisting in this paragraph. This choice is validated by the fact that the
commutation relations which we consider here all involve zero-dimensional sheaves, and that
the class ¢ of a point lies in the kernel of (—, —). A
Remark 111.8.10. We will often use the following easy fact: for a smooth affine variety U and a
smooth closed subvariety X C U, the formal completions Uy and (N /X)x are isomorphic. A
Definition II1.8.11. Let A = (A; > --- > A,) be a partition of an integer n. We say that a zero-
dimensional sheaf 7 on S is of type A = (A1 > -+ > Ag) if Supp(T) = Y74 Ajx; € Sym”(S) for
distinct elements x1, . . ., Xs. (%)

Forje {1,... f} define

Qioh”" =] Qoh”" Scj;né) and CohnII =] COhnII Scj;”5)-
nelN neN

For a partition A, let rEdCUh”'l( ) be the substack of red@ioh”"(SC )No parametrizing those
zero-dimensional sheaves of type /\ and let 9); » be its closure in red@oh"" (SC]-)IN&
Proposition I11.8.12. Under Assumption 111.1, the following holds:

(1) Forj € {1,...,f}, the reduced substacks 9); 1, by varying of the partition A, form a full collection

of irreducible components of red@oh“" (Scj )Nne-They are all of dimension zero.

(2) There is an algebra isomorphism ¥;: Q[z1, 22, .. ]8> — (HAS/Cj)N50 such that for any A,
Yi(mp) = [Dja]. Here (my), stands for the basis of monomial symmetric functions.

(3) The canonical map (HAS,C],)]N 50
(commutative) graded algebras

— (HAs ), i injective, and there is an isomorphism of

S

®(HAS/C]‘)]N5,O — (HASrC)]NJS,O :
=1

Proof. Statement (1) is local on C and is easﬂy reduced to the case of an affine surface S. As S is
symplectic and C; smooth, we have that SC ~ T*C; ic, (cf. Remark II1.8.10). Thus, Qoh”"(Scj)N,;

is isomorphic to Qoh"" (T*C )N(;, where the latter is equivalent to the stack of zero-dimensional

nilpotent Higgs sheaves on C] (cf. [PS23, §2.4.3]). Statement (1) thus follows from the explicit de-
scription of irreducible components of the global nilpotent cone of smooth curves given in [Boz22,
Corollary 2.5], together with the fact that a generic zero-dimensional sheaf on C; is isomorphic to
asum Oy, @ - - - ® Oy, of simple skyscraper sheaves with distinct supports x1, ..., x.
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We turn to Statement (2). We will compute the structure constants of the multiplication in
(HAS/C],)]N 50- To unburden the notation we drop the index j throughout. Let us call uniserial a
zero-dimensional sheaf 7 on S which admits a unique filtration0 = 7o C 71 C --- C T, =T
for which 7;/7;_1 is simple (i.e., of length one) for all i. This condition is satisfied by a generic
coherent sheaf on S with punctual support. For instance, if S = SpecC|x,y| then a sheaf T
supported at 0 is uniserial as soon as x or y acts on HY(S, T) as a regular nilpotent operator.

Let us fix partitions A, y, v with |v| = || + |A|. Let Y° be an open substack of Cohgg(§c)
parametrizing sheaves of the form Gy ®--- &G 10 where G, is a uniserial sheaf of length v; for i =
1,...,£4(v). The existence of Y"° follows e.g. from the description of the irreducible components
of the classical moduli stack of nilpotent Higgs sheaves on C — see [Sch16, §3]. Consider the

induction diagram

Cohl (Sc)ws x Cohl (Sc)ws — S>Cohl(Sc)ns —r Cohl!(Sc)ns

iy X IVT i)\,yT

red@)\ % red@y drv X Pau Cohglsl(g\c)]N& (11185)
].VT ]ST
X° Pv YV©

where X (resp. X°) is a geometric derived stack defined so as to make the left (resp. bottom)
square a pullback, iy, iy, i Ay are closed immersions and j,, j, are open embeddings. Here, p := 0
and g := dy X d, following the notation of Formula (1.2.2).

Note the the irreducible components of the derived stacks appearing in the diagram (IIL.8.5)
are of dimension zero. The derived Ici morphism g is of dimension zero, and the map p is repre-
sentable by proper derived schemes, of dimension zero as well. By base change we have

G)* (DAl % D)) = (G0)* P’ (i X i)« (D] @ D)) = (po) i (92,0) (D2] © (D) -

From the defining property of uniserial sheaves one deduces that "p, is a finite morphism.

Comparing dimensions, it follows that "*4X° is of pure dimension zero as well. It follows that
75 (@) (9A] ® [D4]) = [X°]. Therefore we have

(Pv) <t (00) (D7) @ D)) = (pu)((X°]) =, ,[Y"°],

where 7}, is the cardinality of the generic fiber of p,. This cardinality is the number 7} , of
subsheaves of type i and cotype A of a sheaf G; @ - - - @ Gy(,) in Y""?, which is equal to

H(dl, e dyy) € N | (dy,... dowy), (v1 —di, ..., vy — dy(,)) are permutations of ‘u,/\}‘ .

This matches the structure constants of multiplication in Q|z1, 2y, . . .] S in the basis of monomial
functions, i.e.,

mymy, = Znﬁ,ymv ,
v
which proves (2).

Finally we deal with Statement (3). It is not hard to see that the irreducible components

of @ohg,isl (5¢)ns are parametrized by tuples of partitions (A/) j=1,..,f: an irreducible component

2,1 s asssociated to a tuple of partition and given by (M) j=1,...f is the closure of the substack

of Cobgisl(gc) parametrizing zero-dimensional sheaves of the form G = Gl@® .- @GS such that

G is of type Al and Supp(G') C C;, fori=1,...,f.
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A computation similar to (and simpler than) that proving Statement (2) above shows that the
elements [9); )] all commute with one another (for j = 1,..., f and all partitions 1), and that

D1, ] =Dyl x [Dparl-
Statement (3) follows. O

Remark 111.8.13. The above Proposition may be viewed as an extension of [Nak99, Chapter 7]
from the Hilbert scheme of points on a surface to the full stack of zero-dimensional sheaves (both
supported on a fixed curve). A

Remark 111.8.14. The stacks 9);, are in general not smooth but we can construct smooth open
substacks )7, C ;, as follows. We treat the case A = (d) only, the general case being similar.
Any open affine subset S C S and any isomorphism ¢: § ~ (T* C]f )cr gives rise to a projec-
j j
tion 77: S/ c = C](. Here C]f = C;NS'. Let ED].S:(’;) C 9 (1) be the open substack parametrizing
those zero-dimensional sheaves 7 such that 1, (7) is regular, i.e., isomorphic to the indecompos-

able d-fold self-extension O ,(Cd) of a simple sheaf O, for some x € CZ{ . In a suitable étale local chart,
we may identify the pair (S', C;) with (A2, A!), in which case we have an equivalence of reduced
classical stacks

Ph ~ {(u,v) € g3 ’ [,0] =0, v € Cid + O™ , 1 € Nd}/GLd ~ T*O™8/GL,,
where NV is the nilpotent cone and 0"8 C N is the regular nilpotent orbit.

In particular, 2);/@ is smooth. We now set
o - S/,l
Vi = Ui
S
where the union ranges over all pairs (S, 1) as above. A

II1.8.4. Irreducible components in dimension one. We work under Assumption III.1. Fix j €
{L,...,ftand { € Z, and put a := —a; + (£ +1)J (thus [O; (¢)] = « in K-theory). Let g; be the
genus of C;.

For A a (possibly empty) partition, let 3])-‘6 be the closure of the substack of 'einoth(gcj)

parametrizing coherent sheaves J for which there exists £ € Pic,_|;(C;) and 7 € Y;, and
a short exact sequence

0—>T—>f—>icj,*(£)—>0.

When A is empty, we simply write 3; 4, which is the smooth reduced classical stack classifying
coherent sheaves of class a scheme-theoretically supported on C;.

Let us now assume given a family A of partitions A) for i = 1,..., f, and denote by 3}‘6 C

redgopnl! <§Cj) the closure of the reduced substack parametrizing sheaves of the form

ps
FePT,
i#]
where F € 3;:(1)7|/\| and 7; €9, i fori =1,..., f. Here, [A| := I |AF).

Proposition I11.8.15. Fixj € {1,...,f} and ¢ € Z. Under Assumption II1.1, the following holds:
(1) The substacks {3;\/} A as A runs over all partitions form a complete family of irreducible compo-

nents of redcohg;' (§Cj) of class w. They are all of dimension g; — 1.

(2) The substacks {3}%} A as A runs over all f-tuples of partitions form a complete family of irreducible
nil

b (S¢) of class a. They are all of dimension gi— 1L

components of "4¢oh
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To prove the above proposition, we need a preliminary result. Let Cohps(S)4™>1 be the de-
rived moduli stack of coherent sheaves of dimension > 1. It is an open substack of Cohps(S).

Then, we define the derived stack Cohgis| (§C].)dim>1 by the pullback

Cohpl(Sc,)dm>1 Cohps(5)dim>1

| |

Cohf!(S¢,) —— Cohcps(S) —— Cohps(S)

Then, Cohl}l (§Cj)dim>l is an open substack of Cohl (§Cj). Similarly, we define CohlJi (Sc)dim>1.

Lemma I11.8.16. The substack Bic,(C;) is smooth of dimension g; — 1, open in red(‘lohgis'(Sch) forj =
1,...,f.

Proof. Denoting by —a;j + 6 € Ko(S)q the class of Oc;, it is thus enough to show that

"eohpd (Sc;; —ax + (£+1)0) 4=t

is equal to Pic,(C;). This boils down to checking that a pure one-dimensional coherent sheaf on
S with set-theoretical support on C; and of class —a; + (I + 1) is the pushforward to S of a line
bundle on C;. This is a local statement for which we may assume that S and C; are affine and
§ = T*C;. In this case, this reduces to the well-known fact that a nilpotent Higgs bundle of rank
1 has trivial Higgs field. The smoothness and dimension computation also follow. g

Because of the lemma, we shall set
Pic(C;) = Cohpl(Sc;; —ay + (£ +1)8)) ™1

Its reduction is Pic,(C;).

