
HÖLDER CONTINUITY AND LAMINARITY OF THE GREEN

CURRENTS FOR HÉNON-LIKE MAPS
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Abstract. Under a natural assumption on the dynamical degrees, we prove that the Green
currents associated to any Hénon-like map in any dimension have Hölder continuous super-
potentials, i.e., give Hölder continuous linear functionals on suitable spaces of forms and
currents. As a consequence, the unique measure of maximal entropy is the Monge-Ampère of
a Hölder continuous plurisubharmonic function and has strictly positive Hausdorff dimension.
Under the same assumptions, we also prove that the Green currents are woven. When they
are of bidegree (1, 1), they are laminar. In particular, our results generalize results known until
now only in algebraic settings, or in dimension 2.
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1. Introduction

Hénon maps are among the most studied dynamical systems. They were introduced by
Michel Hénon in the real setting as a simplified model of the Poincaré section for the Lorenz
model, see, e.g., [6, 30]. They are also actively studied in the complex setting, where complex
analysis offers additional powerful tools, see the fundamental work of Bedford-Lyubich-Smille
and Fornaess-Sibony [2, 3, 4, 5, 29, 33]. As an example, a unique measure of maximal entropy
µ was introduced by Sibony, as the intersection µ = T+ ∧ T− of two positive closed currents
with Hölder continuous potentials. These currents can be seen as the accumulation of the
iterates of manifolds under backward and forward iteration, respectively [4]. The regularity of
their potentials plays an important role in the quantification of the speed of such convergences
[16, 23]. These two currents are also laminar, namely they can be nicely approximated by the
integration on (pieces) of complex curves which do not intersect and the measure µ has a local
product structure [2, 27]. Such measure enjoys remarkable statistical properties, see for instance
[2, 3, 8, 16, 39].

A natural generalization of Hénon maps in any dimension is given by the so-called Hénon-
Sibony maps. These are polynomial automorphisms f of Ck such that the indeterminacy sets of
the extensions to Pk of f and f−1 are non-empty and disjoint [33]. Although their study is highly
more technical, due to the need to work with cycles and currents of intermediate dimensions,
the main properties of Hénon maps mentioned above have been successfully generalized to this
setting. In particular, the unique measure of maximal entropy can still be obtained as the
intersection of two Green currents T+ and T− of complementary bidegree. These currents
have Hölder continuous super-potentials [22, 33]. Roughly speaking, they can be seen as Hölder
continuous maps on a suitable space of forms of complementary degree. Moreover, these currents
are woven [17, 24]. This is a slightly weaker notion than the laminarity, where the approximating
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analytic sets can a priori intersect, see [17] and Definition 5.1. These properties of the Green
currents were also investigated in the setting of automorphisms of Kähler manifolds [7, 10, 13,
20, 38] and for generic birational self-maps of Pk [1, 14, 15, 28, 36].

It is natural to ask how much of the above stays true when leaving the algebraic setting
(for instance, when considering small perturbations of Hénon-Sibony maps, which destroy the
algebraic structure, but keep the global geometric properties). This question was first addressed
by Dujardin [27], who systematically studied the class of so-called Hénon-like maps in two
dimensions, introduced by Hubbard and Oberste-Vorth in [31]. He proved that such maps
still enjoy many of the properties of Hénon maps, starting from a unique measure of maximal
entropy with a local product structure.

The goal of this work is to close this circle by proving that, under a natural and necessary
assumption on the dynamical degrees of the map (which is automatically satisfied in the above
algebraic setting and in dimension 2), every Hénon-like map in any dimension has the same
strong regularity and laminarity properties of their algebraic counterparts.

Let us now be more precise and state our main result. Given integers 1 ≤ p < k and open
bounded convex domains M ⋐ Cp and N ⋐ Ck−p, a Hénon-like map is an invertible proper
holomorphic map from a vertical subset to a horizontal subset of M × N which geometrically
(but non-uniformly) expands in p directions and contracts in k − p directions, see [19, 21] and
Definition 2.1 below for the precise definition. They should be thought of as the building blocks
of more complicated systems. They form an infinitely dimensional family, which contains maps
which are not conjugated to Hénon-Sibony maps. These systems admit a measure of maximal
entropy µ, which is the intersection µ = T+ ∧ T− of a vertical Green current T+ and of a
horizontal Green current T−, of bidimension (k − p, k − p) and (p, p) respectively.

A natural assumption when studying higher dimensional dynamical systems is that there
exists an integer q such that the dynamical degree of order q (describing the rate of growth
of the volume of manifolds – or more generally of the mass of positive closed currents – of
dimension q by iteration) strictly dominates all the other dynamical degrees. In our setting,
precise definitions are given in [9, 19] and Definition 2.2. Because of the geometric properties
of Hénon-like maps, our main dynamical degree is that of order p, and can be seen as the rate
of growth of the volume for the forward iteration of horizontal p-dimensional manifolds, or
equivalently for the backward iteration of vertical (k − p)-dimensional manifolds. We denote
by d (= d+p = d−k−p) this degree. We then denote, for 0 ≤ s ≤ p − 1, by d+s the rate of growth

of the volume for the forward iteration of horizontal s-dimensional manifolds, and by d−s , for
0 ≤ s ≤ k − p − 1, the rate of growth of the volume of the backward iteration of vertical
s-dimensional manifolds. We proved in [9] that the sequences {d+s }0≤s≤p and {d−s }0≤s≤k−p are

monotone. In particular, as soon as we have d > max(d+p−1, d
−
k−p−1), the main degree d strictly

dominates all dynamical degrees. The main result of this paper can be stated as follows.

Theorem 1.1. Let f be a Hénon-like map in any dimension as above and assume that the main
dynamical degree d = d+p = d−k−p satisfies d > max(d+p−1, d

−
k−p−1). Then

(i) the Green currents T± have Hölder continuous super-potentials;
(ii) the Green currents T± are woven;
(iii) µ = T+ ∧ T− is a Monge-Ampère measure with Hölder continuous potential and it has

a positive Hausdorff dimension.

If, furthermore, we have p = k − 1 (resp. p = 1), then T− (resp. T+) is laminar.

It was proved in [19] that, under the same assumptions of Theorem 1.1, the Green currents
have continuous super-potentials. The first assertion of Theorem 1.1 is an improvement of that
result. The proof is based on quantitative estimates for the action of f∗ and f∗ with respect
to suitable norms, involving a precise control for the solution of the ddc equation for horizontal
and vertical currents in D. The third assertion is a consequence of the first and of a more
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general criterion to ensure that property, see Proposition 3.10. After some preliminary material
presented in Section 3, these two assertions are proved in Section 4.

The most difficult part of Theorem 1.1 consists in the laminarity statements for the Green
currents. A natural way to prove laminarity properties for T+ is to exploit the convergence
d−n[f−nΣ] → T+, where Σ is a vertical analytic set of dimension k−p. By a result of de Thélin
[12], in order to show that T+ is woven, one can verify that

(1.1) volume(Σ̂n) = O(volume(Σn)) as n → ∞,

where Σn := [f−nΣ], Σ̂n is a natural lift of Σn to the space D × G, and G is a suitable
Grassmannian. In the algebraic settings above, this is achieved by means of cohomology
arguments. On the other hand, estimating directly the volume of Σ̂n by means of the volume
of Σn is not possible in our non-algebraic and local setting, because of the lack of a meaningful
Hodge theory. In order to overcome this issue, we introduce the notion of shadow for a non-
necessarily closed current on D × G, corresponding to a geometrically “correct dimensional”
projection on D, taking into account the possible defect of dimension (which cannot be detected
by cohomology), see Section 5.2. We then show that, if (1.1) does not hold for some Σ as above,

the extra volume of Σ̂n must come from some part of Σ̂n whose shadow is of smaller dimension
(since the part whose shadow has full dimension is controlled by the dynamical degree d).
Using this, we can construct a sequence Sn of horizontal positive closed currents on D (related

to the shadows of Σ̂n) of dimension l < p and satisfying ∥fn
∗ (Sn)∥ ≳ dn∥Sn∥. This leads to a

contradiction with the assumption d+l ≤ d+p < d, and completes the proof.
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2. Horizontal-like maps and dynamical degrees

In this section, we recall the definition of a Hénon-like map and its dynamical degrees, as
well as the main properties of these maps that we will need in the sequel.

Let p and k be integers with 1 ≤ p ≤ k − 1. Let M ⋐ Cp and N ⋐ Ck−p be open bounded
convex sets. Denote by πM and πN the natural projections of D := M × N to M and N ,
respectively. A subset E ⊂ D is horizontal (resp. vertical) if πN (E) ⋐ N (resp. πM (E) ⋐ M).
The horizontal (resp. vertical) boundary ofD is the set ∂hD := M×∂N (resp. ∂vD := ∂M×N).
We also denote by π1 and π2 the natural projections of D ×D to its first and second factors,
respectively. In all this paper, the symbols ≲ and ≳ denote inequalities that hold up to an
implicit multiplicative constant (often depending on the domains under consideration).

Definition 2.1. A horizontal-like map f of D is a holomorphic map whose graph Γ ⊂ D ×D
is a (not necessarily connected) submanifold of D ×D with pure dimension k and such that

(i) π1|Γ is injective and π2|Γ has finite fibers; and
(ii) Γ does not intersect ∂vD ×D and D × ∂hD.

We say that f is an invertible horizontal-like map, or a Hénon-like map, if π2|Γ is also injective.

Observe that f is not defined on the whole D, but only on the vertical open subset π1(Γ) of
D. Similarly, the image of f is the horizontal subset π2(Γ) of D. We will write Dv,1 := π1(Γ)
and Dh,1 := π2(Γ) in the following. More generally, for all n ≥ 1 we consider the iterate
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fn = f ◦ · · · ◦ f (n times), which is also a horizontal-like map. We denote by Dv,n and Dh,n the
domain and the image of fn, respectively. Observe that the sequences (Dv,n)n≥1 and (Dh,n)n≥1

are decreasing.

