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ABSTRACT. Let k > 1 be an integer and f a holomorphic endomorphism of P*(C) of algebraic degree
d > 2. We introduce a volume dimension for ergodic f-invariant probability measures with strictly
positive Lyapunov exponents. In particular, this class of measures includes all ergodic measures
whose measure-theoretic entropy is strictly larger than (k — 1) log d, a natural generalization of the
class of measures of positive measure-theoretic entropy in dimension 1. The volume dimension is
equivalent to the Hausdorff dimension when k£ = 1, but depends on the dynamics of f to incorporate
the possible failure of Koebe’s theorem and the non-conformality of holomorphic endomorphisms
for k > 2.

If v is an ergodic f-invariant probability measure with strictly positive Lyapunov exponents, we
prove a generalization of the Mané-Manning formula relating the volume dimension, the measure-
theoretic entropy, and the sum of the Lyapunov exponents of v. As a consequence, we give a
characterization of the first zero of a natural pressure function for such expanding measures in
terms of their volume dimensions. For hyperbolic maps, such zero also coincides with the volume
dimension of the Julia set, and with the exponent of a natural (volume-)conformal measure. This
generalizes results by Denker-Urbanski and McMullen in dimension 1 to any dimension k > 1.

Our methods mainly rely on a theorem by Berteloot-Dupont-Molino, which gives a precise control
on the distortion of inverse branches of endomorphisms along generic inverse orbits with respect to
measures with strictly positive Lyapunov exponents.

1. INTRODUCTION

Let f : P(C) — P!(C) be a rational map of degree d > 2 and v an ergodic f-invariant probability
measure whose Lyapunov exponent is strictly positive. Such a measure is necessarily supported on
the Julia set J(f) of f. There is a well-known relation between the Hausdorff dimension HD(v),
the measure-theoretic entropy h,(f), and the Lyapunov exponent x,(f) of v; namely, we have

hl/(f)
xu(f)

This formula is usually referred to as the Mané-Manning formula; see [Man84; Man88|. Hofbauer
and Raith |[HR92| proved a version of for piecewise monotone maps on the unit interval with
bounded variation; see also |Led81|. The fact that holds in one-dimensional complex dynam-
ics crucially relies on distortion estimates for univalent holomorphic maps coming from Koebe’s
theorem; see Section [I.2]

For smooth dynamical systems in higher dimensions, related formulas are known to hold in a
number of settings. If f : M — M is a diffeomorphism of a compact manifold M and v is an
ergodic probability measure on M which is absolutely continuous with respect to the Lebesgue
measure, Pesin [Pes77| proved that

(1.1) HD(v) =
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where x;F(f) is the sum of the non-negative Lyapunov exponents of f counted with multiplicity;
see also [Man81]. When M is a surface, Young [You82] proved that

o) = 8+ B0

when v is ergodic and y_ < 0 < x4 are its Lyapunov exponents. This formula has been generalized
to the case of diffeomorphisms in any dimension; see |[LY85| and [BPS99|. Such systems display
attracting and repelling directions, and one decomposes the problem into two problems, one for f
(along unstable manifolds) and one for f~! (along stable manifolds). The Mafié-Manning formula
can be seen as a version of Young’s result in (complex) dimension 1 where the system is not
invertible. In this paper, we address the validity of in several complex variables, and more
specifically for expanding measures for (non-invertible) holomorphic endomorphisms of projective
spaces in any dimension.

Let k > 1 be an integer and denote P¥ := P*(C). If f : P* — P* is a holomorphic endomorphism
of algebraic degree d > 2, it is not hard to find examples where , with x, replaced by the
sum of the Lyapunov exponents of v (the natural generalization of the expansion rate along generic
orbits), does not hold. For instance, one can consider product self-maps of C? of the form (z,w)
(22 + a1, w? + az), where a; € C are such that the measures of maximal entropy of each component
have different Hausdorff dimensions.

In [BDO03|, Binder-DeMarco proposed a conjectural formula for the Hausdorff dimension of the
measure of maximal entropy u of an endomorphism of P* as follows:
logd logd

o
X1 Xk

HD () =

This conjecture has been partially settled [BD03; [DDO04; Dupll|, and also versions of it have
been proposed (and partially proved) for more general invariant measures |[DD04; Dupll; |Dupl2;
dV15; DR20|. In this paper, we introduce a natural dimension VD(v) for ergodic f-invariant
measures v with strictly positive Lyapunov exponents and show that this dimension satisfies a
natural generalization of , where y, is replaced by (two times) the sum of the Lyapunov
exponents.

1.1. Statement of results. Let f : P¥ — P* be a holomorphic endomorphism of algebraic degree
d > 2. The Julia set J(f) of f is the support of the unique measure of maximal entropy of f |[Lyu83;
BDO1; DS10]. Let MT(f) (resp. M7 (f)) be the set of ergodic invariant probability measures on
P* (resp. on J(f)) with strictly positive Lyapunov exponents. The set M7 (f) contains the set
MF(f) of all ergodic probability measures whose measure-theoretic entropy is strictly larger than
(k — 1)logd |deT08; Dupl2|, which are the natural generalization of the ergodic measures with
strictly positive entropy in dimension 1. Large classes of examples of measures in MF(f) were
constructed and studied in |[Dup12; |UZ13; |SUZ14; BD23; BD22].

We introduce a volume dimension for measures v € M™(f); see Section for an overview and
Section [ for precise definitions. The volume dimension is dynamical in nature and generalizes the
notion of Hausdorff dimension in dimension 1 to higher dimensions to incorporate the failure of
Koebe’s theorem and the non-conformality of holomorphic endomorphisms.

For v € M™(f), we denote by VD(v) the volume dimension, h, (f) the measure-theoretic entropy,
and L,(f) the sum of the Lyapunov exponents of v. The main result of this paper relates these
three quantities and generalizes the Mané-Manning formula to any & > 1.
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Theorem 1.1. Let f : P* — P* be a holomorphic endomorphism of algebraic degree d > 2. For
every v € MY (f) we have

()
2L,(f)
When k£ = 1, Theorem reduces to the Mané-Manning formula (1.1)), as in this case we have

2VD(v) = HD(v); see Proposition [£.20] The factor 2 = 2k/k is due to the fact that we weight

open sets of covers by their volume instead of their diameter and we have k Lyapunov exponents,
counting multiplicities.

VD(v)

As an application of Theorem [I.I} we study a number of natural dimensions and quantities
associated to an endomorphism f. In dimension 1, these quantities are already defined and well
studied; see for example [DU91a; DU91b; [PU10; McMO00|. We first define a dynamical dimension
DD (f) of f as

DD (f) :==sup{VD(v): v € MT(f)}.

For k = 1, recall that the pressure function is defined as
P(t) == sup {h,(f) — txu(f)},
v

where ¢ € R and the supremum is taken over the set of invariant probability measures on J(f).
In fact, the supremum can be taken over v € Mj(f) = M™(f). This can be seen by combining
Ruelle’s inequality |Rue78| with a theorem of Przytycki [Prz93| stating that all invariant measures
supported on the Julia set of a rational map have non-negative Lyapunov exponent.

For any k > 1, we define in a similar way a pressure function Pjr (t) as

PF(t) = sup {hu (f) — tLo(f): v € ME()}.

By the above, we have P} (t) = P(t) when k = 1. We remark that, for any k > 2, there may exist
ergodic probability measures v on J(f) with L,(f) < 0; see Section for examples and further
comments. However, as in the case of k = 1, the pressure function Pj“(t) is still non-increasing and
convex for all k > 1; see Lemma We define

pi(f)=inf {t>0: P;(t) <0}.

As a consequence of Theorem we have the following result which generalizes a theorem due
to Denker-Urbariski [DU91a; DU91b| in the case of rational maps to any dimension.

Theorem 1.2. Let f: P* — P* be a holomorphic endomorphism of algebraic degree d > 2. Then
we have

2DD (f) = pj (f).

Finally, in the spirit of the celebrated Bowen-Ruelle formula for hyperbolic maps [Bow79; Rue82],
we give an interpretation of p}'( f), when f is hyperbolic (i.e., uniformly expanding on J(f); see
Section in terms of (volume-)conformal measures. Given t > 0, we say that a probability
measure v on J(f) is t-volume-conformal on J(f) if, for every Borel subset A C J(f) on which f is
invertible, we have

V(f(4)) = /A | Jac fl'dv
and define

07(f) :==1inf{t > 0: there exists a t-volume-conformal measure on J(f)}.
3



For k = 1, the definitions of ¢-volume-conformal measures and §7(f) reduce to those of conformal
measures and conformal dimension for rational maps; see [DU91a; DU91b; McMO0O; PU10|. In this
case, owing to Bowen [Bow79]|, one sees that

85(f) =pj(f) = HD(J(f))
for every hyperbolic rational map f on P!(C), and that there exists a unique ergodic measure v
on J(f) such that HD(v) = HD(J(f)). We have here the following result in any dimension, which
further motivates the definition of the volume dimension as a natural generalization of the Hausdorff
dimension for all £ > 1. Observe that, if f is hyperbolic, every invariant probability measure v on

J(f) belongs to M™T(f).

Theorem 1.3. Let f: P* — PF be a hyperbolic holomorphic endomorphism of algebraic degree
d > 2. Then we have

05(f) =p;(f) =2VD(J(f))
and there exists a unique ergodic measure v on J(f) such that VD(v) = VD(J(f)).

Remark 1.4. As all our arguments will be local, our results apply more generally to the setting
of polynomial-like maps in any dimension, i.e., proper holomorphic maps of the form f: U — V,
with U € V € C¥ and V convex |DS03; [DS10|. For a large class of such maps (i.e., those whose
topological degree dominates all the other dynamical degrees [BDR23|), an analogue of the inclusion
MF(f) € MF(f) in this more general context has been proved in [BR22|.

As every endomorphism of P* lifts to a homogeneous polynomial endomorphism of CF+1, we
can assume for simplicity that the maps we consider are polynomials. Observe that the Lyapunov
exponents of every lifted measure are the same as those of the original measure, with the addition
of an extra exponent logd. Since logd > 0 when d > 2, this does not change the condition on the
positivity of the Lyapunov exponents.

1.2. Volume dimensions and strategy of the proofs. Let us first recall the idea of the proof
of the Mané-Manning formula (|1.1)) in dimension 1. It essentially consists of two steps.

(1) The first step consists of defining a local dimension at a point x by setting

5, — lim logv(B(z,1))
r—0 logr
(whenever the limit exists), where B(x,r) denotes the balls of radius r centred and x, and
proving that the limit is well-defined and equal to the ratio h,(f)/x.(f) for v-almost every
x. In particular, v is exact-dimensional.
(2) The second step is to prove that the Hausdorff dimension of ¥ must be equal to the common
value of the local dimensions found in the first step [You82].

Let us describe how the one-dimensional setting plays a crucial role in Step (1). By |[BK83| and
[Man81|, for v-almost every x we have
—1 B
hy(f) = lim lim o ¥ n(m’ﬁ)),

k—0n—00 n

where B,,(z, k) is the Bowen ball of radius k and depth n. This is defined as

By(z, k) = {y: [f(y) = ()| <r,0<j <nj.
The crucial observation is that, for large n, the Bowen ball B,,(x, ) is comparable (up to precisely
quantifiable errors) to the ball B(xz, x e "X»{/)) of the same center and radius ke "»{/). Fixing a
ko for simplicity, and setting n(r) ~ |logr|/x.(f), it then follows that
fim logv(B(x,r)) _ lim —log V(B (z, ko)) n(r) _ hy(f)’
r—0 logr =0 n(r) —logr Xv
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which in particular shows that §, is well-defined. The precise relation between geometric balls and
Bowen balls is a consequence of Koebe’s theorem and related distortion estimates, which imply
that images of balls by holomorphic maps (and in particular by their inverse branches) are still
comparable to balls. As a consequence, in complex dimension 1, there is a natural interplay between
the Hausdorff dimension and the dynamics of a rational map. Observe in particular that one may
define the Hausdorff dimension of v by using covers consisting of Bowen balls, indexed over their
depth n, and sending n to infinity; see also |[CPZ19].

All the above is in sharp contrast with the higher-dimensional situation, where, due to the lack
of conformality of holomophic maps, preimages of balls can be arbitrarily distorted, and far from
being balls. In the best possible scenario (e.g., for hyperbolic product maps), the preimages of balls
are approximately ellipses whose axes reflect the contraction rate of the inverse branches in the
different directions.

On the other hand, when v € M™(f), a result by Berteloot-Dupont-Molino (see [BDMO08; [BD19)|
and Theorem below) states that the best possible scenario described above is actually true,
in an infinitesimal sense, for preimages of balls along generic orbits of v. More precisely, there
exists an increasing (as € — 0) measurable exhaustion {Z}(e)}. of a full-measure subset Z; of the
space of orbits for f such that the preimages of sufficiently small balls along orbits in Z%(e) are
approximately ellipses, and the contraction rate for their volume is essentially given (up to further
controllable error terms) by e~"Lv(1)+10(€) " This is a consequence of very refined estimates on the
convexity defect of such preimages. Such property was already exploited in [BB18| to give bounds
on the Hausdorff dimension of the bifurcation locus of families of endomorphisms of P¥ [BBD18;
Bial9|, and in particular to prove that this is maximal near isolated Lattés maps, i.e., maps for
which all the Lyapunov exponents are equal and minimal, i.e., equal to (logd)/2 [BD99; BDO05|.

