
MINIMAL PERIODIC FOAMS WITH FIXED INRADIUS
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Abstract. In this note we show existence and regularity of periodic tilings of the Euclidean
space into equal cells containing a ball of fixed radius, which minimize either the classical
or the fractional perimeter. We also discuss some qualitative properties of minimizers in
dimensions 3 and 4.
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1. Introduction

An important question, which has been considered since ancient times, is finding a partition
of R2 into cells of equal area and with minimal perimeter, see [29]. This problem was eventually
solved by Hales in [19], who proved that the hexagonal honeycomb is the unique minimizer.
The analogous problem in dimension N ≥ 3 is commonly known as Kelvin problem; the
name comes from a famous conjecture due to Lord Kelvin [35], who claimed that in a tiling
of R3 with cells of unit volume, the region with minimal surface area is given by a slightly
modified truncated octahedron, also called Kelvin cell or tetrakaidecahedron. This conjecture
was recently disproved by Weaire and Phelan, see in [37] and the discussion in Section 5.1.
The Kelvin problem remains open for every N ≥ 3, even if one restricts to lattice tilings, that
is, to periodic partitions where all the cells are equal and given by a fundamental domain of
a lattice. The counterexample by Weaire and Phelan does not apply to this case, so that the
Kelvin foam could be a minimizer in R3.

We notice that the lattice periodic Kelvin problem and, more generally, the isoperimetric
problem for fundamental domains of a closed manifold, has been considered in the literature,
starting from the paper [14], see also [27]. The concentration compactness argument for infinite
partitions has been exploited in [12,31,32], whereas general perimeter functionals of local and
nonlocal type have been considered in [11–13], see also [30] for a variant without periodicity.
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In this note we consider an isoperimetric problem which is related to the lattice periodic
Kelvin problem. In particular we fix a perimeter functional, which is the classical perimeter
or the fractional perimeter, and we show existence of periodic partitions of RN in equals cells
with minimal perimeter, under the constraint that each cell contains a ball of fixed radius. We
prove that this problem admits always a solution, by combining a concentration compactness
argument (see [1, 25]), and a compactness theorem for lattices due to Mahler, see [26]. We
provide also some basic regularity property for the minimizers, based on the observation that
the partition of the space generated by a minimal cell is locally (almost) minimizing the
perimeter, up to compact sufficiently small perturbations, see Section 4.

The problem we study in this note has been considered in dimension N = 3, restricting the
class of admissible cells to parallelohedra, that is, adding a convexity constraint, see [3,4,23].
The identification of the shape of the solution is still open, but in this direction Bezdek, see
[3,4,6] stated the Rhombic Dodecahedral Conjecture: the perimeter of Voronoi cells associated
to a lattice packing of spheres of radius 1 in R3 is at least that of a rhombic dodecahedron.
Recall that the rhombic dodecahedron is the Voronoi cell of the face-centered cubic lattice.
A proof of this conjecture is still missing, though in [6] it is shown that the rhombic dodec-
ahedron is a local minimizer for this problem, up to local perturbations of the face-centered
cubic lattice. Moreover Hales showed in [19] that the perimeter of Voronoi cell associated
to a packing of spheres of radius 1 in R3 is always bigger than the perimeter of the regular
dodecahedron, which however is not a parallelohedron (so it is not a Voronoi cell).

Nonetheless the rhombic dodecahedron cannot be a solution of our isoperimetric problem,
since it does not satisfy the necessary Plateau’s conditions for local minimality, see Proposition
5.1. So, apart from the dimensionN = 2, the problem of identifying the shape of the minimizer
remains open, even if one may formulate some conjectures, at least in dimension N = 3, 4, see
Sections 5.1, 5.2.

Eventually we mention a natural extension of our problem, dropping the periodicity con-
dition, which is briefly discussed in [4, p. 25], where the author poses the following question:
if the Euclidean 3-space is partitioned into cells each containing a unit ball, how should the
shapes of the cells be designed to minimize the average surface area of the cells?
He also observes that the regular rhombic dodecahedron is not a solution of this general
problem (see the discussion in Section 5.1).

The paper is organized as follows. In Section 2 we recall the basic definitions and properties
of lattices in RN and we provide some important examples. Section 3 contains the main result
of the paper, that is the existence of the solution of the isoperimetric problem, whereas in
Section 4 we provide some regularity properties of the solution. Finally Sections 5.1 and 5.2
are devoted to a discussion of the case of dimensions N = 3 and N = 4 respectively.

Acknowledgements. The first author was supported by the PRIN Project 2022W58BJ5;
the second author was supported by the PRIN 2022 Project 2022E9CF89 and by the MUR
Excellence Department Project awarded to the Department of Mathematics of the University
of Pisa. The authors are members of INDAM-GNAMPA.