Proof of Proposition 111.8.15. We start with Statement (1), in the case of the empty partition.
Let us consider the partial Harder-Narasimhan stratification
*deabnd(Sc;,) = || X4,
d>0
nil
ps
whose canonical zero-dimensional subsheaf F is of length d. The semisimplification morphism

where X, is the locally closed substack of "d¢oh (§C,- ;&) parametrizing sheaves F of class a

s Xg — "*9€obil (Sc;;a — do) x Ieohpl(Sc; do)

sending a coherent sheaf F to the pair (F! := F/F°, F), is a vector bundle stack of rank
(x — dé,ds) = 0. Indeed, for any pair (F', F0) consisting of a pure one-dimensional sheaf F*
and a zero-dimensional sheaf 70 we have Ext?(F', F0) = Hom(F?, F1 ® ws)¥ = 0 hence the
complex RHom(F!, 7°)[1] has homological tor-amplitude [0,1]. From this we deduce that for
any partition A of d, the substack

-1 . . .
7Td (mlCZ—d(C]) X Q;jj,/\) = (%lCK_d(C]) X 2)]',/\) Xred@ohgg(gcj;a,d(g)Xredgobgg(gcj;d(s) xd

is irreducible and of dimension g; — 1. Statement (1) easily follows.

To prove Statement (2) it suffices to observe that any coherent sheaf F of class « splits as a
direct sum of a coherent sheaf (set-theoretically) supported on C; of dimension one and zero-
dimensional sheaves 7; supported on C; for i # j. O
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II1.8.5. Some dimension zero — dimension one commutation relations. Still keeping the setup
of the previous paragraphs, we now turn to commutation relations involving stacks of one-
dimensional and zero-dimensional sheaves.

Proposition I11.8.17. Under Assumption 1111, fori,j € {1,...,f}, £ € Z,and d € N, we have
o ifi ]

[[@i,(d)]/ [3]',6}} = (Ci-C))[3j04a] - (I11.8.6)
o lfl = ] and §Ci ~ (ﬁa)ci.‘
[[‘»Di,(d)]r [31',4]} = (Ci - Ci)[3i0+a] - (I11.8.7)

Conjecture II1.8.18. Equality (111.8.7) holds also without the assumption on §C1'

1I1.8.5.1. Proof of Equality (I111.8.6). The proof follows from the following lemma.
Lemma II1.8.19. Fori # j we have

Qi) - [314) =[3%a) + 1C N Cil[3j014]
[3i) - i) =[3%14) (I1L.8.8)
where A = (A with A = (d) and AW = @ for h # .

Proof. Consider extension F of a one-dimensional sheaf G scheme-theoretically supported on C;
by a zero-dimensional sheaf 7 set-theoretically supported at one point of C; of the form

0—T —F—G—0.

If T is set-theoretically supported on the intersection C; N C;, then F is set-theoretically supported
on C; and scheme-theoretically supported on C; \ C; N Cj; otherwise, ' ~ G & T. It follows
from the description of irreducible components given in Proposition II1.8.15 that [Y); )] - [3;¢] €
Q[3]% . 4]- Base changing to the open locus of 3;& .4 consisting of sheaves G & T with Supp(T) ¢
C; one easily obtains Equation (II1.8.8).

A similar argument involving short exact sequences

0—G—F—T—0

shows that [9); )] - [3;¢] € QBﬁHd] © Q[3,+4], and that the coefficient of [3]%%] is equal to 1.
It remains to compute the coefficient of [3;¢,4]. Let usseta := —a; + (£ +1)é and 7 = a + do.

We consider the following diagram

Cohll(S¢; d8) x Cohl!(Sc;a) «—— S,Cohli(5¢;dd,w) —— Cohli(5¢; )

| h H

qij Pij il a
Vi) * dj / \4 ! Cohg;'(sc,- v)
]i,/T Jij ]T
. 1) Pij .
@i,(d) X 3je X Pic,, 4(Cj)

where the upper left and bottom squares are cartesian and where j; ;, 7 ;7] are open immersions.
Here, p := 01 and g := dg X d, following the notation of Formula (1.2.2).
Note that a zero-dimensional quotient 7 of a line bundle on C; with support consisting of a

point is necessarily regular, i.e.,, T ~ oﬁf) for some x € Cj, hence the factorization of the map

X = 9; (4) X 3j, through the open embedding E{JE(d) X 3j0— Vi) X 3j¢-
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By base change, we have
1 (D) % 13i)) = 7Pt (D)) B [314) = 1" (i)« (01)! (D) B [310])
= (p)= (05 151D a)) B [336)) = (p) (X))

Here we used the fact that 97 (d) % 3j,¢ is smooth and classical, hence the virtual fundamental
class coincides with the usual fundamental class.
The map g being of dimension zero, so is the map g; ;, and thus

dim(X) = dim(W) = dim(9); (4)) + dim(3;,) = gj — 1.
On the other hand, since any short exact sequence
0 —F —L—T—0

with £ a line bundle on C; and 7 a zero-dimensional sheaf on C; of length d supported at a point
is of the form

0 — L(—dx) — L — O,(f’) —0

for some x € C; N C]-, the classical truncation of p; f factors as

to((pi)°)

to(X) Picy,4(C))

H PﬁT

|_| to(X)y ———— &)3ic5+d(Cj) x (G ﬁcj)
xECimC]'
Here, to(X)y is defined via the pullback of d;: X — @;’( 0) with respect to the inclusion x —
C; N C;. It follows that dim(to(X)) = dim(Picy4(Cj)) = gj — 1 = dim(X). This in turn implies
that X is classical by e.g. [PY24, Proposition 2.14]'®. Denoting by ¢: Picy14(Cj) — Picyi4(C;) the
closed embedding, we have
(pip)+(X]) = tto((pi)")« ([to(X)]) = [Ci O Gl ([Bier1.a(Cy))) = [Ci NGl [3j4a]

as wanted. O

I11.8.5.2. Proof of Equality (I111.8.7). Before proving Equality (II1.8.7), we need several preliminary
results.

Set C = C;. Let €oh(C) be the classical moduli stack of coherent sheaves on C. This is a
smooth geometric classical stack. The connected component classifying sheaves of rank » and
degre d will be denoted €oh(C;r,d). For any a, B in the numerical Grothendieck group Kj“™(C)
there is an induction diagram

Coh(C; &) x Coh(C; B) L Coh®™(C; a, B) BLALN Coh(C;a + B) (I11.8.9)

where €oh®*(C; a, B) is the stack classifying short exact sequences
0 —F —G—H—0

of coherent sheaves on C, where F, H are of classes f§ ad « respectively. Here, Jop = do X 9 and
Pap = 01 in the notation of Formula (1.2.2).

Let D2(€oh(C)) be the derived category of constructible complexes of Q-vector spaces on
Coh(C). Laumon considered an Eisenstein series monoidal functor (cf. [Sch12a, Lecture 5] and
references therein)

Eis = €P Eis, 5: D2(€oh(C)) K DE(Coh(C)) — DE(€oh(C)),
ap

18Note that the result is written for derived analytic stacks, but it holds in our setting verbatim.
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where
Eiswp = (Pa,p)ida,pl— (@ B)] -

He also defined a category of semisimple complexes Q¢ C DP(€oh(C)) containing the constant
sheaves Qg ,p(cie) for any a € Kg“™(C), stable under shifts and Eis. The graded Grothendieck

group Ko (Qc) is the quotient of the split Grothendieck group of Q¢ by the relation [P[1]] = v[P];
it is naturally a Q[v, v—!]-algebra.
As explained in [PS23, Remark 2.41], there is a canonical equivalence
T*[0]Coh(C) =~ Cohp,(C) ~ Cohps(T*C),
where Cohp,(C) is the Dolbeault moduli stack of C (see [PS23, §2.4.3]) and the second equivalence
follows from the spectral correspondence for Higgs sheaves [Sim94, Lemma 6.8]. It is known that

the singular supports of all objects in Qc lie in the substack €ob¢ ps(T*C) =~ Q:ohgisl (T*Cc). We
thus get a map

CC: Ko(Qc) — (HAT:cC)o -

As explained in [Hen24, §1.3] this is an algebra morphism. Note that, since we consider the
untwisted COHA HA:( ¢, there is no need to twist the multiplication in Ko (Qc¢). The category
Q¢ is well-studied (see e.g. [Sch12a, Lecture 5] and [Sch12c] for genus one curves). It carries a
IN-grading

Qc = |9
r
corresponding to the rank of the coherent sheaves on C. One has the following result (cf. [Sch12a,
§2.4]).
Proposition II1.8.20. There is an algebra isomorphism
¥: Ko(Q2) —— Q[x1,x2,...]%° @ Q[v,v7}] (I11.8.10)

which sends Qg o (c0,4) to the elementary symmetric function eq for any d > 1.

The monoidal subcategory Q% corresponding to rank 0 sheaves plays a special role as it yields

Hecke operators. More precisely, let

Bun(C) =|_|Bun(C;a)

be the open substack of €oh(C) parametrizing vector bundles on C. Let Dg“” be the image of
Q¢ under the restriction functor D?(€oh(C)) — D2 (Bun(C)). One has the following (cf. [Sch12a,
§5.5]).

Proposition I11.8.21. The Eisenstein functor Eis induces a monoidal action of Q% on QE“".

Foru € Ky (Q?:) and c € Ky (Q(bj“”) we denote by u @ ¢ — u e ¢ the corresponding Hecke action.
We will deduce the desired relation (I11.8.7) from a Hecke relation by applying the morphism
CC. The precise Hecke relation which we will use is the following.

Proposition II1.8.22. Foranyd € N, d > 1, set T; := y-1 (pa). Then, we have
([T, [Qeon(can]] = —((=0)! =28+ (o) ™) Qean(ci r1a)]

This result is without doubt well-known to experts but we provide a proof as we could not
locate one in the literature. Before giving it, we need some preliminary results.

Consider the constant term functor

CT =[] CTap: Qc — QcXAC
wp
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given by
CTap = (qup)iPupl— (2 B)] -

It equips Ko(Qc¢) and Ky (Q%) with the structure of bialgebras (understood in a twisted and topo-
logical sense in the former case). Moreover, the map ¥ introduced in Formula (I11.8.10) is a
morphism of bialgebras.

We introduce a truncation CT?"0: Q- — Qg“”@ﬂ% by projecting to Q2" in the first compo-
nent and to Q2 in the second.

Lemma I11.8.23. The functor CTPU"™ is essentially injective on objects, i.e., Ko(CTPU"0) is injective.

Proof. Let
Coh(Cia) = | | Coh(C; a)tor==
d>0

be the stratification of €oh(C; a) according to the length of the canonical zero-dimensional sub-
sheaf. Then

Coh(C;a)t =4 == | | €oh(C;a)*™=" and €oh(C;a) =4 = | | €ob(C;a)="
>d <d

are respectively closed and open in €oh(C; «).

