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ABSTRACT. Let f be a polynomial-like map with dominant topological degree d; > 2 and let
di—1 < d; be its dynamical degree of order k— 1. We show that the support of every ergodic
measure whose measure-theoretic entropy is strictly larger than log \/di_1d; is supported
on the Julia set, i.e., the support of the unique measure of maximal entropy p. The proof is
based on the exponential speed of convergence of the measures d; " (f™)*d, towards u, which
is valid for a generic point a and with a controlled error bound depending on a. Our proof
also gives a new proof of the same statement in the setting of endomorphisms of P¥(C) - a
result due to de Thélin and Dinh — which does not rely on the existence of a Green current.

1. INTRODUCTION

The study of the dynamics of holomorphic endomorphisms of complex projective spaces
P* := P*(C) is a central topic in complex dynamics, see for instance [15, 24] for an overview
of the subject. Let f : P¥ — P* be an endomorphism of algebraic degree d > 2. There exists
a canonical positive closed f*-invariant (1, 1)-current 7', called the Green current of f, with
the property that the sequence d~"(f")*wy converges to T for every smooth positive closed
(1,1)-form wy of mass 1. The current T has strong geometric properties, in particular, it has
Holder continuous potentials. As a consequence, the measure p := T"¥ is well-defined, and it
is the unique measure of maximal entropy klogd of f [8, 20]. Its support is called the Julia
set of f. By a result of de Thélin and Dinh [9, 12|, every ergodic measure whose measure-
theoretic entropy is strictly larger than (k — 1)logd is also supported on the Julia set of f.
Large classes of examples of such measures are constructed and studied in [4, 5, 19, 26, 27].

The proof given in [9, 12] of the above property crucially relies on the existence of the
Green current. In particular, it follows from a delicate induction which makes use of the
successive self-intersections TV of the Green current T'. It is then unclear how to generalize
this result to more general non-algebraic settings, where a dynamical Green current does
not exist. In this paper, we address this problem in the case of polynomial-like maps with
dominant topological degree. Our proof will in particular also give a new proof of the result
by de Thélin and Dinh, which makes no use of the Green current.

Recall that polynomial-like maps are proper holomorphic maps f : U — V', where U € V'
are open subsets of C* and V is convex. By definition, every polynomial-like map defines

a ramified covering U — V and the topological degree d; of f is well-defined. For every
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0 < p <k, one can define the dynamical degrees’

dy = dy(f) = limsup sup|| (). (S)[1/",
n—o0 S

where the supremum is taken over all positive closed (k — p, k — p)-currents on U whose mass

is less than or equal to 1 see [13, 15] and Definition 2.1 below. Note that we always have

do = 1 and dj, = d;. By [6], the sequence {d,}o<p<k is non-decreasing. Hence, in particular,

we have maxo<p<x_1 d, = dj,_1. We say that f has dominant topological degree? if dy_, < d;.

Observe that in this case we always have d; > 2.

Polynomial-like maps with dominant topological degree enjoy many of the dynamical
properties of endomorphisms (however, their study is usually technically more involved,
because of the lack of a naturally defined Green function). In particular, for every such f
there exists a unique measure p of maximal entropy log d; and a proper analytic set £ C V'
such that

(1.1) d;"(f") 0 > forall aeV\ G f(E),

J=0

see [13, 15]. Note that, unlike the case of endomorphisms of P, here the set £ may not be
f-invariant and hence U532, f/ (€) is not, a priori, an analytic set.

The following is our main result.

Theorem 1.1. Let f : U — V be a polynomial-like map with dominant topological degree.
Every ergodic measure v whose measure-theoretic entropy satisfies h,(f) > log/dx_1d; is
supported on the Julia set J.

The proof of Theorem 1.1 consists of a quantified version of the classical estimate by
Gromov [20] for the topological entropy in terms of the volume growth of suitable analytic
sets in the space of orbits. It is given in Section 3 and exploits in a crucial way an explicit
exponential rate of the convergence (1.1), which we discuss in Section 2. In the same section,
we give a more precise bound log #(f) for the entropy in Theorem 1.1, see also Theorem 3.5.

