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ABSTRACT. Under a natural assumption on the dynamical degrees, we prove that the Green
currents associated to any Hénon-like map in any dimension have Holder continuous super-
potentials, i.e., give Holder continuous linear functionals on suitable spaces of forms and
currents. As a consequence, the unique measure of maximal entropy is the Monge-Ampere of
a Holder continuous plurisubharmonic function and has strictly positive Hausdorff dimension.
Under the same assumptions, we also prove that the Green currents are woven. When they
are of bidegree (1, 1), they are laminar. In particular, our results generalize results known until
now only in algebraic settings, or in dimension 2.
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1. INTRODUCTION

Hénon maps are among the most studied dynamical systems. They were introduced by
Michel Hénon in the real setting as a simplified model of the Poincaré section for the Lorenz
model, see, e.g., [0, [30]. They are also actively studied in the complex setting, where complex
analysis offers additional powerful tools, see the fundamental work of Bedford-Lyubich-Smille
and Fornaess-Sibony [2, 3 4], B, 29 B33]. As an example, a unique measure of maximal entropy
u was introduced by Sibony, as the intersection p = T+ AT~ of two positive closed currents
with Holder continuous potentials. These currents can be seen as the accumulation of the
iterates of manifolds under backward and forward iteration, respectively [4]. The regularity of
their potentials plays an important role in the quantification of the speed of such convergences
[16, 23]. These two currents are also laminar, namely they can be nicely approximated by the
integration on (pieces) of complex curves which do not intersect and the measure p has a local
product structure [2],27]. Such measure enjoys remarkable statistical properties, see for instance

2, 3, 8, 16, 39).

A natural generalization of Hénon maps in any dimension is given by the so-called Hénon-
Sibony maps. These are polynomial automorphisms f of C¥ such that the indeterminacy sets of
the extensions to P¥ of f and f~! are non-empty and disjoint [33]. Although their study is highly
more technical, due to the need to work with cycles and currents of intermediate dimensions,
the main properties of Hénon maps mentioned above have been successfully generalized to this
setting. In particular, the unique measure of maximal entropy can still be obtained as the
intersection of two Green currents 7" and T~ of complementary bidegree. These currents
have Holder continuous super-potentials [22], 33]. Roughly speaking, they can be seen as Holder
continuous maps on a suitable space of forms of complementary degree. Moreover, these currents
are woven [17,24]. This is a slightly weaker notion than the laminarity, where the approximating
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analytic sets can a priori intersect, see [17] and Definition These properties of the Green
currents were also investigated in the setting of automorphisms of Kéhler manifolds [7, [10} 13},
20, 38] and for generic birational self-maps of P* [I], 14} [15] 28}, [36].

It is natural to ask how much of the above stays true when leaving the algebraic setting
(for instance, when considering small perturbations of Hénon-Sibony maps, which destroy the
algebraic structure, but keep the global geometric properties). This question was first addressed
by Dujardin [27], who systematically studied the class of so-called Hénon-like maps in two
dimensions, introduced by Hubbard and Oberste-Vorth in [31]. He proved that such maps
still enjoy many of the properties of Hénon maps, starting from a unique measure of maximal
entropy with a local product structure.

The goal of this work is to close this circle by proving that, under a natural and necessary
assumption on the dynamical degrees of the map (which is automatically satisfied in the above
algebraic setting and in dimension 2), every Hénon-like map in any dimension has the same
strong regularity and laminarity properties of their algebraic counterparts.

Let us now be more precise and state our main result. Given integers 1 < p < k and open
bounded convex domains M € CP and N € C*P, a Hénon-like map is an invertible proper
holomorphic map from a vertical subset to a horizontal subset of M x N which geometrically
(but non-uniformly) expands in p directions and contracts in k — p directions, see [19, 21] and
Definition below for the precise definition. They should be thought of as the building blocks
of more complicated systems. They form an infinitely dimensional family, which contains maps
which are not conjugated to Hénon-Sibony maps. These systems admit a measure of maximal
entropy p, which is the intersection p = T A T~ of a vertical Green current T and of a
horizontal Green current 7~ of bidimension (k — p, k — p) and (p, p) respectively.

A natural assumption when studying higher dimensional dynamical systems is that there
exists an integer ¢ such that the dynamical degree of order g (describing the rate of growth
of the volume of manifolds — or more generally of the mass of positive closed currents — of
dimension ¢ by iteration) strictly dominates all the other dynamical degrees. In our setting,
precise definitions are given in [9, [19] and Definition Because of the geometric properties
of Hénon-like maps, our main dynamical degree is that of order p, and can be seen as the rate
of growth of the volume for the forward iteration of horizontal p-dimensional manifolds, or
equivalently for the backward iteration of wertical (k — p)-dimensional manifolds. We denote
by d (= d; = d,;p) this degree. We then denote, for 0 < s < p — 1, by d the rate of growth
of the volume for the forward iteration of horizontal s-dimensional manifolds, and by d, for
0 < s <k—p-—1, the rate of growth of the volume of the backward iteration of vertical
s-dimensional manifolds. We proved in [9] that the sequences {d] }o<s<p and {d; }o<s<k—p are
monotone. In particular, as soon as we have d > max(d;“_l, d,;pfl), the main degree d strictly
dominates all dynamical degrees. The main result of this paper can be stated as follows.

Theorem 1.1. Let f be a Hénon-like map in any dimension as above and assume that the main
dynamical degree d = d; = dj_, satisfies d > max(d’_,,d, ). Then

p—1> "k—p—1
(i) the Green currents T * have Holder continuous super-potentials;
(ii) the Green currents T* are woven;
(iii) p =TT AT~ is a Monge-Ampére measure with Holder continuous potential and it has
a positive Hausdorff dimension.

If, furthermore, we have p =4k —1 (resp. p=1), then T~ (resp. T ) is laminar.

It was proved in [19] that, under the same assumptions of Theorem the Green currents
have continuous super-potentials. The first assertion of Theorem is an improvement of that
result. The proof is based on quantitative estimates for the action of f, and f, with respect
to suitable norms, involving a precise control for the solution of the dd® equation for horizontal
and vertical currents in D. The third assertion is a consequence of the first and of a more
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general criterion to ensure that property, see Proposition After some preliminary material
presented in Section [3| these two assertions are proved in Section

The most difficult part of Theorem consists in the laminarity statements for the Green
currents. A natural way to prove laminarity properties for 7" is to exploit the convergence
d~"[f~"%] — T, where ¥ is a vertical analytic set of dimension k —p. By a result of de Thélin
[12], in order to show that T is woven, one can verify that

(1.1) volume(3,,) = O(volume(X,))  as n — oo,

~

where ¥, := [f7"X], ¥, is a natural lift of ¥, to the space D x G, and G is a suitable
Grassmannian. In the algebraic settings above, this is achieved by means of cohomology
arguments. On the other hand, estimating directly the volume of 3, by means of the volume
of X, is not possible in our non-algebraic and local setting, because of the lack of a meaningful
Hodge theory. In order to overcome this issue, we introduce the notion of shadow for a non-
necessarily closed current on D x G, corresponding to a geometrically “correct dimensional”
projection on D, taking into account the possible defect of dimension (which cannot be detected
by cohomology), see Section We then show that, if does not hold for some ¥ as above,
the extra volume of 3, must come from some part of 3, whose shadow is of smaller dimension
(since the part whose shadow has full dimension is controlled by the dynamical degree d).
Using this, we can construct a sequence S,, of horizontal positive closed currents on D (related
to the shadows of ¥,) of dimension | < p and satisfying || f(S,)| = d™||S,||. This leads to a
contradiction with the assumption dl+ < d;; < d, and completes the proof.
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2. HORIZONTAL-LIKE MAPS AND DYNAMICAL DEGREES

In this section, we recall the definition of a Hénon-like map and its dynamical degrees, as
well as the main properties of these maps that we will need in the sequel.