Now let us fix a simple complex IP € D2(€oh(C;a)) and let d be the greatest integer such that
Supp(P) C Coh(C;a)tor=4. Puté := (0,1) and B := a — dé. There exists a diagram pulled back
from the diagram (II1.8.9):

Cob(C; B) x Cob(C;dd) +———— Coby(C; B,do)>ttor=d T, ¢op(C;a)tor=d

i i ) d

o

Bun(C; B) x Cob(C;dd) +——— €ob(C; B, ds)ettor=d ., gop(C;a)tor=1

Since a coherent sheaf in €oh(C;a)*"=? has a unique subsheaf of length d, the map p° is an
isomorphism. Since Ext}(F,7) = 0 for any vector bundle F and any torsion sheaf 7, the map
g° is a unipotent gerbe. It follows that

47 (p°)*: D2(€oh(C;a))* =" — D (Bun(C; B)) KD (Coh(C; do))
is an equivalence. By construction (j/)*(IP) is a simple complex hence j*(CT?“"(IP)) = g7 (p°j")*(P)

is simple as well, and fully determines IP. The Lemma easily follows.

To unburden the notation, let us set
Lo = [Qeop(cay] and 12" = [Quyn(ca)]
fora € K{*™(C), and
A =Ko(CT) and A= Ko(CTPUM) .
Then from the relation

CTo,8(Qeop(Ciarp)) = Qeon(ca) B Qeop(cip)[— (B )]
(see [Sch12a, Lemma 1.8]) we get

2 v (e, x—n0) lbur:us@)lné ,
n>0
ANT) =T, ®1+1® Ty,
and therefore

AN([Ty1a)) = Y v @e )T, 015000 ' 1,5

n
n>0
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Proof of Proposition 111.8.22. Thanks to Lemma I11.8.23, it is enough to show that
Tye1ph) = —((—v)? =28+ (—0) ") 1n,

for any a € Z. To prove this, we first compute 1,5 ® 1%’1“,2). Seta := (1,a+d) and B := (1,a).

There is an isomorphism

Bun(C; ) x Sym?(C) —=— Coh>Y(C; B,d6) x  Bun(C;a)
Coh(Ca)

Pr lp

Bun(C; )
provided by the map (F,D) — (F(—D) C F). It follows that
1d(5 ° 1?{12) = vdPC(Symd(C), —U71)1?1L{2+d) P

where P.(—,t) stands for the Poincaré polynomial with compact support. The relation between
the elementary and power sum functions may be written in terms of generating series as

where

E(z) =1+ ) e;2" and P(z):=)_ puz".

n>1 n>1
From this and the well-known relation

(1- zt)%8

Z PC(Syde, t)Zd = m 7

d>0
where g is the genus of C we deduce by a direct computation that
Ty 10 = —((—v)? —2g + (—v) "1,

as wanted. This finishes the proof of the Proposition. O

Proof of Equality (111.8.6). We now apply the CC map to the Equality II1.8.22. By Propositions I11.8.20
and I11.8.12—(2), we have

CC([Qeon(cus))) = Waay] and  CC([Ty]) = (D] -

Together with CC(Qgop(c;(1,¢))) = [3¢) and the fact that CC(vc) = (—1)7CC(c) we finally obtain

D)), (3] = (28— 2)[3¢1d

as wanted. 0

I11.8.6. Proof of Theorem II1.8.6. We now come back to the setting of the pair (X,C), with X
being the resolution of the Kleinian singularity of type Q. We start by proving both statements
of Theorem II1.8.6 in the case Qs is of type A;. We will then use the functoriality to extend it to
the other types.
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I1.8.6.1. Type A;. We assume that X = T*IP! with C C X being the zero section, and Q is the Kro-
necker quiver with vertex set I = {0,1} and two arrows x,y: 1 — 0. For the stability condition
we choose 0 = ¢ = 141, so that 8 = 1 (& — do).

We begin with Statement (1). We will drop the index j from the notation. Instead of [Y),,], we

will compute [9)(11)], and use Proposition I11.8.12~(2). For this, we shall use the tilting equivalence
T of Theorem I11.4.11.

Observe that the equivalence T sends a zero-dimensional sheaf schematically supported on
C = P! of length £ to a regular representation of Q (viewed as a I1g-representation) of dimension
6. The regular representations of Q of dimension né form a dense open substack of Rep(Q; dd)
and the latter is irreducible. In particular, the stack equivalence QOhBiS'()A(CYO o~ Aéo identifies
) (1ny with Rep(Q, n6)=". It follows that

O([V1n)]) = [Rep(Q,16)="] .
Let us now translate this in terms of enveloping algebras. We have
gr=sh and nj = Qe[s*]) @ Qhs1[sH1].

Here we use the traditional ¢, f in place of xljEl ; note that x, = es 1 A simple computation using
the twisted COHA multiplication shows that

D([%ep(Q,10)="]) = (=1)"(x; )" (x) ") = (=1)"f " (es 1)) € U(Lsk) C Y,
where we have used the notation z(?) := z4 /a!. We deduce that
Ox (D)) = (1) f"es ™)™ € Dngy)
We will use the following Lemma.

Lemma I11.8.24. We have
k

Y (1) F O (es™)Ou" = exp (2 hs—k“> . (IIL8.11)
>0 k>1 k
Proof. SetY(u) == Zgzo(—l)éf(é) (es~ 1)y,

We shall use the coproduct map. Set J := ]]é’KO, where kg = (—o0,0] and Hé,Ko is defined in

Formula (II1.3.6). Since J is a coideal of U™ (Lsl,), the comultiplication A descends to U~ (Lsl,) /7.
For weight reasons, one sees that A(Y (1)) = Y(u) ® Y(u), from which we deduce that

Y(u) = exp (Z ckhskuk>

k>1

for some coefficients ¢y € Q. Finally, to see that ¢, = 1/k, we argue by induction using the
relation

(fe(es_l)z) ot = (fz_l (f(es_l)é_lhs_1 + 00— 1)(65_1)6_265_2))

=—l(l-1) (fz_l (esT1)2. es_2> sl

We leave the details of the calculation to the reader. O

[hs~*]

Note that under the isomorphism of Proposition I11.8.12~(2), [2) ()] and [9),,)] are respectively
mapped to the symmetric functions e, and p,,. Comparing Equality (II1.8.11) with the well-known
relation in the ring of symmetric functions

iy
Y e =exp <Z(—1)klpkk>

>0 k>1



134 D.-E. DIACONESCU, M. PORTA, F. SALA, O. SCHIFFMANN, AND E. VASSEROT

we obtain the desired equality Ox,c([9)(,)]) = (—=1)" ths™". This proves Statement (1) for type
AL

The proof of Statement (2) proceeds in an analogous fashion. We have 7(O¢) = Sp. We claim
that for any m > 0,

RS, (S0) = T(0c(m)) = P™),

where P(") is the unique indecomposable preprojective representation of Q of dimension g +
mé, viewed as a nilpotent ITg-module. Indeed, 7(O¢(m)) is the unique indecomposable and
semistable ITg-module of dimension &g + m6 and one easily checks that P(") is semistable. More-
over, the Zariski closure of the point of Ay ;5 corresponding to pm) ig Rep(Q, g + md), which
is an irreducible component of Ay ;5. We deduce that

O([3441)) = (RS g, ([Rep(Q, 0 +4k0))) ) € LimHAS .-

A direct computation shows that
D([Rep(Q, wp + 4kd)]) = (x7 )W) (xg )W+ = f8) (o5~ 1)+ € Y~ (Lsly) € Y5 .
Putting it all together it follows that

Ox,c([3ar+1]) = (T_4kéf(( £)Eo) (es*1)<4"+1>))k (I11.8.12)

— ((fs—4k)(4k) (es4k—l)(4k+1))2 c U( eIIO)

see Remark II1.7.12. In order to make the right-hand-side of (II1.8.12) explicit, we prove the fol-
lowing identity.

Lemma I11.8.25. In Y (0) we have

Z( )gf (es™ )ZH S (Zes u k)exp(

>0 k>1

—k
Zhskuk> . (IIL8.13)

k>1

Proof. First observe that the graded piece of Yy 0) of vertical degree 0 is equal to U~ (Lslp)/J,
where J is the left ideal generated by fs* for a < 0. By the PBW theorem, every element of
U~ (Lsly) /] of degree a; + kd (resp. k) may uniquely be written as es "P(hs~!,hs~2,...) for
some integer n > 1 and some polynomial P (resp. as P((hs~!,hs~2,...)). Let us denote by X(u)
the left-hand-side of Equality (I111.8.13). By the above, it is enough to show that

AN (X(u)) = (Z es‘ku_k> ® exp (Z hs‘kuk_k> +...

k>1 k>1

where A’ is the graded component of A of bidegree in (a1 + ZJ,Z5) and where ... stands for
terms whose first component is of the form es 'P(hs™1,hs~2,...) with P # 1. From the Leibniz
formula we obtain

A/(f([)( Z+1 Zf k+l ®f (0—k) ( )(ffk) ,

from which we deduce

A (X(u)) = X(u) @ <Z(—1)"f(k)(es_1)(k)> -

k>0

Denote as usual by x(,) the coefficient of a in x (with respect to a fixed natural basis). It is easy to
see from the commutation relations that the coefficient

(fg . es_ul N es_a(+l)

les™ 4]
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is independent of (ay,...,a/.1). A simple induction based on the identity
C( pe—1Y0+1 _ _ (g1 16y 1 ~1y¢,.—2
(f (es™1) ) - (f ((£+1)(es Yehs™ + 00 + 1) (es™ ) es ))Wﬁ

=—L(l+1) (fffl (es™h)!- esfz)

[es—0-1]

[es—(-1]
thus shows that

=) es kuk 4

k>1

where ... denotes terms of the form es™'P(hs~1,hs72,...) with P # 1. We conclude using For-
mula (II1.8.11). O

As a direct corollary of Lemma II1.8.25, applying the correct power of T4éf to the terms occuring
in (II1.8.13) we finally obtain

Oxc([31]) = Y. es" - Pyq(hs ', hs™2,..)),

n>-—1

where the polynomials P (hs™!, hs~2,...) are defined through the relation

exp <Z hskY ) Y Pe(hs™,h s72,. )uk.

k>1 k>1

Observe that the restriction of T%,vf to U(s'h¢[s!]) is the identity. By tensoring by line bundles
and applying the braid group action, we can deduce the explicit formulas for all @x ¢ ([3x])’s for
any m € Z. This provides the desired formula (I11.8.3) for X = T*IP! and proves the Theorem for
type A;.

I11.8.6.2. General case. Let us next consider the case of an arbitrary affine type Q. Again, we
first establish Statement (1). We will use Proposition 111.8.17, and characterize [9); ()] through its
commutations relations with [3; ¢].