We fix in what follows a horizontal-like map f of D = M × N . We also fix two convex
open subsets M ′ ⋐ M and N ′ ⋐ N . For simplicity, we will always assume that M ′ and N ′ are
sufficiently close to M and N , respectively, to always satisfy

(2.1) f−1(D) ⊂ M ′ ×N and f(D) ⊂ M ×N ′.

A horizontal (resp. vertical) current S on M ′×N ′ is a current with horizontal (resp. vertical)
support in M ′ ×N ′.

Definition 2.2. For every 0 ≤ l ≤ p, the dynamical degree d+l is defined by

d+l := lim sup
n→∞

(
d+l,n

)1/n
, where d+l,n := sup

S
∥(fn)∗(S)∥M ′×N

and S runs over the set of all horizontal positive closed currents of bidimension (l, l) of mass 1
on M ′ ×N ′.

Similarly, for every 0 ≤ l ≤ k − p, the dynamical degree d−l is defined by

d−l := lim sup
n→∞

(
d−l,n

)1/n
, where d−l,n := sup

R
∥(fn)∗(R)∥M×N ′

and R runs over the set of all vertical positive closed currents of bi-dimension (l, l) of mass 1
on M ′ ×N ′.

The dynamical degrees d+l and d−l are independent of the choice of M ′ and N ′ [19]. By [21,

Proposition 4.2], both d+p and d−k−p are integers and we have d+p = d−k−p =: d. The integer d is

called the main dynamical degree of f . Moreover, we have

(2.2) dn ≲ d+p,n ≲ dn and dn ≲ d−k−p,n ≲ dn as n → ∞.

When f is invertible, we have d+l (f) = d−l (f
−1) for all 0 ≤ l ≤ p and d−l (f) = d+l (f

−1) for all
0 ≤ l ≤ k− p, where the degrees of f−1 can be defined reversing the role of f∗ and f∗ and using
the fact that f−1 is a vertical-like map with k− p expanding directions, see also [19, Section 3].

Every Hénon-like map admits a canonical horizontal current T−, of bidimension (p, p), and
a canonical vertical current T+, of bidimension (k − p, k − p). These currents are given and
characterized by the following result. Recall that, by [21, Theorem 2.1] (see also [27, Proposition
2.7]), for any horizontal current S of bidimension (p, p) on D, the slice measure ⟨S, πM ′ , z⟩ is
well-defined for any z ∈ M ′ and its mass, denoted by ∥S∥h, is independent of z and is equal to
⟨S, π∗

M (ΩM )⟩ for every smooth probability measure ΩM with compact support in M ′. Similarly,
for every vertical current R of bidimension (k − p, k − p) on D, the slice measure ⟨R, πN ′ , w⟩ is
well-defined for any w ∈ N ′ and its mass, denoted by ∥R∥v is independent of w and equal to
⟨R, π∗

N (Ω′
N )⟩ for every smooth probability measure Ω′

N with compact support in N ′.

Theorem 2.3 ([21]). Let f be a Hénon-like map on D. Let Ω (resp. Θ) be a closed vertical
current of bidimension (k − p, k − p) (resp. horizontal current of bidimension (p, p)) of slice
mass 1 in D. Then

d−n(fn)∗Ω → T+ and d−n(fn)∗Θ → T− as n → ∞,

where T+ (resp. T−) is a positive closed vertical current of bidimension (k − p, k − p) (resp.
horizontal current of bidimension (p, p)) of slice mass 1.

The currents T+ and T− are independent of Ω and Θ. Moreover, we have

d−2n(fn)∗Ω ∧ (fn)∗Θ → µ := T+ ∧ T−.

We call T+, T−, and µ the Green current of f , the Green current of f−1, and the Green
measure of f , respectively.
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3. Horizontal and vertical currents with Hölder continuous super-potentials

We fix in this section two integers p and k with 1 ≤ p ≤ k − 1 and bounded open convex
domains M ′′ ⋐ M ′ ⋐ M ⋐ Cp and N ′′ ⋐ N ′ ⋐ N ⋐ Ck−p.

3.1. Super-potentials of positive closed vertical currents. For any 0 < l < ∞, we denote
by ∥ · ∥Cl the standard Cl norm on the space of differential forms of a given degree. For every
0 ≤ j ≤ k, we define a semi-norm C−l and a semi-distance dist−l on the space of horizontal
(resp. vertical) (j, j)-currents on M ′ ×N ′ by

∥Φ∥−l := sup |⟨Φ,Ω⟩| and dist−l(Φ1,Φ2) := ∥Φ1 − Φ2∥−l,

where the supremum is taken over all (k − j, k − j)-forms Ω with vertical support in M ′′ ×N
(resp. horizontal support in M × N ′′) and such that ∥Ω∥Cl ≤ 1. Observe that the semi-norm
∥ · ∥−l, and as a consequence the semi-distance dist−l, is well-defined for currents of order up to
l. Moreover, by definition, we have ∥Φ∥−l ≤ ∥Φ∥−l′ for every Φ as above and 0 < l′ < l < ∞.

Let now PSHh(M
′×N ′) be the set of horizontal currents Φ on M ′×N ′ of bidimension (p, p)

such that ddcΦ ≥ 0. We denote by DSHh(M
′ ×N ′) the real space spanned by PSHh(M

′ ×N ′),
i.e., the set

DSHh(M
′ ×N ′) := {Φ1 − Φ2 : Φ1,Φ2 ∈ PSHh(M

′ ×N ′)}.
For every Φ ∈ DSHh(M

′ ×N ′) we also set

∥Φ∥∗ := inf{∥ddcΦ1∥+ ∥ddcΦ2∥ : Φ1,Φ2 ∈ PSHh(M
′ ×N ′) such that Φ = Φ1 − Φ2}.

Remark 3.1. In a similar way, we can also consider the set PSHv(M
′×N ′) of vertical currents Φ

on M ′×N ′ of bidimension (k−p, k−p) such that ddcΦ ≥ 0, and the real space DSHv(M
′×N ′)

spanned by PSHv(M
′ × N ′). As the statements are completely analogous, we just consider

PSHh(M
′ ×N ′) and DSHh(M

′ ×N ′) in the rest of this section.

Lemma 3.2. The following assertions hold for every Φ ∈ PSHh(M
′×N ′) and every 0 < l < ∞.

(i) There exists a positive constant C independent of Φ and l such that ∥ddcΦ∥−l−2 ≤
C∥Φ∥−l.

(ii) For every compact subset K ⋐ M ′′×N there exists a positive constant CK,l independent
of Φ such that ∥ddcΦ∥K ≤ CK,l∥Φ∥−l.

Observe that the mass ∥ddcΦ∥K in the second item is well-defined since ddcΦ is positive.

Proof. (i) For every Φ ∈ PSHh(M
′ ×N ′) and every (p− 1, p− 1)-form Ω with vertical support

in M ′′ ×N we have

|⟨ddcΦ,Ω⟩| = |⟨Φ, ddcΩ⟩| ≤ ∥ddcΩ∥Cl∥Φ∥−l ≲ ∥Ω∥Cl+2∥Φ∥−l,

where the implicit constant in the last inequality is independent of Ω, Φ, and l. The first
inequality above follows by observing that the support of ddcΩ is contained in the support of
Ω, and hence in particular in M ′′ ×N .

(ii) For every compact subset K of M ′′ ×N , there exists a smooth function χ with vertical
support in M ′′ × N and such that 1K ≤ χ ≤ 1, where 1K is the characteristic function of K.
Since ddcΦ ≥ 0, we have

∥ddcΦ∥K =

∫
K
ddcΦ ∧ ωp−1 ≤ ⟨ddcΦ, χωp−1⟩ ≤ ∥ddcΦ∥−l−2∥χωp∥Cl+2 ≲ ∥Φ∥−l∥χωp∥Cl+2 ,

where ω is the standard Kähler form of Ck and, by (i), the implicit constant in the last inequality
is independent of l and Φ. As ∥χωp∥Cl+2 can be bounded by a constant depending only on K
and l, the assertion follows. □

Definition 3.3. Given a constant 0 < α ≤ 1, a positive closed (p, p)-current T with vertical
support in M ′′×N is said to have (l, α)-Hölder continuous super-potentials if T , seen as a linear
function on smooth test (k − p, k − p)-forms with horizontal support in M ′ ×N ′, extends to a
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function on PSHh(M
′ ×N ′) such that, for every subset F ⊂ PSHh(M

′ ×N ′) which is bounded
with respect to ∥ · ∥∗, there exists a constant CF such that

|⟨T,Φ1 − Φ2⟩| ≤ CF dist−l(Φ1,Φ2)
α for any Φ1,Φ2 ∈ F .

Note that the function on F defined by T is seen as a super-potential of T in our point of
view.

Lemma 3.4. Every smooth positive closed (p, p)-form T with vertical support in M ′′ ×N has
(l, 1)-Hölder continuous super-potentials for every 0 < l < ∞.

Proof. We can assume that ∥T∥Cl ≤ 1. Since T is vertical in M ′′ ×N , it follows that, for every
Φ1,Φ2 ∈ PSHh(M

′ ×N ′), we have

|⟨T,Φ1 − Φ2⟩| ≤ ∥Φ1 − Φ2∥−l = dist−l(Φ1,Φ2).

The assertion follows. □

Remark 3.5. By interpolation techniques [35], one can see that if T has (l, α)-Hölder continuous
super-potentials for some 0 < l < ∞ and 0 < α < 1, then, up to slighly modifying M ′ and N ′,
it has (l′, α′)-Hölder continuous super-potentials for every 0 < l′ < ∞ and some 0 < α′ < 1
depending on l, l′, α but independent of T . In the dynamical setting to which we will be
interested, because of the geometric behaviour of our maps, such modification of the domains
is not necessary, see Lemma 4.2.