In the case of endomorphisms of P*, we have 5(f) = d*~1, hence the bound log \/dy_1d;
can be improved to logdy_1 = (k — 1) logd. In particular, Theorem 1.1 gives an alternative
proof of the result by de Thélin and Dinh mentioned above [9, 12].

Corollary 1.2. Let f be an endomorphism of P¥ of algebraic degree d > 2. Every ergodic
measure whose measure-theoretic entropy is strictly larger than (k — 1) logd is supported on
the Julia set.

We refer to Section 4 for further applications and corollaries of Theorem 1.1.

ISometimes, see for instance [15], these degrees are denoted by d to distinguish them from a different
type of dynamical degree that can also be considered. Since here we will only use one type of dynamical
degree, we will use the simpler notation d,.

2In some references, maps with di_1 < d; are said to have large topological degree, and the name dominant
is reserved to maps for which maxo<,<k—1dp < d;. We use here the name dominant as, by [6], these notions
are equivalent.
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2. PRELIMINARIES

2.1. Polynomial-like maps. A polynomial-like map is a proper holomorphic map f: U —
V, where U & V are open subsets of C¥ and V is convex. Homogeneous lifts to CF+!
of endomorphisms of P¥ give examples of polynomial-like maps. In dimension k& = 1, any
polynomial-like map is conjugate to an actual polynomial on the Julia set [17]. However,
in higher dimensions, the class of polynomial-like maps is significantly larger than that of
regular polynomial endomorphisms of C* (i.e., those extending holomorphically to P¥), see
for instance [15, Example 2.25].

Every polynomial-like map f gives a ramified covering from U to V' and the topological
degree d; of f is well-defined. We will always assume that we have d; > 2. The (compact)
set K = () —, f"(U) is called the filled-in Julia set of f. It consists of the points whose
orbit is well-defined. The system (K, f) is a true dynamical system.

Definition 2.1. Let f: U — V be a polynomial-like map. For every 0 < p < k define
(2.1) dy = dy(f) = limsup sup|| (/") (S) Il

n—00 S
where W & V is an open neighbourhood of K and the supremum in (2.1) is taken over
all positive closed (k — p,k — p)-currents whose mass is less than or equal to 1 on a fixed
neighbourhood W’ € V' of K. We say that d, is the dynamical degree of order p of f.

Recall that the mass of a positive (p, p)-current S on the open set W is given by ||S||w:=

S AwWF P where w is the standard Kihler form of C¥. The definition above is independent
of W, W’ [13, 15]. Moreover, we have dy = 1 and dy = d;. In the case of endomorphisms
of P¥ of algebraic degree d, the above definitions reduce to d, = d’. We say that f has
dominant topological degree if dy_; < d;. By [6, Theorem 1.3], the sequence {d,}o<p<k is
non-decreasing, hence we have maxo<,<x—1d, = dy—1 < d; (and therefore also d; > 2) for
every polynomial-like map with dominant topological degree.

Polynomial-like maps with dominant topological degree enjoy many of the dynamical
properties of endomorphisms. For instance, they admit a unique measure of maximal entropy
log d; [13, 15]. We will denote this measure by u and define the Julia set J as the support
of . Observe that J is a subset of the boundary of K.

2.2. Speed of convergence. Let us fix a polynomial-like map f : U — V with topological
degree d; > 2. By [13, Proposition 3.2.5] see also [15, Proposition 2.15], there exists a
constant 0 < v < 1 such that

(2.2) |di " (f")eth = (s, 9)[S "
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for every function ¢ in a given compact family of pluriharmonic functions on V', where the
implicit constant depends only on the family. We will denote by v = 7o(f) the infimum
of the constants 7 for which (2.2) holds. Assuming now that f has dominant topological
degree, we set

(2.3) B = B(f) := max {dg_1,70d:} .

In the case of endomorphisms of P*, every pluriharmonic function is constant. Hence,
(2.2) is trivial and we can take 8 = dy_; = d*~', where d is the algebraic degree of the
endomorphism. More generally, in a compact setting, one can take 8 = di_;. In our setting,
we have the following weaker bound for .

Lemma 2.2. Let f : U — V be a polynomial-like map with dominant topological degree dy.

Then we have B(f) < \/dg_1d;.