Set Ug := Q[h;s™" | i € I, n > 1]. For weight reasons, @ ¢ restricts to an isomorphism
Q {[@i,(n)] li€lgn> 1] —— U ,

and we have

[3i0] € D (eiS_Hk : Uo) .

k>0

In particular,

(Ox,c) Hes™) = Y [3i04) P

k>0

for suitable elements P, € Q[[Y; )] | i € I;,n > 1]. Using Proposition II1.1.3 we see that P is
independent of ¢. By Proposition I11.8.17 (taking into account the twist in the multiplication), we
have forany i,j € I

(9 n)), (@x,0) " eis™ >}

9,00 2131 e4] Pk] = Z {[@j,(ﬂ)}/ [3i,€+k]} Py (I11.8.14)
x

; 3iekenPe = (1) H(=C; - C))(Ox,c) Hes )

We now make use of the following elementary observation.
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Lemma II1.8.26. The map
@ad(ei): Up — @ U(Lgs)
i i
is injective.
Proof. Let Q € Ug and let us write Q = ZII:]:O Q with Qi € Up being a sum of monomials in the

@;s" of length k. Here w; € by is the ith fundamental coweight. Assume that [Q, ¢;] = 0 for all
i € If. We have

—ny,

] — g L gk
s = Z‘SZN i1 “€jeS Wi

[61‘,6{]]‘15 . (IJ]
(IT1.8.15)
— e s T sTM s 0 8T
= ; 6i,ej,s My s @j,s7M - s 4 Lot
=1

where Lo.t. stands for a sum of monomials of length < k and sz\”/ means that @;,s™" does
not appear in the product. From Formula (IIL.8.15) we see that the only terms contributing to
monomials of length N come from Qp and that these terms vanish only if Qn = 0. The proof
follows by induction. O

Lemma I11.8.26 together with Formula (I11.8.14) imply Statement (1) in the general case.

Now, we address Statement (2) for an arbitrary affine quiver Q. We will be dealing at the same

time with objects corresponding to type A (resp T*P!) and Q (resp. X): we will distinguish
these by adding the subscript T*IP! or X in the context of surfaces, and Kr or Q in the context of
quivers.

Let us denote by pr;: Xf,Q — )V(f’Kr the map defined by @; — §;;w;. We will fix stability
parameters fg € Xg and fk, € Xk, satisfying Formula (II1.6.2) such that pri(éf’Q) = éf’Kr.

By Theorem II1.7.2—(ii) and —(iii) (cf. [DPSSV25a, Theorem 5.8—-(1) and —(2)]), the isomorphism
T/*]l?l]ln o~ )A(Ci and the embedding C; — C give rise to an algebra morphism

A A
: HAZ ~ HA{ - — HA%

T*P1, Pl —

which sends the fundamental class of an irreducible component 3 of Coh”" (T*l[)llpl ) =~ Coh”" (Xc,)

to the fundamental class of 3 viewed as an irreducible component of Qﬁoh”"( Xc). Restricting to
the part of vertical degree zero and composing with the algebra 1sorn0rphrsm Oxc, we thus
obtain a morphism

L0 U(Kr“;jm) - U(Q”:jm) ’
where n ailo C @ is defined in Formula (II1.8.2) and |, eIIO = Qe[s* ] @ s 1Qh[s7Y] C sb.
Note the following properties:

(i) the functor . : Cohc,(X) — Coh¢(X) is equivariant with respect to tensoring by line bun-
dles in the sense that L5 ® 14(F) =~ ‘*('Cpr-(X) ® F) for any F € Cohc,(X) and A € X¢ o,

(ii) this functor restricts to fully faithful functors
Cohp1 (T*P1)>% — Cohc(X)™° and  Cohpi (T*PP)SY — Cohc(X)<C.
Statement (2) for the surface X now amounts to the equalities
Lo(es™) = xts", (I11.8.16)
Lyo(hs™) = h;s" (I11.8.17)
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for all n. Equality (I11.8.17) being a consequence of Statement (1), we focus on Equality (II1.8.16).
For weight reasons, we have

Lo(es") =Y xfs”*ij,n (h)
j=0
where P, (1) € U(s~'ho[s™"]) is of weight —jé. Using the property (i) and Proposition I11.7.14 we

deduce that 1, o is equivariant with respect to the action of X o. From this and from the relations
(see Proposition I11.1.3)

Ly(es") = (—1)<"‘1'}‘>es”*(”‘1'}‘) and Ly (hs") = hs",

(xfs7") = (—1) @l xrs"= (@) and Ly (hs") = hys"

i

Ly

for any Ae )V(f,Kr, Be )\/(f,Q, we deduce that P; , (h) is independent of n (we henceforth drop the n
from the notation).

We will now use nilpotent cohomological Hall algebras of affine quivers. From property (ii),
it follows that functor induced by ¢, at the level of bounded derived categories preserves the
perverse coherent hearts, hence it induces a fully faithful functor

o mod(Ilk,) — mod(I1p) .
This gives rise to a map of derived stacks .t: Ak, — Ag, which by abuse of notation we denote

in the same way. The morphism .. restricts to a closed embedding _:_: AE? — AEO which fits
in the commutative diagram

Coh!(Xc,)>? —~— Cohpll(Xc)>"
We have identifications
<0 — <0 —
Hép(A;r) ~U(ng,)/Ig, and H{})p(Aé ) =~ U(ng)/1Ig,

where Ik, and Ig are the left ideals respectively generated by

@ nK,,d and @ nQ,d .

de—Af,K,xlNzS de-Af/QXN&
In particular, the projection map 7o: U(gnf, ) = U(gnd) )/ I satisfies

mo(teo(es™)) = Y. xFs"HPi(h) .
-n>j>0

To conclude, we will use the adjoint action of the sl, subalgebra corresponding to the simple
root &;. By construction,

4(S1) = (S [ = «(Op: (1)) 1] = Oc;(=1)[1] = S,;
hence at the stacky level the map .t restricts to an isomorphism

(AKr)]Na] — (AQ)]Nzxi

It is easy to see that the induced map 1, : H (AE?) — HZ (Aéo) is equivariant with respect to

the left action of the algebras HZ' (Ak,)Na, = HZ (A )Ny, (see Proposition 111.3.14—(3)). Note that
fu=[fu] €U(ng,)/Ix, and fiv=/[f;,0] € U(ng)/Ig
forany u € U(ny,) and v € U(ng). Hence we get

th<0,% (fesn) = TLSO,*([f’ esn]) = —21.[30’*(]/15") = —2h;s",
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and also
e (fes") = fico.(es") = |fi, Y x7s"TPi(h)| = =2 Y his"TPi(h).
-n>j>0 -n>j>0

As this is true for all n < 0 we deduce that Py(h) = 1 and Pj(h) = 0 for all j > 0 as wanted. This
concludes the proof of Statement (2) in the general case. Thus, Theorem II1.8.6 is proved.

II1.9. APPENDIX: PROOF OF PROPOSITION II1.2.8

Let s be the Lie algebra introduced in Definition II1.2.5. Let 509 be the Lie subalgebra of sg
generated by the elements H; , with i € I and ¢/ € IN, while let 535 be the Lie subalgebra of sg
generated by the elements Xﬁ withi € Iand ¢ € N.

Let us first recall the statement of Proposition II1.2.8.
Proposition II1.9.1.
. 5OQ is isomorphic to the free commutative Lie algebra generated by H; ;, with i € I and ¢ € IN.

° 55 is isomorphic to the Lie algebra generated by the elements Xﬁ withi € I and £ € N satisfying
the relations:

(1)
[Xi,imrxfs] = [Xzir ij,:s-&-l} , (I1.9.1)
and
ad (Xijb)l_ui/j (x5) =0 fori#j, (I1L9.2)
FQ# A

(2) (INL.9.1) for i = j, (I1.9.2),

[Xij,twrzf XiLs} - 2[X$+1,Xi_1ls+1} + {Xlif Xilﬁz} =90, (L.9.3)
and
[t [ -0 oo
o =ay.

We will provide a proof of the proposition in the remaining part of the section.

Denote by §OQ the free commutative Lie algebra generated by H; ,, withi € I and ¢ € N, and
by 535 the Lie algebra generated by the elements Xli/ withi € I and ¢ € N satisfying the relations
(1) and (2). We shall prove that 5OQ o~ §OQ and 535 ~ 53

Define the Lie algebra |5 as the Lie algebra generated by Xl.ié and H; ¢, withi € ITand £ € IN,
subject to the relations (I11.2.8), (I11.2.9), and (II1.2.10) in Definition III.2.5. Moreover, define 153
as the free Lie algebra generated by Xz‘ie and 1509 as the free commutative Lie algebra generated
by H; s, withi € I'and £ € IN. On the other hand, define the Lie algebras ,5, and 2%5 as sg and
55 with the relation (II1.9.2) removed.

Fori =1,2,let 1.55 and isog be the Lie subalgebras of 5, generated by X;—} and H; ,, withi € I
and ¢ € IN, respectively. We get a triangular decomposition

0 —
159 = 155 D159 D 159 -
Note that ;55 ~ ;55 and ;5% ~ ;s In particular, the above triangular decomposition becomes

_ ozt =0 =
159 = 159 D 150 D 150 -
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+ ~ + gk kg £ .

Let; 7~ be the ideal of ;s such that ;55 = 155/, 7", 1.e,, 7" is generated by the relation (I11.9.1)

if Q # AlY, while is generated by (I11.9.1) for i = j, (II1.9.3) and (I1.9.4) if Q = AV,

Lemma IIL.9.2. [159,1Ti] C, T

Proof. First, assume that Q = Agl). Recall that ; 7+ is the Lie ideal of 155 generated by

e + +| + +
Al,f,s T [Xi,rJrl'Xi,s} [Xi,r’ Xi,s+1} 4

I [yt + + + + vt
Airs = [Xz‘,r+2' Xi+1,s} - Z[Xi,r+1’Xi+1,s+l] + [Xi,r’ Xi+1,s+2} ’
— + + + + oyt +
Aijrst = HXi,rJrl’Xj,s}’Xj,Z] - Hxi,r’ Xj,s+1}’xj,é} ’
withi # j € Iand r,5,/ € IN. Choose k € I and u € IN. The element |:Hk,u/ Ai/,/s} is a linear
combination of A;,,, s and A;,,,, the element {Hk,w A;,m} is a linear combination of A;,

and A;, s, while {Hk,u, Ai,j,r,s,é] is a linear combination of A; 150, Aijrstue and Ajjrs ot

Hence, [Hk,w Ai,r,s] ’ {Hk,w Aj

ir,s

}, [Hk,u/ Ai,]‘,rlslg} belong to ; T+,
Further, note that

+ v+]] _ + + + [+
[leu’ [Xi,r’ Xj,s}} - {Xj,s’ {leu’ Xi,r” B {Xi,r’ {Xj,s’ leuH
- _5k,i {X]i/ Hi,u+r} - 5k,]' [Xij;/ Hj,qus}
_ + +
- Jk,iaizfXj,r+s+u + 5krfafriXi,r+u+s :
Thus, {X,T i Ai,m} , {X;F i A;ms] , {XZF i Ai,j,r,s,f] vanish, hence they belong to 1Ti. Thus, an easy

induction on the degree of any element X* in 1535 implies that all elements
[Hk,u, [Xi, BH and [kau, [Xi, BH

irs Aijirs o belongs to 1Ti. The proof when Q # Agl) uses
the same arguments and it is simpler. O

withk € [,u € N,and B = A, Al

Thanks to the above lemma, the image of ; 7+ by the inclusion 155 C 15¢ is an ideal. We
deduce that

250 =150/ (15§ +150)
= (156 ® 150 ® 150) /150 (156 +150)
=(157/157) B48" @ (45 /457)
= BH®BH BBy
In particular, we also have zgjé = 253 and 2509 = 2509.