We conclude this section with the following result, giving the regularity of the solutions of
the ddc operator with respect to the norms introduced above.

Theorem 3.6. Let Ω be a horizontal positive closed current of bidimension (p − 1, p − 1) on
M ×N ′′ and l a positive number. There exist a horizontal negative L1 form Ψ of bidimension
(p, p) on M ′ ×N ′, and a positive constant c independent of Ω such that ddcΨ = Ω on M ′ ×N ′

and we have

(3.1) ∥Ψ∥M ′×N ′ ≤ c∥Ω∥M×N ′′ and ∥Ψ∥−l ≤ c∥Ω∥−l−1.

Observe that the masses in the first inequality are well-defined since Ψ and Ω are negative
and positive, respectively.

Proof. Fix a convex open set M⋆ with M ′ ⋐ M⋆ ⋐ M . The existence of a horizontal negative
L1 form Ψ on M⋆ × N satisfying ddcΨ = Ω and ∥Ψ∥M⋆×N ′ ≲ ∥Ω∥M×N ′′ follows from [19,
Theorem 2.7]. As Ψ is defined by means of explicit kernels, and M ′′ ⋐ M ′ ⋐ M⋆, this also gives
the second estimate in (3.1). □

3.2. Currents with Hölder continuous super-potentials and their intersections. We
denote in this section by Psh1(D) the set of plurisubharmonic (psh) functions u on D with
∥u∥L1 ≤ 1. Observe that this norm defines a distance on Psh1(D).

We consider in the following positive closed vertical (p, p)-currents on M ′′×N , but it is clear
that the definitions and statements apply also for horizontal (k− p, k− p)-currents on M ×N ′′.

Definition 3.7. Let T be a vertical (p, p)-current on M ′′ ×N . We say that T is moderate if,
for any compact set K ⊂ M ′ ×N ′, there exist two constants c > 0 and β > 0 such that for any
psh function u ∈ Psh1(D) we have

⟨T|K ∧ ωk−p, eβ|u|⟩ ≤ c.

Lemma 3.8. Let T be a positive closed vertical (p, p)-current on M ′′ × N with (l, α)-Hölder
continuous super-potentials, for some 0 < l < ∞ and 0 < α < 1. Then T is moderate.
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Proof. Fix a psh function u on D. By reducing D slightly and subtracting from u a constant,
we can assume that u ≤ 0. For every m ∈ N, define um := max(u,−m). Observe that u − um
is negative, supported on {u ≤ −m}, and equal to u+m on this set. It follows that

(3.2) |⟨ωk, u− um⟩| =
∫
{u≤−m}

|u− um| ≲ e−α1m

∫
eα1|u+m| ≲ e−α1m.

for some positive constant α1, where the integrals are taken with respect to the Lebesgue
measure and last inequality follows from Skoda’s estimates [34].

Fix a smooth positive closed horizontal form ΩK on M ′×N ′ such that ΩK ≥ ωk−p on K, see
for instance [9, Lemma 2.3]. Observe that we also have ΩK ≲ ωk−p on M ′′ ×N ′. Since u and
um are psh and ΩK is closed, both uΩK and umΩK belong to PSHh(M

′×N ′). Fix a (p, p)-form
Ω with vertical support in M ′′ ×N and such that ∥Ω∥Cl ≤ 1. As |ΩK ∧Ω| ≲ ωk, it follows from
(3.2) that |⟨ΩK ∧ Ω, u− um⟩| ≲ e−α1m, which implies that

dist−l(uΩK , umΩK) ≲ e−α1m.

The assumption on the super-potentials of T , together with the fact that T and um − u are
positive, implies that

0 ≤ ⟨T ∧ ΩK , um − u⟩ = ⟨T, umΩK⟩ − ⟨T, uΩK⟩ ≲ e−α2m

for some positive constant α2. Hence, since ΩK≥ωk−p, we have

0 ≤ ⟨T|K ∧ ωk−p, um − u⟩ ≲ e−α2m for every m ∈ N.

The assertion follows by choosing any β < α2 in Definition 3.7. □

Lemma 3.9. Let T be a positive closed vertical (p, p)-current on M ′′ × N with (l, α)-Hölder
continuous super-potentials, for some 0 < l < ∞ and 0 < α < 1. Then we have

dist−l(u1T, u2T ) ≤ c∥u1 − u2∥γL1 for all u1, u2,∈ Psh1(D),

for some positive constants c and γ depending on l and α but independent of u1 and u2.

Observe that, as T is vertical in M ′′ ×N , it is also vertical in M ′ ×N ′. Hence the distance
in the statement is well-defined, see Remark 3.1.

Proof. Let ρ be a smooth positive radial function compactly supported on the unit ball of Ck

and such that
∫
ρωk = 1. For every ϵ > 0, set ρϵ(·) := ϵ−2kρ(ϵ−1·). For every u ∈ Psh1(D) and

every ϵ sufficiently small, the convolution uϵ := u∗ρϵ is well-defined on M ′×N ′. One can check
that we have

u ≤ uϵ and ∥uϵ − u∥L1(M ′×N ′) ≲ ϵ| log ϵ|.
Since the uϵ’s and u are psh, it follows that for every fixed positive closed smooth form Ψ of
bidimension (p, p) and horizontal in M ′×N ′, all the products uϵΨ and uΨ belong to PSHh(M

′×
N ′). They also form a bounded family with respect to ∥ · ∥∗. Moreover, for every vertical (p, p)-
form Ω on M ′′ ×N , we have

|⟨Ω, (uϵ − u)Ψ⟩| = |⟨Ω ∧Ψ, (uϵ − u)⟩| ≲
∫
M ′×N ′

(uϵ − u)ωk =∥uϵ − u∥L1(M ′×N ′),

which implies that dist−l(uϵΨ, uΨ) ≲ ϵ| log ϵ|. Since T has (l, α)-Hölder continuous super-
potentials, we deduce that

⟨T, (uϵ − u)Ψ⟩ ≲ ∥uϵ − u∥αL1(M ′×N ′) ≲ (ϵ| log ϵ|)α ≤ ϵα
′

for every α′ < α. This and the inequality uϵ ≥ u imply that

(3.3) dist−l(uϵT, uT ) ≲ ϵα
′
.
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Let now consider u1 and u2 as in the statement. Denote by u1,ϵ = u1 ∗ ρϵ and u2,ϵ = u2 ∗ ρϵ
the regularizations by convolution of u1 and u2 respectively. It follows from the above and (3.3)
that there exists α′ > 0 such that

(3.4) dist−l(u1,ϵT, u1T ) ≲ ϵα
′

and dist−l(u2,ϵT, u2T ) ≲ ϵα
′
.

We now get a similar estimate for dist−l(u1,ϵT, u2,ϵT ). By the definition of u1,ϵ and u2,ϵ, we
have

∥u1,ϵ − u2,ϵ∥Cl = ∥(u1 − u2) ∗ ρϵ∥Cl ≲ ϵ−2k−l∥u1 − u2∥L1 .

Again by the fact that T has (l, α)-Hölder continuous super-potentials, we deduce that

(3.5) dist−l(u1,ϵT, u2,ϵT ) ≲ [ϵ−2k−l∥u1 − u2∥L1 ]α.

Together with (3.4), this gives

dist−l(u1T, u2T ) ≲ ϵα
′
+ [ϵ−2k−l∥u1 − u2∥L1 ]α for every α′ < α.

Choosing ϵ := c0∥u1 − u2∥1/(1+2k+l)
L1 for some sufficiently small constant c0, we see that

dist−l(u1T, u2T ) ≲ ∥u1 − u2∥α
′/(1+2k+l)

L1 .

The assertion follows. □

Proposition 3.10. Let Tv be a positive closed vertical (p, p)-current in M ′′ × N and Th a
positive closed horizontal (k − p, k − p)-current in M ×N ′′. Assume that both Tv and Th have
(l, α)-Hölder continuous super-potentials. Then the measure Tv ∧ Th is well-defined and is the
Monge-Ampère of a Hölder continuous psh function. In particular, it has positive Hausdorff
dimension.

Proof. It follows from Definition 3.3 that the intersection Tv ∧Th is well-defined. It is a positive
measure since both Tv and Th are positive. By [18], in order to show that this measure is
a Monge-Ampère as in the statement, it is enough to show that u 7→ ⟨Tv ∧ Th, u⟩ is Hölder
continuous on Psh1(D) with respect to the distance induced by the norm L1. By Lemma 3.9
and Definition 3.3, for every u1, u2 ∈ Psh1(D) we have

|⟨Tv ∧ Th, u1 − u2⟩| = |⟨Th, u1Tv − u2Tv⟩| ≲ ∥u1Tv − u2Tv∥α−l ≲ ∥u1 − u2∥αγ ,

for some positive constant γ as in Lemma 3.9. The first assertion follows. The last property is
true for the Monge-Ampère measure associated with any Hölder continuous psh function, see
for instance [33, Théorème 1.7.3]. □

4. Hölder regularity of the Green currents

In this section, we prove the following theorem. It gives the first assertion and, by Proposition
3.10, the third assertion of Theorem 1.1. We fix an integer 1 ≤ p ≤ k − 1 and convex open
bounded subsets M ⋐ Cp and N ⋐ Ck−p and set D := M ×N . We also fix a Hénon-like map
f from a vertical open subset of D to a horizontal open subset of D, and convex open subsets
M ′′ ⋐ M ′ ⋐ M and N ′′ ⋐ N ′ ⋐ N satisfying

(4.1) f−1(D) ⊂ M ′′ ×N and f(D) ⊂ M ×N ′′.

Theorem 4.1. Let f be a Hénon-like map as above. If d+p−1 < d, then T+ has (l, α)-Hölder
continuous super-potentials for every 0 < l < ∞ and some 0 < α < 1 depending on l.