Fix v € MT(f). Denote by m: Z* — P* the projection associating to any orbit 2 = {2, }nez its
element zy. For x € m(Z}(€)), k > 0, and N € N, we consider (when well-defined) the neighbourhood
U=U(N,zx,k,€) of x satisfying

FYU) = B(fY(x), ke VM)

where eM is a bound for the expansion of f and we require that fV|; is injective. It follows from

the above result by Berteloot-Dupont-Molino, and by further estimates that we develop in Section
2] that there exist some r(e) and n(e) such that, for all x € m(Z;(€)), 0 < & < r(€), and N > n(e)
the sets U(N, z, k, €) are indeed well-defined and approximately ellipses, of controlled geometry. We
see these sets U(N, x, K, €) as a suitable version of the Bowen balls B, (z, ) in any dimension. Let
us set

logv(U(N,z, k,€))
5$ ) ) N = 9y
(&% N) log VOl(U(N, z, k,€))
where Vol denotes the volume with respect to the Fubini-Study metric. As a first step (which

corresponds to Step (1) above) towards proving Theorem (1.1} we show that every v € M™T(f) is
exact (volume-)dimensional; namely, for v-almost every x, we have

: : : et e hy(f)

1 1 1 0 N)=1 f1 f1 fo N) = ;

im sup lin sup lim sup z(€,k, N) = lim inf lim inf lim inf 5, (¢, &, N) 3L, ()’
see Theorem [3.2| and Corollary We adapt here the approach of Mané [Man8§| in higher dimen-
sions, thanks to the distortion estimates developed in Section

Once the local dimension of every v € M™(f) is well-defined as above, we give a global interpre-
tation of this quantity by defining a volume dimension for these measures. The idea is to use the
sets U(N, x, Kk, €) to cover the “slice” X N7 (Z%(e)) of every set X C Z%. More precisely, for every
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X C7(Z}) and € > 0, setting X := X Nw(Z}(€)), we define the quantity VD5, (X¢) as
VD (X€) :==sup{a: AL (X ) = oo} =inf{a: A5(X) =0},

where
(XY = liy Jim_ it 3 Vol
i>1
Here the infimum is taken over the covers consisting of sets U; of the form U; = U(N;, z, k, €), for
some = € w(Z,(¢)) and N; > N*. The volume dimensions of X and v are then respectively defined
as
VD, (X) :=1limsup VD, (X€¢) and VD(v):=inf{VD,(X): X C7n(Z,),v(X) =1},
e—0
and the limsup, ., is actually a limit; see Section [£.2] We prove in Proposition [£.26] a version of
Young’s criterion [You82, Proposition 2.1|, relating the local volume dimensions §, with the volume
dimensions VD, (X) and VD(rv). This corresponds to Step (2) above and, together with the exact
volume-dimensionality of v proved in the first step, completes the proof of Theorem [I.1]

1.3. Organization of the paper. The paper is organized as follows. In Section [2| we derive
from the distortion theorem [BDMO0S8; BD19| the estimates that we will need, and we introduce the
volume-conformal measures and the pressure function ¢t +— Pjr (t). We prove the exact dimensionality
of every v € M™T(f) in Section [3| In Section {4} we define and study the volume dimensions of sets
and measures. We conclude the proof of Theorem [I.T] and prove Theorems [I.2] and [I.3]in Section
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2. DEFINITIONS AND PRELIMINARY RESULTS

After fixing some notations in Section [2.1] in Section [2.2] we recall the distortion theorem by
Berteloot-Dupont-Molino [BDMO0S8; [BD19| and deduce the estimates which will be essential ingre-
dients in the proof of Theorem We define and study basic properties about volume-conformal
measures in Section [2.3] and a pressure function in Section

2.1. Notations. Let f : P¥ — P* be a holomorphic endomorphism and v an ergodic f-invariant
probability measure. By Oseledets’ theorem |Ose68|, one can associate to v its Lyapunov exponents
Xmin = X1 < ... < x1, where 1 <[ < k. For v-almost every x € IP’k, there exists a stratification
in complex linear subspaces {0} =: (Ljy1)z C (L;)z C ... C (L1)z = TuP¥ of the complex tangent
space T,P* such that Df,(L;)s = (Lj) f(z) and limp oo n™tog |[|[Df7v|] = x; for all v € (L) \
(Ljt1)q forall 1 <j <L

Let us first assume that all the x;’s are distinct, i.e., that we have I = k and xmin = X < ... < X1-
Then, (L;), has dimension k — j + 1 for all 1 < j < k. We denote by O a full measure subset
of the support of v given by Oseledets’ theorem. Take x € O. Fix a basis ({;), of the complex
tangent space T,P* with the property that (L;), is equal to the span of {(¢;)s,..., ({k)z}. Denote
by {e; }§:1 the standard basis of R¥ ¢ CF. For every r1, ..., € R (sufficiently small), we denote by

Ex(r1,...,r}) the image of the unit ball B¥ ¢ C¥ (in a given local chart at x) under the composition
eo®: CF — P* where e: T,P*¥ — P* is the standard exponential map and ®: C*¥ — T,P* ~ CF is
a linear map such that ®((e;)s) = 7;(¢;)s.

6



If, for all 1 < j < k, the argument r; of &, is a function ¢(j) depending on j, we write

E(0(4)) = Ex(P(1), ..., ¢(k))

for brevity. In particular, we will often have Xy > 0 and take ¢(j) of the form ¢(j) = cre"Xi%e2¢)
for some n € N, 0 < € < Ymin sufficiently small, and some positive constants ¢; (independent of j
and n) and ¢y (independent of j, n, and €). We will call the sets &, dynamical ellipses in this case.

If I <k, ie., some Lyapunov exponent x; has multiplicity larger than 1, the above construction
generalizes by taking into account the corresponding r; with the same multiplicity. Namely, we
assign the same r; to all the directions associated to the same Lyapunov exponent which has
multiplicity larger than 1.

Let X C P* be a closed invariant set for f. We denote by M}( f) the set of all ergodic f-
invariant measures supported on X with strictly positive Lyapunov exponents. We drop the index
X if X = Pk, We say that X is uniformly expanding if there exist > 1 and C' > 0 such that
[[Df2(v)]| > Cn"||v]|| for every z € X, v € T,P¥, and n € N. We say that f is hyperbolic if J(f) is
uniformly expanding.

We will consider the Fubini-Study metric on P*¥. We will denote by dist the corresponding
distance, and by B(x,r) the open ball centred at 2 and of radius r. For an open set V' C P, we
denote by Vol(V') the volume of V' with respect to the Fubini-Study metric. Given a holomorphic
map g: V — P* we denote by Jacg(z) the Jacobian of g at « € V, i.e., the determinant of the
differential Dg,.

We also fix the positive constant M > 0 defined as

D
(2.1) M :=log sup sup 1Dz ()|
z€Pk veCk HUH
and observe that e dominates the Lipschitz constant of f. In particular, we have dist(f(x1), f(x2)) <
eM dist(z1, z2) for every x1, 29 € P¥, and f(B(x,r)) C B(f(x),eMr) for every x € P¥ and r > 0.

2.2. Distortion estimates along generic inverse branches. We fix in this subsection a holo-
morphic endomorphism f : P¥ — P* of algebraic degree d > 2 and a measure v € M*(f). All the
objects and the constants that we introduce in this subsection depend on f and v. We denote by
X1 > ... > Xi = Xmin > 0 the (distinct) Lyapunov exponents of v, by ki,...,k; their respective
multiplicities, and by L, = L, (f) := 2221 kjx; their sum. Recall that we have L, = [ log | Jac f|dv
by Birkhoff’s ergodic theorem.

Consider the orbit space of f
0= {x — (20 tnez € (P 2y = flzn) Wne Z}

and the right shift map T: O — O defined as T(Z) = {@n+t1}nez for & = {x,}nez. Given n > 0, a
function ¢: O — (0, 1] is said to be n-slow if for any & € O we have

e "o(2) < p(T(2)) < e"(2).

We now recall the construction of the lift ¥ of v to O; see [CFS12, Section 10.4] and [PU10,
Section 2.7]. For n € Z, we let m,: O — P* be the projection map defined by 7, (2) = x,,, where
Z = {xn}nez. We write m := m for brevity. Observe that m, o T = f om, for all n € Z.

Consider the o-algebra B on O generated by the sets of the form

“YB)={&: z, € B}

An,B =Ty,
with n < 0 and B C P* a Borel set. For all such sets Ap B, set

D(Anp) = v(B).
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Then, by the invariance of v and the fact that z,, € B if and only if z,,_,,, € f~™(B) with m > 0,
we see that © is well-defined on the sets A, p as it satisfies (A, B) = V(Ap—m,p) for all m > 0.
Similarly, for all m > 0 and Borel sets By, ..., B_,, C P*, we have

U({#: w0 € Bo,...,7—m € B_n}) =v (f™(Bo) N f ™ (B1)N...NB_y,) .

We can then extend o to a probability measure on B, that we still denote by ©. By construction, ©
is T-invariant and satisfies 7, (7) = v. As v is ergodic, one can prove that v is also ergodic.

Recall that the critical set C(f) of f is the set of points z € P* at which the differential D f, is
not invertible. As all the Lyapunov exponents of v are finite, and their sum is equal to [ log|D f|dv,
we have in particular v(C(f)) = 0. Set

Z={t€0:2,¢C(f) Vnel}.

Then the set Z is T-invariant and satisfies 2(Z) = 1. For every & € Z, we denote by f, " the inverse
branch of f" defined in a neighbourhood of x¢ and such that f."(z0) = 2.

The following result is stated in [BD19, Theorem A] (see also [BDMO8, Theorem 1.4]) in the
case where v is the measure of maximal entropy of f. The same statement and proof hold for any
measure in v € M™T(f), as stated at the end of the Introduction — and used in later sections — of
the same paper.

Theorem 2.1. For every 0 < 21 < v < Xmin and U-almost every & € Z, there exist

(1) an integer nz > 1 and real numbers hy > 1 and 0 < rz,pz <1,

a sequence {sz ntn>0 of injective holomorphic maps
(2) a seq {pantn=0 of injective holomorphic map

Van : B(x_n, r@e_”w”")) — D¥(pze™)
sending x_, to 0 and satisfying
™72 dist (u, v) < lozn(u) — @zn(v)] < O3 e dist (u, v)

for every n € N and u,v € B(x_p, rgge_”(A"“Q"));

(3) a sequence {L;n}n>0 of linear maps from C* to CF which stabilize each
Hj ={0} x...xCM x...x {0},
satisfy
eGPy | < |Lsn(v)] < ety for allm € N and v € Hj,

and such that the diagram

B(zo,13) —— B(x_p,rze "0+2)

J/‘pi,() \L‘Pi,n
D (p;) ——"— DF(pze™)

commutes for all n > ng.
Moreover, the functions & — h;l, Tz, Pz are measurable and n-slow on Z.

In particular, for every n € N and # as in the statement, the inverse branch f_ " is well-defined
on the ball B(zg,rz).

Corollary 2.2. With the same assumptions and notations as in Theorem [2.1] and Section [2-], for
v-almost all & € Z and all t,t1,...,t; € (0,1], n > ng, and y,w € B(xg, 1), we have
(1) e—n(Ll,—&—lOkn) < ]Jac f;n(y” < e—n(LV—IOkn);
(2) €720 < | Jac £ (y)] - | Jac f " (w)| 1 < 207,
8



(3) Ex_, (tjrahy e MOGHOMY C fo0(E, (tirg)) C Eu_, (tjrzhse i —10M);
(4) (trs )2k —Qn(LV—&-lOkn) < Vol(E,_, (trze=™Xi)) < (tri)%e_Q”(Lv—w’WI);
(5) (trehy 1)2k g=2n(Ly+20kn) < Vol(f7"(B(xo,trz))) < (trshg)2ke—2n(Ly—20kn)

Proof. The assertions (1) and (3) follow directly from Theorem (2) and (3). The assertion
(2) follows from (1). The assertion (4) follows from the fact that the distances in P(T},_, P*) ~
P*~1 between the directions associated to distinct Lyapunov exponents at z_,, are larger (up to a
multiplicative constant independent of n) than e =57, again by Theorem (2). This allows one to
compare the volume of £,_, (trze™™X) with that of an ellipse in C*, whose axes are parallel to the
coordinate planes. The assertion (5) is a consequence of (3), applied with ¢t; =t forall j =1,...,k,

and (4). O

Definition 2.3. We define Z, C Z to be the full D-measure set of elements & € Z satisfying the
conditions in Theorem and Corollary 2.2} For a > 0, we also define

Zyo = {a? EZy:ng < ofl,ri > a,h; < ofl}.