Proof. It is enough to show that -, satisfies o < \/dj—1/d;. Hence, it suffices to show that

(2.2) holds for every v > \/dy_1/d;.

Observe that the map ¢ — /||i0% A 0||y defines a norm on the space of pluriharmonic
functions on V' with (u, 1) = 0. Moreover, by the Cauchy-Schwarz inequality, for any such
function we have

0 <id(d; " (f™)et) AO(dy ™ (f")uth) < di ™ (f™) (000 A D).

As iOy A O is a positive closed (1,1)-current, the mass of the last term in the above
expression satisfies

[d; " £ (109 A O)|loS dy " (de)"[[i0 A Ol as n — oo
for every d, > di_,. The assertion follows. O

The following result, whose proof in a compact setting is essentially given in [14, Lemme
4.2], gives the estimates for the rate in the convergence (1.1) that we will need. We give the
details of the proof for the reader’s convenience. A more precise version in the setting of
endomorphisms of P* is given in [16].

Theorem 2.3. Let f : U — V be a polynomial-like map with dominant topological degree
d; and p its equilibrium measure. Let B be as in (2.3) and take X such that f < \ < d;.
Then there exists a psh function uy with uy < —1 such that for every a € U, ¢ € C*(U), and
n € N we have

(2.4 ()80 = 1 )< Al s (di) ur(a),

where A is a constant depending on \ but independent of a, 1, and n.

Proof. By linearity, it is enough to show the assertion in the assumption that 1 is psh
and satisfies (u,%) = 0 and 0 < dd“ < dd°||z||*= w. Define also the function vy :=
122]]— (s, ||2%]]), and observe that it satisfies (u,vo) = 0. Set also

o d n
U = d M (fM)sve and  wy = Z (Xt) vp — Ci,

n=0
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where the constant C) is chosen so that

uy < —1 and Z (%) v, < C) for every ng € N.

n#ng

Fix N with 8 < X < A, As v, < (N/dp)" and ||v,||r S (N /dy)™ for any p > 1 (see for
instance [15, Theorem 2.33] and [15, Corollary 2.35]), we have that u, is a well-defined (i.e.,
not identically equal to —oo) psh function on V. Setting A, (¢) := (d; " (f")*da, ¥), we will
show the inequality

40015 () ol 1.

This will show the assertion, up to replacing uy by uy — 1.

By [15, Theorem 2.34], the definition of 3, and the choice of ), for every ¢ € C*(U) with
(u,#) = 0 and n € N we have

4 (v 1S ol ()
for every smooth probability measure v compactly supported on V' (here the implicit constant
can depend on v, but is independent of v if this is taken in a compact family of probability
measures). The mean inequality for psh functions implies that we have A, (¢¥) < (A/dy)"
(where the implicit constant is now independent of a). In order to conclude, we need to
prove a similar bound for —A,,(¢).

It follows from the properties at the beginning of the proof that vg — v is psh. Hence, we
can write ¥ = vy — (vg — ¢) as a difference of psh functions, and we have

— A, (V) = —Apn(vo) + An(vg — ).

As an upper bound for A,(vy — ©) can be found with the same arguments as above, we
only need to prove an upper bound for — A, (vg) = —v,(a). By the definition of uy, we have
(di/AN)"v, > uy for every n € N. It follows that we have

(o) =~ < (3)

The assertion follows. 0
The following immediate consequence of Theorem 2.3 will be used to prove Theorem 1.1.

Corollary 2.4. Let f : U — V be a polynomial-like map with dominant topological degree
dy and p its equilibrium measure. Let 5 be as in (2.3). Fiz an open set U with K CU' C U
and let wy be a smooth probability measure on U'. For any A with 5 < \ < d; there exists a
psh function uy such that for every ¢ € C*(U) and n € N we have

)\ n
(25) (e = 1 1S AWl () fuslen

where A is a constant independent of wy, ¥, U and n.
5



3. PROOF OF THEOREM 1.1

3.1. Preparatory lemmas. In this section we prove a couple of technical lemmas that we
will need in the proof of Theorem 1.1. Theorem 2.3 and Corollary 2.4 are not used here.