2. Lattices

A lattice is a discrete subgroup G of (RN ,+) of rank N . The elements of G can be expressed
as
∑
kivi, for a given basis (v1, . . . , vN ) of RN , with coefficients ki ∈ Z. Any two bases for

a lattice G are related by a matrix with integer coefficients and determinant equal to ±1.
Equivalently, every lattice can be viewed as a discrete group of isometries of RN .
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The absolute value of the determinant of the matrix of any set of generators vi of a lattice
is uniquely determined and it is equal to d(G) ∈ (0,+∞), which we call volume of the lattice
G. Equivalently, if we interpret G as a discrete group of isometries, d(G) coincides with the
volume of the quotient torus RN/G.

We recall this characterization of lattices, see [11,12].

Lemma 2.1. A closed subgroup G of (RN ,+) is discrete if and only if it does not contain a
line.

We let λ(G) > 0 be the minimal norm of the nonzero elements of G. In particular, for every
p, q ∈ G, there holds that |p − q| ≥ λ(G). Other important values associated to a lattice G
are its inradius ρG and its covering radius rG defined as

ρG := sup{r : ∀x 6= y ∈ G,Br(x) ∩Br(y) = ∅} =
λ(G)

2

rG := inf{r : G+Br = RN}.

The inradius is related to the problem of optimal packing of spheres, which can be stated
as follows: find the arrangement of non-overlapping identical spheres (of radius r) in RN
which maximizes the packing density, that is the proportion of space filled by the spheres.
A lattice arrangement is an arrangement of spheres centered at the points of the lattice and
with radius given by the inradius. The covering radius is related to the dual problem of
the optimal packing, that is finding the most economical way to cover the space RN with
overlapping spheres (of radius r). For more details on such problems we refer to the monograph
[16, Chapters 1,2]. We recall that in dimension 2 the arrangement of spheres which solves all
these problems is the regular hexagonal lattice arrangement, see Remark 2.8.

A lattice G is symmetric if it has a basis (v1, . . . , vN ) of RN of generators such that |vi| =
λ(G). It is clear that there exist non symmetric lattices, nonetheless it is always possible to
choose a reduced set of generators for lattices (see [26, Theorem 1]), as follows:

Lemma 2.2. There exists a dimensional constant CN such that every lattice G admits a set
of generators v1, . . . , vn with ΠN

i=1|vi| ≤ CNd(G).

In the following we present some examples of well known lattices (which are all symmetric).

Remark 2.3 (Root lattice and dual). The root lattice AN is a N dimensional lattice which
lies in the hypersurface

∑N+1
i=1 x1 = 0 of RN+1 It is defined as

AN = {z ∈ ZN+1,
∑
i

zi = 0}.

The minimal vectors are permutations of (1,−1, 0 . . . , 0) and the norm is
√

2, so the inradius
ρAN

=
√
2
2 .

The dual of the root lattice is A∗N defined as A∗N = ∪Ni=0AN + [i], where [i] ∈ Rn+1 has the
first N + 1 − i components equal to i

N+1 and the last i components equal to i
N+1 − 1. The

inradius of this lattice is ρA∗
N

= 1
2

√
N
N+1 .

Remark 2.4 (Checkboard lattice). The checkboard latticeDN is given by {z ∈ ZN ,
∑

i zi is even}.
It’s inradius is ρDN

=
√
2
2 . The covering radius is rDN

=
√
N
2 for N ≥ 4.
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When N = 8 the covering radius equal the minimum distance between two points of the
lattice, and it is possible to add another copy of the lattice, so for N ≥ 8 we define

D+
N = DN ∪

(
DN +

(
1

2
, . . . ,

1

2

))
.

For N = 8, this lattice is denoted by E8. The inradius is given by ρD+
N

=
√
2
2 .

Remark 2.5 (Leech lattice). The Leech lattice Λ24 is a lattice in R24, see [16, Chapter 4] for
the precise construction. Its inradius is 1. It is the lattice which optimizes the sphere packing
problem.

We recall the definition of fundamental domain of a lattice.

Definition 2.6 (Fundamental Domain). A fundamental domain for the action of G is a set
which contains almost all representatives for the orbits of G and such that the points whose
orbit has more than one representative has measure zero, i.e. a measurable set D ⊆ RN such
that |D + g ∩D| = 0 for every g ∈ G with g 6= id, and |RN \ (D +G)| = 0.
We will denote by DG the set of all fundamental domains of G.