The following lemma is the precise version of what was announced in Remark 3.5.

Lemma 4.2. Let f be a Hénon-like map as above. If T+ has (l, α)-Hölder continuous super-
potentials for some 0 < l < ∞ and 0 < α < 1, then it has (l′, α′)-Hölder continuous super-
potentials for every 0 < l′ < ∞ and some 0 < α′ < 1 depending on l, l′, α.
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Proof. By (4.1) and the fact that f∗(T+) = T+, we are allowed to make small modifications
to the sets M ′ and M ′′ in Definition 3.3, and the fact that T+ has Hölder continuous super-
potentials (for some l and α) does not depend on the choice of M ′ and M ′′ satisfying (4.1).
For simplicity, we then allow ourself to slightly modifying these domains in all the inequalities
below. For example, the norm in the third term of (4.2) below needs to be taken with a choice
of M ′′ which is slightly larger than that in the other two terms.

By interpolation [35], for every 0 < l < l′ < ∞ and every bounded set F ⊂ PSHh(M
′ ×N ′)

for ∥ · ∥∗ we have

(4.2) ∥Φ∥−l′ ≤ ∥Φ∥−l ≤ cl,l′,F∥Φ∥
l/l′

−l′ for every Φ ∈ F ,

where the constant 0 < cl,l′,F < ∞ depends only on l, l′, and F . In particular, F is bounded
for ∥ · ∥−l if and only if it is bounded for ∥ · ∥−l′ . Moreover, we have

dist−l′(Φ1,Φ2) ≤ dist−l(Φ1,Φ2) ≤ cl,l′,F⋆ dist−l′(Φ1,Φ2)
l/l′ for every Φ1,Φ2 ∈ F .

The assertion follows. □

Because of Lemma 4.2, it is enough to prove that T+ has (2, α)-Hölder continuous super-
potentials, for some 0 < α < 1. Morever, we can just say that T+ has Hölder continuous super-
potentials, with not reference to the specific l and α. This justifies the phrasing of Theorems
4.1 and 1.1.

We fix in the following a constant 1 < δ < d/d+p−1. Consider Φ1,Φ2 ∈ PSHh(M
′ ×N ′) with

∥Φ1 − Φ2∥−2 ≤ 1. Observe that the currents ddcΦi are positive and their masses are locally
bounded, see Lemma 3.2 (ii). Setting λ := ∥Φ1 − Φ2∥−2, we need to show that

(4.3) |⟨T+,Φ1 − Φ2⟩| ≲ λα,

for some α > 0 and some implicit constant both independent of Φ1 and Φ2.

We can assume λ ≪ 1. By a similar argument as in Lemma 3.2 (i), we have

(4.4) ∥ddcΦ1 − ddcΦ2∥−4 ≲ λ,

where the implicit constant is independent of Φ1,Φ2.

For every n ∈ N and i ∈ {1, 2}, define Ξi,n := d−n(fn)∗(dd
cΦi). These currents are well-

defined and horizontal on M ×N ′′. Since d+p−1 < d, by the definition of d+p−1 and the choice of
δ we have

(4.5) ∥Ξi,n∥M×N ′′ ≲ δ−n.

Observe that the quantity in the left-hand side of the above expression is well-defined since
Ξi,n ≥ 0.

Lemma 4.3. There exists two constants A > 1 and C > 0 independent of Φ1 and Φ2 such that

∥Ξ1,n − Ξ2,n∥−4 ≤ CAnλ for every n ∈ N

Observe that, as Ξi,n is horizontal on M ×N ′′, it is also horizontal on M ′ ×N ′. Hence the
quantity in the statement is well-defined.

Proof. For every n ∈ N and every smooth (p−1, p−1)-form Ω with vertical support in M ′×N ,
using (4.4) we have

|⟨Ξ1,n − Ξ2,n,Ω⟩| = |⟨d−n(fn)∗(dd
cΦ1)− d−n(fn)∗(dd

cΦ2),Ω⟩|
= d−n|⟨ddcΦ1 − ddcΦ2, (f

n)∗(Ω)⟩|
≤ ∥ddcΦ1 − ddcΦ2∥−4 · ∥(fn)∗(Ω)∥C4

≲ ∥(fn)∗(Ω)∥C4 λ,

9



where the implicit constant in the last inequality is independent of n,Φ1,Φ2, and Ω. Since we
have

(4.6) ∥(fn)∗(Ω)∥C4 ≤ An∥Ω∥C4

for some positive constant A independent of n and Ω, the assertion follows. □

For i ∈ {1, 2}, let Φi,n be the negative solution of ddcΦi,n = Ξi,n given by Theorem 3.6. These
currents are well-defined and horizontal on M ′ ×N ′. Define

Φ⋆ := Φ1 − Φ2 and Φ⋆
n := Φ1,n − Φ2,n

and observe that Φ⋆ ∈ DSHh(M
′ ×N ′) and Φ⋆

n ∈ DSHh(M
′ ×N ′) for all n ∈ N.

Lemma 4.4. For every i ∈ {1, 2} and n ∈ N, we have

∥Φ⋆
n∥−3 = ∥Φ1,n − Φ2,n∥−3 ≲ Anλ and ∥Φi,n∥M ′×N ′ ≲ δ−n,

where A > 1 is as in Lemma 4.3 and the implicit constants are independent of Φ1, Φ2, and n.

Proof. The first inequality follows from Theorem 3.6 and Lemma 4.3. The second inequality
follows from Theorem 3.6 and (4.5). □

Define also
Ψ0 := Φ⋆ − Φ⋆

0 and Ψn := d−1f∗(Φ
⋆
n−1)− Φ⋆

n.

Observe that ddcΨn = 0 for every n ∈ N and that, by the first inequality in Lemma 4.4, we
have

(4.7) ∥Ψn∥−3 ≲ Anλ.

Observe also that both Φ⋆
n and Ψn are differences of positive currents, whose mass is bounded

by (a constant times) δ−n by the second inequality in Lemma 4.4.

Lemma 4.5. For every n ∈ N, we have

(4.8) d−n(fn)∗(Φ
⋆) =

n∑
m=0

d−n+m(fn−m)∗(Ψm) + Φ⋆
n.

Proof. By the definition of Ψm, for every n ∈ N the right hand side of (4.8) is equal to

d−n(fn)∗(Φ
⋆ − Φ⋆

0) +
n∑

m=1

d−n+m(fn−m)∗
(
d−1f∗(Φ

⋆
m−1)− Φ⋆

m

)
+Φ⋆

n

= d−n(fn)∗(Φ
⋆ − Φ⋆

0) +

n∑
m=1

d−n+m−1(fn−m+1)∗(Φ
⋆
m−1)−

n∑
m=1

d−n+m(fn−m)∗(Φ
⋆
m) + Φ⋆

n

= d−n(fn)∗(Φ
⋆)− d−n(fn)∗(Φ

⋆
0) + d−n(fn)∗(Φ

⋆
0)− Φ⋆

n +Φ⋆
n

= d−n(fn)∗(Φ
⋆).

The assertion follows. □

Choose a smooth positive (p, p)-form Θ with vertical support in M ′′ × N and of slice mass
∥Θ∥v = 1. We have that d−n(fn)∗(Θ) converges to T+. Equivalently, we have

T+ = Θ+
∑
n≥0

d−n(fn)∗(Θ′), where Θ′ := d−1f∗(Θ)−Θ.

Hence,

⟨T+,Φ⋆⟩ = ⟨Θ,Φ⋆⟩+
∑
n≥0

⟨d−n(fn)∗(Θ′),Φ⋆⟩.

By Lemma 4.5, for every n ∈ N we have

⟨d−n(fn)∗(Θ′),Φ⋆⟩ =
n∑

m=0

⟨d−n+m(fn−m)∗(Θ′),Ψm⟩+ ⟨Θ′,Φ⋆
n⟩.
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It follows that

(4.9)

⟨T+,Φ⋆⟩ = ⟨Θ,Φ⋆⟩+
∑
n≥0

⟨Θ′,Φ⋆
n⟩+

∑
m≥0

∑
n≥m

⟨d−n+m(fn−m)∗(Θ′),Ψm⟩

= ⟨Θ,Φ⋆⟩+
∑
n≥0

⟨Θ′,Φ⋆
n⟩+

∑
m≥0

⟨T+ −Θ,Ψm⟩.

Theorem 4.1 will follow from the next two lemmas, which also guarantee that the above series
converge absolutely.

Lemma 4.6. There exists a positive constant C1 such that for every n ∈ N we have

|⟨Θ′,Φ⋆
n⟩| ≤ C1min(Anλ, δ−n).

Proof. Recall that Θ′ = d−1f∗(Θ)−Θ, where both Θ and d−1f∗(Θ) are positive, vertical, and of
slice mass 1. Recall also that, for every n ∈ N, Φ⋆

n is the difference of two positive currents whose
mass is less than or equal to a constant times δ−n. This shows the inequality |⟨Θ′,Φ⋆

n⟩| ≤ C1δ
−n

for some positive constant C1 independent of n.
On the other hand, since Θ is smooth, the same is true for Θ′ and we have ∥Θ′∥3 ≲ 1. By

Lemma 4.4, we deduce that

|⟨Θ′,Φ⋆
n⟩| ≤ ∥Φ⋆

n∥−3 · ∥Θ′∥3 ≲ Amλ.

The assertion follows by possibly increasing C1. □

Lemma 4.7. There exists a positive constant C2 such that for every m ∈ N we have

|⟨T+ −Θ,Ψm⟩| ≤ C2min(Amλ, δ−m).