We fix a polynomial-like map f : U — V and the constant
(3.1) M = M(f) :== max max HVfl( |,

1<I<k ,cF—1(0)

where the f;’s denote the components of f. Recall that we denote by w the standard Kahler
form on C*. For every m € Nand 1 <4,j <k, we also set

' 8,22 82]

where the f/"’s denote the components of fm Observe that the ozg;l
on f~™(V) and for every N > m we have

(fm) w|f NU) = Z ozm)dz,/\déj.

1<4,5<k

)

s are smooth functions

Lemma 3.1. For every 1 < m < N — 1, we have
|Oé£?) |f*N(U)§ k?m—1M2m‘

Proof. We claim that for every z € f~N(U), every 1 < m < N —1, and every 1 <i,j <k
we have

of7(2)
0z;
For m = 1, (3.2) follows from the definition of M. Assume now that (3.2) holds form—1 >0
instead of m. As fm=N(U) € f~1(U), we have g—g (fm_l(z))‘ < M for every 1 < j,1 < k.
So, for every 1 < 1,5 < k, we have
m k m—1
‘GféZEZ) > Z_J; (1) afla% (2)

(3.2) < kMM

821 (fm 1( ) 0z;

e

L Eme QMm 1 — k,m—le

Mw

on f~N(U). Hence, ( 2) holds for all 1 <m < N — 1. It follows that we have

(9 (9 af" 8
as desired. 0
From now on, for simplicity, given m; < ... < my € N, we will use the notation
(3.3) Qg omy, = (M) WA A (™) w

my 18 a smooth volume form on f~"* (V). We will also denote by ¢y,

m,, With respect to wk.
6
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function on f~"* (V). The following bound for ¢, ., immediately follows from Lemma

3.1.

k

Corollary 3.2. There exists a constant C such that, for every 0 < m; < ... < my < n <
N — 1 we have
2kn _
Py, < C(KM) on  fTN(U).

as above satisfies

t/ Vs < A,
e (V)

where the implicit constant is independent of my, ..., my, see for instance [13, 15]. In the
following, we will need the following better bound for the integral above in the case where
mq = 1.

Observe that €, n

k

Lemma 3.3. There exists a function n: N — R with limsup,, . n(n)*™ = 1 such that

(34) / QO,m’l,...,mkil < U(N) (dk—1>N
F=N(V)

foreveryl <mj <...<mj_, <N —1.

Proof. Let X be an analytic subset of V' of pure dimension k£ — 1. There exists a function
n: N — R with limsup,_,, 7(n)"™ = 1 and depending only from the mass of [X] such that

(3.5) / XA (F5) w0 Ao A (F™1 ) w < (V) (dor)™
F=NW)

for every 1 < mj < ... < mj_,; < N — 1. The proof of (3.5) follows the strategy used
by Gromov to estimate the topological entropy of endomorphisms of P¥, see for instance
[20], and adapted by Dinh and Sibony [13, 15] to the setting of polynomial-like maps. Since
only minor modifications are needed, we refer to [2, Lemma A.2.6] for a complete proof.
The inequality (3.4) is deduced from (3.5) (by possibly multiplying the function n(n) by a
bounded factor) as w can be written as an average of currents of integration on (k — 1)-
dimensional analytic sets. U

Finally, we will need the following lemma about the integrals of psh functions.

Lemma 3.4. Let u be a psh function on V. Then, there exists a positive constant A;
depending on u such that for every 0 < mq; < ... <myp < N € N we have

Proof. For every n < N € N, set
Won = fNU) N {u < —n?}.

Then, for all my,...,mg, N as in the statement and m; < n < N, we have

/ |w%wms/ |wmwm+/ IO
=) “N(U)\Wn, N Wn,N

< n2/ le,...,mk +/ |u|90m17~~~:mkwk'
FN ) Wn, N
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Hence, it is enough to show that the last integral in the above expression is bounded uniformly
in my,...,mg,n, and N (we will actually show that it tends to 0 if n — 00).