Let p and k be integers with 1 <p < k— 1. Let M € C? and N € CF¥P be open bounded
convex sets. Denote by my; and 7y the natural projections of D := M x N to M and N,
respectively. A subset E C D is horizontal (resp. vertical) if mn(E) € N (resp. my(E) € M).
The horizontal (resp. vertical) boundary of D is the set 9, D := M x9N (resp. 0,D := OM x N).
We also denote by 71 and 7o the natural projections of D x D to its first and second factors,
respectively. In all this paper, the symbols < and 2 denote inequalities that hold up to an
implicit multiplicative constant (often depending on the domains under consideration).

Definition 2.1. A horizontal-like map f of D is a holomorphic map whose graph I' C D x D
is a (not necessarily connected) submanifold of D x D with pure dimension k£ and such that
(i) 71| is injective and mo|p has finite fibers; and
(ii) T does not intersect 8,D x D and D x 9, D.

We say that f is an invertible horizontal-like map, or a Hénon-like map, if mo|r is also injective.

Observe that f is not defined on the whole D, but only on the vertical open subset 71 (") of
D. Similarly, the image of f is the horizontal subset m2(I') of D. We will write D, 1 := m(I)
and Dy 1 = mo(I") in the following. More generally, for all n > 1 we consider the iterate
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f* = fo---of (n times), which is also a horizontal-like map. We denote by D, ,, and D}, ,, the
domain and the image of f™, respectively. Observe that the sequences (D )n>1 and (Dp 5 )n>1
are decreasing.

We fix in what follows a horizontal-like map f of D = M x N. We also fix two convex
open subsets M’ @ M and N’ € N. For simplicity, we will always assume that M’ and N’ are
sufficiently close to M and N, respectively, to always satisfy

(2.1) fAD)c M xN and f(D)c M x N

A horizontal (resp. vertical) current S on M’ x N’ is a current with horizontal (resp. vertical)
support in M’ x N'.

Definition 2.2. For every 0 <! < p, the dynamical degree dl+ is defined by

. 1/n n
d := limsup (d;rn> ,  where d;’rn = sgp (™) (S) || arr s v

n—0o0

and S runs over the set of all horizontal positive closed currents of bidimension ([,1) of mass 1
on M’ x N'.
Similarly, for every 0 <1 < k — p, the dynamical degree d; is defined by

— : A\ — T\ *
d, := limsup (dl,n) ,  where d; = S%pH(f ) (R) || amrxcn

n—oo

and R runs over the set of all vertical positive closed currents of bi-dimension (I,1) of mass 1
on M’ x N'.

The dynamical degrees d;" and d; are independent of the choice of M’ and N’ [19]. By [21}
Proposition 4.2], both d;r and dl;p are integers and we have d;r = dl;p =: d. The integer d is
called the main dynamical degree of f. Moreover, we have

(2.2) d"<df, <d* and d" <d, <d' asn— o0.

pn ~ k—p,n ~

When f is invertible, we have d;" (f) = d; (f~!) for all 0 < I < p and d; (f) = d; (f7}) for all
0 <1 < k —p, where the degrees of f~! can be defined reversing the role of f, and f* and using
the fact that f~! is a vertical-like map with k — p expanding directions, see also [I9, Section 3].

Every Hénon-like map admits a canonical horizontal current 7, of bidimension (p,p), and
a canonical vertical current 7", of bidimension (k — p,k — p). These currents are given and
characterized by the following result. Recall that, by [21, Theorem 2.1] (see also [27, Proposition
2.7]), for any horizontal current S of bidimension (p,p) on D, the slice measure (S, mp, z) is
well-defined for any z € M’ and its mass, denoted by ||S||5, is independent of z and is equal to
(S, m3;(Qnr)) for every smooth probability measure Q37 with compact support in M’. Similarly,
for every vertical current R of bidimension (k — p, k — p) on D, the slice measure (R, 7wy, w) is
well-defined for any w € N’ and its mass, denoted by ||R||, is independent of w and equal to
(R, mx(Qy)) for every smooth probability measure Q' with compact support in N'.

Theorem 2.3 ([21]). Let f be a Hénon-like map on D. Let Q (resp. ©) be a closed vertical
current of bidimension (k — p,k — p) (resp. horizontal current of bidimension (p,p)) of slice
mass 1 in D. Then

A" Q=T and d"(f")0 =T~ asn— oo,

where T (resp. T~ ) is a positive closed vertical current of bidimension (k — p,k — p) (resp.
horizontal current of bidimension (p,p)) of slice mass 1.
The currents T and T~ are independent of Q and ©. Moreover, we have

A7 (Y QN ()40 = =TT AT,

We call T, T, and p the Green current of f, the Green current of f~!, and the Green
measure of f, respectively.
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3. HORIZONTAL AND VERTICAL CURRENTS WITH HOLDER CONTINUOUS SUPER-POTENTIALS

We fix in this section two integers p and k& with 1 < p < k — 1 and bounded open convex
domains M" € M' € M € C* and N”" € N’ € N € CF7,

3.1. Super-potentials of positive closed vertical currents. For any 0 < [ < oo, we denote
by || - ||t the standard C' norm on the space of differential forms of a given degree. For every
0 < j < k, we define a semi-norm C~! and a semi-distance dist_; on the space of horizontal
(resp. vertical) (4, j)-currents on M’ x N’ by

|®]|—; :=sup |(®,Q2)| and dist_j(P1, Do) := || — Do,

where the supremum is taken over all (k — j, k — j)-forms Q with vertical support in M” x N
(resp. horizontal support in M x N”) and such that ||Q]|s < 1. Observe that the semi-norm
Il - |-, and as a consequence the semi-distance dist_;, is well-defined for currents of order up to
I. Moreover, by definition, we have ||®|_; < ||®||—y for every ® as above and 0 < I’ <[ < 0.

Let now PSHy, (M’ x N') be the set of horizontal currents ® on M’ x N’ of bidimension (p, p)
such that dd“® > 0. We denote by DSHy, (M’ x N') the real space spanned by PSH, (M’ x N'),
i.e., the set

DSHh(M/ X N/) = {‘I’l — 0y q)l,q)g S PSHh<M/ X N/)}
For every ® € DSHy, (M’ x N') we also set
||, := inf{[|dd°®,|| + [|dd°®s|: @1, Bs € PSH, (M’ x N') such that & = &, — d»}.

Remark 3.1. In a similar way, we can also consider the set PSH, (M’ x N') of vertical currents ®
on M’ x N’ of bidimension (k —p, k — p) such that dd°® > 0, and the real space DSH, (M’ x N')
spanned by PSH, (M’ x N’). As the statements are completely analogous, we just consider
PSHy (M’ x N') and DSH, (M’ x N') in the rest of this section.

Lemma 3.2. The following assertions hold for every ® € PSHy, (M’ x N') and every 0 < | < oo.

(1) There exists a positive constant C independent of ® and | such that ||dd°®||_;—o <
clle|.

(i) For every compact subset K € M" x N there exists a positive constant C; independent
of ® such that ||dd°®| x < Cg 1]|®]|—.

Observe that the mass ||dd°®||x in the second item is well-defined since dd“® is positive.

Proof. (i) For every ® € PSH, (M’ x N') and every (p — 1,p — 1)-form Q with vertical support
in M"” x N we have

[(dd°®, Q)| = [(@, dd“Q)| < [|dd“ Ve[| @][ -1 S [[2]cr+2 1P| -2,

where the implicit constant in the last inequality is independent of €2, ®, and [. The first
inequality above follows by observing that the support of dd®S2 is contained in the support of
Q, and hence in particular in M"” x N.

