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ABSTRACT. Ruelle gave an explicit second-order expansion at ¢ = 0 of the Hausdorff dimension
of the Julia set of the quadratic family f.(z) = 2 + ¢. McMullen later extended this result to
polynomial perturbations of z¢ for arbitrary degree d > 2. In this paper we study an analogue of
this problem for skew products in C2. Since holomorphic dynamical systems in higher dimensions
are non-conformal, we replace the Hausdorff dimension by the volume dimension, a dynamically
defined notion we introduced in our earlier work and characterized as the zero of a natural pressure
function. We consider families of holomorphic skew products of the form
fi(z,w) = (2%, 0w + t(er(2)w ™ + ca(2) w2+ -+ ca(2))).

Our main result gives an explicit second-order expansion of the volume dimension of the Julia set
J(ft) as t — 0 in terms of the coefficients cx(2).

1. INTRODUCTION

In the early 1980s, Ruelle [Rue82| initiated the study of the variation of the Hausdorff dimension
of Julia sets in holomorphic families. For the quadratic family f.(z) = z? + ¢, he proved that the
Hausdorff dimension of the Julia set admits the expansion
|
4log 2

In particular, the Hausdorff dimension function has a strict local minimum at the monomial map
z — 22, McMullen [McMO8]| generalized Ruelle’s result to polynomials of arbitrary degree, obtaining
an explicit formula for the second derivative of the Hausdorff dimension at the monomial z — z¢.
Namely, he showed that the Hausdorff dimension of the Julia set of the map f;(z) = 2%+ t(co2% 2 +
c32973 4 -+ ¢q) satisfies

H.dim(J,) = 1 + +O(lc)®), el = o.

[t]?

Hdim(J;) = 1 4+ —
n(Je) =14 e d

d
o Klel +o(t), [t —o.
k=2
The purpose of this paper is to investigate an analogue of this problem for polynomial-like skew
products in C2. More precisely, for ¢ near 0 we consider families of the form

(1) filzow) = (2%, w + t(er (2w + ea(2)w ™2 4+ ea(2)),

where the ¢;’s are holomorphic functions in z, and we study the variation of the dimension of their
Julia sets. Examples of these maps are the regular polynomial skew products, i.e., polynomial
endomorphisms of C? of the form which extend holomorphically to endomorphisms of P?(C),
see |[BJOO; |[Jon99).

Contrary to the one-dimensional case, in higher-dimensional holomorphic dynamics the Hausdorff
dimension is no longer well adapted to the dynamics. Holomorphic maps in dimension greater than
one are non-conformal, and basic tools such as Koebe’s distortion theorem are no longer available.
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As a consequence, the Hausdorff dimension may fail to be dynamically meaningful, and its behaviour
in parameter space is poorly understood.

To address this issue, in an earlier work |[BH24| we introduced the notion of volume dimension
for invariant sets and measures in higher-dimensional holomorphic dynamical systems. The volume
dimension coincides (up to a factor of 2) with the Hausdorff dimension in complex dimension one, but
incorporates the non-conformal geometry of higher-dimensional systems. In particular, it satisfies
a Mané-Manning type formula relating volume dimension, entropy, and Lyapunov exponents, and
can be characterized as the zero of a natural pressure function for expanding invariant measures.
For hyperbolic maps, this zero coincides (up to the same factor of 2) with the volume dimension of
the Julia set.

In this paper we study the real-analytic function

t— VD, (J(f2)),

where J(f;) denotes the Julia set of f;. Our main result gives an explicit second-order expansion of
the volume dimension of J(f;) at ¢t = 0.

Theorem 1.1. Let f; be the family as in . Then

1 [t]?
VDy, (J(f,)) = 16d210gd/s Zk%k J2dLeby () + O(Itf), [t =0
k=1

where Leby denotes the normalized Lebesque probability measure on S'.

Main ingredients and structure of the proof. The proof follows the general strategy of Mc-
Mullen, adapted to the non-conformal setting of polynomial skew products.