If we fix a group G and consider convex fundamental domains associated to G, we
obtain the class of parallelohedra, which are centrally symmetric polyhedra tiling the space
by translations (see [28]), with at most 2(2N − 1) facets. A special parallelohedron associated
to the lattice G is its Voronoi cell, which is defined as

VG := {x ∈ RN : |x| ≤ |x− g| ∀g ∈ G, g 6= 0}.
The distance between the center and every facet of the Voronoi cell associated to a lattice
is at least equal to ρG, so in particular the Voronoi cell contains a ball of radius ρG. In a
symmetric lattice the facets of the Voronoi cell are all the same distance from the origin.

Observe that not every parallelohedron is a Voronoi cell. In dimension 2, two-dimensional
parallelohedra (parallelograms and centrally symmetric hexagons) are Voronoi cells if and only
if they are inscribed in a circle.

Remark 2.7. The permutahedron PN in RN+1 is a N -dimensional polytope given by the
convex envelope of the (N + 1)! points obtained by permutations of the coordinates of the
point (

−N
2
,−N

2
+ 1, . . . ,

N

2

)
.

It is contained in the hypersurface (1, . . . , 1)⊥, it is the Voronoi cell of the lattice A∗N , and has
exactly 2(2N − 1) facets.

Remark 2.8 (Hexagonal lattice in R2). The lattice A2 is equivalent to the hexagonal lattice,
whose Voronoi cell is the regular hexagon. The hexagonal lattice is generated by the vectors
(1, 0) and (−1/2,

√
3/2). In this form, the determinant is

√
3/2 and the norm is 1. So the

inradius is 1/2, whereas the covering radius is 1/
√

3.

Remark 2.9 (FCC and BCC lattices in R3). The checkboard lattice D3 is called FCC (face-
centered cubic) lattice, a family of generators is (−1,−1, 0), (1,−1, 0), (0, 1,−1). The volume
is 2, the norm is

√
2, and so the inradius is 1/

√
2 and the covering radius is 1. The Voronoi

cell of the FCC lattice is the rhombic dodecahedron. If centered at the origin it has 6 vertices
(±1, 0, 0) and 8 vertices (±1/2,±1/2,±1/2).
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The dual of the root lattice A∗3 is the BCC (body-centered cubic) lattice, a family of gen-
erators is (2, 0, 0), (0, 2, 0), (1, 1, 1). The volume is 4, the norm is

√
3 and so the inradius is√

3/2 and the covering radius is
√

5/2. The Voronoi cell of the BCC lattice is the truncated
octahedron. If centered at the origin it has 24 vertices (±1,±1/2, 0).

We introduce a notion of convergence of lattices see [10, 26]. Note that, if G is a lattice,
then for every compact subset K ⊂ RN , the set G ∩K is finite.

Definition 2.10. A sequence of lattices Gk converges to G if there exists for all k a set of
generators gik of Gk such that gik → gi, and gi is a set of generators of the lattice G.

A sequence of lattice Gk converges in the Kuratowski sense to Gi, if

G = {g ∈ RN | lim sup
i→+∞

d(g,Gi) = 0}.

Note that G is a closed subgroup of (RN ,+). Actually, the two notion of convergence are
equivalent, see [10, Section V.3, Theorem 1].

We recall the following compactness theorem for lattices due to Mahler [26, Theorem 2]
(see also [10, Chapter V]).

Theorem 2.11. Let Gi, i ∈ N, be a sequence of lattices and assume that there exist two
constants k, δ > 0 such that λ(Gi) ≥ δ > 0 for all i and d(Gi) = |RN/Gi| ≤ m for all i
and for some m ∈ (0,+∞). Then there exists a subsequence Gin and a lattice G such that
Gin → G, and λ(G) ≥ δ, d(G) ≤ m.

As a byproduct on this compactness theorem in [12, Lemma 3.7], see also [11, Theorem
2.10], it has been proved the following result.

Theorem 2.12. Let Gh be a sequence of lattices with d(Gh) ≤ m for every h and for some
m ∈ (0,+∞). Then, up to subsequences, Gh → G in the Kuratowski sense, where G is either
a lattice with d(G) ≤ m or a closed group which contains a line. In the second case, every
sequence Dh of fundamental domains for Gh converges to ∅ in L1

loc(RN ).

3. Existence of minimizers

We fix a general class of perimeter functionals Per(E) defined on measurable sets E ⊆ RN ,
which are of two possible types.

• Classical perimeter: for every measurable set E ⊆ RN , we define

(1) Per(E) =

∫
∂∗E

dHn−1(x)

where ∂∗E is the reduced boundary of E and ν(x) is the (measure theoretic) exterior
normal at E in x (see [25]).
• Fractional perimeter: let s ∈ (0, 1) and for every measurable set E ⊆ RN , we define

(2) Per(E) =

∫
E

∫
RN\E

1

|x− y|N+s
dxdy.