It follows from the definition that, as o — 0, the sets Z, , increase to Z,. In particular, we have
U(Zyo) = 1asa—0.

Corollary 2.4. For every 0 < € < Xxmin Sufficiently small, there exist Z,(¢) C Z,, n'(¢) > 1, and
r(e) € (0,1) such that
(1) 0(Z(e)) > 1 —¢;
(2) ng <n(e) and rz > r(e) for all & € Z,(€);
(3) for allt,ty,... tp € (0,1], n > n(e), T € Z(¢), and y,w € B(xo,r(€)) we have
(a) e~ (L +ke) < |JaC f;”(y)! < e—’n(Lu_kE)’.
(b) e7*< < [ Jac [ (y)] - [ Jac £ (w)| 7! < e
(¢) Ea_, (tr(e)e ™ 0H)) C f77(Exy (87(€))) C Ea, (tjr(e)e "5~ 9);
(d) (1r(e) e~ k) < VOl tr(e)e=) < (tr()) ek,
(¢) (tr(e))? etk < NVO(f"(B(wo, tr(e)))) < (tr(e))* e v k),
where ng, hg, and rz are as in Theorem [2.1]

Proof. By choosing o = «a/(e) sufficiently small, Corollary and the Definition of Z,  give the
existence of a set Z))(€) := Z,, o () and numbers 7(¢), n’(¢) satisfying the properties in the statement,
with (3c) and (3e) replaced by

5357”(15]'7“(6)01(6) (X]+€/2)) C f ( :co(t T‘( ))) C (‘:a;in(tjr(e)o[(e)ilein(xjiﬁ/2))
and
(tr(e)a(e))leon(Lerke/Q) < Vol(f;™(B(o, tr(e)))) < (tr(e)a(e)71)2k672n(Ly7ke/2)’

respectively. Since all the Lyapunov exponents of v are strictly positive, the assertion follows up to
increasing n/(e). O

Lemma 2.5. For every 0 < € < xmin sufficiently small, there exist n(e) € N, a subset Z,,(€) C Z,(¢)
with 0(Z),(e) \ Z,(€)) <€, and, for all & € Z,(€), a sequence {n;}i1>0 = {ni(&)}i>0 such that

(1) n'(€) < ng <nle);

(2) nip1 —mny < eny for all 1 > 0;

(3) T™(z) € Z/,(€) for all 1 >0,
where Z),(¢) and n'(€) are as in Corollary 2.4

A version of Lemma is essentially proved in [PU10, Section 11.4] in the case of k = 1. We will
need here to further get a uniform upper bound for the element ng associated to any & € Z,(e).
9



Proof. We first show the existence of a set Z)'(e) C Z/(e) with ©(Z](e) \ Z./(¢)) = 0 and, for any
& € Z(¢), of a sequence {n;};>0 = {n(Z) };>0 satistying (2), (3), and ng > n'(e).

For every n € Nand & € Z, set S,(2) := Z;:ll 17 (0 ©T7 (&), where 1y denotes the characteristic
function of V' C P*. Since ¥ is ergodic, by Birkhoff’s ergodic theorem there exists a measurable set
Z)(e) C Z!,(€) such that 0(Z])(e)) = 0(Z,,(¢)) and
(2.2) lim n~1S,(2) = 0(Z,(¢)) for every & € Z/(e).

n—oo
Take & € Z/(¢). By and the fact that 0(Z](¢)) > 1 — ¢, there exists n* = n*(z) > 10/e
such that [n=18,(2) — 2(Z,(€))| < €/20 for all n > n*. We define {n;};>0 = {n;(2)};>0 to be the
sequence of integers n > max{n*,n’(¢)} such that T"(z) € Z,(e).
It follows from the definitions of S, (Z) and of the sequence {n;};>o that Sy, (£) = Sy, (Z) + 1
for all [ > 0. Moreover, we also have

Sp () <y (0(Z),(e)) + €/20)  and Sy, (&) > nig1 (0(Z],(€)) — €/20)  for all > 0.
We deduce from these inequalities that, again for all [ > 0,
n+1 < S’”H—l (@) _ Sny (2) +1 < ﬁ(Z{,(e)) +¢€/20+1/my
ni — n(0(Z(e)) —€/20)  ny(2(ZL(€)) — €/20) ~ v(Z!(€)) —€/20
Hence, since 0 < € < Ymin and n; > n* > 10/e for all | > 0, we have
B ~ (]
nil — 0 < V(Z'i(f)) +¢€/20+1/n; | < €/10 +¢/10 ce
ny v(Z!(€)) —€/20 1—€e—¢/20

This gives the existence of a set Z!”'(e) with the properties stated at the beginning of the proof.

For every N > n/(e), set ZN(e) .= {& € Z"(€): no(2) < N}. The sequence of sets Z}\ (¢) is
non-decreasing as N — oo, and satisfies Uy Z) (¢) = Z(¢). Fix m* = m*(e) such that 0(Z"(e)
7" (€)) < e. The assertion follows setting Z,(e) := Z"" (€) and n(e) == m*. O

Recall that 7: O — P denotes the projection map defined by (%) = zq, where & = {x,, }nez.

Remark 2.6. Observe that the sequence {n;};>0 = {ni(2)}1>0 as in Lemmal[2.5 only depends on 29 =
7(z). In particular, the sequence {n;};>0 as in Lemma [2.5[is well-defined for every x € m(Z,(¢)).

Definition 2.7. Given N > 0, 2 € P¥, k > 0, and ¢ > 0, we denote by U = U(N, z,k,¢€) the
(necessarily unique) set U, if it exists, satisfying fN(U) = B(fN (), s e V™€) (where M is as in
(2.1)) and such that f|; is injective. We call 2(U) the center of U.

By Definition , we have U(N, xg, k, €) := fT_]{,v(é) (B(fN (), ke NM€)) for every & with (%) =
xo whenever the inverse branch f;fv\f(ﬁ) is well-defined on B(f™(xg), s e VM¢). Lemma says

that, for all e > 0 sufficiently small, this happens for every zg € 7(Z,(€)), 0 < k < r(e), and [ > 0
if we take N = n;, where the sequence {n;};>¢ is given by that statement (and depends on zg; see
Remark . In particular, U(ng, xo, k, €) is well-defined under such conditions for all I > 0, and
Corollary can be applied with any g such that yo = f™(x¢) and y_,, = x¢ (observe that the
factor e € is not necessary to get this). We now aim at getting similar estimates valid for all
N > n(e). The factor e V™€ will need to be introduced for this reason.

In the next lemma and in the rest of the paper, we will only consider 0 < € < xmin sufficiently
small as above, and Z,(€), Z, (), r(e), and n(e) will be as in Corollary[2.4/and Lemma Similarly,
for every 2 € Z,(¢) (and z € w(Z,(€))), the sequence {n;};>¢ is given by Lemma (and Remark
2.6). Recall that all these definitions depend on f and v € M™(f). The sets U(N, z, K, €) are as in
Definition 2.7
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Lemma 2.8. Fiz 0 < € < Xmin- Then, for all z € w(Z,(€)), N > n(e), and 0 < k < r(e), the set
U(N,z,k,€) is well-defined and we have
(1) &(ke NOGHEMAD)Y C (N, z, K, €) C
(2) ﬁ2k672N(Ly+k(2M+1)e) < Vol( (N T, K, 6)) S /<;
(3) e NI < | Jac f¥(y)] - | Jac Y (w) 1 < ¢

where M is as in ([2.1]).

Proof. Fix x € m(Z,(€)) and 0 < k < r(€). Then z corresponds to (at least) an orbit & € Z,(e) with
7(2) = . By Lemma[2.5|and Remark [2.6] there exists a sequence {n;};>¢ with no < n(e) and such
that nj1 < (14 €)my and fri(x) € m(Z](e)) for all | > 0. By Corollary [2.4] (3b), (3c), and (3e), for
all { > 0 and 0 < ¢t <1 the set

U (np, ., th) = Froilizy (BUf™ (o), r))

(*ﬁ
/-\
X
Cb I
" =
Il
<)
i

72N(L,, ke) .
)
N(2M+1)ke

AG}

for every y,w € U(N, x, kK, €),

is well-defined and we have

(23) Sz(t/i e_nl(Xj+E)) - ﬁ(nl,l‘,tﬁ) - gx(t/ﬂ) €_m(Xj_€))v

(24) (tr) e 2Bt < Vol(U (my, a, th)) < (ts) e 2 b=k,

and

(2.5) e Fme < | Jac fM(y)] - | Jac f (w)| 7t < €€ for every y,w € U(ny, x, k).

Consider now any N > n(e) and fix {* = [*(IV) such that n;x < N < ngx41. Such [* exists since
no < n(e) and n; — oo as | — oo. It follows from the definition (2.1)) of M that

(2.6) B(fN(Z), /-Qe_(N_”l*)M) ) fN—nz* (B(fnl* (z), /ie_2(N_”l*)M))
and
@7 fruea =N (BN (@), we i =NM)) € B (@), ).

It follows from ({2.7)), the second inequality in (2.3|) applied with [ = {* + 1 and ¢t = 1, and the fact
that 0 < ngpy1 — N < engx < eN, that U(N, z, K, €) is well-defined and satisfies
(2.8) U(N,z,k,€) CU(npy1,2,5) C Ep(re ™ +10679)) C £, (ke NG9,
Similarly, from (2.6]), the first inequality in (2.3]) applied with { = * and ¢ = e 2(N=nx)M “and the
fact that 0 < N — njx < enjx < eN we deduce that
U(N,z,k,€) 2 fT,’fll** . (B(fnl* (IE),HG_Q(N_’”*)M))
D (ke MG —RMENY 5 g (1 o= NOG=(M+1)e)y

9

which completes the proof of the first item.
The second and the third assertions follow from similar arguments, combining ([2.6) and .

with and (| -, respectively.

The following corollary records a special case of the above lemma when all the Lyapunov exponents
of v € M*(f) are equal.

Corollary 2.9. Assume that all the Lyapunov exponents of v € M*(f) are equal to x > 0. Then,
forall0 <e< x, xz €m(Z,(€)), N >nle), and 0 < k < r(e), we have
(1) B(z, ke NOACM+D)) C I(N, 2, k,€) C Bz, ke NX=9));
(2) K2k e—2kN (x+(2M +1)e) < VOI(U(N,ZL‘,/Q, 6)) < w2k o—2kN(x—e€)
11



Remark 2.10. If f is hyperbolic, then we have Z, N7~ 1(J(f)) = ZNw~1(J(f)) for any v € MF(f).
Moreover, observe that any ergodic probability measure on J(f) belongs to ./\/l}r( f). In particular,
we have m(Z,) 2 J(f) for any ergodic probability measure on J(f). We also have Z, N7~ (J(f)) =
Z, Na~ L (J(f)) for all a sufficiently small, which implies that we can take Z(e) = Z'(¢) = Z for all
e sufficiently small.

More generally, let X C P* be a closed invariant uniformly expanding set. Take v € M}( f).
Denoting by Ox the set of orbits {2, }nez € X7, it follows from the definition of ¥ that #(Ox) = 1

and that we can assume that X C w(Z,(¢)) for all e > 0. As 2(Ox) = 1, we can also assume that
7m(Z,(€)) C X, hence 7(Z,(¢)) = X, for all € > 0.

2.3. Volume-conformal measures. We again fix in this section a holomorphic endomorphism
f of P* of algebraic degree d > 2, and we let X be a closed invariant set for f. Recall that
flx : X — X is topologically exact if for any open set U C P¥ with U N X # ) there exists n > 1
such that f*(U) 2 X.

Definition 2.11. Given any ¢t > 0, a probability measure p on X is t-volume-conformal on X if,
for every Borel subset A C X on which f is invertible, we have

A)) = J tdu.
p(f(A)) / | Jac f|"dp
We define

dx(f) :==inf {t > 0: there exists a t-volume-conformal measure on X} .

Lemma 2.12. Assume that f|x is topologically exact. Let p be a probability measure on X which
is t-volume-conformal on X for some t > 0. Then

(1) the support of u is equal to X ;
(2) for every r > 0 there exists constants 0 < m_ =m_(pu,r) <1 and 0 < my =my(p,7r) <1
such that m_ < u(B(z,r)) < my for every z € X.

Proof. Assume that there exists a point x € X which does not belong to the support of u. Take a
small ball B centred at x which is disjoint from the critical set C(f) of f and such that u(B) = 0.
As f|x is topologically exact, we have X C f™(B) for some n > 1. Hence, it is enough to prove that
u(f™(B)) =0 for all n € N. Since BN C(f) = 0, this is a consequence of the volume-conformality
of p and the fact that u(B) = 0 (we need here to partition B into subsets where f™ is injective in
order to apply Definition . The first assertion follows.