Proof. Recall that ddcΨm = 0 for all m ∈ N, and that Ψm is the difference of two positive
currents whose mass is smaller than a constant times δ−m. By (4.7), we also have ∥Ψm∥−3 ≲
Amλ. As a consequence, both the sequences {δmΨm}m∈N and {A−mλ−1Ψm}m∈N belong to
a compact subset of the space of ddc-closed horizontal currents of bidimension (p, p). As the
current T+−Θ is independent of m and T+ has continuous super-potentials [19], the assertion
follows. □

End of the proof of Theorem 4.1. We continue to use the notations introduced above. Recall
that, by Lemma 4.2, we only need to show that T+ has (2, α)-Hölder continuous superpotential,
i.e., we need to prove (4.3).

It follows from (4.9) and Lemmas 4.6 and 4.7 that, for any N ∈ N, we have

|⟨T+,Φ⋆⟩| ≤ |⟨Θ,Φ⋆⟩|+
∑
n≤N

|⟨Θ′,Φ⋆
n⟩|+

∑
n>N

|⟨Θ′,Φ⋆
n⟩|+

+
∑
m≤N

|⟨T+ −Θ,Ψm⟩|+
∑
m>N

|⟨T+ −Θ,Ψm⟩|

≲ λ+
∑
n≤N

Anλ+
∑
n>N

δ−n +
∑
n≤N

Anλ+
∑
n>N

δ−n

≲ ANλ+ δ−N ,

where the implicit constants are independent of N . Choosing

N :=

⌊
| log λ|
log(Aδ)

⌋
,

we obtain
|⟨T+,Φ⟩| ≲ elogA·| log λ|/ log(Aδ)λ = λlog δ/ log(Aδ).

Recalling that δ > 1 is any constant smaller than d/d+p−1 > 1, this shows that

|⟨T+,Φ⟩| ≲ λα for every α <
log d− log d+p−1

log d− log d+p−1 + logA
.
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The assertion follows. □

5. Laminarity of the Green currents

In this section we complete the proof of Theorem 1.1. We first present some preliminary
results on woven currents and shadows of currents in Sections 5.1 and 5.2, respectively. These
first two sections do not have dynamical content. We then complete the proof of Theorem 1.1
in Sections 5.3 and 5.4.

5.1. Woven currents. Let D ⊂ Ck be a bounded convex open set and ω be the standard
Kähler form of Ck. For every integer 1 ≤ q ≤ k − 1, we denote by Bq the set of pure q-
dimensional, not necessarily connected nor closed, complex manifolds Z ⊂ D such that for any
compact subset K ⊂ D we have ∫

Z
ωq|K < ∞.

Thanks to Wirtinger’s theorem, the last condition means that the 2q-dimensional volume of Z
(counted with multiplicity) is locally finite. Hence, the current of integration [Z] is a well-defined
current of bidimension (q, q) on D, and in particular we have

⟨[Z], ωq|K⟩ =
∫
Z
ωq|K < ∞

for every compact subset K ⊂ D. We say that a measure ν on Bq is Bq-finite if∫
Z∈Bq

⟨[Z], ωq|K⟩dν(Z) < ∞

for any compact subset K ⊂ D.

Definition 5.1 ([2, 17]). Let S be a positive closed current of bidimension (q, q) on D. We say
that S is woven if there exists a Bq-finite measure ν on Bq such that

(5.1) S =

∫
Z∈Bq

[Z]dν(Z).

We say that S is laminar if, in addition to (5.1), for (ν ⊗ ν)-almost all (Z,Z ′) ∈ B2
q the set

Z ∩ Z ′ is open (possibly empty) in Z and Z ′.

In order to show that the Green currents are woven, we will use the a criterion due to de
Thélin [11] (see also [17, 26] for a global version), that we now recall. Let G(q, k) be the
Grassmannian parametrizing the linear subspaces of dimension q of Ck. Recall that G(q, k) is
a projective variety, of dimension q(k − q), and that it can naturally be seen as a submanifold

of the projective space P(
∧q Ck) ∼ PL(q,k) for some integer L(q, k), where the tangent space at

each point of Ck is identified to Ck. We will denote by ωG the Kähler form on G(q, k) induced
by the natural Fubini-Study form on PL(q,k). We will let πD and πG (resp. πD and πPL) be

the natural projections of D × G(q, k) (resp. D × PL(q,k)) to its first and the second factors,
respectively. From now on, to emphasize the factor D, we will use the notation ωD instead of ω
to denote the standard Kähler form on D ⊂ Ck. Observe that (πG)

∗ωG + (πD)
∗ωD is a Kähler

form on D×G(q, k). Volumes in D×G(q, k) will be computed with respect to this Kähler form.
For any smooth complex q-dimensional submanifold Σ ⊂ D, we define a q-dimensional

submanifold Σ̂ of D × G(q, k) as

(5.2) Σ̂ := {(z,H) ∈ D × G(q, k) : z ∈ Σ;H is parallel to TzΣ},

where TzΣ is the tangent space of Σ at z. We can extend the above definition to the case of Σ
not smooth by defining Σ̂ as the closure of Σ̂r, where Σr is the regular part of Σ. We will call
Σ̂ the lift of Σ to D × G(q, k). The role of Σ̂ in the theory was observed in [17].
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Theorem 5.2 (de Thélin [12]). Let Σn ⊂ D be a sequence of submanifolds of pure dimension

1 ≤ q ≤ k − 1 and Σ̂n be the lift of Σn to D × G(q, k). Let vn and v̂n be the volumes of Σn and

Σ̂n, respectively. Assume that all vn and v̂n are finite and that the sequence v−1
n [Σn] converge

to a current T on D. If v̂n = O(vn) as n → ∞, then the current T is woven.

The following criterion, see for instance [13], will imply the laminarity of the Green current
T− when p = k − 1 in Theorem 1.1.

Proposition 5.3. Let T be a woven positive closed (1, 1)-current on D. Assume the local
potentials of T are integrable with respect to T . If T ∧ T = 0, then T is laminar.

Observe that the integrability of the local potentials of T with respect to T guarantees that
the intersection T ∧ T is well-defined.

5.2. Shadows of currents on D×G(q, k). In this section, we consider again a bounded convex
open subset D ⊂ Ck and, for a given fixed integer 1 ≤ q ≤ k−1, the Grassmannian G(q, k) as in
the previous section. We will consider currents on D×G(q, k) and define a suitable projection of
these currents on D, that we will call their shadows. This notion is related to the h-dimension
as in [25] (see also [32, 37]) and allows one to detect the excess of dimension in the vertical
directions. For simplicity, we will only consider the product space D × G(q, k) that we will
need later, but most of this section generalizes to arbitrary product spaces. In particular, the
construction could be carried out on D × PL(q,k).

Definition 5.4. Let S ̸= 0 be a (non necessarily closed) positive current of bidimension (q, q)
on D × G(q, k). Let l0 be such that

(i) S ∧ (πD)
∗(ωl0

D) ̸= 0;

(ii) S ∧ (πD)
∗ωl0+1

D = 0.

We call l0 the D-dimension of S.

Observe that l0 as in the above definition always exists and satisfies l0 ≤ q ≤ k.

Lemma 5.5. Let S and l0 be as in Definition 5.4. We have S ∧ (πD)
∗α = 0 for every smooth

(2l0 + 1)-form α on D.

Proof. We can assume that l0 < q (as otherwise the statement is clear) and it is enough to
consider the case where α is of the form α = β ∧ Ω for some (ℓ, ℓ)-form β with ℓ ≤ l0 and
(2l0−2ℓ+1, 0)-form Ω, and show that ⟨S∧(πD)∗α,Φ⟩ = 0 for every compactly supported smooth
(q+ℓ−2l0−1, q−ℓ)-form Φ of the form Φ = γ∧Θ, for some (q+ℓ−2l0−1, q+ℓ−2l0−1)-form
γ and (0, 2l0 − 2ℓ+ 1)-form Θ.

Applying Cauchy-Schwarz inequality, we have

|⟨S ∧ (πD)
∗α,Φ⟩|2 = |⟨S ∧ (πD)

∗β ∧ γ, (πD)
∗Ω ∧Θ⟩|2

≤ |⟨S ∧ (πD)
∗β ∧ γ, (πD)

∗(Ω ∧ Ω)⟩| · |⟨S ∧ (πD)
∗β ∧ γ,Θ ∧Θ⟩| = 0.

Since (πD)
∗(β ∧Ω ∧Ω) is a smooth (2l0 − ℓ+ 1, 2l0 − ℓ+ 1)-form and ℓ ≤ l0, the first factor in

the last term vanishes by the assumption (ii) in Definition 5.4. □

Definition 5.6. Let S be a (non necessarily closed) positive current of bidimension (q, q) on
D × G(q, k) and l0 the D-dimension of S as in Definition 5.4. The shadow of S on D is the
(l0, l0)-bidimensional current S on D given by

S := (πD)∗(S ∧ (πG)
∗ωq−l0

G ).

Observe that S satisfies

(5.3) ⟨S, θ⟩ = ⟨S, (πG)
∗ωq−l0

G ∧ (πD)
∗θ⟩ =

∫
D×G(q,k)

S ∧ (πG)
∗ωq−l0

G ∧ (πD)
∗θ,
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for every compactly supported smooth (l, l)-form θ on D. In particular, the shadow S of

S is well-defined since (πG)
∗ωq−l0

G ∧ (πD)
∗θ is a compactly supported smooth (q, q)-form on

D × G(q, k).

The following proposition collects some properties of the shadows that we will need in the
sequel and justifies the terminology in Definitions 5.4 and 5.6.

Proposition 5.7. Let S be a positive current of bidimension (q, q) on D×G(q, k) and l0 be its
D-dimension. Then the shadow S of S is a non zero positive current of bidimension (l0, l0) on
D, satisfying

(5.4) ∥S∥D̃ = ∥S ∧ (πD)
∗(ωl0

D)∥D̃×G(q,k)

on any open subset D̃ ⋐ D. Moreover, if S is closed on U×G(q, k) for some open subset U ⊂ D,
then S is closed on U .