We fix a constant m > 0 and we introduce the following class of lattices

(3) Gm = {G lattice in RN , such that ρG = m}
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and moreover for a given lattice G ∈ Gm we consider the class of fundamental domains which
contain a ball of radius m:

(4) DmG = {D ∈ DG, such that ∃x ∈ D, |Bm(x) \D| = 0}
Note that this class is always not empty, since the Voronoi cell associated to a lattice G ∈ Gm
is in DmG .

First of all we observe that, for every fixed group G, every fundamental domain which
minimizes the classical perimeter in (1) is indecomposable.

Lemma 3.1. Let G be a lattice and E ∈ DG be a solution to the isoperimetric problem

inf
D∈DG

Per(D),

where Per is the classical perimeter. Then E is indecomposable.

Proof. Let E = ∪iEi where Ei are the indecomposable components of E (see [2]), and assume
by contradiction that there exists i such that |Ei| 6= 0 and |F | 6= 0 where F := ∪j 6=iEj .

Then for every g ∈ G, HN−1(∂∗Ei∩∂∗(F+g)) = 0, where ∂∗ denotes the reduced boundary
of a set (see [25]): if it were not the case for some g ∈ G, then Ei ∪ (F + g) would be a
fundamental domain with Per(Ei ∪ (F + g)) < Per(E). Let us consider the measurable sets
Ei + G = ∪g∈GEi + g and F + G = ∪g∈GF + g. We have that |(Ei + G) ∩ (F + G)| = 0,
|RN \ ((Ei+G)∪ (F +G))| = 0, |Ei+G|, |F +G| > 0 and HN−1(∂∗(Ei+G)∩∂∗(F +G)) = 0,
which is not possible. �

We now prove the following existence result.

Theorem 3.2. Let Per be a perimeter functional as in (1), (2). Then there exists a solution
of the isoperimetric problem

(5) inf
G∈Gm

inf
D∈Dm

G

Per(D).

Proof. The argument is divided in three steps.
Step 1: First of all we consider a fixed G ∈ Gm, as defined in (3) and we show that there
exists E ∈ DG such that

Per(E) = inf
D∈Dm

G

Per(D).

Observe that since G ∈ Gm, d(G) = dm > 0. The existence of a fundamental domain of
minimal perimeter for a fixed lattice has been obtained in [12, Theorem 3.2], with a concen-
tration compactness argument dating back to Almgren and by lower semicontinuity of the
perimeter functional (see [1] and the monograph [25]).

In particular given a minimizing sequence of fundamental domains Dk ∈ DmG , then there
exist gik ∈ G, for i ∈ I ⊆ N, and Ei ⊆ RN such that |gik − g

j
k| → +∞ if j 6= i as k → +∞, and

Dk + gik → Ei locally in L1 as k → +∞. Moreover ∪iEi ∈ DG: so | ∪i Ei| = |Dk| = dm and
Per(∪iEi) =

∑
i Per(Ei) = infD∈Dm

G
Per(D).

Step 2: We prove that E ∈ DmG (so it contains a ball of radius m).
If the perimeter functional is the fractional perimeter (2) then there exists a unique i such

that |Ei| 6= 0. This is an immediate consequence of the fact that Per(∪iEi) <
∑

i Per(Ei) if
there are at least two elements |Ei|, |Ej | 6= 0, and on the other hand by Step 1 we have that
Per(∪iEi) =

∑
i Per(Ei) (see [12, Remark 3.6]). Since Dk → Ei locally in L1 and |Dk| = |Ei|,

we conclude that actually the convergence is in L1(RN ), which implies that Ei ∈ DmG .
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If the perimeter functional is the local perimeter (1), by Lemma 3.1 E is indecomposable.
So Dk → E in L1(RN ), and we conclude as above.

Step 3: we minimize among all possible lattices G ∈ Gm.
Let us fix a minimizing sequence, that is a sequence of lattices Gn ∈ Gm and a sequence of

fundamental domains Dn ∈ DmGn
. So Per(Dn) ≤ infG∈Gm infD∈Dm

G
Per(D) + 1 := C, and by

the isoperimetric inequality this implies |Dn| ≤ K, and so d(Gn) ≤ K for every n. Moreover
by the constraint |Dn| ≥ |Bm| = mNωN .

By Theorem 2.12, ut to subsequences either Gn → G where d(G) ≤ K, or Dn → ∅ in L1
loc.

By the same argument of concentration compactness recalled in Step 1, see [12, Lemma
3.4], since Dn are measurable sets with |Dn| ≥ mNωN and Per(Dn) ≤ C, up to passing to
a subsequence, there exist zih ∈ ZN (i ∈ N, h ∈ N), with |zih − z

j
h| → +∞ as h → +∞ for

i 6= j, and a family (Di) of measurable sets in RN such that Dh − zih → Di in L1
loc(RN ) and∑

i |Di| = m. This implies that it is not possible that Dn → ∅ locally in L1, and so, up to a
subsequence, Gn → G where G is a lattice.