As we have W,, v C {u < —n?}, by the Skoda estimates for psh functions [25] there exists
a > 0 and ng € N such that for any n > ny we have

(3.6) / ul® < Cre,
Wn,N

for some positive constant C'; independent from n. By Corollary 3.2, there exist two constants
Cy and M, independent from my, ..., mg, n, and N such that o, ., < Co(kM)*™ on
f7™(U) 2 f~N(U). We deduce from this estimate and (3.6) that we have

/ |u’g0m1,...,mkwk S CQ(kM)an/ |'u/|wk S C’ICQUfM)anefarﬂ
Wn,N

Wn,N
for every n > ng. Choosing A; := max,cy C’ng(/’{:]\4)2’“"6_0‘”2 completes the proof. O

3.2. Proof of Theorem 1.1. We can now prove the following statement, which, by Lemma
2.2, gives a more precise version of Theorem 1.1.

Theorem 3.5. Let f : U — V be a polynomial-like map with dominant topological degree and
B be as in (2.3). Then, every ergodic measure v whose measure-theoretic entropy satisfies
h,(f) > log B is supported on the Julia set J.

Proof. Fix v as in the statement and A with 3 < A < () < d,. Let F c U\ J be a
closed set. We are going to show that we have h,(f, F') < log A, where h;(f, F') denotes the
topological entropy of f on F. By the relative variational principle, this implies v(F) = 0,
and hence that the support of v is contained in J, as desired. Observe that we can assume,
with no loss of generality, that we have F' C K.

Let W be an open neighbourhood of F with W N J = (). Using Gromov’s contruction
[20] and the same arguments as in the proof of [15, Theorem 1.108] (see also the proof of [2,
Lemma A.2.6]), we have

1
he(f, F) = h(f, FNK) <lov(f,W) := limsup Nlogvol(F%),

N—oo

where, for every N € N, TV denotes the subset of UN*! given by

TN = {(z f(2), . [N 7H2), 2 e W f7H(U)}
Note that, for every N € N, we have

vl = 3 / P YwA A ().
0<n;<N—1,”Y WNnf=N(U)
1<i<k
As the number of terms in the sum is polynomial in N, it is enough to consider separately
each term of the sum on the right-hand side of the above expression. Hence, without loss of
generality, we can assume that we have 0 < n; < ... <ni < N —1 and we need to show the
inequality
1
lim sup — log/ (") wA A (™) w < log A
N7 Jwar-vw)

N—o0
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Recall the notation (3.3). We will now consider the smooth form
Q = Qong—nymp—my = WA (2T WA LA () w.
Observe that we have
Qo = (") ()
Fix also an open set W with W 2 W and WNJ = 0 and a smooth function 0 < ¢ < 1 with
compact support in W and such that |y = 1. Since p|;;;= 0, by Corollary 2.4 applied with

U/ — f*(anl)(U> and Wy = HQ,/nl nkH;*l(anl)(U).(Q’/nl nk)\ff(anl)(U)

.........

Allew™ [l .,
Fm(N=n1)(U)
where A > 0 is a constant independent of nq,...,ng, IV, and 1. We deduce from the above
inequality and Lemma 3.4 (applied with m; = n; —n, for all j, so that Qy o, =2y, )
that there exists a positive constant A; (depending on A, but independent of nq, ..., ng, N,
and 1) such that
/ me ..... ng S 14||¢HC2(U))\111 (Al + NQ/ Q;u ,,,,, nk>
f=NU) foN+rL(D)
Recalling the definitions of €2, . and v, we deduce from the above expression that we
have
(3.7) / (f")ywn A 'w < AlldlleanA™ (A1+N2/ - nk)
Wnf—N(U) fNTL(U)
By Lemma 3.3 (applied with m/ = n; —n;) we have
69 = [ Qe <A@
() fNtm(U)

where the function 7 satisfies lim,, o, 7(n)/" = 1. Combining (3.7) and (3.8), we obtain

/ (f™)w A A (™) 'w < Allllezan ™ (Ar + NPp(N) (dy-1)¥ ™)
wnf=N(U)

< AN)A™ (dgp—y )N ™™
A(N)AY,

IN

where the function 7 (which can depend on \) satisfies lim,,_,o, 7(n)"/" = 1 and in the last
step we used the inequality d_; < A. Consequently, we have

1 1
lim sup ¥ log vol(T'Y) < lim sup ¥ log (N*7(N)AY) < log A,

N—o0 N—oo

which gives hy(f, F) <log A, as desired. This concludes the proof. O
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4. FURTHER RESULTS AND REMARKS