(HILgetz )255 be the ideal of 255 such that 55 = 255 /,T*, i.e., the ideal generated by the relation

Lemma I11.9.3. [ng,z'ri] C,Tt.

Proof. Recall that zri is the Lie ideal of 2535 generated by

Bj = ad (Xi%)l_ai/j (X]is) g
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withi # j € I and s € N. Choose any k € [ and u € IN. It is easy to see that for any element X*
in 255 the Lie bracket [Hk,u, [X*, Bi'j’SH belongs to zTi. To prove that [X,f w {Xi, Bi'j'SH belongs
also to , 7=, by an induction on the degree of X%, it is enough to check that [X,f w Bi,j,s} €,7%.

This is a case by case computation for a;; = 0, —1 or —2. g

Proof of Proposition 111.2.8. The previous lemma yields that the image of ZTi by the inclusion
255 C ,54 is an ideal. We deduce as above that

sQ=5L@EQ iy, F5 =55, 5h=s).
This proves the proposition. O

II1.10. APPENDIX: PROOF OF PROPOSITION III1.7.19

Given a decomposition (7, 1) = (7y1,11) + (72, n2), for ease of exposition, we will employ the
notation

X := Coh(Xc¢; 7, n) and X; := Coh(X¢; i, 1)
forl <i <2 Let

X xXx X x X
>N, YN
X X X X;

denote the canonical projections, with 1 <i < 2.
Given a € H% (X), recall that 7, € H%, (X) is defined by
Uy = evi(evi(a) Uch(€))
where € is the universal sheaf constructed in §II1.7.6. Define
7y = (evi)i(ev (a) Uch(E))

where &; is the universal sheaf over X x X;, for 1 <i < 2.

The proof of Proposition II1.7.19 will use some preliminary results derived from [Kha19, PY24].
First, as a consequence of [PY24, Proposition 4.10-(3)], one has the following.

Lemma I11.10.1. For any x € H{(X), for any invariants (v, n), we have
Uy Nx = eva((evi(a) Uch(€)) N ev'(x)) .
We next record the following compatibility results for the external product defined in [PY24].

Lemma II1.10.2. Let Q) be an admissible indgeometric derived stack and let r: X x X — ) be the
canonical projection. Assume that there is a torus action A on ) so that r is A-equivariant. Let

x: HI(X) @ HE(Y) — HI(X < D)
be the external product defined in [PY24, Definition 3.10-(2)]. Then
r(x) = x([X] ®y)
forally € HA(D).
Proof. By [Khal9, Remark 3.7], one has #'(x) = r*(1) o y, where
or HHX x 9/9) @ HE (D) — HE v (X x D)
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is the composition product defined in [Kha1l9, §2.2.5]. Moreover, applying [PY24, Proposition 4.7]
to the pull-back diagram

Xx9Yy ———9

| b

X —2— Spec(C)

one obtains the identity b*([X]) = r*(1). Here b*: H} () — H(X x D) is the change of base
map defined in [Khal9, §2.2.3].

Finally, applying [PY24, Proposition 4.10-(4)] to the same pull-back diagram yields

b ([X]) oy =x([X]®y).
This proves the claim. U
Lemma II1.10.3. Let
K HA(%) ® HE (32) — HE (%) x X))
and

k1t HA (X x X7) @ HI (%) — HA(X x X1 x X2),
Ko HA(X]) @ HA(X x X2) — HI(X x X1 x %3)

be the external products defined in [PY24, Definition 3.10-(2)]. Let
rin X X X1 X X — X X X
for1 <i<2 and
evip: X X X1 X Xp — X1 x X5
be the canonical projections. Then, the following identities hold:

i (cr) Niq(evi(x1) @ x2) = 1 ((c1 Nevi(x1)) @ x2) , (I1.10.1)
c

1
r3(c2) Nia(x1 @ evy(x2)) = Ka(x1 @ (caNevi(x2)), (II1.10.2)

for any x; € H(X;) and any ¢; € H (X x X;), with 1 <i < 2.
Furthermore, for any x; € H{(X;) and any y; € H}(X x X;), with 1 < i < 2, one also has

(evi)s(x1(y1 ® x2)) = x((ev1)«(y1) ® x2) , (II1.10.3)
(evi2)«(r2(x1 ®y2)) = x(x1 ® (eva)«(y2)) . (111.10.4)

Proof. Identity (II1.10.1) is a consequence of [PY24, Proposition 4.10-(5)], using the identity (r1)«(c1) =
x1(c1 ® 1x,), where 1y, is the unit element in the cohomology ring of X,. The proof of iden-
tity (IIL.10.2) is completely analogous.

Identity (I11.10.3) follows from [PY24, Proposition 4.10-(6)] applied with X = X;, Y = X,
X' =XxX1,Y =Xy, f =evy, and g = idx,. Then we get i = evy, and the cited statement
gives exactly identity (II1.10.3). The proof of identity (II1.10.4) is completely analogous. O
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Consider now the commutative diagram

X
eVX,lzT
XXX X%
— ele — — esz J—
X +——— X xXq evi2 XXXy —— X
evy X X X evy
/ X)
X1 X3

where both squares are pull-back. As in Lemma II1.10.2, let
K HE(X7) @ HE (X%2) — HE (X1 x X2)

denote the external product defined in [PY24, Definition 3.10-(2)]. Abusing notation, set also
Va(x) == Vg Nx forany a € H% (X) and x € H% (X). Then, the following holds.

Lemma II1.10.4. One has the identity

K(V&l)(xl) ®V£¢2)(x2)) =
(evi2)« (((rich(&1) + r3ch(€2)) Uevi 1, (a)) Neviy(x(x1 ® x2)))  (I110.5)

forany x; € Hf‘(3€,~), withl <i<2.
Proof. By substitution, the left hand side of identity (II.10.5) reads

k(chi (1) ® chi) (x2)) =x((ev1)«(ch(E1) Uev (@) Nevi (11)) @ xz
+21 @ (ev2):(ch(&2) Uevy, (@) Nevy(x2)))) -
In order to rewrite the right hand side of (I11.10.5), as in Lemma I11.10.3, let
i (X % %) @ HH (%) — HIN(X x %1 x Xy)
Ko HA(X)) @ HA(X x X)) — HI (X x X1 x X3)

be the external products defined in [PY24, Definition 3.10-(2)]. Since the external product is asso-
ciative, Lemma I11.10.2 yields the identities

evi,(k(x ®x2)) = k1(evi(x1) @ x2) and  evi,(k(x] @ X)) = Ko () ® evh(x2)) .
Then the right hand side of identity (II1.10.5) reads
(evia)« (((rich(€r) +r3ch(€2)) Uevg 1, () Neviy(k(x1 @ x2))) =
(evi2)« (17 (ch(€1) Uevy () Ny (evi(x1) ®x2) + 15 (ch(E) U eV, (@) Nz (X ® evh(x2))) -
Next, note that the first p,art of Lemma II1.10.3 yields the identities ,
ri(ch(E1) v, () My (evh (x1) @ x2) = 1 (((ch(Er) Uevie, (@) Nevd (x1)) @ 32) ,
r5(ch(&) U ev*Xz(oc)) N (x] @ evh(x2)) = ko (x1 @ ((ch(E) U ev*Xz(oc)) Nevy(x2))) .
Hence, setting
y; = (ch(&;) U ev*xi(uc)) Nevi(x;),
for 1 < i < 2, one obtains
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(ev12)« (((rich(&1) 4+ r3ch(€)) U eV*XJz(“)) N ev!lz(K(xl ®x7))) =
(evi2)s (k1 (y1 @ x2) + 12(x1 @ y2)) -
Using the second part of Lemma II1.10.3 we further obtain
(evi2)« ((rich(€1) + r3ch(€2)) Uevg ) () Meviy ((x1 ® x2))) =
K((evi)«(y1) © x2) +x(x1 @ (ev2)«(y2)) -
This proves identity (II1.10.5). O
The next lemma concludes the proof of Proposition I11.7.19.
Lemma II1.10.5. Let
i HE () @ HE (X2) — HI(X)
be the Hall product. Then one has
Va1 ©02)) = 4O (11) © 32+ 11 © T (12))
forany x; € HA (%)), with1 <i < 2.

Proof. Let

Coh®t P x

1|

X1 XXy

be the Hall convolution diagram, where Coh®* denotes the derived moduli stack of extensions.
This yields the pull-back diagrams

X x Coh®t &=, Ccoh®t X x Coh®t &=, Coh®
idqul Jq and idf”’l Jp . (111.10.6)
X x Xy x Xy 2125 3, x Xy Xxx—& %

Recall that r;: X X X1 X X3 — X X X; denotes the canonical projection for 1 < i < 2. Then
diagrams (II1.10.6) yield the identity
(idg > q)" ((rich(€1) +r3ch(€2)) Uevg 1, (a)) = (idg x p)*ch(€) Us™ (),  (IL10.7)
where s: X x Coh®™* — X is the canonical projection.

Using [Kha19, Theorem A.5-(iv)], one has
g (ev12)s = (evex)- (idx x ¢)

!