Then we proceed with a similar proof as in Step 1, see the details in [11, Lemma 3.1,
Theorem 1.2]. �

For a fundamental domain D associated to a lattice we can introduce the ratio

I(D) =
PerD

ρ2D
where ρD = max{r ≥ 0 : ∃x ∈ D, |D \B(x, r)| = 0}.

Note that problem (5) is equivalent to the following minimum problem:

(6) min
G lattice in R3

min
D∈DG

I(D).

Remark 3.3. The same result as Theorem 3.2 holds under a more general class of constraints.
Let us fix a nonnegative functional F defined on measurable sets, a constant m > 0 and

the following class

Gm = {G lattice in RN , such that ∃D ∈ DG,F(D) = m}.

The isoperimetric problem reads:

(7) inf
G∈Gm

inf
D∈DG,F(D)=m

Per(D).

The same argument as in the proof of Theorem 3.2 gives the existence of a solution to (7) f
we assume that F satisfies the following conditions:

• F is continuous in L1, that is if Ei → E in measure (that is χEi → χE in L1), then
F(Ei)→ F(E);
• F is nondegenerate in the sense that for any C > 0 there exists a constant k(C) = k > 0
such that if F(E) ≥ C for E ∈M, then |E| ≥ k.

The case of the inradius is obtained by considering

F(E) = sup{r > 0, such that |Br(x) \ E| = 0 for some x ∈ E}.

Another possible functional satisfying the previous assumptions is the Riesz energy (see [24]):

F(E) :=

∫
E

∫
E

1

|x− y|N−α
dxdy, for some α ∈ (0, N).
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4. Regularity

In order to study the regularity of the minimal fundamental domain we introduce the notion
of partitions.

Definition 4.1. A partition of RN is a collection of measurable subsets {Ek}k∈I, where I is
either a finite or a countable set of ordered indices, such that

(1) |Ek| > 0 for all k,
(2) |Ek ∩ Ej | = 0 for all k 6= j,
(3) |RN \ ∪kEk| = 0.

A fundamental domain D of a lattice G naturally induces the G-periodic partition {Eg}g∈G,
where Eg = gD. Moreover if D is bounded, then the associated partition is locally finite.

Definition 4.2. We say that a partition {Ek}k is Λ-minimal in an open set A ⊂ RN , for
some Λ ≥ 0, if

∑
k Per(Ek, A) < +∞ and∑

k

Per(Ek, A) ≤
∑
k

[
Per(Fk, A) + Λµ(Ek∆Fk)

]
,

for every partition {Fk}k of X such that Ek∆Fk b A for all k.
We say that the partition is (Λ, r)-minimal (see [25]) for some Λ ≥ 0 and r > 0, if it is
Λ-minimal in Br(x) for all x ∈ RN .

Theorem 4.3. Let D be a solution to (5) with ρG = 1 and B ⊂ D is the ball of radius 1.
Then the partition D +G is (Λ, r)-minimal in RN \ (B +G) for every r ≤ r0 < 1 = ρG, with
Λ = 0 in the case of the local perimeter, and Λ = ωN

s(2−2r0)s =
∫
|h|>2−2r0 |h|

−s−Ndh, in the case
of the nonlocal perimeter.

Then, there exists a closed singular set Σ 6= ∅ with HN−1(Σ) = 0, such that ∂D \ Σ is a
C1, 1+s

2 hypersurface, where s ∈ (0, 1) is the order of the fractional perimeter in the case (2)
and s = 1 in the case of local perimeter (1).

Proof. The first part of the statement follows the same argument of the proof of (Λ, r)-
minimality in RN of partitions associated to fundamental domains with minimal perimeter
(without assuming the constraint on the inradius), given in [12, Proposition 4.1].

As for the regularity of the boundary of D, we may refer to classical regularity results
about (local) minimal surfaces with obstacles [8, 21], whereas for nonlocal minimal surfaces
with obstacle we refer to [9, Theorem 1.2]. �

5. Comparison with other tilings

5.1. The rhombic dodecahedral honeycomb and the Kelvin foam in R3. In this
section we consider the isoperimetric problem (5) for the classical perimeter in dimension
N = 3. A restricted version of this isoperimetric problem has been already discussed in
the literature, by considering as admissible competitors only convex fundamental domains
containing a ball of given radius. In particular in [4, 6] (see also [23]) it has been posed the
problem of finding the parallelohedron with minimal perimeter containing a ball of radius 1,
stating the following conjecture:
Rhombic Dodecahedral Conjecture: The perimeter of any parallelohedron containing a
ball of radius 1 is at least that of a regular rhombic dodecahedron.
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Going back to our problem, the first observation is that the regular rhombic dodecahedron
cannot be a solution.