The second assertion is a consequence of the first and the fact that, for every probability measure
pon P¥ and r > 0, there exist constants m4 = m(u,7) such that (2) holds for every z in the
support of p. O

Recall that, for every v € M™(f) and every e sufficiently small, Z,(¢), r(¢), and n(e) are given
by Corollary and Lemma and the sets U(N, x, K, €) are defined in Definition

Lemma 2.13. Assume that f|x is topologically exact. Fiz v € M¥(f), t >0, and 0 < € < Xmin,
where Xmin > 0 is the smallest Lyapunov exponent of v. Then, for every 0 < k < r(e), every
t-volume-conformal probability measure  on X, every x € w(Z,(€)), and every N > n(e), the set
U=U(N,x,k,€) is well-defined and satisfies

m_(u,ﬁe‘MNf)e_tNk(5M+2)€< w(U) Ctm+(u,Fée_MNe)etNk(s)MJrz)e

Ctrtk = Vol(U)H? = itk ’

where M is as in (2.1), the constants m_ and my are as in Lemma and C' is a positive
constant independent of k, €, x, N, v, i, and t.
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Proof. Fix x € m(Z(€)), N > n(e), and 0 < k < r(¢). The set U := U(N, z, k, €) is well-defined by
Lemma We denote for simplicity by B the ball B(fV (z), ke~ MNe¢) = fN(U).

Let © be any t-volume-conformal probability measure on X. Since X has a dense orbit, by Lemma
the support of 4 is equal to X. Since f% is injective on U, by Definition we have

W(B) = p(f¥ () = u(fN (U N X)) = / | Jac fN]dp = / | Jac £ |dp.
U

Uunx
We deduce from Lemma (3) that

eftkN(2M+1)e| Jac fN(QZ)‘t/L(U) < N(B) < etkN(ZMJrl)e’ Jac fN<1')|tM(U)
It follows from the above expression that
o~ thN(2M+1)e othN(2M+1)e
—m_<,U/(U)<‘ cMm,
| Jac fN(x)[" - = [Jac fN(x)[f

where m_ == m_(u, ke MN¢) and my = my (u, ke MN¢) are as in Lemma
Again by Lemma (3), we also have

—2kN(2M+1)e \/ol( B 2kN(2M+1)e\/o]( B
e VO ( ) S VOl U) — / ’JaC fiN|2 S € VO ( ),
| Jac fN ()] B(fN ()5 e~ MNe) z | Jac fN (x)]2

where the integral is taken with respect to the Fubini-Study metric, 2 is any element in Z such that
20 = fN(z) and z_y = x, and we observe that f;N is well-defined on f(U) by Lemma

Combining the inequalities (2.9) and (2.10), we see that
m— —tNk(AM+2)e \/o ()2 < (T < m+ ENK(AM+2)e /1 (1) 2
Vol(B)2¢ U™ = uU) = gy ol(U)"".
The assertion follows from the last expression by observing that there exists a positive constant C
such that C~2 < Vol(B(z,r))/r** < C? for every x € P¥ and 0 < r < 1. O

(2.9)

(2.10)

2.4. A pressure for expanding measures. Let f be a holomorphic endomorphism of P* of
algebraic degree d > 2. For any invariant probability measure v and t € R, we define

P(t) = hy(f) —t / | Jac fldv = hy(f) — tLo(f).

Let X C P* be a closed invariant set for f. We define a pressure function P; as
(2.11) PE(t) s=sup {P,(t): v € M%(f)}
and set
pi(f) =inf {t: PE(t) =0}.
We will drop the index X when X = P*.

Lemma 2.14. Let X C P* be a closed invariant set for f. Assume that M}(f) s not empty.
Then we have P;(t) < oo for allt € R and the function t — P; (t) is conver and non-increasing.

Proof. Take v € M%(f). As L,(f) > 0 and the topological entropy of f is bounded by klogd
|Gro03; DS10] we have Py (t) < klogd for all ¢ > 0. Take now ¢ < 0. Since the function |Jac f|
is bounded from above by a constant M’ and h,(f) < klogd, we have Py (t) < klogd + |t|M’ for
every t < 0. Hence, Py (t) < oo for all t € R.

For any given measure v € M7 (f), the function ¢ — P,(t) is non-increasing. It follows from its
definition that the function ¢ — Py (¢) is non-increasing. It is convex as it is a supremum of

affine, hence convex, functions. O
13



The following example illustrates that Lemma is false (even with X = J(f)) if we take the
supremum over the set of all ergodic probability measures, with no requirement on the Lyapunov
exponents, in the definition (2.11)) of the pressure function P; (t).

Example 2.15. It is possible to construct endomorphisms f of P¥ admitting a saddle fixed point
po in the Julia set and with |Jac f(pg)| < 1 (and actually also equal to 0). An example of this
phenomenon is given for instance by Jonsson in [Jon99, Example 9.1], see also [BDMO07, Theorem
6.3], |Taf10], and |[BT17, Remark 2.6] for further examples. Consider the polynomial self-map f of
C? defined as

(z,w) — (z2,w2 +2(14n—2)w),

which extends to P? as a holomorphic endomorphism. As f preserves the families of the vertical
lines parallel to {z = 0}, for every (29, wq) € C? the vertical eigenvalue of D f(zo,w0) 18 well-defined.
It is immediate to check that, for 0 < n < 1/2, the point py = (1,0) is a saddle fixed point, with
vertical eigenvalue equal to 27, and Jacobian equal to 47. In particular, the Jacobian of f at pg
can take any small non-negative value (including 0). The point pg is in J(f) since J(f) is closed
and, for Lebesgue almost all zg € S*, the point (zg,0) belongs to J(f). This follows from a direct
computation of the derivatives which, by Birkhoff’s ergodic theorem, gives that

D on 0 ek 0
(20.0) x [Zlog|l+n—e?ds) ~ \x 2"log|l+n|)’

and the characterization of the Julia set of f given in |[Jon99, Corollary 4.4].
Consider the function

Py(t) = sup Py (1)

where now the supremum is taken over the set of all invariant probability measures supported on
J(f). If vy = 0p, is the Dirac mass at pg, then the function t — P, (t) is increasing in ¢ and
P,,(0) = 0. Hence, for such an endomorphism f, the function Py(t) is convex but it increases after
some ty > 0 and has no zeroes.

Remark 2.16. One could define ﬁj(t) by considering the set of all ergodic probability measures
with positive sum of Lyapunov exponents in the definition of Pjr (t). However, it is unclear to us
how to generalize many of the results in this paper, and in particular Theorem to this larger
class of measures. A priori, it could be possible that the first zero of Py(t) is larger than the first
zero of P} (t), but (possibly) equal to the first zero of ]Bjr (t).

3. EXACT VOLUME DIMENSION OF MEASURES IN M™(f)

Let f : P¥ — P* be a holomorphic endomorphism of algebraic degree d > 2. In this section we
define a pointwise dynamical volume dimension for every measure v € M™(f) and prove that it is
constant v-almost everywhere.

Fix a measure v € M*(f) and let xmin > 0 be the smallest Lyapunov exponent of v. For every
0 < € < Xmin, We fix Z,(€), n(e), and r(e) as given by Corollary and Lemma For every
x € m(Zy(€)), the sequence {n;};>0 = {ny(x)}i>0 is also given by Lemma [2.5} sce Remark For
xem(Z,(e)),0 <k <r(e), and N > n(e), we define

_ logv(U(N,z,k,€))
(3.1) 0z, b, N) = log Vol(U(N, z, k,€))’

where U(N, x, Kk, €) is as in Definition Observe that, for every €, x, kK, and N as above, the

definition of 6, (e, k, N) is well-posed by Lemma [2.8|
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Recall that the set Z, (see Definition satisfies Z, = Ue>0Z,(€) up to a v-negligible set, and
that the family {Z,(€)}c>o is non-decreasing as ¢ — 0. In particular, v-almost every = € 7(Z,)
belongs to m(Z,(¢€)) for every 0 < € < ¢y for some €y = ep(x). For every such x, we define the upper
and the lower local volume dimension at x as

(3.2) 0, = limsup limsup limsup d,(e, 5, N) and §, := liminf lim inf lim inf &, (¢, &, V),

e—0 k=0  N—oo e20 k=0 N—oo

respectively, where d, (€, k, N) is as in (3.1)).

Definition 3.1. If §, = 0., we say that d, = §, = &, is the local volume dimension of v at x.
We say that v € M™(f) is ezact volume-dimensional if the local volume dimension 4, exists for
v-almost every x.

The main result of this section is the following theorem. Recall that h,(f), L,(f), and xmin denote
the measure-theoretic entropy, the sum of the Lyapunov exponents, and the smallest Lyapunov
exponent of v, respectively.

Theorem 3.2. Let f : P* — P* be a holomorphic endomorphism of algebraic degree d > 2. Take
ve MY(f) and 0 < € € Xmin. Then, for v-almost all x € w(Z,(€)) and all 0 < k < r(€), there
exists integers my(e,x) > n(e) and ma(e, k) > 0 such that

B s )
oL, (p) =N = )

where 65(€,k, N) is as in (3.1) and ¢ > 0 is a constant independent of €, x, and k.

+ce  for all N > mi(e, x) + ma(e, k),

Remark 3.3. Although Theorem [3.2|is stated for points x € w(Z,(¢)), we can associate to U-almost
every & € Z,(e) the integer mj (e, &) := mq (e, zo), where, since we have xy € 7(Z,(¢)), the number
m1 (€, xp) is given by Theorem

The following consequence of Theorem shows that every v € MT(f) is exact volume-
dimensional.

Corollary 3.4. Let f : P* — P* be an endomorphism of algebraic degree d > 2 and take v €
MTF(f). For v-almost every x € P¥, the local volume dimension 6, is well-defined and equal to

2Ly (£)) " o (f)-

Proof. Recall that the family {Z,(€)}eso is non-decreasing for ¢ — 0, and that we have Z, =
Ue>0Z,(€) up to a v-negligible set. In particular, for v-almost every x € PF there exists ¢g =
€(xg) > 0 such that x belongs to 7(Z,(¢)) for every 0 < € < €. The assertion follows from the
definition of the upper and lower volume dimensions and Theorem O

The rest of the section is devoted to the proof of Theorem We will follow the general strategy
presented in [PU10, Section 11.4] but we will need to use the results in Section to replace the
distortion estimates for univalent maps in dimension 1.

3.1. Proof of Theorem a reduction. Fix a countable measurable partition P of P*. Up to
taking the elements of the partition sufficiently small, we can assume that the entropy h,(f,P) of the
partition P satisfies h, (f) —e < h,(f, P) < hy(f). Recall that, by the Shannon-McMillan-Breiman
Theorem [Par69; Wal00| for v-almost every = € P¥ we have

1
lim —Elog v(P"(x)) =: hy(f,P).

n—oo
Here P is the partition generated by P, f~'P,..., f~"P (i.e., the partition whose elements are the
sets of the form Pyn f~Y(P)N...N f(P,) for Py,..., P, € P), and P"(z) denotes the element

of the partition P"™ containing x.
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Proposition 3.5. Fiz v € MT(f). For every 0 < € < Xmin there exist two partitions Py and P
with hy(f,P1) > hy(f) — € and four constants bg,br (independent of €) and cg,crp > 0 (possibly
depending on €) such that for v-almost every x € m(Z,(€)) there exists an integer m(e,x) > n(e)
such that for all n > m(e, x), we have

E(n) = Ez(cEe*"(XﬁbEﬁ)) CPHx) and Py(x)C F(n):= Sx(cFe*"(beFe)).

We prove the existence of the sequences E(n) and F'(n) and partitions P; and Pz in the next two
subsections. We now show how Theorem [3.2]is a consequence of Proposition [3.5]

Proof of Theorem 3.9 assuming Proposition[3.5, We fix € > 0 as in the statement, x € 7(Z,(€)),
and 0 < k < r(e). For every N > n(e) and 0 < k < r(e), define the integers ng(N, k) and np(N, k)
as

{(Xj —€)N +logeg —long

ng(N, k) := min
E( ) j X + bge

J

and

’V[Xj + (2M + 1)€)]N + logcp — log n"

ng(N, k) := max
(N, ) = m R

J

where bg, b, cg, cp are as in Proposition and we recall that the x;’s are the Lyapunov exponents
of v, which are strictly positive. Then, by Lemma (1) and (2) and Proposition for all
0 < k < r(€), we have

(3.3)

Py (@) € F(np(N, k) CUN,2,k,€) C E(ng(N, ) € Pre™ (@) for all N > m(e,z),
where m(e, z) is as in Proposition and
(3.4) ;2R e 2N Lotk EMADE) < NOl(U(N, 2, 5, €)) < 12Fe2NIv=ke)  for all N > n(e),
where we recall that M is as in (2.1).