(ii) For every compact subset K of M" x N, there exists a smooth function y with vertical
support in M” x N and such that 1x < y < 1, where 1k is the characteristic function of K.
Since dd“® > 0, we have

ldd°®||c = / dd°® N WP < (dd°®, ™) < [dd°®]| ol llerss S 9] -illxe? loree,
K

where w is the standard Kihler form of C* and, by (i), the implicit constant in the last inequality
is independent of [ and ®. As ||xwP||ci+2 can be bounded by a constant depending only on K
and [, the assertion follows. O

Definition 3.3. Given a constant 0 < o < 1, a positive closed (p, p)-current T" with vertical

support in M"” x N is said to have (I, «)-Hélder continuous super-potentials if T', seen as a linear

function on smooth test (k — p, k — p)-forms with horizontal support in M’ x N’ extends to a
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function on PSHy, (M’ x N’) such that, for every subset F C PSHy, (M’ x N') which is bounded
with respect to || - ||, there exists a constant C'x such that

|<T,(I)1 — @2” < Cr diSt_l((I)l,(I)g)a for any ®1,®P9 € F.

Note that the function on F defined by T is seen as a super-potential of T in our point of
view.

Lemma 3.4. Every smooth positive closed (p,p)-form T with vertical support in M" x N has
(I,1)-Hélder continuous super-potentials for every 0 <l < co.

Proof. We can assume that ||T'||o: < 1. Since T is vertical in M” x N, it follows that, for every
P, P, € PSHh(M/ X N’), we have

(T, @1 — @2)| < [|®1 — Pl = dist_y(P1, Pa).
The assertion follows. O

Remark 3.5. By interpolation techniques [35], one can see that if 7" has (I, «)-H6lder continuous
super-potentials for some 0 < I < oo and 0 < a < 1, then, up to slighly modifying M’ and N’,
it has (I',/)-Holder continuous super-potentials for every 0 < I’ < oo and some 0 < o/ < 1
depending on [,!’,a but independent of T. In the dynamical setting to which we will be
interested, because of the geometric behaviour of our maps, such modification of the domains
is not necessary, see Lemma (4.2

We conclude this section with the following result, giving the regularity of the solutions of
the dd® operator with respect to the norms introduced above.

Theorem 3.6. Let Q2 be a horizontal positive closed current of bidimension (p — 1,p — 1) on
M x N" and | a positive number. There exist a horizontal negative L' form ¥ of bidimension
(p,p) on M’ x N', and a positive constant ¢ independent of 0 such that dd°V = Q on M’ x N’
and we have

(3.1) 19l < ellQarne and ¥ < Qi

Observe that the masses in the first inequality are well-defined since ¥ and ) are negative
and positive, respectively.

Proof. Fix a convex open set M* with M’ € M* € M. The existence of a horizontal negative
L' form ¥ on M* x N satisfying dd°¥ = Q and ||¥||yxn < ||Q||arx e follows from [19)
Theorem 2.7]. As V¥ is defined by means of explicit kernels, and M” € M’ € M*, this also gives
the second estimate in . (]

3.2. Currents with Holder continuous super-potentials and their intersections. We
denote in this section by Psh;(D) the set of plurisubharmonic (psh) functions v on D with
|lull;1 < 1. Observe that this norm defines a distance on Pshy (D).

We consider in the following positive closed vertical (p, p)-currents on M” x N, but it is clear
that the definitions and statements apply also for horizontal (k — p, k — p)-currents on M x N”.

Definition 3.7. Let T be a vertical (p,p)-current on M” x N. We say that T is moderate if,
for any compact set K C M’ x N, there exist two constants ¢ > 0 and 8 > 0 such that for any
psh function u € Psh; (D) we have

(Tix A WhP Py < ¢,

Lemma 3.8. Let T be a positive closed vertical (p,p)-current on M" x N with (I, «)-Holder
continuous super-potentials, for some 0 <l < oo and 0 < a < 1. Then T is moderate.
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Proof. Fix a psh function v on D. By reducing D slightly and subtracting from u a constant,
we can assume that u < 0. For every m € N, define u,, := max(u, —m). Observe that u — u,,
is negative, supported on {u < —m}, and equal to u + m on this set. It follows that

(32) Foamun)l= [ um g e e g oo,
{u<-m)

for some positive constant «;, where the integrals are taken with respect to the Lebesgue
measure and last inequality follows from Skoda’s estimates [34].

Fix a smooth positive closed horizontal form Qg on M’ x N’ such that Qg > w P on K, see
for instance [9, Lemma 2.3]. Observe that we also have Qx < w* P on M” x N’. Since u and
U, are psh and Qg is closed, both uQ2 g and u,,Qk belong to PSH, (M’ x N'). Fix a (p, p)-form
Q with vertical support in M” x N and such that [|Q[x < 1. As |Qx AQ| < WF, it follows from
that [(Qxg AQ,u — up)| S e” "™, which implies that

dist_j(uQg, um Qg ) S e ™,

The assumption on the super-potentials of T, together with the fact that 7" and u,, — u are
positive, implies that

0<(TAQx,um—u) = (T, unQi) — (T, uldg) S e 2™
for some positive constant . Hence, since Qg >w* P, we have
0<(Tik AWFP oy, —u) <e"®™  for every m € N.
The assertion follows by choosing any 8 < a9 in Definition O

Lemma 3.9. Let T be a positive closed vertical (p,p)-current on M" x N with (I, «)-Holder
continuous super-potentials, for some 0 <l < 0o and 0 < a < 1. Then we have

dist_j(ui1 T, uaT) < cf|ug — UQHZl for all uy,ug, € Pshy (D),
for some positive constants ¢ and v depending on | and o but independent of u1 and us.

Observe that, as T' is vertical in M"” x N, it is also vertical in M’ x N’. Hence the distance
in the statement is well-defined, see Remark

Proof. Let p be a smooth positive radial function compactly supported on the unit ball of C*
and such that [ pw® = 1. For every € > 0, set p(-) := e Z*p(e~1.). For every u € Psh;(D) and
every e sufficiently small, the convolution ue := u * p, is well-defined on M’ x N’. One can check
that we have
u<ue and |lue —ullprpxnry S €l logel.

Since the u/’s and w are psh, it follows that for every fixed positive closed smooth form ¥ of
bidimension (p, p) and horizontal in M’ x N’ all the products u.¥ and uW¥ belong to PSHy, (M’ x
N’). They also form a bounded family with respect to || - ||«. Moreover, for every vertical (p, p)-
form Q on M” x N, we have

(2, (ue —w)¥)| = (QAY, (ue —u))| S / (e — w)w* =lue = ull L1 (arr ),
M’'x N’

which implies that dist_;(u.V,u¥) < €|loge|l. Since T has (I, «)-Holder continuous super-
potentials, we deduce that

(T, (ue = u)¥) S llue = ullTr(ppr vy S (el loge)* < e
for every o/ < a. This and the inequality u. > u imply that

(3.3) dist_y(ucT,uT) < .
7



Let now consider u; and us as in the statement. Denote by w1 = u1 * pe and ug ¢ = us * p.
the regularizations by convolution of u; and us respectively. It follows from the above and ([3.3))
that there exists o/ > 0 such that

(3.4) dist (w1, T) S ¢ and dist_j(ug,T,uT) S e
We now get a similar estimate for dist_;(u; T, uz T). By the definition of u; . and us,, we
have

[ur,e = uaeller = [1(ur —u2) * peller S € 2 flur — ual| 1

Again by the fact that T" has (I, «)-Holder continuous super-potentials, we deduce that
(3.5) dist_j(u1,eT,u,T) S [e 25 Y uy — g 1]
Together with , this gives

dist_; (u1 T, uaT) < € + [ 2 uy — ug|[[1]*  for every o < av.
Choosing € := ¢g|lu; — U2||2/1(1+2k+l) for some sufficiently small constant ¢y, we see that

dist_; (ur T, usT) < JJur — ug/ 3 TH2H0,
The assertion follows. U

Proposition 3.10. Let T, be a positive closed vertical (p,p)-current in M" x N and T), a
positive closed horizontal (k — p,k — p)-current in M x N". Assume that both T, and T}, have
(I,)-Holder continuous super-potentials. Then the measure T, A Ty, is well-defined and is the
Monge-Ampeére of a Holder continuous psh function. In particular, it has positive Hausdorff
dimension.