The starting point is the characterization of the volume dimension as the zero of a pressure
function. Writing &; for this zero, the problem reduces to computing the second derivative of J; at
t = 0. A general second-derivative formula allows one to express b0 in terms of the variance of the
infinitesimal deformation (1'30 of the geometric potential ¢, = — log |Jacfy|, see Proposition

A key observation, inspired by McMullen’s work [McMO08§|, is that this infinitesimal deformation
do is not an arbitrary Holder function, but a virtual coboundary: it is the trace on the Julia set
of a dynamically defined Holder function h on the basin of infinity, which can be written as the
difference of a function g and its pull-back by the dynamics. This structure allows us to express
the variance we need in terms of the asymptotic growth of the function g near the boundary of the
basin of infinity, see Proposition A direct computation of this behaviour, see Proposition
then completes the proof of Theorem [I.1]
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2. PRELIMINARIES

2.1. Holomorphic skew products. Throughout this paper, we work with holomorphic skew prod-
ucts F': C? — C? of the form

d
2) F(z,w) = (% q(z,w) = (24w + 3 en(z)w’™"),
k=1

2



where d > 2 and each ¢g(z) is holomorphic in a neighbourhood of the closed unit disc ﬂﬂ We
denote the set of holomorphic skew products as above by S(d). Restricting any F € S(d) to S* x C,
we obtain a fibered polynomial map over the map z — 2%, namely a continuous map

f:8'xC— S xC, f(z,w):(zd,qz(w)),
where ¢, := q(z,-). For every such f, the fiberwise Green function is defined by
1
G(z,w) = G,(w) = lim — log™ |q¢/(w)|, where log™ |w| := max{log |wl, 0}.
n—oo "

The function G is continuous on S' x C. For each z € S, the function G, is subharmonic, and
equals 0 on the set K, of points with bounded orbit. It is harmonic on the open set W, := C\ K, =
{G, > 0}. The fiberwise Julia set is J,(f) := 0K, = OW,, and the Julia set of f is

J(f) = (J{z} x L(f) cS'xC.

zeS1

We also set J(F) = J(f).

We will only consider fibered polynomial maps for which K, is connected for every z € S1.
Equivalently, for every z € S!, all critical points of ¢, have bounded orbit. We call any f with this
property fiberwise connected. In this case, every W, U {oo} is simply connected and biholomorphic
to the unit disc. We will denote by A the unit disc in C and by 1/A the complement of the closed
unit disc in C. The following result is due to Sester [Ses99).

Proposition 2.1 ([Ses99, Proposition 2.7|). For every fiberwise connected f as above and z € S',
there exists a unique holomorphic isomorphism ¢,: W, — 1/A such that:

(1) the diagram

q
W, —Z W.

o| |

/A~ 1/A

commutes;
(2) the map ¢: W — C defined by o(z,w) = p,(w) is continuous;
(3) G(z,w) = log|e.(w)| for all (z,w) € W;
(4) . is tangent to the identity at infinity.

Remark 2.2. Let F(z,w) = (29 ¢(z,w)) be a holomorphic skew product as in (2). Then there
exist domains U € V C C? such that the restriction F: U — V is a proper holomorphic map.
In particular, F' admits a polynomial-like restriction in the sense of Dinh—Sibony [DS03|, whose
topological degree equals d?, and the results of [BH24] apply in this context, see in particular
[BH24, Remark 1.4].

A particularly relevant special case of holomorphic skew products as in is given by maps for
which each coefficient ¢;(z) is a polynomial of degree at most d — j. In this case, F' extends to a
holomorphic endomorphism of P? (i.e., it is a regular polynomial skew product in the sense of [BJOO;
Jon99|). We will denote by P(d) the space of such polynomial skew products endowed with the
topology of uniform convergence of coefficients on compact subsets of C.