It follows from ({3.3) and the Shannon-McMillan-Breiman Theorem that there exists m/(e,x) >
m(e,x) and m” (e, k) > 1 such that

_logu(U(N,:L‘,Fa, €))
N

< (h(f)+o)( lim L(N’“He)

. ng(N,k)
(3.5) (h,,(f)—ze)( lim ET_E) < dim 2

N—o0
for all N > m/(e,x) + m” (e, k). We used here the fact that, since k < r(€), the integers ng(N, k)
and np (N, k) are bounded below by quantities which are independent of 0 < k < r(€). Similarly, it
follows from (3.4) that there exists m” (e, k) > 1 such that

_logVol(U(N,fB, K, €)) < 2Ly(f) + (2M + 1)e) + ¢

(3.6) ALu(f) — ke) — e < = <

for all N > m" (e, k) + n(e).
Setting
mi(e,z) = m'(e,x) > m(e,z) >n(e) and ma(e, k) = max{m” (e, k), m"” (¢, )},

the assertion follows combining (3.5)), (3.6, and the definitions of ng(N, k) and np(N, k). O
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3.2. Proof of Proposition the existence of E(n) and P;. We will need the following
lemma, see for instance [PU10, Corollary 9.1.10].

Lemma 3.6. Let (X,0) be a compact metric space, f: X — X a measurable map with respect to
the Borel o-algebra on X and v an f-invariant Borel probability measure. Then for every r > 0,
there exists Xy C X with v(Xy) = 1 and a finite partition P of X into Borel sets of positive measure
v and of diameter smaller than r such that, for every e > 0 and every x € Xy, there exists an integer
mo = mo(e, z) such that

Bx(f™(z),e™™) C P(f™(x)) for every n > my,
where Bx(y,a) denotes the open ball in X of radius a and center y € X.

Fix 0 < € < Xmin- Let Xp, P, and mg(e, x) be as given by Lemma applied with X = Supp v.
Up to taking r sufficiently small, we can assume that h,(f,P) > h,(f) — €. Up to replacing Z,(¢)
with 771(Xp) N Z,(€), we can assume that the conclusion of Lemma [3.6| holds for all z € w(Z,(¢)).

Fix x € n(Z,(¢)). In particular, there exists & € Z,(e) with 7(2) = z. Let {n;};>¢ be the
sequence associated to £ by Lemma We fix [y € N such that n;, > mgo(e, ). Recall that M is
as in (2.1).

Consider an integer n > n;, and the dynamical ellipse
E(n) =&, (C’r(e)e_”(xf+(M+2)€>),
where 0 < C' < 1 is a constant small enough so that
(3.7) fUE(m)) CP(f4(x))  for every ¢ < ny,.

We now show that f9(E(n)) C P(f(x)) for all nj, < g < n. To this end, fix one such ¢ and
let I* = I*(q¢) > lo be such that njx < ¢ < ngy1. Since T™* (&) € Z/(e) by Lemma and
w(T"™*(z)) = f™*(x), Theorem and Corollary (3c) imply that there exists a holomorphic
inverse branch g« := f_nﬁzi*?) : B(f™*(x),r(e)) — P* of f* such that g;«(f™*(z)) = = and

Ea(r(e)e ™ Xit9) C g (B(f" (z),7(e))).
Set
E'(n) == & (r(e)e T,
Then E(n) C E'(n) (by the choice of C' and the inequality n > n;+) and Corollary (3c) gives

" (E(n)) = f™ (Ex (CT(G)e*"(Xﬁ(MH)G))) C Epmx () (Cr(e)efxﬂ'("fnl*)eml**(MH)E") .

Since n > nyx, 0 < g — nyx < eng= (by the definition of the sequence {n;};>p in Lemma ,
0 < Cr(e) <1 (as 0 < r(e) < 1 by Corollary , q < n, q < mnpy1, and all the y;’s are strictly
positive, by the definition (2.1)) of M and the above expression we deduce that

FUBm)) = f170 (70 (B(n)) € Epngyy (Crle)e sl =(a2engla=ne) )
CB (fq(x), eenl*e—2en—Meneenl*M) _B (fq(x)7ee(nl*—n)M—i-e(nl*—n)—en)
C B(f'x),e”") € B(f!(x),e”).
As ¢ > ny, > mo(e,x), by Lemma we have B (f%(x),e 1) C P(f%x)). It follows that

f4U(E(n)) C P(f_q(:n)) for all ny, < ¢ < n. Together with (3.7)), setting P; := P this inclusion implies
that E(n) C Pl (x), as desired.
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3.3. Proof of Proposition the existence of F(n) and P2. We work with the same setting
and notations as in Section [3.2] We need the following lemma, see for instance [PU10, Lemma
11.3.2]. Recall that the entropy of a countable partition P = {P;} with respect to a probability
measure u is defined as
H,(P) =Y —u(P,)log(u(F;))-
i
Lemma 3.7. Let i be a Borel probability measure on a bounded subset A of a Fuclidean space, and

p:A— (0,1] a measurable function such that logp is integrable with respect to . There exists a
countable measurable partition P of A such that H,(P) < oo and

diam(P(z)) < p(z)  for p-almost every x € A.
Recall that C(f) denotes the critical set of f and that v(C(f)) = 0. For x ¢ C(f), define the

function
(3.8) p(z) == cr(e) min {1, | Jac f|},

where ¢ < 1 is sufficiently small so that f is injective on the ball B(z, p(x)) for every x € Pk\ C(f).
Such constant exists because, since the function Jac f(z) is holomorphic in z, there exists a positive
constant co such that |Jac f(z)| < co - dist(x, C(f)) for every 2 € P*. For the same reason, the
function log p is integrable with respect to v, since by assumption the Lyapunov exponents of v are
not equal to —oo, hence log | Jac f| is integrable with respect to v.

Consider a partition P given by Lemma [3.7], applied with © = v, A = Supp v, and the function
p as in (3.8). In particular, for v-almost every = € Supp v we have P(z) C B(z, p(x)). For every
n > 1, define

n—1
V(. p) == () F7B(f (), p(f ().

j=0

It follows from the definition of p that f is injective on B(f7(x), p(f/(z))) for all z € P* and
0 < j <n-—1. As a consequence, for every n > 1 and for v-almost every € Supp v, the map f" is
injective on V,,(x, p) and P"(z) C V,(z,p). It is then enough to show that, for every n > n(e), the
set Vi, (z, p) is contained in a set F(n) = &, (cpe~"Xi=79)) for some br and cp as in the statement
of Proposition [3.5]

Let I* be the largest index of the sequence {n;};>o given by Lemma such that n;» <n —1

(such I* exists since n > n(e)). As in Section set g == ff_% . Then g« is well-defined on
B(f"™*(x),r(e)). By the above, and in particular by the injectivity of f on V,, we have
Va(@, p) € g (B(f™ (), p(f™* (2)))).
By Corollary (3c), we deduce that
Vol(z,p) C & (Kefnl*(xﬂ'*e))
for some constant K > 0 independent of z and n. Since n — 1 < ng=y1 < (14 €)ny=, we deduce that

Vn(l’,p) C F/(TL) — 81' (Ke_(n_l)(1+5)71(Xj—e))'

Set F(n) = gx(cFe*”(Xj*bFﬁ)), where cp == K and bp = (1 + €)' min;j(x; + 1). The assertion
follows.

This concludes the proof of Proposition [3.5] and therefore also the proof of Theorem
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4. VOLUME DIMENSION OF MEASURES IN M™(f)

Let f: P¥ — P* be a holomorphic endomorphism of algebraic degree d > 2. The goal of this
section is to define volume dimensions for sets and measures and study their properties. More
specifically, in Sections and we define and study the volume dimension VD(v) for measures
v e MT(f) and VD, (X) for subsets X of the support of v. In Section we prove a criterion to
relate the volume dimension of a set of positive measure to the local volume dimensions defined in
Section [3} see Proposition [£.26] This criterion, together with Theorem [3:2] will allow us to prove
Theorem [L1] in the next section.

4.1. Definition of volume dimension and first properties. Given ¢ > 0, Kk > 0, N € N, and
W C P*, we consider the collection UR (W, €) of open subsets of P* given by

UK, (W,e) == {U c P*: 3z € W such that U = U(N, z, K, €)}

where U(N, z, K, €) is as in Definition Recall in particular that each U(N, x, k, €) (if it exists) is
an open neighbourhood of z. Given € > 0 and U € U, -0 x>0 Uy (P* €), we denote by N(U), x(U),
and z(U) the parameters associated to U as in that definition, i.e., such that

N @) = BN (2(U)), k(U) e NOMe),
where M is as in .

Remark 4.1. Let Uy # Uy have the same parameters N = N(U;) and £ = x(U;) and assume that
z(Uy) and z(Uy) satisfy fN(z2(U1)) = fN(2(Uz)) = w. Then, we necessarily have U; N Us = (), as
both Uy and Uy correspond to an inverse branch of fV defined on a subset of B(w, ) containing w.

We fix now v € MT(f) and let Z, be as in Definition We denote as before by Xmin > 0 the
smallest Lyapunov exponent of v. For every 0 < € < Xmin, We fix Z,(€), n(e), and r(e) as given by
Corollary [2.4) and Lemma [2.5]

By Theorem [3.2 and Remark [3.3] for D-almost every & € Z, (€) and every 0 < k < r(e) there exist
positive integers mq(e, &) > n(e) and ma(e, k) > 1 such that the conclusion of Theorem holds
for N > mi(e,z) + ma(e, k). For every m € N, consider the set Z,(e,m) := {& € Z,(€): n(e) <
mi(e, &) < m}. Since U(Z,(€) \ Z,(e,m)) — 0 as m — oo, for every 0 < € < Ymin there exists

m(e) > n(e) such that v (7(Z,(€)) \ m(Z,(e,m(e)))) < e. For every 0 < € < Xmin, we define

(4.1) Zy(€) == Zy(e,m(e))  and  Z7 = Un<exmn 2o (€)-

By definition, the conclusion of Theorem [3.2]holds for every = € 7(Z}(e)), with m1 (e, ) independent
of . This fact will not be used in this subsection, but will be crucial in the proof of Proposition

Observe also that ©(Z}) =1 and v(7(Z})) = 1.

Remark 4.2. As in Remark when X is uniformly expanding, for every v € M}( f) we can
assume that Z, = Z = Z7(e) for all 0 < € < Xmin, and that 7(Z,) = X.

We first fix 0 < € < xmin and define a quantity VD, (Y) for every subset Y C w(Z}(€)). The
definition will depend on both f and v.

For 0 < K < r(e) and N> N* > n(e), we denote by U(e, k, N*) the collection of open sets

(4.2) Ue, s, N*) = | ] UR(T(Z}(e)),e).
N>N~*

Lemma 4.3. For every 0 < € < Xmin, 0 < kK < r(€) and N > N* > n(e), the collection U(e,rk, N*)
is an open cover of w(Z}(e)).
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Proof. 1t follows from Lemma [2.8 and the fact that Z}(e) C Z,(e) that U(N,z, K, €) is well-defined
(and is an open neighbourhood of z) for all x € n(Z}(€)), 0 < k < r(e), and N > n(e). The
assertion follows. O

Definition 4.4. For every 0 < € < Xmin, Y C 7(Z}(¢€)), and 0 < k < r(e€), an (¢, k)-cover of Y is
a countable cover {U;};>1 of Y with the property that U; € U(e, k,n(e)) for all i. An e-cover is an
(€, k)-cover for some 0 < Kk < 7(€).

For every o > 0 and Y C 7(Z}(e)), we define AS(Y) € [0, +o0] as

(4.3) AL(Y) :=limsup AS®(Y), where AS™(Y):= lim inf Vol(U;)
K0 N*—oo{Ui} =

and the infimum in the second expression is taken over all (e, k)-covers {U;}i>1 of Y with U; €
U(e,k, N*) for all i > 1. Observe that the limit in the second expression above is well-defined, and
equal to a supremum over N* > n(e), as the U(e, k, N*)’s are decreasing collections of covers for
N* — oco. We will see below that the function a — AZ"(Y) is essentially independent of x; see
Lemma Hence we will be able to use this approximated version of AS (Y) in order to study its
properties.

Lemma 4.5. For every 0 < € < Xmin, 0 < k < r(€), and Y C n(Z}(€)), the following assertions
hold:

(1) the functions o — AG"(Y) and a — AS(Y) are non-increasing;
(2) if NGy (Y) < oo (resp. A§ (Y) < 00) for some ag > 0, then AG"(Y) =0 (resp. AG(Y)=0)
for all o > .
Proof. By the definition (4.3 of AS(Y) and AG"(Y), it is enough to show the two assertions for
AS"(Y) for a given k as in the statement.

The first property is clear from the definition of AZ"(Y) and the fact that, up to taking N*
sufficiently large, we can assume that the volume of all the U;’s is less than 1 in the definition of
AG"(Y); see Lemma (2). If a1 < ag, then, for every n > 0 and up to taking N* sufficiently
large, for every U € U(e, k, N*) we also have

Vol(U)*2 = Vol(U7)*1(e2=en) < plea=en) . yo(U)e,
As n can be taken arbitrarily small and AG7(Y) is finite, this gives Ag; (Y) = 0. The assertion
follows. O
Because of Lemma the following definition is well-posed.

Definition 4.6. For every 0 < € < xmin and Y C w(Z}(€)), we set

VD (Y) :=sup{a: AL(Y) = oo} = inf{a: AL(Y) = 0}.
Similarly, for every 0 < k < r(e), we also set

VDSH(Y) :=sup{a : AS"(Y) = oo} = inf{a : AS"(Y) = 0}.