4.1. Hausdorff dimension of the Julia set. In this section we fix a polynomial-like map
f U — V with dominant topological degree. Let v be an ergodic probability measure with
h,(f) > log B (where 3 is as in (2.3)) and denote by

0< Li(v) < Lpa(v) <...< Li(v)

its Lyapunov exponents, counting multiplicities. The inequality 0 < Li(v) is proved in
[7, Theorem 4.1] (see [10, 19] for the case of endomorphisms). We also have the following
property, originally proved by Dupont for endomorphisms [18, Theorem A]. As the proof is
local, it also applies in our setting.

Theorem 4.1. Let f, v, and L;,1 < j < k be as above. Then for v-almost all z € V we

have log (B logdii  hy(f) —logd
lim inf ogv(B(z,1)) > 0g di—1 n v(f) —log k71’
0 log r Ly(v) Ly(v)
where B(z,r) is the ball of radius v > 0 and centred at z. In particular, for every Borel set
E C V with v(E) > 0, the Hausdorff dimension dimgFE of E satisfies

logdg—1 | hu(f) —logdy
Li(v) Li(v) '

As in [18], the following consequence of Theorem 4.1 gives a lower bound for the Hausdorff
dimension of the Julia set J of f.

Corollary 4.2. Let f be as above and 3 be as in (2.3). Then, for every ergodic measure v
whose measure-theoretic entropy satisfies h,(f) > log 3, we have

log dj,—1 I hu(f) —logdy—

dimy J >
S L) Li(v)
Proof. Theorem 3.5 implies that v is supported on J, and hence v(J) = 1. Therefore, the
assertion follows from Theorem 4.1. [l

4.2. Strong stability in families of polynomial-like maps. We consider in this section
a holomorphic family of polynomial-like maps (f;)-ep with dominant topological degree
parametrized by a complex manifold M, see for instance [13, Section 3.8] and [15, Section
2.5]. Recall that all the f,’s have the same topological degree d;, which we assume to be at
least 2, and that the map 7 — dj_1(f,) is upper semicontinuous. We will denote by pu, the
equilibrium measure of f,. The dynamical stability for such families has been studied in [3],
as a generalization of the theory developed for families of endomorphisms of P* in [1], see
also [23] and [11, 21, 22] for the case k = 1. Following [1, 3], let us denote by J the set of all
holomorphic maps 7 : M — CF such that v(7) belongs to the Julia set of f, for all 7 € M.

Define F : J — J as Fy(7) := f-(v(7)).

Definition 4.3. A dynamical lamination for the family (f.),cas is an F-invariant subset £
of J such that
(1) I, NI, = 0 for every v # ' € L, where I, is the graph of v in M x C¥;
(2) T',NGO(Cy) = 0 for every v € L, where Cf is the critical set of the map f : (7,2) —
(7. £:(2)), and GO(f) = Unmzof ™ ("(C});
(3) F: L — Lis di-to-1.
10



The dynamical stability of the family (f;).ens is defined and characterized in [1, 3] by a
number of equivalent conditions, among which there is the existence of a dynamical lamina-
tion £ such that u,({v(7) : v € L}) =1 for all 7 € M. It was proved in [7] that stability
implies (and is then equivalent to) the existence of a dynamical lamination associated to
any ergodic measure for some f,, whose entropy in larger than log d;_1(f) and supported
on the Julia set. The following is another corollary of our main results, which permits to
remove the assumption on the support of the measure in [7, Section 4.3] when the measures
satisfy the stronger bound on their measure-theoretic entropy as in Theorem 3.5.

Corollary 4.4. Let M be a connected and simply connected complex manifold and (f;)rem
a stable family of polynomial-like maps with dominant topological degree. Fix 19 € M and
let B(fr,) be as in (2.3). Then, there exists a dynamical lamination L such that v({v(1) :
v € L}) =1 for every ergodic fr,-invariant probability measure v with h,(f-) > log B(fr,)-

Proof. By Theorem 3.5, every ergodic f, -invariant probability measure v with h,(f,) >
log 5(f,) is supported in the Julia set J,, of f;. Thus, the conclusion follows from [7,
Corollary 4.5]. O
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