LA1l the results of this section are still valid when 2¢ is replaced by a hyperbolic polynomial p, not necessarily of

degree d. We just describe the case p(z) = z* for simplicity and since we will only need this case in the sequel.
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2.2. Uniform hyperbolicity and vertical expansion. Following Jonsson [Jon99), we say that a
holomorphic skew product F(z,w) = (2%, q(z,w)) is vertically expanding if there exist a neighbour-
hood U of the Julia set J(F') and constants ¢ > 0 and A > 1 such that

| Dy F"™(z,w)|| > c¢A" for all (z,w) € U and all n > 1.

In this case, the dynamics is uniformly expanding in the vertical direction near the Julia set. The
following result follows from standard arguments in hyperbolic dynamics. We refer to [Jon99| for
several further equivalent characterizations of vertical expansion.

Proposition 2.3. A skew product ' as in is vertically expanding if and only if its Julia set
J(F) is a uniformly hyperbolic repeller.

Vertical expansion is an open condition in S(d) (and P(d)) and defines connected components,
which are called hyperbolic components. By [AB23|, these components coincide with the stability
components in the sense of [BBD18; Bial9| as soon as one parameter inside them is hyperbolic.

For maps belonging to a hyperbolic component, the Julia sets vary continuously with the map and
the dynamics is structurally stable: all maps in the same component are topologically conjugate
on their Julia sets. Moreover, the conjugacies respect the skew-product structure and depend
continuously on the parameter.

In particular, the skew product

Fo(z,w) = (24, w?)
belongs to a distinguished hyperbolic component of S(d) (and P(d)). This component plays a role
analogous to the main cardioid of the Mandelbrot set for quadratic polynomials.

2.3. Conjugacies and regularity inside a hyperbolic component. Let H C S(d) be a hy-
perbolic component consisting of fiberwise connected maps, and fix a reference map Fy € H. For
any F' € H, we denote by J(F') the Julia set of F', and recall from Section that all maps in H
are topologically conjugate on their Julia sets by conjugacies respecting the skew-product structure.
In this subsection, we use Bottcher coordinates to study the regularity of this canonical conjugacy
between J(Fp) and J(F).

Fix F € H. Since F is fiberwise connected, for every z € S* the basin of infinity Wg,=C\Kp,
admits a Bottcher coordinate

PFz: WF,z — 1/A
conjugating qr . to w — w? and tangent to the identity at infinity, see Proposition We define
a fibered map
HF: WFO —>WF, HF(z,w) = (Z,HEZ(U))),
by setting
HF,z = 90;‘}7: O Yry,z ON WFo,z-

The following lemma is an immediate consequence of the defining properties of the Bottcher coor-
dinates.

Lemma 2.4. The map Hp is well-defined and satisfies:
(1) Hp, = id;
(2) for each z € S, the map Hp,. is conformal on W, .;
(3) Hp conjugates Fy and F on the basin of infinity:

FoHp=HpoFy onWg.

We now consider the extension of Hp to the Julia set. The basins of infinity {Wg.}.cq1 form

a family of John domains [DH85; [Pom92|, uniformly in z € S (see, for instance, [Sum06]), and

locally uniformly in F' € H (as the maximal expansion sup ;(p) |IDF|| and the minimal expansion
4



inf ;p |DF~Y|~! depend continuously on F). As a consequence, the Bottcher coordinates admit
Hoélder continuous boundary extensions with uniform Hélder exponent and constant [CJY94).

Lemma 2.5. There exist « € (0,1) and C' > 0 such that for every F € H, the conjugacy Hp
extends uniquely to a map

Hp: Wi, U J(Fy) — Wp U J(F)

which is a-Holder continuous with Holder constant bounded by C. Moreover, Hp conjugates the
dynamics on the Julia sets and respects the skew-product structure.

Since both the extension given by Lemma [2.5] and structural stability provide conjugacies on
J(Fy), these maps coincide on J(Fp) (by uniqueness of the conjugacy inside a hyperbolic compo-
nent). In particular, the conjugacies among Julia sets are Holder continuous, uniformly in z and
locally uniformly in F.