Proof. Since S is a positive current on D×G(q, k), by (5.3) S is a positive current of bidimension

(l0, l0) on D. Since S ∧ (πD)
∗(ωl0+1

D ) = 0 we have

∥S∥D̃ =

∫
D̃
S ∧ ωl0

D =

∫
D̃×G(q,k)

S ∧ (πG)
∗ωq−l0

G ∧ (πD)
∗ωl0

D

=

∫
D̃×G(q,k)

S ∧ (πD)
∗ωl0

D ∧ ((πG)
∗ωG + (πD)

∗ωD)
q−l0

= ∥S ∧ (πD)
∗ωl0

D∥D̃×G(q,k).

Hence, (5.4) holds.
Let us now prove the last assertion. Since the problem is local, we can assume that U is a

small ball compactly supported in D. Assume first that we have l0 = 0. In this case, since S
is a measure on D, it is clear that S is closed. Assume now that l0 > 0 and let θ be a smooth
(l0− 1, l0)-form compactly supported on U . By using Stokes’ formula twice and the fact that S
is a closed current of bidimension (q, q) on U × G(q, k), we have

⟨dS, θ⟩ = ⟨S, dθ⟩ = ⟨S, ∂θ⟩ = ⟨S, (πG)
∗ωq−l0

G ∧ π∗
D(∂θ)⟩ = ⟨S, (πG)

∗ωq−l0
G ∧ π∗

D(dθ)⟩

= ⟨S ∧ (πG)
∗ωq−l0

G , d(π∗
D(θ))⟩ = ⟨d(S ∧ (πG)

∗ωq−l0
G ), π∗

D(θ)⟩

= ⟨dS ∧ (πG)
∗ωq−l0

G , π∗
D(θ)⟩ = 0.

By similar arguments, we can also obtain that ⟨dS, θ⟩ = 0 when θ is a smooth (l0, l0 − 1)-form
compactly supported on U . Hence, S is closed on U and the proof is complete. □

5.3. End of the proof of Theorem 1.1. We use the notations as at the beginning of Section
4. We also set D′ := M ′ ×N ′. The following theorem completes the proof of Theorem 1.1.

Theorem 5.8. Let f be a Hénon-like map on D as above. If d+p−1 < d, then T− is woven. If,

furthermore, we have p = k − 1, then T− is laminar.

Let Σ be a horizontal p-dimensional plane ofM×N ′. By Theorem 2.3 we have d−n(fn)∗[Σ] →
T−. Let Σ̂ be the submanifold of D × G(p, k) defined by means of (5.2) and set R := [Σ] and

R̂ := [Σ̂]. As above, we denote by ωG the Kähler form of G(p, k) induced by the Fubini-Study

form on PL(p,k). Again, to emphasize D, we use the notation ωD instead of ω to denote the
standard Kähler form of Ck. Recall that πD and πG are the natural projections of D × G(p, k)
to its first and the second factors, respectively, and that we use (πG)

∗ωG +(πD)
∗ωD as a Kähler

form on D × G(p, k).

Consider the map

F : Dv,1 × G(p, k) → Dh,1 × G(p, k) defined as F = (f,Df).

Hence, for (z,HP ) ∈ D×G(p, k), we have F (z,HP ) = (f(z), Hf(P )), where P is a p-dimensional
submanifold of D passing through z, and HP and Hf(P ) are the elements in G(p, k) representing
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parallel planes to TzP and Tf(z)f(P ), respectively. Observe that if Q and Q′ are p-dimensional
submanifolds of D passing through z, with TzQ = TzQ

′, we have HQ = HQ′ . For any z0 ∈ Dv,1,
we can identify F (z0, ·) to an automorphism γz0 on G(p, k). It is then clear that F is invertible
from its domain Dv,1 × G(p, k) to its image Dh,1 × G(p, k). The map F can also be seen as a

map from Dv,1 × PL(p,k) to Dh,1 × PL(p,k). In particular, every F (z0, ·) can also be seen as an

automorphism of PL(p,k).

The following is the key step towards Theorem 5.8.

Proposition 5.9. Let f, F,Σ, R̂,M ′′, and N be as above. Then

∥(Fn)∗R̂∥M ′′×N×G(p,k) = O(dn) as n → ∞.

The proof of Proposition 5.9 is given in the next section. We now conclude the proof of
Theorem 5.8 assuming Proposition 5.9.

Proof of Theorem 5.8. Let Σ be a horizontal submanifold of M ×N ′ of pure dimension p and
such that d−n(fn)∗[Σ] converge to T−. Let vn and v̂n be the volume of Σn := fn(Σ) on M ′′×N

and of Σ̂n on M ′′×N×G(p, k), respectively, where Σ̂n is the submanifold of D×G(p, k) defined
by means of (5.2). Note that, since d−n(fn)∗[Σ] converge to T− we have

(5.5) dn ≲ vn ≲ dn.

By definition of Σ̂n and F we can see that Σ̂n = Fn(Σ̂). Hence, we have

v̂n = ∥(Fn)∗[Σ̂]∥M ′′×N×G(p,k).

We deduce from Proposition 5.9 that v̂n = O(dn) as n → ∞. It follows from (5.5) that we have
v̂n = O(dn) = O(vn). Hence, thanks to Theorem 5.2, we conclude that (T−)|M ′′×N is woven on

D (or, equivalently, that T− is woven as a current on M ′′ ×N). In order to conclude the proof
of the first assertion, we need to deduce that T− is woven on all of D.

Recall that Bp denotes the set of p-dimensional connected complex submanifolds of D with
locally finite 2p-dimensional volume. Denote similarly by B′′

p the set of p-dimensional connected

complex submanifolds of M ′′ ×N with locally finite 2p-dimensional volume. As (T−)|M ′′×N is
woven, we can write it as

(5.6) (T−)|M ′′×N =

∫
Z∈B′′

p

[Z]dν(Z),

where ν is a B′′
p -finite measure on B′′

p . Define a map

F : B′′
p → Bp as Z 7→ f(Z ∩Dv,1).

The map F is well-defined by (4.1). Let us also define a measure ν̃ on Bp as

ν̃ := d−1F∗ν.

Since ν is B′′
p -finite on B′′

p , ν̃ is Bp-finite on Bp. Indeed, let K be any compact subset of D.

Thanks to (4.1) there exists a convex open set M⋆ ⋐ M ′′ such that f−1(K) ⊂ M⋆ ×N . Then,
we have ∫

Z∈Bp

⟨[Z], ωp|K⟩dν̃(Z) = d−1

∫
Z∈B′′

p

⟨[f(Z)], ωp|K⟩dν(Z)

= d−1

∫
Z∈B′′

p

⟨[Z], f∗(ωp|K)⟩dν(Z)

≲
∫
Z∈B′′

p

⟨[Z], ωp|M⋆×N ′⟩dν(Z),

where in the last inequality we used [9, Lemma 3.3] and the fact that we have Z ⊂ M ′′ × N ′

for ν-almost every Z. Since ν is B′′
p -finite, we deduce from the last inequality that ν̃ is Bp-finite

on Bp.
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Again by (4.1), we also have d · T− = f∗
(
(T−)|M ′′×N

)
on D. Hence, by (5.6), we have

T− = d−1f∗
(
(T−)|M ′′×N

)
= d−1

∫
Z∈B′′

p

f∗[Z]dν(Z) =

∫
Z∈Bp

[Z]dν̃(Z)

on D. Hence, T− is woven on D.

In order to conclude the proof of Theorem 5.8, we need to show that T− is laminar assuming
that p = k − 1 (observe that this implies d−k−p−1 = d−0 = 1 < d). Recall that the condition

p = k − 1 implies that T− is of bidegree (1, 1). By Theorem 4.1, T− has Hölder continuous
local potentials. So T− ∧ T− is a well-defined horizontal positive closed (2, 2)-current1. By
Proposition 5.3, it is enough to show that T− ∧ T− ̸= 0.

Assume by contradiction that T−∧T− ̸= 0. By the f -invariance of T− and the fact that f is
invertible, we have f∗(T

− ∧T−) = d2(T− ∧T−). By Definition 2.2, this implies that d2 ≤ d+k−2.

Since by assumption we have d+k−2 < d = d+k−1, this gives d2 < d, which implies that d < 1.

Since we always have d ≥ 1, this gives the desired contradiction and shows that T− ∧ T− = 0.
The proof is complete. □

We conclude this section with the following technical lemma, that we will need in the proof
of Proposition 5.9.

Lemma 5.10. For every 0 ≤ l̃ ≤ p let {Cl̃(n)}n∈N be a sequence of positive numbers such that
{Cp(n)}n∈N is bounded and

lim sup
n→∞

max
0≤l̃≤p−1

Cl̃(n) = ∞.

Then there exists a positive constant β, an index 0 ≤ l < p, and a sequence {nj}j∈N such that

(i) Cl̃(n) ≤ βCl(nj) for all n ≤ nj and all 0 ≤ l̃ ≤ p;
(ii) we have

lim
j→∞

Cl′(nj − s)

Cl(nj)
= 0 for all l < l′ ≤ p and all s ∈ N.

Proof. Set

L := {l̃ : lim sup
n→∞

Cl̃(n) = ∞} =: {l′1, l′2, ..., l′m′},

where 1 ≤ m′ ≤ p and l′1 < · · · < l′m′ . By assumption, we have p /∈ L and so l′m′ < p. Set

an := max{Cl̃(n) : l̃ ∈ L}.
Since by assumption we have lim supn→∞ an = ∞, there exists a subsequence añj such that
an < añj for every j and n < ñj . We will only use this sequence {ñj} or a subsequence of it.
For every j, define

Lj := {l̃ ∈ L : Cl̃(ñj) = añj}
As L is finite, up to replacing the sequence {ñj} by a subsequence, we can assume that Lj does
not depend on j, i.e., that we can write

L := Lj =: {l1, . . . , lm} for every j.