Remark 4.7. The definition of VD{"(Y") will not be needed in this section, but Lemma will be
used in the proof of Proposition [5.4]
Lemma 4.8. For every 0 < € < Xmin, 0 < k < 7r(€), and Y1 C Yo C w(Z}(¢)), we have

VDSR (V1) < VDSR(Y3)  and  VDS(Yh) < VDS(Ya).

Proof. For every 0 < k < r(€), every (e, k)-cover of Y5 is also an (e, k)-cover of Y;. The assertion
follows. .

In the next lemma, we will use the following form of Besicovitch’s covering theorem |Bes45|.
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Theorem 4.9. Let n > 1 be an integer. There exists a constant b(n) > 0 such that the follow-
ing claim is true. If A is a bounded subset of R™, then for any function r: A — (0,00) there
exists a countable subset {x,,: m € N} of A such that the collection of open balls B(A,r) =
{B(xm,r(xm)): m € N} covers A and can be decomposed into b(n) families whose elements are
disjoint.
Lemma 4.10. For every 0 < € < Xmin, 0 < k <7(€), and Y C w(Z}(€)), we have

VDE(Y)<1 and VDSR(Y) < 1.

Proof. By Lemma it is enough to show the statement for Y = 7(Z}(e)). By (4.3) and the
Definition of VD{(Y) and VD$®(Y), it is enough to show that, for any 0 < k< r( ) and
N* > n(e), there exists an (e, k)-cover {U;} of m(Z}(e)) with N(U;) > N* for all i > 1 and such
that

ZVol ) < C < oo

for some constant C' independent of x. Indeed, by (4.3)), this shows that AT"(7(Z;(€))) < oo, which
implies that VD™ (w(Z(€e))) < 1. As C' is independent of «, this also gives A{(7(Z}(€))) < oo and
thus VD¢ (w(Z%(€))) < 1, as desired.

Fix N* > n(e) and 0 < xk < r(e). Theorem applied with n = 2k, A == fN"(7(Z%(e))), and
r = ke N'Me gives b(2k) collections B;, 1 < j < b(2k), of disjoint open balls {B;;};>1 centred
on fN'(n(Zz(€))) and of radius r such that A C U;;B;;. We work here in local charts; see also
Remark [[.4

Consider an element Bj«;» of the collection {B;,;};;. By construction, its center belongs to

fN"(Z%(€)). Denote by x}* s @ *(l]* ) the preimages by f™" of the center of Bj;+ which
belong to m(Z}(e )) For each 1 < ¢ < m( i*,[*), choose an orbit & = Z(j*,1*,q) € Z}(e) such that
mo(Z (5%, 1%, )) =1 1+ (observe that my«(2(j%, %, q)) is necessarily the center of Bj» 1+). The inverse

branch £ g g
More precisely, the image of each B;; under any of such branches is of the form U(N*, z, s, €) for
some x € m(Z}(€)). The images associated to the same Bj; are disjoint; see Remark Similarly,
any two such images are also disjoint whenever the corresponding balls Bj ;, and Bj, ;, are disjoint.
Observe that this in particular applies whenever jo = ji, since each collection B; consists of disjoint

balls.

By construction, we have

is well-defined on the ball Bj« ;~ by the choice of the function r and Lemma

b(2k) m(j,l)

(3 < | I o Bid)
Jj=11>1 q=1

—_

By the arguments above, we have

b(2k)

Y > Vol fTN*( Gy Bin) < C'b(2k) Vol (P¥),

J=1 121 1<g<m(j,0)

where the positive constant C” is due to the use of local charts, and is in particular independent of
k. This completes the proof. ]

Observe that, for every 0 < v < 1, there exists a positive integer 6§ = 6, with the property that
it is possible to cover any ball of radius 7 in P* with a finite number 6 of open balls of radius yr

(the constant # also depends on the dimension k, but we omit this dependence since k is fixed).
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For every 0 < € < Xmin, define also the constant
Lo+ k(2M +1)e
4.4 l(e) :=
(14 (0= LN
Observe that £(e) > 1 for all € as above, and we have ¢(¢) = 1 + O(e) for € — 0.

Lemma 4.11. Fiz 0 < € < Xmin, 0 < k1 < kg < 71(€)/3, and Y C w(Z}(¢€)). For every a > 0, we
have

£(e 2ka €,K €K l(e 2ka €,K
(45) (ra/m) A (V) S ALY < Oy (W1 /i2) T AT 1Y),
where £(€) > 1 is as in (4.4) and 0s,, /., > 0 is as above. In particular, for every 0 < € < Xmin,
Y Cn(Z}(€)), and 0 < k1 < kg < r(€)/3, we have
(4.6) 0(e)"1 VDSR2 (Y) < VDSFL(Y) < £(e) VDSR2 (Y).

Proof. We first show the inequality (r1/ /<;2 )%A;Zé)( ) < AS™H(Y). We can assume that Ag™ (V) <
oo. Fix n such that AG"™ (Y) < n < co. There exists an (e, k1)-cover {U;};>1 of Y, with each U; of

the form U; = U(Ny, x;, k1, €), such that
> Vol(Ui)*
i>1

For each i > 1, set V; := U(N;, xj, ka,€). Since k1 < kg < r(e), we have U; C V; for all i, and the
collection {V;}i>1 is an (e, kg)-cover of Y. Moreover, by Lemma (2) and the definition of ¢(e),
for every ¢ we have

€ 2k0(e _9N, —ke)l(e
Vol(V;)4©) _ K (€ g—2N;(Ly—ke)t(e) _ ( ) )
VOI(UZ) - /{,%k e—2Ni(Ly+k(2M+1)e) 1

It follows that

ZVol V;)alo) (Ké(ﬁ)//{q)Qkan‘

1>1

By the choice of 7, this shows that A® 2(2)( ) < (ﬂg(e)/m)%”‘Agm(Y), as desired. By the definition

of VD{®(Y'), this also shows the first inequality in (4.6)).

We now show the second inequality in (4.5). As above, this also shows the second inequality in
([4.6). We can assume that AZ"*(Y) < oco. Fix 5 such that AG"™(Y) < < oo. There exists an
(€, ka)-cover {U;};>1 of Y, with each U; of the form U; = U(N;, xi, k2, €), such that

> Vol(U;

i>1
By Definition [2.7, for each i > 1, we have A; := fNi(U;) = B(fNi(z;), ko e~ V™€), By the definition
of 03, /x,, one can cover any ball A; with 03, /., open balls of radius (k1/3)e~NiMe In particular,
these balls cover fVi(Y NU;) C A;. Up to removing from the collection the balls not intersecting
fNi(Y NU;) and replacing all the other balls with balls of the same center and radius e~ NViMe,
we see that we can cover fVi(Y N U;) with 035/, balls of radius r1e NiMe and centred at points
of fNi(Y NU;). For every 4, we denote by {Bijh<j<j; (for some 1 < J; < 93@/,-@1% the collection

—N;Me

of the balls of radius k; e constructed above. By construction, for every ¢ we have

ANy nuy) UBJ
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For every i, j, set V; ; := ¢i(B; ), where g; is the inverse branch of Vi defined in a neighbourhood
of fNi(z) that sends fVi(z) to z. It follows that, for each i, the collection {Vi,jhi<j<y is an
(€, K1)-cover of U; NY. By Lemma [2.8] (2) and the definition of £(e), for every i and 1 < j < .J; we
have

- ) e) 2kl(e)  —2N;(L,—ke)l(e) ok
Vol(Vi ;) <M e _ (Hf(e)/m) '
Vol(U;) K2k e 2Ni(Lu+k(2M+1)e)

Summing over i and j, we obtain

Ji o
DD Vol(Viy) @ <y <93m/m G Vol(Ui)a)

i>1 =1 i>1
) 2ka
< 931{2//€1 (HI(E)/H2> n.

It follows that A;’Zle) (V) < 0310/, (ﬁi(e)/mg)Qko‘AZ""z(Y), as desired. This completes the proof. [J

Lemma 4.12. For every 0 < € < Xmin, 0 < k <71(€)/3, and Y C w(Z}(¢€)), we have
[VDSA(Y) — VDS(Y)] < (6(e) — 1) min { VDL(¥), VDF(Y)} < £(e) — 1,
where (€) > 1 is as in (4.4]).

Proof. Fix 0 < € < xmin and Y C 7(Z%(e)). It follows from Lemma that there exists ag =
ap(e,Y) € [0, +00] such that

(4.7) ap < VD®(Y) < apl(e) for every 0 < K < r(e).
Take any 1 > 0. It follows from the definition (4.3)) of AS(Y) and AG"(Y) that A, _, (V) = +co

ap—"n
(assuming ap > 0 and 0 < 1 < ap) and A;OK(E)_H](Y) = 0 (assuming ag < 00). Since 7 is arbitrary,
we deduce from the definition of VD (Y') that
(4.8) ap < VDL(Y) < apl(e).
The first inequality in the statement follows from (4.7) and (4.8). The second one follows from
Lemma 0

Remark 4.13. In Definition we do not require z(U;) € Y for any of the U; in an e-cover of
Y, but we could also define VD{,(Y) (and VD$"(Y)) for Y C w(Z}(€)) by only using sets U; such
that z(U;) € Y, rather than 2(U;) € 7(Z%(€)), in the definition of AS"(Y). Denoting by A (Y)
and VD, (Y) the corresponding quantities, it is straightforward to see that AS(Y) < A% (Y) for all
o > 0. Hence, we have VD¢(Y) < VD, (Y). On the other hand, take a such that AS(Y) < oo
and consider an (e, k)-cover {U;}i>1 of Y for which the value of ). Vol(U;)* is close to the value
of AS(Y). By the definition of AS/(Y), we can assume that, for all i, we have U; € U(e, k, Ny) for
some k < r(e)/3 and some Ny > n(e). Take i such that z(U;,) ¢ Y. Observe that there must exist
y € Ui, NY and that, since x < r(€)/3, the set U(N (Ui, ),y, 3k, €) is well-defined and contains Uj,.
By similar arguments as in the proof of Lemma |4.11] this shows that K;?Z(e) (V) < 32ha/UING (V)
for all 0 < x < r(€)/3, which gives VD, (Y) < £(¢) VDS(Y). Similar arguments and estimates hold
for VDS (Y).

Take now X C 7(Z}), and recall that v(n(Z})) = 1. For every 0 < € < Xmin, We set
(4.9) X=X nNn(Z)(e)).

Observe that, since Z; = Up<ecymin Zn (€), We have Upceaymn X = X.
23



Definition 4.14. For every X C w(Z}), the volume dimension VD, (X) of X is
VD, (X) := limsup VD, (X°).

e—0
Remark 4.15. The limsup in Definition [1.14] is actually a limit; see Section [£.2] and in particular
Corollary and Remark

Lemma 4.16. For every Y1 C Ys C 7(Z}), we have VD, (Y1) < VD, (Y2).

Proof. By Lemma [4.8] for any 0 < € < Xmin we have VD, (Yy) < VD{(Y5). The conclusion follows
from Definition [£.14] O
Definition 4.17. Take v € M™(f). The volume dimension VD( ) of vis

VD(v) :=inf { VD, (X) : X C 7(Z}),v(X) = 1}.
Lemma 4.18. For every v € M*Y(f) and X C w(Z}), we have VDV( ) < 1. In particular, we
have VD(v) < 1 for every v € M*(f).
Proof. The statement is an immediate consequence of Lemma[4.10|and Definitions[f.14and [£.17, O

When X C P* is a uniformly expanding closed invariant set for f, by Remark we can assume
that 7(Z}(e)) = w(Z}) = X for every invariant measure v on X and every 0 < € < Xmin. In
particular, the following definition is well-posed and defines the term VD(J(f)) in Theorem [1.3]

Definition 4.19. If X C P* is uniformly expanding, the volume dimension of X is
VD(X):= sup VD, (X).
veML(f)

We conclude this section with the next proposition, which in particular shows that, when k& =1,
the volume dimension associated to any v € M™(f) is equivalent to the Hausdorff dimension.
Proposition 4.20. If v € M*(f) is such that all the Lyapunov exponents of v are equal to x > 0,
then

(1) 2k VD, (X) = HD(X) for all X C n(Z});

(2) 2k VD(v) = HD(v),
where HD(X) and HD(v) denote the Hausdorff dimension of X and v, respectively.
Proof. Recall that the Hausdorff dimension of X C P* is defined as

HD(X) :=inf {a: Ho(X) =0}, where Hy(X) :=sup 111;1f Z (diam B;)“.
6>0 {

The infimum in the second expression is taken over all countable covers of X by open balls {B;}
whose diameter is less than §. The Hausdorff dimension HD(v) of v is defined as

(4.10) HD(v) := inf { HD(X): X C Supp v, v(X) = 1}.

In order to prove the first assertion, it is enough to show that
((e) P HD(X€) <2k VDS (X€) < £(e)HD(XS) for all X C n(Z¥) and 0 < € < Xmin,
where we recall that X € is defined as in (4.9 and the constant £(e) is defined in (4.4). Observe that,
as L, = kx, we have {(e) = (x + (2M + 1)e) /(x — €).