Proof. It follows from Definition that the intersection T, A T}, is well-defined. It is a positive
measure since both T, and T}, are positive. By [I8], in order to show that this measure is
a Monge-Ampere as in the statement, it is enough to show that u +— (T, A T}, u) is Holder
continuous on Pshy (D) with respect to the distance induced by the norm L'. By Lemma
and Definition for every ui,ug € Psh;(D) we have

(T A Thyur —uz)| = [(Th, w1 Ty — u2Ty)| S lurTy — u2Tol|2) S llur — ual|*7,

for some positive constant v as in Lemma [3.9] The first assertion follows. The last property is
true for the Monge-Ampere measure associated with any Hoélder continuous psh function, see
for instance [33, Théoreme 1.7.3]. O

4. HOLDER REGULARITY OF THE GREEN CURRENTS

In this section, we prove the following theorem. It gives the first assertion and, by Proposition
the third assertion of Theorem We fix an integer 1 < p < k — 1 and convex open
bounded subsets M € CP and N € C*P and set D := M x N. We also fix a Hénon-like map
f from a vertical open subset of D to a horizontal open subset of D, and convex open subsets
M" e M' €@ M and N” € N’ € N satisfying

(4.1) ffYD)cM"xN and f(D)c M xN".

Theorem 4.1. Let f be a Hénon-like map as above. If d;fl < d, then T™ has (I, a)-Hélder
continuous super-potentials for every 0 <l < co and some 0 < a < 1 depending on .

The following lemma is the precise version of what was announced in Remark

Lemma 4.2. Let f be a Hénon-like map as above. If TT has (I, a)-Hoélder continuous super-
potentials for some 0 < | < oo and 0 < « < 1, then it has (I',a')-Hélder continuous super-
potentials for every 0 < I’ < oo and some 0 < o < 1 depending on 1,1', c.
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Proof. By (4.1) and the fact that f*(7") = T, we are allowed to make small modifications
to the sets M’ and M"” in Definition and the fact that 7t has Holder continuous super-
potentials (for some [ and «) does not depend on the choice of M’ and M” satisfying (4.1)).
For simplicity, we then allow ourself to slightly modifying these domains in all the inequalities
below. For example, the norm in the third term of (4.2)) below needs to be taken with a choice
of M" which is slightly larger than that in the other two terms.

By interpolation [35], for every 0 < I <1’ < oo and every bounded set F C PSHy, (M’ x N')
for || - ||« we have

G
(42) 18]l < 8] < cp @] for every @ € F,
where the constant 0 < ¢y 7 < oo depends only on [, I, and F. In particular, F is bounded
for || - ||—; if and only if it is bounded for || - ||—;. Moreover, we have
diSt,ll(‘I)l, CI’Q) S diSt,l(q)l, ‘I)g) S CLI F* diSt,l/(‘I)h (I)Q)l/l, for every ‘I)l, CI’Q e F.

The assertion follows. O

Because of Lemma it is enough to prove that T has (2, «)-Holder continuous super-

potentials, for some 0 < a < 1. Morever, we can just say that T has Hélder continuous super-
potentials, with not reference to the specific [ and «. This justifies the phrasing of Theorems

A1 and 11

We fix in the following a constant 1 < 0 < d/d;ll. Consider ®1, Py € PSH,(M' x N') with
|®1 — Paf|—2 < 1. Observe that the currents dd°®; are positive and their masses are locally
bounded, see Lemma [3.2 (ii). Setting A := ||®1 — ®2||—2, we need to show that

(4.3) (TH, @1 — D) S A,

for some o > 0 and some implicit constant both independent of ®; and ®».
We can assume A < 1. By a similar argument as in Lemma [3.2f (i), we have

(4.4) |dd°®1 — dd ®a|-4 S A,

where the implicit constant is independent of &1, ®5.

For every n € N and i € {1,2}, define =;,, := d " (f").(dd°®;). These currents are well-
defined and horizontal on M x N”. Since d;_l < d, by the definition of d;_l and the choice of
0 we have
(4.5) 1Zinllarxny S 07"

Observe that the quantity in the left-hand side of the above expression is well-defined since

Ein > 0.

Lemma 4.3. There exists two constants A > 1 and C > 0 independent of ®1 and ®o such that
|Z21,0 — Eopnll—a < CA"X  for everyn € N

Observe that, as Z; ,, is horizontal on M x N”, it is also horizontal on M’ x N’. Hence the
quantity in the statement is well-defined.

Proof. For every n € N and every smooth (p—1, p—1)-form 2 with vertical support in M’ x N,

using we have
[(B1n = B, Q) = [d7"(f")(dd°®1) — d7" (") +(dd"®2), )]
= d "[{dd°®y — dd°®s, (f”) ()]
< ||dd*®y — dd“@al| - [[(f")* () lca
SIG™) (@)l A,
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where the implicit constant in the last inequality is independent of n, ®1, ®5, and ). Since we
have

(4.6) ) (D)les < A™[|]ca
for some positive constant A independent of n and €2, the assertion follows. O

Fori € {1,2}, let ®; , be the negative solution of dd°®; ,, = =; ,, given by Theoremﬁ These
currents are well-defined and horizontal on M’ x N’. Define
O =P — Py and P =Dy, — Doy
and observe that ®* € DSH;, (M’ x N’) and ®} € DSH, (M’ x N') for all n € N.

Lemma 4.4. For every i € {1,2} and n € N, we have

(27 11-3 = |@1,n — Ponll-3 S A" and [ Pipllarxn S 077,
where A > 1 is as in Lemma[{.3 and the implicit constants are independent of @1, @2, and n.

Proof. The first inequality follows from Theorem and Lemma The second inequality
follows from Theorem and (4.5)). O

Define also
Tp:=d* —df and U, :=d 'f (D5 ) — BX.
Observe that dd°V,, = 0 for every n € N and that, by the first inequality in Lemma we
have

(4.7) [Wnll-3 < A"A.
Observe also that both ®} and V,, are differences of positive currents, whose mass is bounded

by (a constant times) =" by the second inequality in Lemma

Lemma 4.5. For every n € N, we have
(4.8) A7 (f"M)(@F) = ) AT (T (U) + B
m=0
Proof. By the definition of ¥,,, for every n € N the right hand side of (4.8) is equal to

A ()@ = DF) + D AT (AT (D) — D) +
m=1

= d (M@ = @) + Y AT (@F, ) = Y AT (@) +

m=1 m=1
=d 7" (f")e(7) = dT (") (RF) + d (") (RF) — P + O
=d7"(f") (7).
The assertion follows. U
Choose a smooth positive (p,p)-form © with vertical support in M” x N and of slice mass
|©]l, = 1. We have that d~"(f")*(0) converges to 7. Equivalently, we have
TH=0+> d"(f")*(), where © :=d 'f(©)-0.
n>0
Hence,
(TH, ) = (0,8%) + Y (d"(f")(&), ).
n>0
By Lemma for every n € N we have

(d"(f")(©"), @) = Y _(d " H(fTT)HO), W) + (O, D).

m=0
10



It follows that

(TF,07) = (0,8%) + Y (&), @)+ > > (& "(f*")"(6), Um)

(4 9) n>0 m>0n>m
= (0,0 + Y (6/,8}) + > (TT—0,Ty,).
n>0 m>0

Theorem [£.1] will follow from the next two lemmas, which also guarantee that the above series
converge absolutely.

Lemma 4.6. There exists a positive constant C1 such that for every n € N we have
(O, ®7)] < Crmin(A"N,67").