It is clear that the pair (l1, {ñj}j∈N) satisfies (i) for β = 1. We now describe a procedure that,
by possibly modifying the pair and β, will also lead to (ii).

We will play the following simple game between l1 and the other indexes lr, for 1 < r ≤ m.
If there exists s ∈ N such that

(5.7) lim sup
j→∞

Clr(ñj − s)

Cl1(ñj)
> 0

then lr is the winner. Otherwise, l1 is the winner.

1It is actually enough for this to apply [19, Theorem 4.1], which gives that T− has bounded local potentials.
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We start playing the game above between l1 and lm. If the winner is lm, we stop playing.
Otherwise, we play the game between l1 and lm−1. Again, if the winner is lm−1 we stop playing,
otherwise we continue the game between l1 and lm−2. After repeating the procedure at most
m − 1 times, we have the final winner. If the final winner is l1 then it is clear that the pair
(l1, {ñj}∞j=1) satisfies both (i) and (ii). In this case, the proof is complete. We can then assume
that the final winner is lr0 for some 1 < r0 ≤ m. Observe that this means that lr0 was the
winner between l1 and lr0 (i.e., (5.7) holds with r0 instead of r, for some given choice s0 of s),
but also that l1 was the winner against all lr′ , for all r

′ > r0.

After again choosing a subsequence, if necessary, we can assume that the limsup in (5.7)
(with r = r0 and s = s0) is actually a limit, i.e., that we have

(5.8) lim
j→∞

Clr0
(ñj − s0)

Cl1(ñj)
=: A > 0.

We can also assume that ñ1 > s0. Take (l, {nj}j∈N) as a new pair, where nj := ñj − s0 and
l := lr0 . We now show that this pair satisfies both the requests (i) and (ii).

By (5.8), we have Cl1(ñj) ≤ β · Cl(nj) for every j, for some positive constant β independent

of j. By construction, for any n ≤ ñj and 0 ≤ l̃ ≤ p, we also have Cl̃(n) ≤ Cl1(ñj). As a
consequence, we have

Cl̃(n) ≤ Cl1(ñj) ≤ β · Cl(nj) for all n ≤ nj and 0 ≤ l̃ ≤ p.

So, (l, {nj}j∈N) satisfies (i). For the sake of contradiction, assume that (l, nj) does not satisfy
(ii). In this case, there must exist lr1 with r0 < r1 ≤ m and s1 such that

(5.9) lim sup
j→∞

Clr1
(nj − s1)

Cl(nj)
> 0.

Again, after choosing a subsequence if necessary, we can assume that the above lim sup is a
limit. Since l1 was the winner when playing the game between l1 and lr1 , we have

0 = lim
j→∞

Clr1
(ñj − s0 − s1)

Cl1(ñj)
= lim

j→∞

Cl(ñj − s0)

Cl1(ñj)
·
Clr1

(nj − s1)

Cl(nj)
> 0.

The last inequality follows from (5.8) and (5.9) and the assumption that the lim sup in (5.9) is
actually a limit. This gives a contradiction. Hence, the pair (l, {nj}j∈N) satisfies (ii) and the
proof is complete. □

5.4. Proof of Proposition 5.9. Take a smooth vertical cut-off function 0 ≤ χ ≤ 1 on D,

equal to 1 in a neighbourhood of M
′′×N and supported on M ′×N . For every 0 ≤ l ≤ p define

Il(n) :=

∫
D×G(p,k)

(πD)
∗(χ) · (Fn)∗(R̂) ∧ (πD)

∗ωl
D ∧ (πG)

∗(ωG)
p−l

and set

I(n) :=

∫
D×G(p,k)

(πD)
∗(χ) · (Fn)∗(R̂) ∧ ((πD)

∗(ωD) + (πG)
∗ωG)

p =

p∑
l=0

(
p

l

)
Il(n).

Observe that ∥(Fn)∗(R̂)∥M ′′×N×G(p,k) ≤ I(n). So it is enough to show that I(n) = O(dn).

Lemma 5.11. We have

(5.10) dn ≲ Ip(n) ≲ dn.

Proof. By the definitions of R̂ and F , we have

(5.11) (πD)∗((F
n)∗(R̂)) = (fn)∗(R).
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Indeed, if θ is a smooth (p, p)-form compactly supported on D, we have

⟨(πD)∗((Fn)∗(R̂)), θ⟩D = ⟨(Fn)∗(R̂), (πD)
∗(θ)⟩D×G(p,k)

=

∫
Fn(Σ̂)

(πD)
∗(θ) =

∫
fn(Σ)

θ = ⟨(fn)∗(R)), θ⟩D,

which proves (5.11). By using this identity, we have

Ip(n) =

∫
D×G(p,k)

(πD)
∗(χ) · (Fn)∗(R̂) ∧ (πD)

∗ωp
D

=

∫
D
(πD)∗

(
(πD)

∗χ · (Fn)∗(R̂) ∧ (πD)
∗ωp

D

)
=

∫
D
χ · (fn)∗(R) ∧ ωp

D ≤
∫
M ′×N

(fn)∗(R) ∧ ωp
D ≲ dn.

The last equality is due to (2.2). Similarly, since the dynamical degrees do not depend on the
choice of M ′ and N ′, by using (2.2) again, we also have

Ip(n) =

∫
D
χ · (fn)∗(R) ∧ ωp

D ≥
∫
M ′′×N

(fn)∗(R) ∧ ωp
D ≳ dn.

This completes the proof. □

Recall that, in order to prove Proposition 5.9, it is enough to show that I(n) = O(dn).

Assume, for the sake of contradiction, that this is false. For 0 ≤ l̃ ≤ p, denote

(5.12) Cl̃(n) :=
Il̃(n)

dn
.

Thanks to Lemma 5.11 and the contradiction assumption, we can see that the sequences Cl̃(n)
satisfy the conditions of Lemma 5.10. Let l and {nj}j∈N be as given by Lemma 5.10 applied to
these sequences.

For all integers s and j such nj > s, set

S
(s)
j :=

(πD)
∗χ · (Fnj−s)∗(R̂)

Cl(nj)dnj−s .

Each S
(s)
j is a current on D × G(p, k). Since f is a horizontal-like map, we have (f s)∗(χ) ≥ χ

on Dh,s. Since Dh,nj
⊂ Dh,s and (F s)∗S

(s)
j is supported in Dh,nj

× G(p, k), we have

(5.13) (F s)∗S
(s)
j =

(πD)
∗((fs)∗χ) · (Fnj )∗(R̂)

Cl(nj)dnj−s ≥ (πD)
∗χ · (Fnj )∗(R̂)

Cl(nj)dnj−s = dsS
(0)
j .

Lemma 5.12. For every s and j such that nj > s we have

∥S(s)
j ∧ (πD)

∗ωh
D∥D×G(p,k) =

p−h∑
m=0

(
p− h

m

)
Cm+h(nj − s)

Cl(nj)
for all 0 ≤ h ≤ p.

Proof. By a direct computation, for all h as in the statement we have

∥S(s)
j ∧ (πD)

∗ωh
D∥D×G(p,k) =

∫
D×G(p,k)

S
(s)
j ∧ (πD)

∗ωh
D ∧ ((πD)

∗(ωD) + (πG)
∗ωG)

p−h

=

p−h∑
m=0

(
p− h

m

)∫
D×G(p,k)

S
(s)
j ∧ (πD)

∗(ωm+h
D ) ∧ (πG)

∗(ωp−h−m
G )

=

p−h∑
m=0

(
p− h

m

)
Im+h(nj − s)

Cl(nj)dnj−s =

p−h∑
m=0

(
p− h

m

)
Cm+h(nj − s)

Cl(nj)
,

where in the last step we used (5.12). The assertion follows. □
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By the choice of l and {nj}j∈N and Lemma 5.10, for all 0 ≤ m ≤ p we have Cm(nj − s) ≲
Cl(nj). It follows from the choice of {nj}j∈N and Lemma 5.12 that there exists a constant c > 1
independent of s and j such that

1 ≤ ∥S(0)
j ∥D×G(p,k) and ∥S(s)

j ∥D×G(p,k) ≤ c for all s ≥ 0.

In particular, for every s ≥ 0, the sequence {∥S(s)
j ∥}j∈N is uniformly bounded from above by

a constant independent of s. We can then fix in what follows a current S
(0)
∞ , which is a limit

value of the sequence {S(0)
j }j∈N along a given subsequence {ji}i∈N, and a current S

(s)
∞ , which

is a limit value of the sequence {S(s)
j }j∈N along a further subsequence of the sequence {ji}i∈N.

By construction, we have

1 ≤ ∥S(0)
∞ ∥D×G(p,k) and ∥S(s)

∞ ∥D×G(p,k) ≤ c for all s ≥ 0,

for a constant c as above.

Lemma 5.13. The following properties hold for every s ≥ 0:

(i) dsS
(0)
∞ ≤ (F s)∗(S

(s)
∞ );

(ii) S
(s)
∞ is compactly supported in D′ × G(p, k) and is closed on M ′′ ×N × G(p, k);

(iii) S
(s)
∞ ∧ (πD)

∗θ = 0 for any smooth (l + 1, l + 1)-form θ on D;

(iv) ∥S(0)
∞ ∧(πD)

∗(ωl
D)∥D′×G(p,k) = 1 and there exists a constant c > 0 independent of s such

that ∥S(s)
∞ ∧ (πD)

∗(ωl
D)∥D′×G(p,k) ≤ c.

Proof. It is immediate to see that (i) follows from (5.13). Since f is horizontal-like, R has

horizontal support in M × N ′, and χ has vertical support in M ′ × N it follows that S
(s)
j is

supported on D′ × G(p, k) for every s ∈ N. Moreover, since by (4.1) the current f∗(R) is

supported on M×N ′′, for every j ≥ 1 the current S
(s)
j is supported on (supp(χ) ∩ (M ×N ′′))×

G(p, k) ⋐ D′ × G(p, k). Hence, S
(s)
∞ has compact support in D′ × G(p, k). Since by definition

S
(s)
j is closed in a neighbourhood of M ′′×N ×G(p, k) (as χ is constantly equal to 1 on an open

neighbourhood of such set), the currents S
(s)
∞ are closed in M ′′ ×N × G(p, k). So, (ii) follows.