We first prove the inequality HD(X¢) < 2k{(e) VDS, (X¢). Fix aq > VD (X¢). By Lemmal[d.5] we
have A§, (X€) = limsup,_,oAg; (X€) = 0. Therefore, for any n > 0 and up to taking 0 < k < 7(e
sufficiently small, there exists an (e, x)-cover {U; }i>1 of X such that

(4.11) ZVO] ) <.
i>1
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Setting N; := N(U;), by Corollary 2.9] (1) and (2) we have
diam (U;)2k0€)  92kt(e) ,{le( €) g~ 2kNi (x—€)£(€)
Vol(U;) = kZke 2kNi(+@M+1)e)
where in the last step we used the fact that k < r(e) < 1.
For each i, define the ball V; := B(z(U;), diam(U;)) of center z(U;) and radius diam(U;). Then,
U; CV; and {V;}i>1 is a cover of X€ by balls. By the above estimates and ( m, we have
Zdlam W (o1 — Z(? diam(U; ))2M(E)O‘1 < gtkl()n ZVOI )M < 24k£(6)a1n
i>1 i>1 i>1
Therefore, we have HD(X€) < 2k/(€)a; and the conclusion follows by taking a; N\, VD5, (X€).
We now prove the inequality 2k/(¢)~! VD¢ (X€) < HD(X€). Fix ap such that H, (X€) = 0.

Then, for any n > 0, there exists a cover {B; = B(x;,r;)}i>1 of X¢ consisting of open balls such
that

(4.12) D (@2r)™ <.

i>1

< 92k(6) 2RO =1) < 92k(e).

Fix any 0 < k < r(e). By definition of H,,(X¢) we can assume that
(4.13) supr; < ke MOOHEMAe)
i

For each 7 > 1, set

log k — logr; J
X+ (2M + 1)e
and U; := U(N;, x;, k,€). Observe that N; > n(e) for all i by (4.13)), hence every U; is well-defined
by Lemma By Corollary (1), for every i we also have

B(z;,1;) C B(xi, ﬁ@fNi(XJF@MH)E)) C U; C B(zi, ﬁ@fNi(X*E)).

In particular, the collection {U;};>1 is an (e, k)-cover of X€ and, for all i, we also have

N; ::L

logr;—logk

(4.14) Vol(Ui)f(e)/(Qk) < Hf(e)e—Ni(X+(2M+1)e) < Kz(e)e(l-&-m)(x-‘r(?M-&-l)e) < €X+(2M+1)€r

where we used the facts that [2] > x — 1 for every > 0 and that k < r(e) < 1.
It follows from (4.12) and (4.14]) that

[e70) 1 [e70]
ZVOI aoﬂ (e)/(2k) < Z ( Xt 2M+1)e> (2Ti)a0 < (26x+(2M—|—1)e> n.

i>1 i>1

Therefore, for every 0 < k < r(e), we have

€K . 1 . @Q 1 . @
(4.15) Aaog(e)/( )(X ) < <2ex+(2M+1)> n < <26X+(2M+1) > 7.

Taking the limsup over « in the left hand side of (4.15), by (4.3) we obtain Aaoé( )/(2k) (X€) < o0.
Therefore, we have 2kf(¢)~' VD¢ (X€) < HD(X€). This completes the proof of the first assertion.

We now prove the second assertion. We first show the inequality HD(v) < 2k VD(v). For every
X C 7w(Z}), we have 2k VD, (X) = HD(X) by the first assertion. By Definition we obtain
2kVD(v) = inf{HD(X) : X C 7(Z}),v(X) = 1}. By the definition of HD(v), this implies
that HD(v) < 2k VD(v).

We now prove the inequality HD(v) > 2k VD(v). Take X C P* with v(X) = 1. Since v(n(Z})) =
1, we have v(X N7 (Z})) = 1. Then, by the first assertion and the monotonicity of the Hausdorff
dimension, we have 2k VD(X N7 (Z})) = HD(X Nn(Z})) < HD(X). By the definition of
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HD(v), we deduce that inf{2k VD(X N7 (Z})) : v(X) = 1} < HD(v). By Definition this gives
2k VD(v) < HD(v) and completes the proof. O

4.2. An equivalent definition of VD(r). We present here an equivalent definition of the volume
dimension for sets X C w(Z}). This definition in particular allows us to prove that the limsup,_,,
in Definition is always a limit; see also Remark for sets X C 7(Z}) with v(X) > 0. The
advantage of this definition is that we will not have the small exponential terms e VM€ in the
definition of the sets of the covers. In particular, we work with sets which are more similar to actual
Bowen balls of fixed radius. On the other hand, the collection of neighbourhoods associated to any
x will in some sense depend on x. This section is not necessary in order to obtain the main results
of the paper.

For every 0 < € < Xmin, 0 < kK < 7(€), l € N, and W C 7w(Z}(e€)), we consider the collection
Ul (W, €) of open subsets of P* given by

UL (W, ¢) = {U C P*: 3z € W, such that U = ﬁ(nl,x,/@)}.

Here, {n;};>0 is the sequence associated to x € m(Z,(¢)) by Lemma and, letting & be any
element of Z,(¢e) with z¢p = x, we set

ﬁ(nl, T, K) = fT_fll(i) (B(f’” (x0), /1)),

where the right hand side of the above expression is well-defined by Corollary For every € and
k as above and N 3 N* > n(e), we denote by U(e, k, N*) the collection of open sets

Ule, k, N*) : U Uur(r ,E).
nl>N*

For every a > 0 and Y C 7(Z%(¢)), we define AS,(Y) € [0, +00] as

(4.16) AS(Y) :=limsupAS*(Y), where ASH(Y):= lim inf Y Vol(U;)®
k—0 N*—oo {U;} i>1

and the infimum is taken over all covers {U;};>1 of Y with U; € U(e, k, N*) for all i > 1. As in
Lemma one can show that, for every 0 < € < xmin and Y C m(Z}(¢)), the function o — A¢ (Y)

is non-increasing and that, if ngo (Y) < oo for some ap > 0, then A (Y) =0 for all @ > . As a
consequence, the following definition is well-posed.

Definition 4.21. For every 0 < € < Xmin and Y C Z7(e), we set
\ffﬁle,(Y) = sup{a : AS(Y) = oo} = inf{a : AS(Y) = 0}.
Lemma 4.22. For every 0 < €1 < €2 < Xmin and Y C w(Z}(€)), we have \7]316,1 Y)= {/\]322 (Y).
Proof. The statement is clear since the sets ﬁ(nl, x, k) do not depend on e. O
Lemma 4.23. For every 0 < € < Xmin and Y C w(Z}(€)) we have
((e)'VD,(Y) < VD5(Y) < B(e)VD,(Y),
where £(€) > 1 is as in and [(€) == iz%i (min, X1+(27M6+1) ﬁ)_l.

Observe that §(e) as in the statement above satisfies f(e€) > 1 for all 0 < € < xmin and S(€) =
1+ 0(e) as e — 0.
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Proof. We first prove the first inequality. Suppose a > 0 is such that AS(Y) = 0. Then for any
n >0 and 0 < k < r(€), there exists a (k,€)-cover {U;};>1 of Y of the form U; = U(N;, x4, Kk, €),
with N; > N* > n(e) for all i, such that >, Vol(U;)* <.

For each i > 1, let (i) be such that ny;) < N; < nygy41- Such [(7) exists since, by Lemma we
have ng(z) < n(e) for all z € m(Z,(¢)). For every i, we then have U; C U; := ﬁ(nl(i)ﬂ,xi,h;), see
also (2.8) in the proof of Lemma In particular, we have {U;} C U(e, s, N*) and the sets {U;}
form a cover of Y. It follows from the definition of ¢(¢) that for all ¢ > 1, we have

U (e €) o 4N v—Ke)k(e
Vol(U (nygiy 11, @i, )49 260 =21 (Ly—ke)l(e) — 2k 1) 2(Lu+re(2MA)) (Ni—my(iy1) < 1
VOI(U(NZ', Ti, K, 6)) —  k2ke—2N;(Ly+k(2M+1)e) > 1,

where in the last inequality we used the facts the N; < ny;y4 and k < r(e) < 1. In particular, we
have

ZVOI (ﬁ(nl(i)_t,_l,fl;i, H))OM(G) < ZVO](Ui)a <,

i>1 i>1
which gives the inequality KZZE)(Y) < AZ(Y) for any 0 < k < r(e). Taking the limsup over k as
in the deﬁnfi:ci/on of K;K(e)(Y), we obtain KZZ(G)(Y) < 00. By the choice of a, we deduce the desired
inequality VD, (Y) < £(¢) VDS (Y).

We now prove the second inequality. Suppose K;(Y) = 0. Then for any n > 0 and 0 < Kk < r(e),
there exists a cover {U;};>1 C U(e, k, N*) of Y, which each U; of the form U; = U(ny;), 7, %), such
that Zi21Vol([7¢)a < n. For each i > 1, set

. Xj — €
N; == |ny;) - min .
o= Ly - X; + (2M + 1)eJ
From the definition of N; and Lemma for all 7 > 1, we have
ﬁ(nl(i),xi,/ﬁ;) C U(N;, i, Ky €).

It follows that, for every ¢ > 1, we have

VOl(U (Ny, a4, 5, €))P(€) 20B(0) g=2Ni(Lu—ke)3()
— ) s vy S S 1’
Vol(U (ny iy, i, K)) 42k o —2m1(s) (L-tke)

where in the last step we used the facts that x < r(e) < 1 and that, since n;;) > n(e) for all i > 1
and |r] > r —1 for all » > 0, we have

. Xj—€
L, —k ny gy - ming —reas — 1
iLqukzﬁ ©=—" TS — 2 g,
v Min; G e

Therefore, we have
S VOl (U (V;, 1., )2 < 1,
i>1
which gives the inequality A;’g(e)(Y) < AS"(Y) for any 0 < k < r(e). Taking the limsup over  as
in the definition of Afm(e)(Y), we obtain A;B(E)(Y) = 0. By the choice of «, we have VD{(Y) <
,B(G)V/T)/i(Y) The proof is complete. O
Thanks to Lemma [4.23] one can see that the limsup,_,, in the Definition is actually a limit.

Recall that, for every X C n(Z}), we denote X€ := X N7 (Z}(¢)).
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Corollary 4.24. For every X C w(Z}), we have
VD, (X) = lim VDS, (X°).
e—0

Proof. For every X C w(Z), set VD, (X) := lim_0 {/\ﬁZ(XE) The limit is well—deﬁnfe\d/eand equal
to the supremum over 0 < € < Xmin since, for every 0 < €; < €3 < Xmin, We have VDV1 (X%2) =
VD’ (X¢) by Lemma [4.22/ and VD, (X!) > VD, (X) since X! D X<2. It follows from Lemma

that lim._,o VD{,(X€) is well-defined and equal to VD, (X). The assertion follows. O

Remark 4.25. A further possible (equivalent) way to define the volume dimension is the following.
Take v € MT(f). Fix 0 < € < Xmin and take Y C m(Z%(¢)). For every o > 0, define

A& (V) :=limsup AS"(Y), where AS®(Y):= lim inf e N W) Lv(fla 2ka
K—0 N*=oo{Ui} =

)

and the infimum is taken over all countable covers {U;}i>1 C U(e, k, N*) of Y. Recall that L, (f)
denotes the sum of the Lyapunov exponents of v. fAs in Lemma one can prove that, for every
0 < € < Xmin and Y C 7(Z(€)), the function o — Ag (Y') is non-increasing in «, and that if A§_(Y)
is finite, then AS(Y) = 0 for all & > ap. Hence, the quantity

VD, (Y) = inf {a: AL(Y) =0} =sup {a: AS(Y) = oo}
is well-defined for all 0 < € < Xxmin and Y C w(Z}(€)). For every 0 < € < Xmin, define the constants

0 (e) = L,(f) — ke L,(f)+ (2M + 1)ke

- Ly(f) Ly(f) '
Observe that, for all 0 < € < Xmin, we have (_(e) < 1 < ¢4 (¢) and ¢_(€),l4(e) — 1 as € — 0. One
can show in this case that, for every 0 < € < xmin and Y C 7(Z3(¢)), we have

(4.17) (_(e) VDS(Y) < VD,,(Y) < £4(e) VDE(Y).

and ly(e) =

Take now X C 7w(Z}). As before, setting X := X Nn(Z}(€)) for every 0 < € < Xmin, We can
define §
VD, (X) :=limsup VD;,(X€) and
e—0

VD(v) == inf {VD,(X): X C 7(Z}) and v(X) = 1}.

It follows from (4.17)), applied with ¥ = X, that VD, (X) = VD, (X) for all X C 7(Z}), and that
VD(v) = VD(v).

4.3. From local volume dimensions to volume dimensions. Fix a measure v € M™(f) and
0 < € < Xmin- For z € m(Z}(€)), 0 < k < r(€), and N > n(e) recall that d,(e, x, N) is defined in
and well-defined by Lemma The integer mq (e, ) in Theorem is uniformly bounded
from above for all z € w(Z}(€)) by the definition of Z%(e). This fact is crucial in the proof of
the next statement. Recall that a measure is non-atomic if it does not assign mass to points.