Proposition 5.1. The regular rhombic dodecahedron is not a solution to (5) in dimension
N = 3 with the standard perimeter.

Proof. Let D be a solution of the isoperimetric problem (5) for the standard perimeter and
inradius 1 in dimension N = 3. Let us fix x ∈ RN and r < 1 = ρG and consider the partition
D+G inside a ball Br(x). By Theorem 4.3, this partition inside the ball is locally minimal for
the perimeter and so either it is empty or a minimal cone in R3. The complete classification of
minimal singular cones is available in dimensions 3 (see [34]): three half-hyperplanes meeting
at 120 degrees or the cone over the 1-skeleton of a tetrahedron. So every minimal cone either
is an hyperplane or has to coincide with one of the previous singular cones: these necessary
conditions for minimality are called Plateau’s conditions.

Regular rhombic dodecahedron has two types of vertices which are threefold and fourfold.
If we look at the partition generated by a regular rhombic dodecahedron inside a ball Br(x)
with r < 1 and x ∈ RN one of the fourfold vertices, we obtain a cone with more than 4
chambers, so it cannot coincide with any of the previous configurations. On the other hand
if x is one of the threefold vertices, we obtain the cone over the 1-skeleton of a cube, which
again is not minimal. So regular rhombic dodecahedron cannot be minimal. �

Remark 5.2. The same argument as in Proposition 5.1 shows that the solution to (5) cannot
be a parallelohedron, since parallelohedra never satisfy Plateau’s conditions at vertices and
edges.

Besides the regular rhombic dodecahedral honeycomb there is another important structure
arising in the Kelvin problem, which is the variational problem corresponding to the surface
minimizing partition into cells of equal volume [35].

The construction of Lord Kelvin in [35] produces a partition of the space which is a critical
point for the Kelvin problem. As describes in detail in [37, Section 7], Lord Kelvin first
considered the partition generated by the regular rhombic dodecahedron, which as shown in
Proposition 5.1 cannot be a local minimizer. The idea was then to substitute the partition
locally around any fourfold vertex with the Plateau minimal partition with boundary given
by the 1-skeleton of a cube. This introduces a new flat facet with four curved edges, which
may be directed along any of the three cubic axes (and one may choose the same cubic axis
for all of them). So he was attaching many copies of Plateau’s wire cube together, edge to
edge and in the rhombohedral cell a square face is introduced at the top and bottom and
new horizontal edges appear at the four fourfold vertices that lie on the equator. These are
the edges of square faces belonging to adjacent cells. The resulting cell, that we may call
anisotropic Kelvin cell, is a candidate structure which satisfies Plateau’s conditions and is
a fundamental domain for the FCC lattice, like the regular rhombic dodecahedron.

Since this cell is not isotropic, Lord Kelvin further modified it by changing the ratio between
the axis in the Plateau’s wire cube, taking as a boundary to construct the minimal surface a
parallelepiped and not a cube. By varying this ratio from 1 to 1/

√
2 he obtained an isotropic

cell, that we call Kelvin cell TK . This cell actually is space filling when centered at the
points of the BCC lattice, even if it is not the Voronoi cell of such lattice (which is the regular
truncated octahedron): in particular it is a fundamental domain of the BCC lattice and it
contains a ball of radius less or equal to the ball contained in the regular truncated octahedron
of the same volume. Indeed it can be also obtained as a small deformation of the faces of
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the regular truncated octahedron, see [33] for a description of this construction, and it has six
planar quadrilateral faces and eight nonplanar hexagons of zero curvature. If we denote with
T the truncated octahedron we get that

ρTK ≤ ρT
and so

(8) I(TK) ≥ I(T )
Per(TK)

Per(T )
∼ 0.998 I(T ),

by using the computation of the ratio between the perimeter of the Kelvin cell and of the
regular truncated octahedron obtained in [33].

Proposition 5.3. The Kelvin cell TK is not a solution to (5).

Proof. In order to show the result, it is sufficient to show that I(TK) > I(D), where D is the
regular rhombic dodecahedron.

We have that the perimeter of the regular rhombic dodecahedron D of inradius 1 is given
by 12

√
2, see [3, 19], so in particular

I(D) = 12
√

2 ∼ 16.97.