In order to prove (iii), S
(s)
∞ is positive, it is enough to show that

(5.14) S(s)
∞ ∧ (πD)

∗ωl+1
D = 0.

Since S
(s)
j ∧ (πD)

∗ωl+1
D is positive, it suffices to show that its mass tends to zero as j → ∞. By

taking h = l+ 1 in Lemma 5.12 (recall that l ≤ p− 1) and the fact that l was given by Lemma
5.10 (and in particular the quantities Cl̃ as in (5.12) satisfy Lemma 5.10 (ii)) we have

lim
j→∞

∥S(s)
j ∧ (πD)

∗ωl+1
D ∥ = lim

j→∞

p−l−1∑
m=0

(
p− l − 1

m

)
Cl+1+m(nj − s)

Cl(nj)
= 0.

This gives (5.14). The assertion (iii) follows.

By taking h = l in Lemma 5.12 and using Lemma 5.10 (ii) again we have

lim
j→∞

∥S(0)
j ∧ (πD)

∗ωl
D∥ = 1 + lim

j→∞

p−l∑
m=1

(
p− l

m

)
Cl+m(nj)

Cl(nj)
= 1.

By taking h = l in Lemma 5.12 and using Lemma 5.10 (i) we have

∥S(s)
j ∧ (πD)

∗ωl
D∥ =

Cl(nj − s)

Cl(nj)
+

p−l∑
m=1

(
p− l

h

)
Cl+m(nj − s)

Cl(nj)
≤ c

for some constant c independent of s and j. This gives (iv) and completes the proof. □
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By Lemma 5.13, both S
(s)
∞ and S

(0)
∞ satisfy the conditions in Definition 5.4, with l0 = l.

Lemma 5.14. Let θ be a smooth (l, l)-form compactly supported in D. Then we have

∂
(
(F s)∗(S

(s)
∞ ) ∧ (πD)

∗θ
)
= 0 for every s ≥ 0.

Proof. Let us first show that the equality

(5.15) (πD)
∗χ∂S(s)

∞ = (πD)
∗(∂χ) ∧ S(s)

∞

holds for every s ≥ 0. By the definition of S
(s)
j and the fact that (Fnj−s)∗(R̂) is closed we have

∂S
(s)
j =

(πD)
∗(∂χ) · (Fnj−s)∗(R̂)

Cl(nj)dnj−s

for every s ≥ 0 and every j such that nj > s. Multiplying (πD)
∗χ to both sides we obtain

(πD)
∗(χ)∂S

(s)
j = (πD)

∗(∂χ) ∧ (πD)
∗χ · (Fnj−s)∗(R̂)

Cl(nj)dnj−s = (πD)
∗(∂χ) ∧ S

(s)
j ,

where we used the fact that the support of ∂χ is contained in the support of χ. (5.15) follows
taking j → ∞.

It follows from (5.15) that, for any θ as in the statement and every s ≥ 0, we have

(5.16) (πD)
∗χ∂

(
S(s)
∞ ∧ (πD)

∗((fs)∗θ)
)
= S(s)

∞ ∧ (πD)
∗(Θ),

where

Θ := ∂χ ∧ (fs)∗θ + χ · (fs)∗(∂θ)

is a smooth vertical (l+1, l)-form in D. Since the D-dimension of S
(s)
∞ is equal to l, by Lemma

5.5 the right hand side of (5.16) is equal to 0. As SuppS
(s)
∞ ⊆ Supp ((πD)

∗χ), this implies

∂
(
S
(s)
∞ ∧ (πD)

∗((fs)∗θ)
)
= 0. So, we have

∂
(
(F s)∗(S

(s)
∞ ) ∧ (πD)

∗θ
)
= (F s)∗∂

(
S(s)
∞ ∧ (πD)

∗((fs)∗θ)
)
= 0.

The proof is complete. □

Let now S
(s)
∞ and S

(0)
∞ be the shadows of S

(s)
∞ and S

(0)
∞ , respectively. By Proposition 5.7, these

are positive currents of bidimension (l, l) on D.

Lemma 5.15. The following properties hold for every s ≥ 0:

(i) we have ∥S(0)
∞ ∥D′ = 1; furthermore, there exists a constant c > 0 independent of s such

that ∥S(s)
∞ ∥D′ ≤ c;

(ii) S
(s)
∞ is horizontal on M ×N ′ and closed on M ′′ ×N ;

(iii) dsS
(0)
∞ ≤ (fs)∗(S

(s)
∞ ).

Proof. Assertion (i) follows from Proposition 5.7 (applied with D′ instead of D̃) and Lemma
5.13 (iv). Assertion (ii) follows from Lemma 5.13 (ii). Hence, we only have to prove the assertion
(iii). Fix s ≥ 0 and let θ be a positive (l, l)-form compactly supported in D. We are going to
show that

(5.17) ⟨S(0)
∞ , θ⟩ ≤ ⟨(fs)∗(S

(s)
∞ ), θ⟩.

Recall that F can also be seen as a map from Dv,1 ×PL(p,k) to Dh,1 ×PL(p,k), and that ωG is

the form induced on G(p, k) by the Fubini-Study form on PL = PL(p,k). For every z0 ∈ Dv,1 we
can identify the second coordinate of F s(z0, ·) as an automorphism of PL. By the invariance of
the class of ωPL under the actions of such automorphisms, we have

(F s)∗((πPL)∗ωPL) = (πPL)∗ωPL + ddcus + vs,
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for some smooth 2-form vs which vanishes on the fibres of πD and smooth function us, on the
common domain of definition of (F s)∗((πPL)∗ωPL) and (πPL)∗ωPL . It follows that, on the same
set, we have

(5.18) (F s)∗((πPL)∗ω
p−l
PL ) = (πPL)∗ω

p−l
PL + ddcUs + Vs,

for some form Us and a form Vs which vanishes on the fibres of πD. Hence, Vs can be written
as a linear combination of forms of the form (πD)

∗α ∧ V ′
s , where α is a 1-form on D.

By using (5.3), Lemma 5.13 (i), and (5.18), we have

⟨S(0)
∞ , θ⟩ =

∫
D×G(p,k)

S(0)
∞ ∧ (πG)

∗ωp−l
G ∧ (πD)

∗θ

≤ d−s

∫
D×PL

(F s)∗(S
(s)
∞ ) ∧ (πPL)∗ω

p−l
PL ∧ (πD)

∗θ

= d−s

∫
D×PL

(F s)∗(S
(s)
∞ ) ∧ (F s)∗((πPL)∗ω

p−l
PL ) ∧ (πD)

∗θ

− d−s

∫
D×PL

(F s)∗(S
(s)
∞ ) ∧ ddcUs ∧ (πD)

∗θ

− d−s

∫
D×PL

(F s)∗(S
(s)
∞ ) ∧ Vs ∧ (πD)

∗θ.

The second integral in the last term vanishes by Stokes’ formula and Lemma 5.14. We claim
that the third integral also vanishes. Indeed, by the above description of Vs, it is enough to
show this claim for Vs of the form (πD)

∗α ∧ V ′
s , where α is a 1-form on D. This implies that

(πD)
∗(α ∧ θ) is (2l + 1)-form and thus Lemma 5.5 implies that

(F s)∗(S
(s)
∞ ) ∧ (πD)

∗(α ∧ θ) = (F s)∗(S
(s)
∞ ∧ (πD)

∗((fs)∗(α ∧ θ))) = 0.

As F s is invertible, this implies

⟨S(0)
∞ , θ⟩ ≤ d−s

∫
D×PL

(F s)∗

(
S(s)
∞ ∧ (πPL)∗ω

p−l
PL

)
∧ (πD)

∗θ

= d−s

∫
D×G(p,k)

S(s)
∞ ∧ (πG)

∗ωp−l
G ∧ (F s)∗((πD)

∗θ)

= d−s⟨S(s)
∞ , (fs)∗(θ)⟩ = d−s⟨(fs)∗(S

(s)
∞ ), θ⟩.

This shows (5.17) and completes the proof. □

We can now complete the proof of Proposition 5.9.

End of the proof of Proposition 5.9. We continue to use the notations introduced above. By

Lemma 5.15 (i) and (ii), we have ∥S(0)
∞ ∥M ′×N = 1. By Lemma 5.15 (iii), this gives

ds = ds∥S(0)
∞ ∥M ′×N ≤ ∥(fs)∗(S

(s)
∞ ∥M ′×N

for every s ≥ 0. Since S
(s)
∞ is a closed horizontal current on M ′′ × N , by (4.1) we see that

f∗(S
(s)
∞ ) is a closed horizontal current on M ′×N . Moreover, since the mass of S

(s)
∞ is uniformly

bounded from above by a constant independent of s, the mass of f∗(S
(s)
∞ ) is also bounded by a

constant independent of s. By using the Definition 2.2 of the dynamical degrees, it follows that

d ≤ lim sup
s→∞

∥(fs)∗(f∗(S
(s+1)
∞ ))∥1/sM ′×N ≤ d+l .
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On the other hand, since l < p, by [9, Theorem 1.1] and the assumption d+p−1 < d we have

d+l ≤ d+p−1 < d. This gives the desired contradiction. So, we have I(n) = O(dn) and the proof
is complete. □
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[8] Bianchi, F. and Dinh, T.-C., Every complex Hénon map is exponentially mixing of all orders and satisfies

the CLT, Forum Math. Sigma 12 (2024), article e4.
[9] Bianchi, F., Dinh, T.-C., and Rakhimov, K., Monotonicity of dynamical degrees for Hénon-like and
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