Proof. Recall that ©' = d~1 f*(0) -0, where both © and d~! f*(©) are positive, vertical, and of
slice mass 1. Recall also that, for every n € N, ® is the difference of two positive currents whose
mass is less than or equal to a constant times 6~". This shows the inequality [(0', ®7)| < C16™"
for some positive constant C; independent of n.

On the other hand, since O is smooth, the same is true for ©’ and we have ||©'|3 < 1. By
Lemma [4.4] we deduce that

(O, L) < 1273 [|©/]l3 S A™A.

The assertion follows by possibly increasing C. (]

Lemma 4.7. There exists a positive constant Co such that for every m € N we have
(T —0,¥,,)| < Cymin(A™N, 6 ™).

Proof. Recall that dd“¥,, = 0 for all m € N, and that ¥, is the difference of two positive
currents whose mass is smaller than a constant times §~™. By (4.7)), we also have || U,,||_3 <
A™\. As a consequence, both the sequences {§™W¥,,}men and {AA" W, },.en belong to
a compact subset of the space of dd®-closed horizontal currents of bidimension (p,p). As the
current 7" — O is independent of m and T+ has continuous super-potentials [19], the assertion
follows. O

End of the proof of Theorem[{.1]. We continue to use the notations introduced above. Recall
that, by Lemma we only need to show that T has (2, a)-Holder continuous superpotential,

i.e., we need to prove (4.3).
It follows from (4.9) and Lemmas and that, for any N € N, we have

(T, @) < (0,87 + ) O, ep)]+ > (e, &)+

n<N n>N
m<N m>N
SAED AT Y AT+ ) o
n<N n>N n<N n>N

< AN 467N,

~

where the implicit constants are independent of N. Choosing
| log Al
N =
Log(fm) ’

|<T+, (I)>| S elogA~|log A\/log(A(S))\ — )\log 5/ IOg(A‘S)‘

we obtain

Recalling that § > 1 is any constant smaller than d/ d;_l > 1, this shows that
- log d — log d;il
logd — log d;_l +log A

(TT,®) <A*  forevery «
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The assertion follows. O

5. LAMINARITY OF THE GREEN CURRENTS

In this section we complete the proof of Theorem We first present some preliminary
results on woven currents and shadows of currents in Sections and respectively. These
first two sections do not have dynamical content. We then complete the proof of Theorem
in Sections [5.3] and [£.41

5.1. Woven currents. Let D C CF be a bounded convex open set and w be the standard
Kihler form of C*. For every integer 1 < ¢ < k — 1, we denote by B, the set of pure g-
dimensional, not necessarily connected nor closed, complex manifolds Z C D such that for any
compact subset K C D we have
/ wl g < 0.
z

Thanks to Wirtinger’s theorem, the last condition means that the 2¢g-dimensional volume of Z
(counted with multiplicity) is locally finite. Hence, the current of integration [Z] is a well-defined
current of bidimension (g, ¢) on D, and in particular we have

(2], ) =/wq|z< <o

Z

for every compact subset K C D. We say that a measure v on By is Bg-finite if

/ (2], 0| ) dv(Z) < 0o
ZeB,

for any compact subset K C D.

Definition 5.1 ([2,[17]). Let S be a positive closed current of bidimension (g, q) on D. We say
that S is woven if there exists a By-finite measure v on B, such that

(5.1) S = [Z]dv(Z).

ZeB,
We say that S is laminar if, in addition to (5.1), for (v ® v)-almost all (Z,Z') € Bg the set
Z N Z'is open (possibly empty) in Z and Z'.

In order to show that the Green currents are woven, we will use the a criterion due to de
Thélin [I1] (see also [17) 26] for a global version), that we now recall. Let G(gq,k) be the
Grassmannian parametrizing the linear subspaces of dimension g of C*. Recall that G(q, k) is
a projective variety, of dimension ¢(k — ¢), and that it can naturally be seen as a submanifold
of the projective space P(A?CF) ~ PL(@F) for some integer L(q, k), where the tangent space at
each point of C* is identified to C¥. We will denote by wg the Kéhler form on G(g, k) induced
by the natural Fubini-Study form on PX(®F). We will let 7p and 7 (resp. 7p and 7pz) be
the natural projections of D x G(q,k) (resp. D X PL(q’k)) to its first and the second factors,
respectively. From now on, to emphasize the factor D, we will use the notation wp instead of w
to denote the standard Kihler form on D C C¥. Observe that (7g)*ws + (7p)*wp is a Kihler
form on D x G(q, k). Volumes in D x G(g, k) will be computed with respect to this Kahler form.

For any smooth complex ¢-dimensional submanifold ¥ C D, we define a ¢-dimensional
submanifold 3 of D x G(g¢, k) as

(5.2) S :={(z,H) € DxG(q,k) : z € 3; H is parallel to T,X},

where T3 is the tangent space of ¥ at z. We can extend the above definition to the case of X
not smooth by defining 3 as the closure of X, where Y, is the regular part of . We will call

S the lift of © to D x G(q, k). The role of X in the theory was observed in [17].
12



Theorem 5.2 (de Thélin [12]). Let X,, C D be a sequence of submanifolds of pure dimension
1<g<k-1and 3, be the lift of ¥y, to D x G(q, k). Let v, and 0, be the volumes of ¥, and
S, respectively. Assume that all v, and o, are finite and that the sequence v, *[¥,] converge
to a current T on D. If 0, = O(vy) as n — oo, then the current T is woven.

The following criterion, see for instance [13], will imply the laminarity of the Green current
T~ when p =k — 1 in Theorem

Proposition 5.3. Let T be a woven positive closed (1,1)-current on D. Assume the local
potentials of T are integrable with respect to T. If T AT =0, then T is laminar.

Observe that the integrability of the local potentials of T' with respect to T guarantees that
the intersection T' A T is well-defined.

5.2. Shadows of currents on D xG(q, k). In this section, we consider again a bounded convex
open subset D C CF and, for a given fixed integer 1 < ¢ < k— 1, the Grassmannian G(q, k) as in
the previous section. We will consider currents on D x G(g, k) and define a suitable projection of
these currents on D, that we will call their shadows. This notion is related to the h-dimension
as in [25] (see also [32], B7]) and allows one to detect the excess of dimension in the vertical
directions. For simplicity, we will only consider the product space D x G(g, k) that we will
need later, but most of this section generalizes to arbitrary product spaces. In particular, the
construction could be carried out on D x PL(@k),

Definition 5.4. Let S # 0 be a (non necessarily closed) positive current of bidimension (g, q)
on D x G(q, k). Let Iy be such that

(i) SA (wp)* () # 0;
(ii) S A (mp)*wiott = 0.
We call [y the D-dimension of S.

Observe that [y as in the above definition always exists and satisfies o < ¢ < k.

Lemma 5.5. Let S and Iy be as in Definition . We have S A (mp)*a = 0 for every smooth
(2lp + 1)-form o on D.

Proof. We can assume that Iy < ¢ (as otherwise the statement is clear) and it is enough to
consider the case where « is of the form a = g A Q for some (¢,¢)-form g with ¢ < [y and
(2lp—2¢+1,0)-form Q, and show that (SA(7p)*a, ®) = 0 for every compactly supported smooth
(q+0—2lp—1,q—¢)-form ® of the form & = yA O, for some (qg+£¢—2ly—1,q+ ¢ —2ly — 1)-form
v and (0,2lp — 2¢ + 1)-form O.
Applying Cauchy-Schwarz inequality, we have
(S A (mp) e, ®)* = [(S A (1p)*B Ay, (D) QA O)
< (S A (7D)*B A, (7D)* (@ AT - (S A (70)"6 A7 O AB)| = 0.