Hence identity (I11.10.5) yields

g k@ (x) @7 (1)) =

7' (evi2). (((rich(E1) + r3ch(E2)) Uevi (@) Nevhy(k(x1 © 12))) =
(evex)s (idg x 4)' ((rich(&1) +73ch(€2)) Uevy 1, (a)) Nevip(x(x1 ©x2))) . (I1110.8)
By [PY24, Proposition 4.10-(1)], one has
(evex)« (idx x 9)' (((rich(€r) + rich(€2)) Uevg 1, () Nevip (k(x1 © x2))) =
(evex)« ((idx x q)*((rch(€1) +13ch(€2)) Uevy 1, (a)) N (idg x q) evip (k(x1 @ x2))) -
Hence identities (111.10.7) and (I111.10.8) yield
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7 v () © 7 (x2) =
(evex). ((idy x p)*ch(E) Ur(2)) N (idy x 9)' evha(i(1 @ 32)) =
(evex)« ((id x p)*ch(€) Us*(a)) Nevh q'(k(x1 ® x2))) .
Furthermore, s* () = (idy x q)* ev*(«). Therefore we are left with
g k(T (11) @ T (x2)) = (evex) ((idx x p)* (ch(E) Uevi(a)) Nevbeq' (k(x1 @ 32))) -
Applying p., we further obtain

peq' k(@ (11) T (12)) = pu (even) ((idy x p)* (ch(E) Uevk(a)) Neve 4 (k(x1 @ 12))) -

Using the second diagram in Equation (II1.10.6), this yields
P k(@ (1) 97,7 (12)) = eva (idy x ). ((idy x p)*(ch(E) Uevi(a)) Nevi g (k(x1 @ 12))) -

Applying [PY24, Proposition 4.10-(2)] to the right hand side of the above equation yields
peq k(@ (11) @77 (12)) = v ((ch(€) Uevi(@)) N (idy x ). evi ' (k(x1 ® x2))) -
Using again the second diagram in (I11.10.6), we finally obtain
peq k(0 (v1) @77 (x2)) = ev. ((ch(E) Uevk(a)) Nev! pu g (k(x1 @ 1)) ,

which proves the claim. O

III.11. APPENDIX: PURITY AND FORMALITY

Let G be a complex linear group, T a complex torus, and X an algebraic G x T-variety over C.
We consider the following quotient stacks

X=X/G and Xp:=XxT.

Let A1 be a mixed Hodge module over X7. Applying the forgetful functor to At we get a mixed
Hodge module A over the stack X. The following is well-known. Let us recall a proof.

Proposition II1.11.1. Assume that the cohomology group H1(X, A) is pure of weight q for each integer
q. Then, the following hold:

(1) H1(Xt, AT) is pure of weight q for each integer q.

(2) If H* (X1, AT) is free as an HY-module, then, for each integer q, the restriction yields an isomor-
phism

Hq(xT, AT) ®H% Q— Hq(3€, A) .
Proof. The Leray Spectral sequence for the fibration X7 — BT is
EY":= HP(BT,Q) ® H1(X, A) — HPT(X1, A7)

Since H;% and H7(X%, A) are pure of weights p and g, the term Eg’q is pure of weight p + 4. The
differentials of the spectral sequence are strictly compatible with weights. Thus, they vanish.
Hence HP9 (X1, At) is pure of weight p + g. This proves (1).

Now, consider the Cartesian square

X —— X7

! |

Spec(C) —— BT
The Eilenberg-Moore spectral sequence attached to this diagram is

EJ* = ToryT (H* (X1, A7), Q) — H*™(%, A) .
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It degenerates at E,, see, e.g., [FW05, Theorem 1.3]. Hence, we have

H* (X, A) = Tor's (H*(X7, A1), Q) ,
proving (2). O



146

[AGT10]
[AB13]
[BDL23]
[Bar00]
[BK12]
[BKT14]
[Bay19]
[Bec94]
[BGP73]
[BT19]
[BD23]
[Boz22]
[BSV20]
[BFN'16]
[Bri07]
[BIRS09]
[BR23]
[CCDS21]
[Cra10]
[CBH98]
[Dav22]
[Dav23]

[Dav24]
[DM20]

[DeH20]

[DeH23]
[DPS22]

[DPS23]

[DPSSV25a]

[DPSSV25b]

[Dri86]

D.-E. DIACONESCU, M. PORTA, F. SALA, O. SCHIFFMANN, AND E. VASSEROT

REFERENCES

L. FE. Alday, D. Gaiotto, and Y. Tachikawa, Liouville correlation functions from four-dimensional gauge theo-
ries, Lett. Math. Phys. 91 (2010), no. 2, 167-197. (cited on p. 3)

D. Arcara and A. Bertram, Bridgeland-stable moduli spaces for K-trivial surfaces, J. Eur. Math. Soc. (JEMS)
15 (2013), no. 1, 1-38, With an appendix by M. Lieblich. (cited on p. 79, 98)

A. Bapat, A. Deopurkar, and A. M. Licata, Spherical objects and stability conditions on 2-Calabi-Yau quiver
categories, Math. Z. 303 (2023), no. 1, Paper No. 13, 22. (cited on p. 97)

V. Baranovsky, Moduli of sheaves on surfaces and action of the oscillator algebra, ]J. Differential Geom. 55
(2000), no. 2, 193-227. (cited on p. 3)

P. Baumann and J. Kamnitzer, Preprojective algebras and MV polytopes, Represent. Theory 16 (2012), 152—
188. (cited on p. §, 29, 31)

P. Baumann, J. Kamnitzer, and P. Tingley, Affine Mirkovi¢-Vilonen polytopes, Publ. Math. Inst. Hautes
Etudes Sci. 120 (2014), 113-205. (cited on p. 29, 30)

A. Bayer, A short proof of the deformation property of Bridgeland stability conditions, Math. Ann. 375 (2019),
no. 3-4, 1597-1613. (cited on p. 20)

J. Beck, Braid group action and quantum affine algebras, Comm. Math. Phys. 165 (1994), no. 3, 555-568.
(cited on p. 72)

I. N. Bernstein, I. M. Gel'fand, and V. A. Ponomarev, Coxeter functors, and Gabriel’s theorem., Uspehi Mat.
Nauk 28 (1973), 19-33. (cited on p. 50)

M. Bershtein and A. Tsymbaliuk, Homomorphisms between different quantum toroidal and affine Yangian
algebras, ]. Pure Appl. Algebra 223 (2019), no. 2, 867-899. (cited on p. 36, 37, 72, 73)

T. M. Botta and B. Davison, Okounkov’s conjecture via BPS Lie algebras, arXiv:2312.14008, 2023. (cited on
p-4)

T. Bozec, Irreducible components of the global nilpotent cone, Int. Math. Res. Not. IMRN (2022), no. 23,
19054-19077. (cited on p. 124)

T. Bozec, O. Schiffmann, and E. Vasserot, On the number of points of nilpotent quiver varieties over finite
fields, Ann. Sci. Ec. Norm. Supér. (4) 53 (2020), no. 6, 1501-1544. (cited on p. 26, 34, 81, 82)

A. Braverman, M. Finkelberg, and H. Nakajima, Instanton moduli spaces and VW-algebras, Astérisque
(2016), no. 385, vii+128. (cited on p. 3)

T. Bridgeland, Stability conditions on triangulated categories, Ann. of Math. (2) 166 (2007), no. 2, 317-345.
(cited on p. 12, 13, 101, 102)

A. B. Buan, O. Iyama, I. Reiten, and J. Scott, Cluster structures for 2-Calabi-Yau categories and unipotent
groups, Compos. Math. 145 (2009), no. 4, 1035-1079. (cited on p. 29, 94)

D. Butson and M. Rap¢ék, Perverse coherent extensions on Calabi-Yau threefolds and representations of coho-
mological Hall algebras, arXiv:2309.16582, 2023. (cited on p. 4)

W. Y. Chuang, T. Creutzig, D. E. Diaconescu, and Y. Soibelman, Hilbert schemes of nonreduced divisors in
Calabi-Yau threefolds and W-algebras, Eur. J. Math. 7 (2021), no. 3, 807-868. (cited on p. 3)

T. Cramer, Double Hall algebras and derived equivalences, Adv. Math. 224 (2010), no. 3, 1097-1120. (cited on
p.7)

W. Crawley-Boevey and M. P. Holland, Noncommutative deformations of Kleinian singularities, Duke Math.
J. 92 (1998), no. 3. (cited on p. 89)

B. Davison, Affine BPS algebras, W-algebras and the cohomological Hall algebra of A2, arXiv:2209.05971,
2022. (cited on p. 3)

, The integrality conjecture and the cohomology of preprojective stacks, ]J. Reine Angew. Math. 804
(2023), 105-154. (cited on p. 33, 81)

, Purity and 2-Calabi-Yau categories, Invent. Math. 238 (2024), no. 1, 69-173. (cited on p. 27)

B. Davison and S. Meinhardt, Cohomological Donaldson-Thomas theory of a quiver with potential and quantum
enveloping algebras, Invent. Math. 221 (2020), no. 3, 777-871. (cited on p. 4)

S. De Hority, Affinizations of Lorentzian Kac-Moody Algebras and Hilbert Schemes of Points on K3 Surfaces,
arXiv:2007.04953, 2020. (cited on p. 4, 10)

, Elliptic surfaces and Lie superalgebras, arXiv:2311.00349, 2023. (cited on p. 4, 10)

D.-E. Diaconescu, M. Porta, and F. Sala, Cohomological Hall algebras and their representations via torsion
pairs, arXiv:2207.08926, 2022. (cited on p. 7,9, 13, 14, 15, 18, 19, 26, 27, 30, 33, 82, 113, 121)

, McKay correspondence, cohomological Hall algebras and categorification, Represent. Theory 27 (2023),
933-972. (cited on p. 88, 90, 97, 99, 100)

D.-E. Diaconescu, M. Porta, F. Sala, O. Schiffmann, and E. Vasserot, Cohomological Hall algebras of one-
dimensional sheaves on surfaces: Foundations, 2025 (available at: 1ink). (cited on p. 1, 3, 5, 14, 18, 19, 26, 27,
107,108, 114, 116, 121, 122, 136)

D.-E. Diaconescu, M. Porta, E. Sala, O. Schiffmann, and E. Vasserot, Cohomological Hall algebras of one-
dimensional sheaves on surfaces: Amalgamation and PBW-type theorems, 2025 (available at: 1ink). (cited on
p-3,5)

V. G. Drinfel’d, Degenerate affine Hecke algebras and Yangians, Funktsional. Anal. i Prilozhen. 20 (1986),
no. 1, 69-70. (cited on p. 36)



https://arxiv.org/abs/2312.14008
https://arxiv.org/abs/2309.16582
https://arxiv.org/abs/2209.05971
https://arxiv.org/abs/2007.04953
https://arxiv.org/abs/2311.00349
https://arxiv.org/pdf/2207.08926.pdf
https://web.dm.unipi.it/sala/assets/pdf/COHA_Foundations.pdf
https://web.dm.unipi.it/sala/assets/pdf/COHA_Amalgamation.pdf

[Dri87]
[DK19]

[FG20]
[FW05]

[GKV95]
[GSV83]
[Gro96]
[Gua07]
[GNW18]
[GRW19]
[HMMS22]
[Hen24]
[HHR24]
[Her05]
[HW23]
[HL10]
[TU05]
[IR08]
[Jin24]
[KV00]
[KV23]

[Kas84]

[Kha19]
[Kha21]
[Kod19a]
[Kod19b]
[Kod21]
[KS11]
[Leh99]