We now strengthen the (local) compactness of the maps {Hp}p in the Holder norm, thanks to
the fact that, for every (z,w) € J(Fp) the conjugacy map F — Hp(z,w) is actually holomorphic in
F. Let Gy, t € (—¢,¢) be a parametrization of a C? path in H with Go = Fy. Recall that, given a
path (¥1)¢e(—c,) in C¢ (J(Fp)), we can define

. d . d?
= — s d = —_—
(3) Pt ds|,_, (0 arn (on ds2 .

We say that (¢y)se(—c) is C! (resp. C?) if Yy (vesp. ;) defines a continuous path in C® (J(Fp)).

Ys.

Proposition 2.6. The map t — }AIGt is C2% as a map from (—¢,¢) into the Holder space C* (WFO U
J(Fv)).

Proof. For every given (z,w), the map F' — Hp(z,w) is constructed as a uniform limit of holomor-
phic functions. Hence, it depends holomorphically on F'. It is standard that the uniform control
given by Lemma 2.5 allows one to apply Cauchy estimates to obtain uniform bounds on derivatives,
yielding smoothness in the Holder norm, see, for instance, [SU10| for similar arguments. ]

3. PROOF OF THEOREM [L.1]

3.1. From &y to the variance of ¢y. We denote by Fy the map (z,w) — (2%, w?) and by mq =

Leb; x Leby its unique measure of maximal entropy. Let H C S(d) be the hyperbolic component of
S(d) containing Fy. Consider a C? curve (g,¢) > t v Fy € H with Fi—g = Fy. By Section for
each t there exists a conjugacy

Ht: J(Fo) — J(Ft)

which is Holder continuous in (z,w) and depends C2 on t with respect to the Hélder topology of
C(J(Fp)) for some « € (0,1).

Consider the family of geometric potentials on J(Fp) = S x S! given by
¢y == — log‘Jath o ﬁt‘.

By Proposition and the smooth dependence of (z,w) + log|Jac F¢(z,w)| on ¢, the path {¢:};
is 2 in CY(J(Fp)) for some a € (0,1). In particular, ¢ and ¢q are well-defined by and Holder
continuous on J(Fp) = St x St

Lemma 3.1. We have [ ¢odmo =0 and [ ¢odmg =0

Proof. Observe that the function ¢ — L(t) := — [ ¢sdmy is the sum of the Lyapunov exponents of
F;. The assertion follows from the fact that this function is constant (and equal to 2logd) in a
neighbourhood of Fy, see |[Jon99, Theorem 5.3]. t
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Let d; denote the unique positive real number such that
P(616¢) = 0,

where P(-) denotes the topological pressure. By real-analyticity of the pressure for Holder potentials
and the implicit function theorem, the map ¢t — d; is real-analytic on a neighbourhood of 0 (see
[Rue8?2|).

Lemma 3.2. We have 6y = 1 and &y = 0.

Proof. We have ¢g = —2logd on J(Fy) = S* x S'. Therefore, we have P(s¢q) = log(d?) — slog(d?)
for every s € R. Hence, the unique solution to P(s¢g) = 0 is s = 1, which proves the first assertion.

To prove the second one, differentiate the identity P(d;¢;) = 0 at ¢t = 0. By standard arguments
in thermodynamic formalism (see e.g., [PU10]), we have

d ) )
0=—| Plod)= /(50 $o + dogo) dmo,
t=0
since my is the equilibrium state of do¢pg = ¢p9 = —2logd. Since ¢q is constant and dy = 1, this
gives
O—So/(ﬁodmo—i-/éod’mo.
Since [ do dmg = 0 by Lemma the assertion follows. O

Recall that, given a continuous function v¢: J(Fp) — R with [+dmy = 0, the (asymptotic)
variance of ¥ with respect to mg is defined by

2
n—1
1 ; 1
Var(,mo) = lim - [ $o | dmo= lim SISul2sn, € (0,400
) =N S 5 () jZO ° n—><>onH HLQ( 0) [ )
Proposition 3.3. We have
o Var(gbg,mo)
og= ————+
2logd

Proof. Set 1); := 0;¢;. By the regularity established above, {1;} is a C? path in C*(J(Fp)). As
P(y:) =0, it follows from [McMO8, Theorem 2.2] (see also [PP90]) that

0= Var(@&t,mo) + /1/10 dmy.