On the other hand the inradius of the regular truncated octahedron T of volume 1 is given
by ρ =

√
3

2
5
3
(see [16, Chapter 2] and its perimeter 6

√
3+3

2
4
3

(see [33]). So

I(T ) =
6
√

3 + 3

2
4
3

2
10
3

3
= 4(2

√
3 + 1) = 17.856,

hence by (8) we conclude

I(TK) ≥ 0, 998 · 17.856 ∼ 17.82 > I(D).

�

It remains open the problem of identify a solution to problem (5) in R3. Since the Kelvin
cell is not a solution, and in view of the Strong Dodecahedral Theorem proved by Hales, one
might be led to state the following:
FCC Conjecture: the optimal lattice for problem (5) is FCC.

5.2. The 24–cell honeycomb in R4. In dimension N = 4, there exists a well known regular
tessellation, which is the 24-cell honeycomb. The 24-cell is the convex hull of its vertices which
can be described as the 24 coordinate permutations of (±1,±1, 0, 0). In this frame of reference
the 24-cell has inradius

√
2
2 . Up to a rescaling, the 24-cell is the Voronoi cell of the D4 lattice.

If a sphere is inscribed in each 24 cell of the 24-cell honeycomb, the resulting arrangement
is the densest known regular sphere packing in four dimensions, with kissing number 24, even
if the sphere packing problem is still unsolved in dimension 4. This suggests that the 24-cell
could be a solution to problem (5).

In this direction, we observe that the 24-cell honeycomb satisfies the following local mini-
mality property, which is a necessary condition for being a solution to problem (5), as stated
in Theorem 4.3.

Proposition 5.4. The 24-cell honeycomb is a minimizer for the perimeter in every ball Br(x),
with x ∈ R4 and 0 < r <

√
2
2 . In particular, it is a critical point of problem (5).
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Proof. The thesis follows from the fact that inside a ball Br(x) with r smaller than the
inradius, the 24-cell honeycomb is either empty or coincides, up to a translation, with one of
the following cones in R4: a hyperplane, three half-hyperplanes meeting at 120 degrees, the
cone over the 1-skeleton of a tetrahedron times R, the cone over the 2-skeleton of a hypercube.
Thanks to the results by Taylor [34] and Brakke [7] it is known that such cones define partitions
of R4 which are minimal for the perimeter under compact perturbations. �

Due to the properties of the 24-cell, in analogy with the rhombic dodecahedron conjecture
in R3, we may state the following conjecture:
24–cell Conjecture: The perimeter of any fundamental domain of a lattice in R4, containing
a ball of radius 1, is at least that of a 24–cell of inradius 1.

References

[1] F. J. Almgren, Existence and regularity almost everywhere of solutions to elliptic variational problems with
constraints, Mem. Amer. Math. Soc. 4 (1976), no. 165.

[2] L. Ambrosio, V. Caselles, S. Masnou, and J.-M. Morel, Connected components of sets of finite perimeter
and applications to image processing, J. Eur. Math. Soc. (JEMS) 3 (2001), no. 1, 39–92.

[3] K. Bezdek, On rhombic dodecahedra, Beiträge Algebra Geom. 41 (2000), no. 2, 411–416.
[4] , On a strong version of the Kepler conjecture, Mathematika 59 (2013), no. 1, 23–30.
[5] , On a strong version of the Kepler conjecture, Mathematika 59 (2013), no. 1, 23–30.
[6] K. Bezdek, E. D. Kiss, and K. J. Liu, Voronoi polyhedra of unit ball packing with small surface area,

Periodica Mathematica Hungarica 39 (2000), 107–118.
[7] K. A. Brakke, Minimal cones on hypercubes, J. Geom. Anal. 1 (1991), no. 4, 329–338.
[8] L. A. Caffarelli, The obstacle problem revisited, J. Fourier Anal. Appl. 4 (1998), no. 4-5, 383–402.
[9] L. A. Caffarelli, D. De Silva, and O. Savin, Obstacle-type problems for minimal surfaces, Comm. Partial

Differential Equations 41 (2016), no. 8, 1303–1323.
[10] J. W. S. Cassels, An introduction to the geometry of numbers, Classics in Mathematics, Springer-Verlag,

Berlin, 1997. Corrected reprint of the 1971 edition.
[11] A. Cesaroni, I. Fragalà, and M. Novaga, Lattice tilings minimizing nonlocal perimeters, Commun. Con-

temp. Math. (to appear).
[12] A. Cesaroni and M. Novaga, Periodic partitions with minimal perimeter, Nonlinear Anal. 243 (2024),

Paper No. 113522, 16 pp.
[13] , Minimal periodic foams with equal cells, https://arxiv.org/abs/2302.07112 (2023).
[14] J. Choe, On the existence and regularity of fundamental domains with least boundary area, J. Differential