[Lew?24]
[LY20]

[LS10]

COHOMOLOGICAL HALL ALGEBRAS AND YANGIANS 147

, A new realization of Yangians and of quantum affine algebras, Dokl. Akad. Nauk SSSR 296 (1987),
no. 1, 13-17. (cited on p. 36)

T. Dyckerhoff and M. Kapranov, Higher Segal spaces, Lecture Notes in Mathematics, vol. 2244, Springer,
Cham, 2019. (cited on p. 13)

B. Feigin and S. Gukov, VOA[M,], J. Math. Phys. 61 (2020), no. 1, 012302, 27. (cited on p. 4)

M. Franz and A. Weber, Weights in cohomology and the Eilenberg-Moore spectral sequence, Ann. Inst. Fourier
(Grenoble) 55 (2005), no. 2, 673-691. (cited on p. 145)

V. Ginsburg, M. Kapranov and E. Vasserot, Langlands reciprocity for algebraic surfaces, Math. Res. Lett. 2
(1995), no. 2, 147-160. (cited on p. 4)

G. Gonzalez-Sprinberg and J.-L. Verdier, Construction géométrique de la correspondance de McKay, Ann.
Sci. Ecole Norm. Sup. (4) 16 (1983), no. 3, 409449 (1984). (cited on p. 89)

1. Grojnowski, Instantons and affine algebras. 1. The Hilbert scheme and vertex operators, Math. Res. Lett. 3
(1996), no. 2, 275-291. (cited on p. 2, 3)

N. Guay, Affine Yangians and deformed double current algebras in type A, Adv. Math. 211 (2007), no. 2,
436-484. (cited on p. 36, 72, 73)

N. Guay, H. Nakajima, and C. Wendlandt, Coproduct for Yangians of affine Kac-Moody algebras, Adv. Math.
338 (2018), 865-911. (cited on p. 41)

N. Guay, V. Regelskis, and C. Wendlandt, Vertex representations for Yangians of Kac-Moody algebras, J. Ec.
polytech. Math. 6 (2019), 665-706. (cited on p. 36, 72, 74,75, 78)

T. Hausel, A. Mellit, A. Minets, and O. Schiffmann, P = W via H,, arXiv:2209.05429, 2022. (cited on
p-4)

L. Hennecart, Geometric realisations of the unipotent enveloping algebra of a quiver, Adv. Math. 441 (2024),
Paper No. 109536, 59. (cited on p. 49, 55, 130)

B. Hennion, J. Holstein, and M. Robalo, Gluing invariants of Donaldson-Thomas type Part I: the Darboux
stack, arXiv:2407.08471, 2024. (cited on p. 122)

D. Hernandez, Representations of quantum affinizations and fusion product, Transform. Groups 10 (2005),
no. 2, 163-200. (cited on p. 39)

Y. Hirano and M. Wemyss, Stability conditions for 3-fold flops, Duke Math. J. 172 (2023), no. 16, 3105-3173.
(cited on p. 97)

D. Huybrechts and M. Lehn, The geometry of moduli spaces of sheaves, second ed., Cambridge Mathemati-
cal Library, Cambridge University Press, Cambridge, 2010. (cited on p. 98)

A. Ishii and H. Uehara, Autoequivalences of derived categories on the minimal resolutions of A,-singularities
on surfaces, J. Differential Geom. 71 (2005), no. 3, 385-435. (cited on p. 96, 97)

O. Iyama and I. Reiten, Fomin-Zelevinsky mutation and tilting modules over Calabi-Yau algebras, Amer. J.
Math. 130 (2008), no. 4, 1087-1149. (cited on p. 94, 95)

S. Jindal, CoHA of Cyclic Quivers and an Integral Form of Affine Yangians, arXiv:2408.02618, 2024. (cited on
p-8)

M. Kapranov and E. Vasserot, Kleinian singularities, derived categories and Hall algebras, Math. Ann. 316
(2000), no. 3, 565-576. (cited on p. 6)

, The cohomological Hall algebra of a surface and factorization cohomology, J. Eur. Math. Soc. JEMS) 25
(2023), no. 11, 4221-4289. (cited on p. 3, 4, 5, 26)

C. Kassel, Kihler differentials and coverings of complex simple Lie algebras extended over a commutative algebra,
Proceedings of the Luminy conference on algebraic K-theory (Luminy, 1983), vol. 34, 1984, pp. 265-275.
(cited on p. 75)

A. A. Khan, Virtual fundamental classes of derived stacks I, arXiv:1909.01332, 2019. (cited on p. 107, 117,
140, 141, 143)

, Voevodsky'’s criterion for constructible categories of coefficients, available on the author’s webpage:
link, 2021. (cited on p. 107)

R. Kodera, Affine Yangian action on the Fock space, Publ. Res. Inst. Math. Sci. 55 (2019), no. 1, 189-234.
(cited on p. 36, 37, 73)

, Braid group action on affine Yangian, SSIGMA Symmetry Integrability Geom. Methods Appl. 15
(2019), Paper No. 020, 28. (cited on p. 41, 42)

, On Guay'’s evaluation map for affine Yangians, Algebr. Represent. Theory 24 (2021), no. 1, 253-267.
(cited on p. 36,72, 73)

M. Kontsevich and Y. Soibelman, Cohomological Hall algebra, exponential Hodge structures and motivic
Donaldson-Thomas invariants, Commun. Number Theory Phys. 5 (2011), no. 2, 231-352. (cited on p. 4)
M. Lehn, Chern classes of tautological sheaves on Hilbert schemes of points on surfaces, Invent. Math. 136
(1999), no. 1, 157-207. (cited on p. 3)

S. Lewis, Real variations of stability on K3 categories, arXiv:2407.07621, 2024. (cited on p. 30)

W. Li and M. Yamazaki, Quiver Yangian from crystal melting, J. High Energy Phys. (2020), no. 11, 035, 124.
(cited on p. 4, 10)

A. M. Licata and A. Savage, Vertex operators and the geometry of moduli spaces of framed torsion-free sheaves,
Selecta Math. (N.S.) 16 (2010), no. 2, 201-240. (cited on p. 3)



https://arxiv.org/abs/2209.05429
https://arxiv.org/abs/2407.08471
https://arxiv.org/pdf/2408.02618.pdf
https://arxiv.org/pdf/1909.01332.pdf
https://www.preschema.com/papers/six.pdf
http://arxiv.org/abs/2407.07621

148

[Lus91]
[Lus92]
[Lus93]
[Lus98]
[Mac03]
[MO19]
[MMSV23]
[Min20]
[MRY90]
[Nak94]

[Nak96]
[Nak97]

[Nak99]
[Nak01]

[Nak03]

[Neg22a]
[Neg22b]

[Neg23]
[NSS25]

[PTVV13]
[PS23]
[PY24]
[RSYZ20]
[RSYZ23]
[S520]
[Schi2a]
[Sch12b]
[Schi2c]
[Sch16]
[SV12]
[SV13a]
[SV13b]

[SV17]

D.-E. DIACONESCU, M. PORTA, F. SALA, O. SCHIFFMANN, AND E. VASSEROT

G. Lusztig, Quivers, perverse sheaves, and quantized enveloping algebras, ]. Amer. Math. Soc. 4 (1991), 365
421. (cited on p. 52)

, Affine quivers and canonical bases, Inst. Hautes Etudes Sci. Publ. Math. (1992), no. 76, 111-163.
(cited on p. 122)

—, Introduction to quantum groups, Progress in Mathematics, Birkhduser Boston, Inc., 1993. (cited on
p-51)

, Canonical bases and Hall algebras, Representation theories and algebraic geometry (Montreal, PQ,
1997), Kluwer Academic Publishers Group, 1998, pp. 365-399. (cited on p. 51, 52)

1. G. Macdonald, Affine Hecke algebras and orthogonal polynomials, Cambridge Tracts in Mathematics, vol.
157, Cambridge University Press, Cambridge, 2003. (cited on p. 71)

D. Maulik and A. Okounkov, Quantum groups and quantum cohomology, Astérisque (2019), no. 408,
ix+209. (cited on p. 3, 4, 9, 36, 67)

A. Mellit, A. Minets, O. Schiffmann, and E. Vasserot, Coherent sheaves on surfaces, COHAs and deformed
Wi o-algebras, arXiv:2311.13415, 2023. (cited on p. 2, 3, 116)

A. Minets, Cohomological Hall algebras for Higgs torsion sheaves, moduli of triples and sheaves on surfaces,
Selecta Math. (N.S.) 26 (2020), no. 2, Paper No. 30, 67. (cited on p. 3, 4)

R. V. Moody;, S. E. Rao, and T. Yokonuma, Toroidal Lie algebras and vertex representations, Geom. Dedicata
35 (1990), no. 1-3, 283-307. (cited on p. 77)

H. Nakajima, Instantons on ALE spaces, quiver varieties, and Kac-Moody algebras, Duke Math. J. 76 (1994),
no. 2, 365-416. (cited on p. 4)

, Instantons and affine Lie algebras, Nuclear Phys. B Proc. Suppl. 46 (1996), 154-161. (cited on p. 4)
, Heisenberg algebra and Hilbert schemes of points on projective surfaces, Ann. of Math. (2) 145 (1997),
no. 2, 379-388. (cited on p. 2, 3)

, Lectures on Hilbert schemes of points on surfaces, University Lecture Series, vol. 18, American
Mathematical Society, Providence, RI, 1999. (cited on p. 2, 3, 126)

, Quiver varieties and finite-dimensional representations of quantum affine algebras, J. Amer. Math. Soc.
14 (2001), no. 1, 145-238. (cited on p. 45)

, Convolution on homology groups of moduli spaces of sheaves on K3 surfaces, Vector bundles and
representation theory (Columbia, MO, 2002), Contemp. Math., vol. 322, Amer. Math. Soc., Providence,
RI, 2003, pp. 75-87. (cited on p. 4, 10)

A. Negut, W-algebras associated to surfaces, Proc. Lond. Math. Soc. (3) 124 (2022), no. 5, 601-679. (cited on
p- 10)

, Hecke correspondences for smooth moduli spaces of sheaves, Publ. Math. Inst. Hautes Etudes Sci. 135
(2022), 337—418. (cited on p. 3)

, AGT relations for sheaves on surfaces, Geom. Topol. 27 (2023), no. 8, 3061-3094. (cited on p. 10)
A.Negut, F. Sala, and O. Schiffmann, Shuffle algebras for quivers as quantum groups, Math. Ann. 391 (2025),
no. 2, 2981-3021. (cited on p. 8, 37, 44)

T. Pantev, B. Toén, M. Vaquié, and G. Vezzosi, Shifted symplectic structures, Publ. Math. Inst. Hautes
Etudes Sci. 117 (2013), 271-328. (cited on p. 122)