A direct development using 1/}0 = 5@50 + 50¢0 and 1230 = 50g50 + 25@5}0 + 50¢0 gives
_ Var((s[)(ﬁo + ¢050, mo) + dp f g'Z;O dmg + 2 f (;Qqﬁo dmy

5
0 — [ ¢odmyg

This identity reduces to the one in the statement thanks to Lemmas [3.1] and [3.2] and the fact that

¢o = —2logd on S x ST, O

3.2. Variance of ¢, as an asymptotic energy of d,,v. In order to better describe ¢g, we consider
the infinitesimal deformation of the conjugacies on the basin of infinity. Let
- d -
V= — Ht
dt|,_
6



denote the derivative of the conjugation given by the Bottcher coordinates, see Section [2.3] Since
the conjugacies are fibered, v is vertical and can be written as

(4) v(z,w) = v(z,w) %

for every z € S, where v(z, ) is holomorphic on the basin of infinity W, . = 1/A. Moreover, ¥ is
smooth in w on Wg,.

Lemma 3.4. We have

bo(z,w) = —3?<g:;(z,w)> + %<§Z)(FO(Z’U}))> .

Proof. From F; o H; = H; o Fy we obtain
Jac Fy(H;) = (Jac Hy) ™' (Jac Hy o Fy) Jac Fy.
Taking logarithms and differentiating at ¢ = 0, using Jac Hy = 1 yields the stated identity. U

Proposition 3.5. With the above notation, we have

Var (o, mo) = oed (C%)

2 ow

where

611(

(%) = / /
ow)  ro1+ |log(r — 1) Ja jw|=r |0

2
—(z,w)| dLeb,(w)dLeb;(z)

and Leb, is the normalized Lebesgue probability measure on the circle |w| = r.

Proof. For simplicity, we will denote g := 3‘8((%) = R(Iyv), and observe that we have do =
—g+goFyon Wg =S x (1/A). Since d,v(2,-) is holomorphic on {|Jw| > 1} and vanishes at

infinity, we have
ov 2 1 ov
R (6‘w (z, w)> dLeb, (w) = 5 /|w|r <8w (z, w)>

Jow

for every r > 1 and z € S'. Therefore, it is enough to show the identity

Var(¢ = (logd) - 1 dLeb, (w)d Leby (2).
(o, mo) = (g ) i g [ [ JgPdLe (waLebn (2

2
d Leb, (w)

We will show the assertion for a specific choice of r, — 1, the argument can be easily adapted to
handle the general limit. Recall that we have

Var(qﬁg,mo) = lim / ¢OoF dmy.
n—oo n J(Fp) ;Eg

Set 7, = el " ~ 1+d™" and Z,(z,w) = (z,rw) € Wg,. Using the fact that Z,(z,w) — (z,w)

exponentially fast and ¢() is Holder continuous in a neighbourhood of S x S!, for every (z,w) €

St x S! we obtain

n—1 n—1
Z(i)ooFg(z,w) = ZéooFg(Zn(z,w))—FO(l), n — oo.
j=0 §=0

We obtain from Lemma [3.4] that
n—1
> 00 FY(Zn(z,w)) = —g(Zn(z,w)) + g 0 F§ (Zu(z,w)) = —g(Zn(z,w)) + O(1),  n — oo,
=0
7



where g o FJ'(Z,(z,w)) is uniformly bounded as all the points F{'(Z,(z,w)) belong to the circle of
radius (e? ")?" = e. Tt follows that

; 1
Var(¢g, mp) = lim / 19(Zn (2, w))|*dmg
n—,oo N J(FD
= lim / / (z,w)|*d Leb,, (w)d Leby (2).
n—,oo N S1 w|—rn
The assertion follows taking into account the asymptotic |log(r, — 1)| ~ nlogd. O