Proposition 4.26. Let f be a holomorphic endomorphism of P* of algebraic degree d > 2 and take
ve MH(f). Assume that v is non-atomic. Fix a1, >0 and 0 < € < Xmin- Let Y C 7w(Z%(€)) be
such that v(Y') > 0. Suppose that for every 0 < k < r(e) there exists m = m(e, k) > n(e) such that

(4.18) a1 < 0z(e6,k,N)<ay forallz €Y and N > m(e, k).

Then, we have

aq S VD,ej(Y) S a9.
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Proof. The proof of the proposition essentially follows the arguments in [You82, Proposition 2.1].
Recall that, for every 0 < k < r(e) and N* > 0, the collection U(e, k, N*) is defined in (4.2]) and is
a cover of Y; see Lemma [£.3] Define the quantity

a(Y,v) = inf {a : lim inf v(U)* = 0},
veu’
where the infimum is taken over all the sub-covers U’ C U(e, k, N*) of Y. Since v is non-atomic and

v(Y) > 0, we have o(Y,v) = 1; see |Bil65, Section 14]. We use here the fact that, for every fixed
0 < k < r(e), the sets U(N, z, K, €) shrink to {z} as N — oco; see Lemma [2.8|

Fix a > 1,0 < k < r(e), N* > m(e, k), and n > 0. Since a(Y,v) = 1, there exists a cover
Uy C U(e, k, N*) of Y such that

> uU)* <.

Uely

By the assumption (4.18) and the choice N* > m(e, k), for every U € U(e,k, N*) we have
Vol(U)*? < v(U). Hence, we have

Z Vol(U)*?** < Z v(U)* <.

Uely Uely

This shows the inequality Agso(Y) < nfor any 0 < x < r(€). Therefore, we have limsup,._,, Agsa(Y) =
AS, . (Y) <n. Taking a N\ 1, we obtain the inequality VD (Y) < aq.

(6 5X0%
For the other inequality, again by the assumption (4.18)), for all 0 < k < r(e) and N* > m(e, k)
we have Vol(U)** > v(U) for every U € U(e, k, N*). Hence, for any cover Uy C U(e, k, N*), we have

> Vol(U) = Y () = w(Y),

Uely Uecly
Therefore, we have AG;(Y) > v(Y) > 0 for any 0 < k < r(€), which gives

AL, (V) =limsup AGT(Y) > v(Y) > 0.

Kk—0

Hence, we have VD{ (Y) > ay. The proof is complete. O

Remark 4.27. Let v € M™(f) be non-atomic. Take X C m(Z}) with v(X) > 0. Setting X¢ :=
X Nm(Z}(e)), assume that for every 0 < € < xmin and 0 < k < r(e€) there exists m = m(e, k) and
a?, a9 € R such that

(4.19) ay(e) < ox(e,k,N) < ag(e) forall z € X and N > m(e, k)

for some functions aj(e) = af + O(e) and as(e) = a9 + O(e). Applying Proposition m to X°¢
instead of Y we see that, for every 0 < € < Xmin, we have aj(e) < VD (X€) < aa(e), which gives
) <VD,(X) < al.

5. PROOFs OF THEOREMS [L.1], [I.2], AND

In this section, f: P¥ — P* is a holomorphic endomorphism of algebraic degree d > 2.
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5.1. Proof of Theorem For v € M™(f), recall that Z, is defined in Definition and for
every 0 < € < Xmin (Where xmin > 0 is the smallest Lyapunov exponent of v), the set Z}(e) is
defined in .

Assume first that v is atomic. Since v is ergodic, it gives mass only to a finite number of points,.
hence it satisfies h,(f) = 0. It also follows from the Definition of VD(v) that VD(v) = 0, since
the support S, of v satisfies v(S,) = 1 and VD,(S,) = 0, being finite. Therefore, the conclusion
follows in this case.

We can then assume that v is non-atomic. By Theorem and Proposition [.26], for every

0 < € <€ Xmin We have
VD (r(Z5(0) < 57

where the constant ¢ is independent of €. By Definition taking € \, 0, we obtain the inequality
VD, (7(Z,)) < 2L, (f))"'h(f). As v(w(Z,)) = 1, by Definition we deduce the inequality
VD(v) < (2L (f)) " hu (f).

In order to prove the reversed inequality, let Yy C 7(Z}) be such that v(Yy) = 1. For any
0 < € < Xmin, applying Proposition to Yo N (Z}(e)), we deduce from Theorem that

h

€ * V(f)
VDS (Yo Nn(Z)(€))) > 3L, (f) ce,

where again the constant c is independent of ¢; see also Remark [£.:27] By Definition [£.14] we have
the inequality VD, (Yo) > (2L, (f)) " th,(f). As Yy is arbitrary, it follows from Definition 4.12 that
VD(v) > (2L, (f)) " 'h,(f). The proof of Theorem [1.1]is complete.

Remark 5.1. Let v € M™(f) be non-atomic and take X C 7(Z}) with v(X) > 0. By Remark
[4.27 and with similar arguments as in the proof of Theorem [3.2] it follows that the limsup,_,q in
Definition is actually a limit.

5.2. Proof of Theorem Let X C P* be a closed f-invariant set. Define
(5.1) DD}(f) = sup{VD(V): VEM}(f)}

and recall that §x(f), Py (t), and pk(f) are defined in Sections and . Theorem follows
from the following proposition applied with X = J(f).

Proposition 5.2. We have p%(f) = 2DD¥(f). In particular, the set {t: Pi(t) = 0} is non-empty.

Proof. We first prove the inequality p%(f) > 2DD%(f). We can assume that DD¥(f) > 0. Fix
0 <t <2DD¥(f). By the definition of DD¥.(f), there exists v € M (f) such that VD(v) >
t/2. Since VD(v) = (2L, (f))"'h,(f) by Theorem we have h,(f)/L,(f) > t. It follows that
hy(f) — tL,(f) > 0; that is, P (t) > 0. Therefore we have p%(f) > t. Since ¢ is arbitrary, we
obtain p%(f) > 2DD%(f).

Let us now prove that 2DD%(f) > p%(f). Suppose that 2DD(f) < p%(f). Then there exists
t € (2DDL(f), p% (f)) such that Py (¢) > 0. In particular, there exists a measure v € M (f) with
hy(f) —tL,(f) > 0. We deduce from Theorem |[1.1| that

- QhL((f}) > > DD().

This contradicts the definition of DD (f). Hence, we have 2DD¥.(f) > p% (f).
By Lemma we have DD¥(f) < 1. Since the function t — Pi(t) is convex and non-
increasing, the equality p%(f) = 2DD%(f) < 2 implies that the set {¢t: Pi(t) = 0} is non-empty.

The proof is complete. ]
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Remark 5.3. One can also define
DD/ (f) = sup{VD(v): v € M (f)},
P (t) = sup{h,(f) = tL,(f): v € MZI(f)}, and
pd (f) = inf{t : P(f) <0},

where we recall that M7 (f) is the set of ergodic f-invariant measures whose measure-theoretic

entropy is strictly larger than (k — 1)logd. Since MT(f) € M™(f) for every f |deT08; Dupl2],

Theorem applies in particular to every v € MZ(f). The same proof as Proposition gives
¢ (f) =2DDJ(f).

Pe e

5.3. Proof of Theorem Recall that if X C P* is a uniformly expanding closed invariant set
for f, the volume dimension VD(X) is defined as VD(X) := sup,, ML) VD, (X); see Definition
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Proposition 5.4. Let X C P* be a uniformly expanding closed invariant set for f containing a dense
orbit. We have 0x(f) > 2VD(X). In particular, if f is hyperbolic, we have §;(f) > 2VD(J(f)).

Proof. We can assume that a volume-conformal measure on X exists, otherwise we have dx(f) =
+o00 and the assertion is trivial. Let 4 be a t-volume-conformal measure on X, for some ¢ > dx (f).
Since X contains a dense orbit, we have Supp u© = X. It suffices to prove the inequality ¢ >

2VD, (X) for any measure v € M (f). By Definition this implies that ¢ > 2VD(X) and the
conclusion follows by taking the infimum over ¢ as above.

Fix v € M¥(f). We can assume that VD, (X) > 0, since otherwise the assertion is trivial. In
particular, recalling that all measures in M™(f) are ergodic, we can assume that v is non-atomic.
Fix a constant 7 > 1. Since VD, (X) = limsup,_,, VD{,(X€) by Definition and VD, (X) <1
by Lemma we can fix ¢g = €p(y) such that VD, (X) < yVD{?(X). As we can assume that
eo(y) = 0 as v — 1, it is enough to prove that 2 VD (X ) < tl(ep), where £(e) is as in (4.4)).

By Remark [£.2] for every 0 < € < xmin we have X¢ = X. In particular, X = X is compact. Fix
a > 1. As in the proof of Proposition since p(X) > 0, for every n > 0 and 0 < k < r(e) there
exists an N* (depending on 7 and k) large enough and a cover {U;};>1 C U(e, k, N*) of X = X
satisfying

(5'2) EM(UZ)Q <

As X = X is compact, we can assume that the cover {U;} is finite. By Lemma we have

COtogtha jatN(Us)ke(5M+2) CtaﬂtkaeatN+ke(5M+2)
ta/2 o Na
ZVOI = Z M ke~ (Uz)Me) M(Ul) - m_(u,ﬁe_N+Mf)0‘ 'U(UZ) ’

7

where m_ > 0 is as in Lemma [2.12] m C < o0 is as in Lemma and N7 is the maximum of the
N(U;) (we use here that the cover {U;} is finite). We deduce from and (5.3) that

Ota ctka atN+tke(5M+2)
ZVOI U;)te? < i - n < oo.
m_(p, ke NTMe)e

This implies that VD{»"(X ) < ta/2 for all & > 1. Taking o\, 1, we have VD{>"(X ) < ¢/2 for
all 0 < kK < r(e). By Lemma we have VD{? (X ) < l(eg)t/2. The proof is complete. O

The following result implies Theorem by taking X = J(f) if f is hyperbolic (since J(f) has
dense orbits).
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Theorem 5.5. Let f be an endomorphism of P¥ of algebraic degree d > 2 and X C P* a closed
invariant uniformly expanding set containing a dense orbit. Then

x(f) =p(f) =2VD(X)

and there exists a unique invariant probability measure px supported on X and such that VD(ux) =
VD(X).

Proof. 1t follows from the general theory of thermodynamic formalism for uniformly expanding
systems (see for instance |[Bow75| and |[PU10, Chapters 3 and 6]) that, for every ¢t € R, there
exists a unique invariant probability measure pu; on X maximizing the pressure function Px(t) =
sup, {h,(f) —tL,(f)}, where the supremum is taken over all invariant measures v on X. We used
here the fact that, since X is uniformly expanding, the function —tlog| Jac f| is Holder continuous
on X.

Let ux be the invariant measure i, associated to tg = p%(f). As hu(f) = pk(f)Lux (),
it follows from Theorem that we have p%(f) = 2VD(ux). Since VD(ux) < VD, (X) by

Definition and VD(X) := SUD, e A (f) VD, (X) by Definition we have
VD(ux) < VD(X).
We deduce from the above and Proposition [5.4] that
P (f) =2VD(ux) < 2VD(X) < dx(f).

To complete the proof, we prove the inequality dx (f) < p} (f) by constructing a t*-volume conformal
measure on X for some t* < p¥(f). Since one can follow Patterson’s [Pat76] and Sullivan’s [Sul83]

constructions of conformal measures, we only sketch the proof and refer to those papers for more
details; see also |[PU10, Sections 12.1 and 12.3].

Take x € X. For each m > 0, set
Ep = fIX" ().
Then E,, is finite and Ep1 = f|x (Em). For all ¢t > 0, consider the sequence {a,(t)}m>1 given by
am(t) = log ( Z eSmd’t(:”))
r€FE,
where ¢(x) := —tlog|Jac f(x)| and Syp,o¢(x) == Z;”:_Ol(gbt o f7)(z). Let c(t) be defined as
ot
c(t) == limsup O )

m—00 m

As a consequence of the expansiveness of f|x one can prove that
(5.4) c(t) < Px(t) forallt>0;

see for instance [PU10, Lemmas 12.2.3 and 12.2.4]. Moreover, the function ¢ — ¢(t) is continuous.
Setting

t* = inf{t > 0: ¢(t) <0},
: * +
it follows from (5.4) that t* < p3(f) < oo.

By [PU10, Lemma 12.1.2], there exists a sequence {by, }m>1 of positive real numbers such that
the quantity

00
M=) byetm=m
m=1
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satisfies My < oo for s > t* and M, = +oo for s < t*. For s > t* consider the measure v, defined as

P i > bet TS
S MS m xT-

m=1xzeFE,,

One can check that any weak limit of the measures vy as s N\ t* is t*-volume-conformal; see for

instance [PU10, Section 12.1]. The assertion follows. O
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