M. Porta and F. Sala, Two-dimensional categorified Hall algebras, J. Eur. Math. Soc. (JEMS) 25 (2023), no. 3,
1113-1205. (cited on p. 12, 13, 26, 27, 80, 124, 130)

M. Porta and T. Y. Yu, Non-archimedean quantum K-invariants, Ann. Sci. Ec. Norm. Supér. (4) 57 (2024),
no. 3, 713-786. (cited on p. 129, 140, 141, 142, 143, 144)

M. Rap¢dk, Y. Soibelman, Y. Yang, and G. Zhao, Cohomological Hall algebras, vertex algebras and instantons,
Comm. Math. Phys. 376 (2020), no. 3, 1803-1873. (cited on p. 3)

, Cohomological Hall algebras and perverse coherent sheaves on toric Calabi-Yau 3-folds, Commun.
Number Theory Phys. 17 (2023), no. 4, 847-939. (cited on p. 4)

F. Sala and O. Schiffmann, Cohomological Hall algebra of Higgs sheaves on a curve, Algebr. Geom. 7 (2020),
no. 3, 346-376. (cited on p. 3, 4, 9, 43, 108)

O. Schiffmann, Lectures on canonical and crystal bases of Hall algebras, Geometric methods in representation
theory. II, Société Mathématique de France, 2012, pp. 143-259. (cited on p. 46, 52, 54, 122, 129, 130, 131)
, Lectures on Hall algebras, Geometric methods in representation theory. II, Société Mathématique
de France, 2012, pp. 1-141. (cited on p. 7, 50, 51)

__, On the Hall algebra of an elliptic curve, 11, Duke Math. J. 161 (2012), no. 9, 1711-1750. (cited on
p. 130)

, Indecomposable vector bundles and stable Higgs bundles over smooth projective curves, Ann. of Math.
(2) 183 (2016), no. 1, 297-362. (cited on p. 125)

O. Schiffmann and E. Vasserot, Hall algebras of curves, commuting varieties and Langlands duality, Math.
Ann. 353 (2012), no. 4, 1399-1451 (cited on p. 4)

, The elliptic Hall algebra and the K-theory of the Hilbert scheme of A2, Duke Math. J. 162 (2013), no. 2,
279-366. (cited on p. 4)

, Cherednik algebras, W-algebras and the equivariant cohomology of the moduli space of instantons on
A?, Publ. Math. Inst. Hautes Etudes Sci. 118 (2013), 213-342. (cited on p- 3,4, 26)

, On cohomological Hall algebras of quivers: Yangians, arXiv:1705.07491, 2017. (cited on p. 4, 67)



http://arxiv.org/abs/2311.13415
https://arxiv.org/abs/1705.07491

COHOMOLOGICAL HALL ALGEBRAS AND YANGIANS 149

[SV20] , On cohomological Hall algebras of quivers: Generators, J. Reine Angew. Math. 760 (2020), 59-132.
(cited on p. 4, 24, 26, 27, 28, 33, 34, 45, 46, 57, 67,78, 81, 109)

[SV23] , Cohomological Hall algebras of quivers and Yangians, arXiv:2312.15803, 2023. (cited on p. 4, 67)

[STV15] T. Schiirg, B. Toén, and G. Vezzosi, Derived algebraic geometry, determinants of perfect complexes, and ap-
plications to obstruction theories for maps and complexes, J. Reine Angew. Math. 702 (2015), 1-40. (cited on
p. 26,32)

[STO1] P. Seidel and R. Thomas, Braid group actions on derived categories of coherent sheaves, Duke Math. J. 108
(2001), no. 1, 37-108. (cited on p. 94)

[SY13] Y. Sekiya and K. Yamaura, Tilting theoretical approach to moduli spaces over preprojective algebras, Algebr.
Represent. Theory 16 (2013), no. 6, 1733-1786. (cited on p. 24, 29, 30, 33, 91)

[SVdB99] B. Sevenhant and M. Van den Bergh, On the double of the Hall algebra of a quiver, ]. Algebra 221 (1999),
no. 1, 135-160. (cited on p. 51)

[Sim94] C. Simpson, Moduli of representations of the fundamental group of a smooth projective variety. 11, Inst. Hautes
Ftudes Sci. Publ. Math. (1994), no. 80, 5-79 (1995). (cited on p- 130)

[TVa07] B. Toén and M. Vaquié, Moduli of objects in dg-categories, Ann. Sci. Ecole Norm. Sup. (4) 40 (2007), no. 3,
387-444. (cited on p. 14)

[TV08a] B. Toén and G. Vezzosi, Homotopical algebraic geometry. II. Geometric stacks and applications, Mem. Amer.
Math. Soc. 193 (2008), no. 902, x+224. (cited on p. 122)

[Tsy17] A. Tsymbaliuk, Classical limits of quantum toroidal and affine Yangian algebras, J. Pure Appl. Algebra 221
(2017), no. 10, 2633-2646. (cited on p. 74)

[VdB04] M. Van den Bergh, Three-dimensional flops and noncommutative rings, Duke Math. J. 122 (2004), no. 3,
423-455. (cited on p. 6, 10, 11, 87, 88, 89, 90)

[Var00] M. Varagnolo, Quiver varieties and Yangians, Lett. Math. Phys. 53 (2000), no. 4, 273-283. (cited on p. 36,
47,57,59,72,73)

[VVv22] M. Varagnolo and E. Vasserot, K-theoretic Hall algebras, quantum groups and super quantum groups, Selecta
Math. (N.S.) 28 (2022), no. 1, Paper No. 7, 56. (cited on p. 8, 26, 27)

[Wem11] M. Wemyss, The GL(2,C) McKay correspondence, Math. Ann. 350 (2011), no. 3, 631-659. (cited on p. 10,
89)

[XY01] J. Xiao and S. Yang, BGP-reflection functors and Lusztig's symmetries: a Ringel-Hall algebra approach to quan-
tum groups, ]. Algebra 241 (2001), no. 1, 204-246. (cited on p. 51)

[YZ18a] Y. Yang and G. Zhao, The cohomological Hall algebra of a preprojective algebra, Proc. Lond. Math. Soc. (3)
116 (2018), no. 5, 1029-1074. (cited on p. 4, 46)

[YZ18b] , Cohomological Hall algebras and affine quantum groups, Selecta Math. (N.S.) 24 (2018), no. 2, 1093

1119. (cited on p. 57, 64)

[Yos10] K. Yoshioka, An action of a Lie algebra on the homology groups of moduli spaces of stable sheaves, Algebraic
and arithmetic structures of moduli spaces (Sapporo 2007), Adv. Stud. Pure Math., vol. 58, Math. Soc.
Japan, Tokyo, 2010, pp. 403-459. (cited on p. 4, 10)

, Perverse coherent sheaves and Fourier-Mukai transforms on surfaces, 1, Kyoto J. Math. 53 (2013),
no. 2, 261-344. (cited on p. 88)

[Zha21] Y. Zhao, On the K-theoretic Hall algebra of a surface, Int. Math. Res. Not. IMRN 2021, no. 6, 4445-4486.
(cited on p. 3, 4)

[Yos13]

(Duiliu-Emanuel Diaconescu) NEW HIGH ENERGY THEORY CENTER - SERRIN BUILDING, RUTGERS, THE STATE UNI-
VERSITY OF NEW JERSEY, 126 FRELINGHUYSEN RD., PISCATAWAY, NJ 08854-8019, USA

Email address: duiliu@physics.rutgers.edu

(Mauro Porta) INSTITUT DE RECHERCHE MATHEMATIQUE AVANCEE (IRMA), UNIVERSITE DE STRASBOURG, FRANCE
AND INSTITUT UNIVERSITAIRE DE FRANCE (IUF)

Email address: porta@math.unistra.fr

(Francesco Sala) UNIVERSITA DI P1sA, DIPARTIMENTO DI MATEMATICA, LARGO BRUNO PONTECORVO 5, 56127 PISA
(PI), ITALY


https://arxiv.org/abs/2312.15803
mailto:duiliu@physics.rutgers.edu
mailto:porta@math.unistra.fr

150 D.-E. DIACONESCU, M. PORTA, F. SALA, O. SCHIFFMANN, AND E. VASSEROT

KAvLI IPMU (WPI), UTIAS, THE UNIVERSITY OF TOKYO, KASHIWA, CHIBA 277-8583, JAPAN

Email address: francesco.sala@unipi.it

(Olivier Schiffmann) LABORATOIRE DE MATHEMATIQUES D’ORSAY, UNIVERSITE DE PARIS-SUD PARIS-SACLAY, BAT.
425,91405 OrRSAY CEDEX, FRANCE, UMR8628 (CNRS), AND SIMION STOILOW INSTITUTE OF MATHEMATICS, BUCHAREST,
ROMANIA

Email address: olivier.schiffmann@universite-paris-saclay.fr
(Eric Vasserot) UNIVERSITE DE PARIS, 75013 PARIS, FRANCE, UMR7586 (CNRS) AND INSTITUT UNIVERSITAIRE DE
FRANCE (IUF)

Email address: eric.vasserot@imj-prg.fr


mailto:francesco.sala@unipi.it
mailto:olivier.schiffmann@universite-paris-saclay.fr
mailto:eric.vasserot@imj-prg.fr

	Introduction
	Part I. Variation of t-structures and 2-dimensional Cohomological Hall algebras
	I.1. Slicings
	I.2. 2-Segal derived stack of flat objects
	I.3. The limiting 2-Segal stack
	I.4. Stabilization and comparison

	Part II. COHAs of quivers, reflection functors, Yangians, and braid group actions
	II.1. Lie theory associated to quivers
	II.2. The nilpotent cohomological Hall algebra of a quiver
	II.3. Derived reflection functors and cohomological Hall algebras of quivers
	II.4. Yangians
	II.5. Braid group action on the Yangian
	II.6. Relation between the Yangian and the nilpotent COHA of the quiver
	II.7. Compatibility between braid group action and derived reflection functors
	II.8. Appendix: Sign twists of algebras

	Part III. COHA of a minimal resolution of a Kleinian singularity and affine Yangians
	III.1. Lie theory of affine ADE quivers
	III.2. Yangians of affine ADE quivers
	III.3. Quotients of the Yangian and of the COHA of an affine ADE quiver
	III.4. Perverse coherent sheaves on resolutions of ADE singularities
	III.5. Braid group actions on Dbps(Coh(X))
	III.6. Semistability and braid group action
	III.7. Limit of affine Yangians and COHA of an ADE surface
	III.8. Some explicit computations of fundamental classes
	III.9. Appendix: Proof of Proposition III.2.8
	III.10. Appendix: Proof of Proposition III.7.19
	III.11. Appendix: Purity and formality
	References