Remark 3.6. Following the terminology of [McMO8|, we can say that (1'50 is the wvirtual coboundary
of R(0yv) on Wg, = S x (1/A). The above arguments show more generally that, if h is a virtual
coboundary of a continuous function g on W, with [ hdmg = 0, then

Var(h, mgy) = (logd) - I(g),
where

I(g) = lim /51/| (z,w)|> d Leb,(w) d Leby (2).

r—1+ |log(r — 1)| 7“—1 )|
3.3. A computation of I(d,v). We now consider the explicit path
Fi(z,w) = (2%, w? + t(c1(2)w?™ 4 - 4 ¢4(2))), t € (—e,e).

By Proposition the term Var(égéo,mo) appearing in Proposition can be expressed in
terms of the asymptotic energy I(0,,v) of the infinitesimal conjugacy. The next proposition gives
an explicit expression for I(9,v) in terms of the functions c.

Proposition 3.7. We have

ov 1 d ) ,
! (31”) - cplogd/slkzlk |cx(2)|? d Leby (2).

For simplicity, we will set v,(-) = v(z,-), where v(z,-) is as in (4)).
Lemma 3.8. For each z € S, we have
w 4 & Ck;(Zdn) kd"
o o) =233 4
k=1n=0

Observe that the series above converges normally on {|w| > 1+ n} for every n > 0.

Proof. Differentiating the conjugacy relation Fy o Hy = H; o Fy at t = 0, we obtain that, for every
z € 81, v, is the solution of the functional equation

d
va(w?) = dw? v, (w) + Z cx(2)w?*
k=1

satisfying v,(w) — 0 as w — oco. A direct computation shows that the series satisfies these
conditions. 0
Proof of Proposition[3.7. Differentiating (5]) term by term gives

2 (z\w) dzz(

k=1n=0

wikdn + kck(zdn) wkdn1> .



The terms involving the denominator d” are uniformly summable and negligible in the logarithmic
limit defining I(0,,v). Hence only the second sum contributes, and we obtain

2
O E—
ow r—>1+ |log(r —1)| r—1| g1 w‘_T

Z kep(z4" ) w1 dLeb,(w) d Leby (2).
k 1n=0
Since all exponents —kd™ —1 are distinct, the functions w — w
Therefore, for every z € S', we have

d oo
/ éz:chk(zdn)w_kdn_l
|w|=r

k=1n=0
For any fixed r > 1, the factor |r
n > N(r), where

~kd"~1 are orthogonal in L?(Leb,).

2

dLeb 222k2|0k dn |2| | —2kd" — 2

k=1n=0

|72kd"=2 i5 close to 1 for n < N(r) and exponentially small for

|log(r —1)|
N(r) ~ 28 1
(r) logd
Hence,
1 d oo 2 d_N(r)
/l = D> ke w T dLeby(w) = - Z > Klen(=")? + ol | log(r — 1))
w|=r k=1 n=0 k=1 n=0

Dividing by |log(r — 1)| and letting » — 1, we may apply the Birkhoff ergodic theorem to the
sequence {z%"},cn. For Lebi-almost every z € S we obtain

d
ov 1

dLeb,(w) = K ")|? d Leby (2
20 e v (w) Floga 2 [l dLebi(2)

Integrating with respect to z (observe that the right hand side is constant) yields the assertion. [J

3.4. End of the proof of Theorem We can now conclude the proof of Theorem By
[BH24, Theorem 1.3|, for every t € (—¢,e) we have 2 VDy,(J;) = &;. The assertion then follows

from Lemma [3.2] and Propositions [3.3] - 35 and 3.7

Remark 3.9. We observe that the same proof applies when the first component of F} is 2% In this
case, the factor 2logd appearing in the denominator of the coefficient in Theorem is replaced
by logd + logd’. This change comes from the denominator in the second-derivative formula of

Proposition where ¢g = —log | Jac Fy| = —(logd + log d’).

1
lim ———
r—1+ |log(r — 1)| |w|=r
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