Since (7p)*(BAQAQ) is a smooth (2lg — £ + 1, 2]y — £ + 1)-form and ¢ < Iy, the first factor in
the last term vanishes by the assumption (ii) in Definition O

Definition 5.6. Let S be a (non necessarily closed) positive current of bidimension (g, q) on
D x G(q,k) and Iy the D-dimension of S as in Definition The shadow of S on D is the
(lo, lp)-bidimensional current S on D given by

S = (7p)«(S A (m6) wg ).
Observe that S satisfies

(5.3) (S,8) = (S, (m6)*w& " A (mp)*8) = /D . k)S’/\(WG)*wg_lo/\(ﬂD)*H,
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for every compactly supported smooth (I,l)-form # on D. In particular, the shadow S of
S is well-defined since (WG)*wg_lo A (mp)*@ is a compactly supported smooth (g, q)-form on
D x G(q, k).

The following proposition collects some properties of the shadows that we will need in the
sequel and justifies the terminology in Definitions and

Proposition 5.7. Let S be a positive current of bidimension (q,q) on D x G(q, k) and ly be its
D-dimension. Then the shadow S of S is a non zero positive current of bidimension (lg,ly) on
D, satisfying

(5.4) 15115 = 115 A (70)* (@Bl (e

on any open subset D € D. Moreover, if S is closed on U xG(q, k) for some open subset U C D,
then S is closed on U.

Proof. Since S is a positive current on D x G(q, k), by (5.3) S is a positive current of bidimension
(lp,lp) on D. Since S A (WD)*(wlDOH) = 0 we have

ISIp = [ Snuly= [ S(me)ul™ A o)
D DxG(q,k)

- / S A (mp)*w§ A ((76)*we + (7p)*wp) ™"
DxG(q,k)

=I5 A (mD) WS 5eam)-

Hence, (5.4]) holds.

Let us now prove the last assertion. Since the problem is local, we can assume that U is a
small ball compactly supported in D. Assume first that we have lp = 0. In this case, since S
is a measure on D, it is clear that S is closed. Assume now that [y > 0 and let 6 be a smooth
(lp — 1,1p)-form compactly supported on U. By using Stokes’ formula twice and the fact that S
is a closed current of bidimension (g, q) on U x G(g, k), we have

(dS,0) = (S,d0) = (S,00) = (S, (m6)"wg " ATH(90)) = (S, (w6)"wg ™" A} (d6))
= (SN (m6)"wg ", d(m}(6))) = (d(S A (m6)*wE "), 7 (6))
= (dS A (me)"wd ", 7 (0)) = 0.
By similar arguments, we can also obtain that (dS, ) = 0 when 6 is a smooth (lg,lp — 1)-form

compactly supported on U. Hence, S is closed on U and the proof is complete. O

5.3. End of the proof of Theorem We use the notations as at the beginning of Section
We also set D' := M’ x N’. The following theorem completes the proof of Theorem

Theorem 5.8. Let f be a Hénon-like map on D as above. If d;_l < d, then T~ is woven. If,
furthermore, we have p =k — 1, then T~ is laminar.

Let X be a horizontal p-dimensional plane of M x N’. By Theorem [2.3|we have d~"(f™).[X] —
T~. Let ¥ be the submanifold of D x G(p, k) defined by means of and set R := [¥] and
R :=[%]. As above, we denote by wg the Kahler form of G(p, k) induced by the Fubini-Study
form on PL(®K) Again, to emphasize D, we use the notation wp instead of w to denote the
standard Kihler form of C*. Recall that 7p and g are the natural projections of D x G(p, k)
to its first and the second factors, respectively, and that we use (7g)*we + (7p)*wp as a Kahler
form on D x G(p, k).

Consider the map
F:Dy1 xG(p,k) = Dpy xG(p, k) definedas F =(f,Df).

Hence, for (2, Hp) € D x G(p, k), we have F'(z, Hp) = (f(2), Hy(p)), where P is a p-dimensional
submanifold of D passing through z, and Hp and H(p) are the elements in G(p, k) representing
14



parallel planes to T, P and T}, f (P), respectively. Observe that if @ and Q' are p-dimensional
submanifolds of D passing through z, with T.Q = T.Q’, we have Hg = H¢y. For any zp € D, 1,
we can identify F'(zg,-) to an automorphism ~y,, on G(p, k). It is then clear that F' is invertible
from its domain D, 1 x G(p, k) to its image Dp 1 x G(p, k). The map F can also be seen as a
map from D, 1 x PL®:k) o D1 x PL®k)  In particular, every F'(zp,-) can also be seen as an
automorphism of PL®:k),

The following is the key step towards Theorem
Proposition 5.9. Let f, F,E,R, M", and N be as above. Then

I(E™) R s nxoor) = O(d™)  asn — oc.

The proof of Proposition [5.9|is given in the next section. We now conclude the proof of
Theorem assuming Proposition [5.9

Proof of Theorem[5.8, Let ¥ be a horizontal submanifold of M x N’ of pure dimension p and
such that d="(f™).[%X] converge to T~. Let v, and 9, be the volume of ¥, := f*(X) on M" x N
and of 3, on M x N x G(p, k), respectively, where X, is the submanifold of D x G(p, k) defined
by means of (5.2]). Note that, since d~"(f™)«[X] converge to T~ we have

(5.5) d" < v, S d.

By definition of 3, and F we can see that 3, = F"(3). Hence, we have

On = [ (F™) [T hrr v (o)
We deduce from Proposition [5.9| that 0, = O(d") as n — oo. It follows from ([5.5)) that we have
O, = O(d") = O(vy,,). Hence, thanks to Theorem we conclude that (77 )pm« n is woven on

D (or, equivalently, that T~ is woven as a current on M"” x N). In order to conclude the proof
of the first assertion, we need to deduce that T~ is woven on all of D.

Recall that B, denotes the set of p-dimensional connected complex submanifolds of D with
locally finite 2p-dimensional volume. Denote similarly by B;’ the set of p-dimensional connected
complex submanifolds of M” x N with locally finite 2p-dimensional volume. As (T7) v xew is
woven, we can write it as

(56) Ty = [ (2400(2),

where v is a B} -finite measure on By. Define a map
F:By—=B, as Zw f(ZNDyy).
The map F is well-defined by (4.1)). Let us also define a measure 7 on B, as
vi=d ' F.

Since v is Bg—ﬁnite on 81/9/ , U is Bp-finite on B),. Indeed, let K be any compact subset of D.

Thanks to (4.1]) there exists a convex open set M* € M” such that f~'(K) C M* x N. Then,
we have

/ (2], |k} di(Z) = d! / (F(2)6?|)dv(2)
ZeB,

ZeBy

s /Z o AT )

< / (120, &P a1 ) A 2),
ZeB;,’

where in the last inequality we used [9, Lemma 3.3] and the fact that we have Z ¢ M"” x N’
for v-almost every Z. Since v is Bg—ﬁnite, we deduce from the last inequality that © is Bp-finite
on B,.
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Again by (4.1)), we also have d - T~ = f, ((T_)|M”><N) on D. Hence, by (5.6)), we have

T = (@) =47 [ flZanz) = [ (21d(2)

ZeBy ZeB,
on D. Hence, T~ is woven on D.

In order to conclude the proof of Theorem we need to show that T~ is laminar assuming
that p = k — 1 (observe that this implies d;_, | = d; =1 < d). Recall that the condition
p = k — 1 implies that T~ is of bidegree (1,1). By Theorem [4.1 7~ has Holder continuous
local potentials. So T~ AT~ is a well-defined horizontal positive closed (2,2)—currentﬂ By
Proposition it is enough to show that T~ AT~ # 0.