Geom. 29 (1989), no. 3, 623–663.
[15] M. Colombo and F. Maggi, Existence and almost everywhere regularity of isoperimetric clusters for frac-

tional perimeters, Nonlinear Anal. 153 (2017), 243–274.
[16] J.H. Conway and N.J.A. Sloane, Sphere packings, lattices and groups. Third edition, Grundlehren der

mathematischen Wissenschaften, vol. 290, Springer-Verlag, New York, 1999.
[17] T.C. Hales, The honeycomb conjecture, Discrete Comput. Geom. 25 (2001), no. 1, 1–22.
[18] T. C. Hales, A proof of the Kepler conjecture, Ann. of Math. (2) 162 (2005), no. 3, 1065–1185.
[19] , Dense sphere packings: a blueprint for formal proofs, London Math. Soc. Lecture Note Series,

vol. 400, Cambridge University Press, Cambridge, 2012.
[20] Á. G. Horváth, Extremal polygons with minimal perimeter, Period. Math. Hungar. 34 (1997), no. 1-2, 83–

92. 3rd Geometry Festival: an International Conference on Packings, Coverings and Tilings (Budapest,
1996).

[21] D. Kinderlehrer, How a minimal surface leaves an obstacle, Bull. Amer. Math. Soc. 78 (1972), 969–970.
[22] G. Kindler, A. Rao, R. O’Donnell, and A. Wigderson, Spherical cubes: Optimal foams from computational

hardness amplifcation, Communications of the ACM 55 (2012), no. 10, 90–97.
[23] Zsolt Lángi, An isoperimetric problem for three-dimensional parallelohedra, Pacific J. Math. 316 (2022),

no. 1, 169–181.
[24] Elliott H. Lieb and Michael Loss, Analysis, Graduate Studies in Mathematics, vol. 14, American Mathe-

matical Society, Providence, RI, 2001.



12 ANNALISA CESARONI AND MATTEO NOVAGA

[25] F. Maggi, Sets of finite perimeter and geometric variational problems, Cambridge Studies in Advanced
Mathematics, vol. 135, Cambridge University Press, Cambridge, 2012.

[26] K. Mahler, On lattice points in n-dimensional star bodies. I. Existence theorems, Proc. Roy. Soc. London
Ser. A 187 (1946), 151–187.

[27] B. Martelli, M. Novaga, A. Pluda, and S. Riolo, Spines of minimal length, Ann. Sc. Norm. Super. Pisa
Cl. Sci. (5) 17 (2017), no. 3, 1067–1090.

[28] P. McMullen, Convex bodies which tile space by translation, Mathematika 27 (1980), no. 1, 113–121.
[29] F. Morgan, The hexagonal honeycomb conjecture, Trans. Amer. Math. Soc. 351 (1999), no. 5, 1753–1763.
[30] F. Nobili and M. Novaga, Lattice tilings with minimal perimeter and unequal volumes, arxiv preprint

https://arxiv.org/abs/2406.12461 (2024).
[31] M. Novaga, E. Paolini, E. Stepanov, and V.M. Tortorelli, Isoperimetric clusters in homogeneous spaces

via concentration compactness, J. Geom. Anal. 32 (2022), no. 11, Paper No. 263.
[32] , Isoperimetric planar clusters with infinitely many regions, Netw. Heterog. Media 18 (2023), no. 3,

1226–1235.
[33] H.M Princen and P Levinson, The surface area of Kelvin’s minimal tetrakaidecahedron: The ideal foam

cell (?), Journal of Colloid and Interface Science 120 (1987), no. 1, 172-175.
[34] J. E. Taylor, The structure of singularities in solutions to ellipsoidal variational problems with constraints

in R3, Ann. of Math. (2) 103 (1976), no. 3, 541–546.
[35] W. Thomson (Lord Kelvin), On the division of space with minimum partitional area, Acta Math. 11

(1887), no. 1-4, 121–134.
[36] D. Weaire (ed.), The Kelvin problem, Taylor & Francis, London, 1996. Foam structures of minimal surface

area.
[37] , Kelvin’s foam structure: a commentary, Philosophical Magazine Letters 88 (2008), no. 2, 91–102.

Dipartimento di Matematica Tullio Levi-Civita, Università di Padova, Via Trieste 63, 35131
Padova, Italy

Email address: annalisa.cesaroni@unipd.it

Dipartimento di Matematica, Università di Pisa, Largo Bruno Pontecorvo 5, 56127 Pisa,
Italy

Email address: matteo.novaga@unipi.it


	1. Introduction
	2. Lattices
	3. Existence of minimizers
	4. Regularity
	5. Comparison with other tilings
	5.1. The rhombic dodecahedral honeycomb and the Kelvin foam in R3
	5.2. The 24–cell honeycomb in R4

	References