Assume by contradiction that T~ AT~ # 0. By the f-invariance of T~ and the fact that f is
invertible, we have f.(T~ AT~) = d>(T~ AT~). By Definition this implies that d* < d; .
Since by assumption we have dZ_Q <d= d;_l, this gives d®> < d, which implies that d < 1.
Since we always have d > 1, this gives the desired contradiction and shows that T— AT~ = 0.
The proof is complete. O

We conclude this section with the following technical lemma, that we will need in the proof
of Proposition [5.9

Lemma 5.10. For every 0 <1< p let {Ci(n)}nen be a sequence of positive numbers such that
{Cp(n)}nen ts bounded and

limsup max Cj(n) = oo.
n—oo 0<I<p—1

Then there exists a positive constant 3, an index 0 <1 < p, and a sequence {n;}jen such that
(i) Ci(n) < BCy(n;) for alln < nj; and all 0 < [ < p;
(ii) we have
tim S5 =5 0 por il <1 < p and all s €N,
J—00 C’l(nj)
Proof. Set
L :={l : limsup Cy(n) = oo} =: {I1,l5, ..., [}, },

n—oo
where 1 <m/ <pandlj <--- <l ,. By assumption, we have p ¢ L and so I/ , < p. Set
an := max{Cj(n) : leL}.

Since by assumption we have limsup,,_,,, an = 00, there exists a subsequence a;; such that
an < aj,; for every j and n < n;. We will only use this sequence {n;} or a subsequence of it.
For every j, define

Lj = {l~€ L: Ci(ﬁj) = aﬁj}
As L is finite, up to replacing the sequence {n;} by a subsequence, we can assume that L; does
not depend on j, i.e., that we can write

L:=L;j=:{l,...,l,} forevery j.

It is clear that the pair (I1, {n;};en) satisfies (i) for 5 = 1. We now describe a procedure that,
by possibly modifying the pair and 3, will also lead to (ii).

We will play the following simple game between [; and the other indexes [, for 1 < r < m.
If there exists s € N such that
. Cy,.(n; — s)
5.7 lim sup DA 4
57 i On(7g)

then [, is the winner. Otherwise, [; is the winner.

>0

1t is actually enough for this to apply [19, Theorem 4.1], which gives that T~ has bounded local potentials.
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We start playing the game above between Iy and [l,,. If the winner is l,,, we stop playing.
Otherwise, we play the game between [; and [,,,_1. Again, if the winner is [,,,_1 we stop playing,
otherwise we continue the game between [y and [,,_o. After repeating the procedure at most
m — 1 times, we have the final winner. If the final winner is [y then it is clear that the pair
(1, {7;}52,) satisfies both (i) and (ii). In this case, the proof is complete. We can then assume
that the final winner is /,, for some 1 < rg < m. Observe that this means that [,, was the
winner between [y and [,, (i.e., holds with rq instead of r, for some given choice sg of s),
but also that [; was the winner against all [,+, for all ' > rg.

After again choosing a subsequence, if necessary, we can assume that the limsup in (5.7))
(with 7 = rg and s = s¢) is actually a limit, i.e., that we have

Cl,, (15 — s0)

5.8 lim — =:A>0.
( ) Jj—o0 Cl1 (n])
We can also assume that 1y > sg. Take ([, {n;};jen) as a new pair, where n; := n; — sg and

l :=l;,. We now show that this pair satisfies both the requests (i) and (ii).

By (p.8)), we have Cj, (72;) < - Cj(n;) for every j, for some positive constant 3 independent
of j. By construction, for any n < f2; and 0 < [ < p, we also have Cj(n) < Cj,(Rj). As a
consequence, we have

Ci(n) < (nj) < B-Cy(n;) forallm <njand 0 < [ <p.
So, (I,{n;};en) satisfies (i). For the sake of contradiction, assume that (I,7;) does not satisfy
(ii). In this case, there must exist I, with 79 < r; < m and s; such that

Gy, (nj—s
(5.9) lim sup M > 0.

jmoo  Cilny)
Again, after choosing a subsequence if necessary, we can assume that the above limsup is a
limit. Since [; was the winner when playing the game between [y and [/,,, we have
Ci,. (nj —so — 51 Ci(f: — .. (nj —s1
0= lim 1(] : ):hm l(n3~50)' 1(] )
j—00 Ci, (7) j—oo Oy (1)) Ci(nj)
The last inequality follows from (5.8)) and (5.9) and the assumption that the limsup in (5.9) is

actually a limit. This gives a contradiction. Hence, the pair (I, {n;} en) satisfies (ii) and the
proof is complete. O

> 0.

5.4. Proof of Proposition [5.9, Take a smooth vertical cut-off function 0 < xy < 1 on D,
equal to 1 in a neighbourhood of M x N and supported on M’ x N. For every 0 < [ < p define

Ii(n) := / ()" () - (F™)u(B) A () A (6)* ()P~
DxG(p,k)

and set

L * n > * * p_ z p
10 = [ ) 00 (7)) A (o) () + (oo = - () il

Observe that || (F”)*(R) ”M”xNxG(p,k

y < I(n). So it is enough to show that I(n) = O(d").
Lemma 5.11. We have

(5.10) d" < Ip(n) Sd".

Proof. By the definitions of R and F, we have

(5.11) (D)« (F™)«(R)) = (f")«(R).
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Indeed, if 6 is a smooth (p, p)-form compactly supported on D, we have

(D) (F")<(R)), 0)p = ((F")+(R), (D) (8)) Dxc(ph)

[ wre=[ o= )0,
(%) ()
which proves ([5.11]). By using this identity, we have

b = [ )00 ) A o)
= [ mo). (o) (E™)lB) A (o)
D
~ [ ummadps [ gm g s
D

M’'xN

N——

The last equality is due to (2.2)). Similarly, since the dynamical degrees do not depend on the
choice of M" and N, by using ({2.2)) again, we also have

b = [ tmm@adhz [ (R Al 2

This completes the proof. O

Recall that, in order to prove Proposition it is enough to show that I(n) = O(d").
Assume, for the sake of contradiction, that this is false. For 0 < < p, denote
Ii(n)
ar -
Thanks to Lemma and the contradiction assumption, we can see that the sequences Cj(n)

satisfy the conditions of Lemma Let [ and {n;}jen be as given by Lemma applied to
these sequences.

(5.12) Ci(n) :=

For all integers s and j such n; > s, set

o) . (m)"X - (F"9%).(R)
a Ci(nj)dm=s

Each S](-s) is a current on D X G(p, k). Since f is a horizontal-like map, we have (f*).(x) > x
on Dy s. Since D, C Dj s and (FS)*S](-S) is supported in Dy, ,; x G(p, k), we have

sy o) _ (@) ((f)x) - (F9)u(R) _ ()X - (F")o(B) _ s (0)
1 F*),S87 = > = o
(5 3) ( ) s C’l(nj)d"j—s - Cl(nj)d”j_s d S]
Lemma 5.12. For every s and j such that n; > s we have
p—h
(s) * h o p— h Cm+h(’rl' — S)
1557 A (7p) " wh | Dxa(p.r) = mz::O ( m >Ol(njj) forall 0<h<p.

Proof. By a direct computation, for all A as in the statement we have

HSJ(‘S) N (ﬂ-D)*w%”DXG(pJﬁ‘) :/ SJ('S) A (WD)*W?) A ((WD)*(WD) + (WG)*WG)p_h
DxG(p,k)
p—h p—h
=3 (7)) &7 0 B A e e
DxG(p,k)

_Z p—nh m+h ”g s) z_: p—h\ Crin(nj —s)
dnj —s Cl( ) )
where in the last step we used . The assertion follows. U
18



By the choice of I and {n;}jen and Lemma [5.10} for all 0 < m < p we have Cp,(nj — s) <

~

Ci(n;). It follows from the choice of {n;};en and Lemma-that there exists a constant ¢ > 1
independent of s and j such that

0 s
1< 187 pxcs  and 1S ] pxoa < ¢ forall s > 0.

In particular, for every s > 0, the sequence {HS](-S)H}jeN is uniformly bounded from above by
a constant independent of s. We can then fix in what follows a current Ség), which is a limit
value of the sequence {SJ(-O)}jeN along a given subsequence {j;}ieNn, and a current Séf)), which
is a limit value of the sequence {Sj(fg)} jen along a further subsequence of the sequence {j;}ien.
By construction, we have

1< ISP pxepry  and IS8 | pxepe <c  forall s >0,
for a constant ¢ as above.

Lemma 5.13. The following properties hold for every s > 0:
(i) dsS( ) < < (F%), (S(S))'
(ii) S Oo is compactly supported in D' x G(p, k) and is closed on M" x N x G(p, k);
(iii) Sso A (mp)*@ =0 for any smooth (I + 1,1+ 1)-form 6 on D;
(iv) HS( ) A (D) (W)l prxcpry = 1 and there exists a constant ¢ > 0 independent of s such

that || S A (7p)* (W) | /< < ¢

Proof. It is immediate to see that (i) follows from . Since f is horizontal-like, R has
horizontal support in M x N’, and x has vertical support in M’ x N it follows that Sj(.s) is
supported on D' x G(p,k) for every s € N. Moreover, since by (4.1) the current f,(R) is

supported on M x N”, for every j > 1 the current S](-S) is supported on (supp(x) N (M x N")) x

G(p,k) € D' x G(p, k). Hence, SC()fJ) has compact support in D’ x G(p, k). Since by definition

SJ(.S) is closed in a neighbourhood of M” x N x G(p, k) (as  is constantly equal to 1 on an open

neighbourhood of such set), the currents S$) are closed in M” x N x G(p, k). So, (ii) follows.
()

In order to prove (iii), Sa5 is positive, it is enough to show that

5.14 SO A (rp)wltt = 0.
(5.14) D

o0

Since S§S) A (WD)*wg_l is positive, it suffices to show that its mass tends to zero as j — co. By
taking h =+ 1 in Lemma (recall that [ < p—1) and the fact that [ was given by Lemma
(and in particular the quantities Cj as in (5.12)) satisfy Lemma (ii)) we have

p—I—1

lim HS ( ) l—HH _ Jhrgo Z < —1— 1) Cl+1+m(nj - S) —0.

Jj—o0 Cl(n])

This gives (5.14]). The assertion (iii) follows.
By taking # = [ in Lemma [5.12] and using Lemma (ii) again we have

. (0) w1 Cl+m(”y) _
jlggoHSj A(mp)*w H—1+hmz<m> Ci(ny) =1.

By taking & = [ in Lemma [5.12] and using Lemma (i) we have

p—I
(s) by = Gl —s) p =1\ Cm(nj — 5) <
1557 A (mp) whpll = Cy(n;) * Z ( h Ci(n;) =

m=1

for some constant ¢ independent of s and j. This gives (iv) and completes the proof. O
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By Lemma both Ség) and Ség) satisfy the conditions in Definition M, with lg = [.

Lemma 5.14. Let 0 be a smooth (1,1)-form compactly supported in D. Then we have
0 ((FS)*(S(SZ)) A (FD)*H) =0 for every s > 0.
Proof. Let us first show that the equality
(5.15) (mp)"x0SE) = (mp)*(9x) A S
holds for every s > 0. By the definition of S](-S) and the fact that (F"~%),(R) is closed we have
g _ (TD)(0X) - (F~).(R)
! Cing)d™—*

for every s > 0 and every j such that n; > s. Multiplying (7p)*x to both sides we obtain

(mp)*x - (F"~*).(R)
Cl(nj)dnjfs

where we used the fact that the support of dx is contained in the support of x. (5.15)) follows
taking 7 — oo.
It follows from ([5.15)) that, for any 6 as in the statement and every s > 0, we have

(5.16) ()X (S A () ((£)"0)) = S A (7p)*(©),

where

(70)" (095" = ()" (0x) A — (=) (9) A 51,

© = Ox A (f°)"0+ x - (f)"(09)
is a smooth vertical (I 4+ 1,[)-form in D. Since the D-dimension of Séf,) is equal to I, by Lemma
the right hand side of is equal to 0. As Supp s%) ¢ Supp ((mp)*x), this implies
8 (52 A (WD)*((fS)*e)) — 0. So, we have

0 ((F)-(S9) A (xp)0) = (F).0 (SE) A (70)*((£)°6)) =0,
The proof is complete. O

Let now §§,§) and 5(()? be the shadows of Séf,) and Ség), respectively. By Propositionm, these
are positive currents of bidimension (I,1) on D.

Lemma 5.15. The following properties hold for every s > 0:

(i) we have HgQHDI = 1; furthermore, there exists a constant ¢ > 0 independent of s such
that || pr < c;
(i) S is horizontal on M x N' and closed on M" x N;
(i) 52 < (£).(SY).
Proof. Assertion (i) follows from Propositio (applied with D’ instead of D) and Lemma
5.13|(iv). Assertion (ii) follows from Lemma (ii). Hence, we only have to prove the assertion

(iii). Fix s > 0 and let 6 be a positive (I,l)-form compactly supported in D. We are going to
show that

(5.17) (SR),0) < ((£)(K)), ).

Recall that F' can also be seen as a map from D, ; x PL(P:k) o Dy 1 x PL(p’k), and that wg is
the form induced on G(p, k) by the Fubini-Study form on P = PL®*) For every z € D, we
can identify the second coordinate of F*(zg,-) as an automorphism of P*. By the invariance of
the class of wpr under the actions of such automorphisms, we have

(F®)((mpr)*wpr) = (mpr)*wpL + ddus + vs,
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for some smooth 2-form v, which vanishes on the fibres of 7p and smooth function us, on the
common domain of definition of (F*).((mpz)*wpr) and (mpr)*wpr. It follows that, on the same
set, we have

(5.18) (F*)u((mpr ) whi ) = (mpr)*why' + dd°Us + Vi,

for some form Ug and a form Vi which vanishes on the fibres of 7p. Hence, V; can be written
as a linear combination of forms of the form (7wp)*a A V., where a is a 1-form on D.

By using (5.3]), Lemma (i), and (5.18]), we have

(59 6) = / SO A (me) Wl A (mp)*8
DxG(p,k)

<d / (F*)<(S) A (mpr)*whi! A (mp)*6
DxPL

—a [ (F(8Y) A (F).(mon) ) A (m)'0
DxPL
4 / (F*)<(S)) A dd°Us A (wp)*6
DxPL
—d / (F*)«(S) AVa A (mD)"0.
DxPL

The second integral in the last term vanishes by Stokes’ formula and Lemma We claim
that the third integral also vanishes. Indeed, by the above description of Vi, it is enough to
show this claim for V; of the form (7p)*a A V!, where « is a 1-form on D. This implies that
(mp)*(a A B) is (21 + 1)-form and thus Lemma [5.5 implies that

(F*)«(S)) A (mp)*(a A 0) = (F2).(SE) A (mp)"((f*) (@ A §)) =

As F? is invertible, this implies

0.0 <a [ () (SO A (re)wli!) A (ro)0

DxPEL
—a [ S eyl A (F ()0
DxG(p,k)
= d~*(SE), (f*)7(0)) = d™*((f*)«(8%)). ).
This shows and completes the proof. O

We can now complete the proof of Proposition

Lemma

End of the proof of Proposition[5.9. We continue to use the notations introduced above. By
(i) and (ii), we have HS(O)HM/ ~ = 1. By Lemma (iii), this gives

= &|SQlrrxn < NS arrw

for every s > 0. Since S&o ) is a closed horizontal current on M" x N, by (4.1)) we see that
f*( ) is a closed horizontal current on M’ x N. Moreover, since the mass of Sgo) is uniformly

bounded from above by a constant independent of s, the mass of f.(S (J()Z)) is also bounded by a
constant independent of s. By using the Definition [2.2] of the dynamical degrees, it follows that
d < Timsup |(f*). (f (SN i <

M’'xN
5—+00
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On the other hand, since | < p, by [9, Theorem 1.1] and the assumption d;_l < d we have
df < d;;L—1 < d. This gives the desired contradiction. So, we have I(n) = O(d"™) and the proof
is complete. O
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