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Chapter 1

1 - D Maximum principle

1.1 Introduction
Let the operator L is defined by
Lw)(x)=-u"+Vx)u' (x).
The we can consider the Sturm problem
(1.1.1) L(w)(x) = f(x),a<x<bh.
Here and below V (x) is C[a, b] function. Given any f € C(a, b) we look for clas-
sical solutions to (1.1.1) u € Cla, bl n C?(a, b).
1.2 Easy and weak maximum principles

Lemma 1.2.1. Ifu € Cla,b]n C?(a, b) is a solution of (1.1.1), then we have the
following properties

a) (EASY MIN principle) if f(x) is continuous POSITIVE function (f(x) > 0 for
any x € (a, b)), then

min(u(a), u(b)) = I[l’llbl’]l u(x).

b) (EASY MAX principle) if f (x) is continuous NEGATIVE function (f (x) > 0 for
any x € (a, b)), then

max(u(a), u(b)) = r[ne;))]m(x).
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Proof. We shall prove b) only. If

u(c) = maxu(x)
[a,b]

for some c € (a, b), then in the point ¢ we have
u'()=0,u"(c) <0.
O

Lemma 1.2.2. Ifu € Cla, bl N C?(a, b) is a solution of (1.1.1), then we have the
following properties

a) (WEAKMIN principle) if f (x) is continuous NON-NEGATIVE function (f (x) =
0 for any x € (a, b)), then

min(u(a), u(b)) = r[mbr]l u(x).

b) (WEAK MAX principle) if f (x) is continuous NON-POSITIVE function (f (x) <
0 for any x € (a, b)), then

max(u(a), u(b)) zr[n%)]cu(x).

Remark 1.2.1. A function satisfying L(u)(x) < 0 is called a subsolution. We are
thus asserting a subsolution attains its maximum on the boundary of [a, b]. Sim-
ilarly, if L(u)(x) < 0 holds, u is a supersolution and attains its minimum on the
boundary of [a, b].

Proof. We shall prove only the assertion a). We shall modify u(x) as follows
we (x) = u(x) — ez(x),

where
z(x) = e®*,

Then w, tends uniformly to u, so min(y, x,] We(x) tends to min(y, ) #(x) for any
interval [x1, x2] € [a, b].
Choose R > 0 so large that

L(w,) = —€Z" +eV(x)Z'(x) =e(R* -~ VR)e** >0
for any x € (a, b). Then the Easy MIN principle implies

min(we(a), we (b)) = r[nlbr]l We (X).

Taking the limit as € > 0 tends to zero we get

min(u(a), u(b)) = I[Illbl]l u(x).



1.3 Hopflemma and strong maximum principle

In order to prepare strong maximum principle we shall start with Hopf Lemma

Lemma 1.3.1. (Hopf’s Lemma). Assume u € C*(a, b)) n C'([a, b)), and
Lu=f<0 in(a,Db).

Then we have

a) if
(1.3.2) u(b) > u(x) forallxe(a,b)
then
u'(b) >0.
b) if
(1.3.3) u(a) > u(x) forallxe(a,b)
then
u'(a) <0.

Proof. We shall prove only a). Without loss of generality we can assume
a<0<bh.

Then we take
we(x) = u(x) +ez(x),

where
2(x) = e R _ RV’
Then z(b) =0 and
L(z)(x) = e *** (<4R%x® + 2R— VxR) <0
for R big enough and x € (b/2, b). In view of (1.3.3) we can find € > 0 so that
we(xg) = u(xg) > u(b/2)+ez(b/2) = w.(b/2).

We have also
We(xp) = u(xp) = u(b) + €z(b) = we(b).



Applying the weak maximum principle for w,(x)—w, (b) and the interval [b/2, b]
and we find

max wy — we(b) <0
[b/2,b]

and hence
w,(b) = 0.

In this way we find
1/ (b) = —£2'(b) = eRbe 7" > 0.
O

Lemma 1.3.2. Ifu e Cla,bln C2%(a, b) is a solution of (1.1.1), then we have the
following properties

a) (STRONG MIN principle) if f (x) is continuous NON-NEGATIVE function (f (x) =
0 for any x € (a, b)) and f has minimum in internal point xy € (a, b), then
is a constant;

b) (STRONG MAX principle) if f (x) is continuous NON-POSITIVE function (f (x) <
0 for any x € (a, b))and [ has maximum in internal point xy € (a, b), then
is a constant.

Proof. We shall prove only b). Set

M :=maxu
[a,b]

and assuming u is not a constant we can decompose (a, b) as
(a,b)=CuUYV,
where
C:={xe€(ab) | ulx)=Mi,
Vi={xe(a,b)| ulx)< Mj}.

Since V is an open set, it is a union of open intervals and we can take such inter-
val (a, ) < V so that § € C. In this way we can apply Hopf lemma and deduce
u'(B) > 0 and this is a contradiction with the fact that § € (a, b) is maximum
point. The contradiction shows that V is empty. O

Problem 1.3.1. Ifu € Cla, bl nC?(a, b) is a solution of
(1.3.4) u +V(x)u'(x)+ Wx)u(x) = f(x),a<x<b,

V(x) and W (x) areC|a, b] functions, W(x) <0, f(x) isany bounded NON-NEGATIVE
function and if
u(c) =maxu(x)
[a,b]

is POSITIVE for some c € (a, b), then u(x) is a constant.



Problem 1.3.2. Show that the condition W (x) < 0 in the Problem (1.3.1) can not
be removed.

Problem 1.3.3. Show that the condition u(c) is POSITIVE in the Problem (1.3.1)
can not be removed.

Problem 1.3.4. Ifu e Cla,bln C?(a, b) is a solution of 2.1.1) V(x) and W (x) are
bounded functions, W(x) < 0, f(x) is any bounded NON-NEGATIVE function
and if

u(a)=ulb) =0,

then u(x) <0in(a,b) oru(x) =0.






Chapter 2

Maximum principle in domains

2.1 Introduction

Let QO < R” be an open domain with boundary 0Q.
Let the operator L be defined by

L) (x) = =Au(x) + 3 V;(x)0x; u(x).

j=1
Then we can consider the problem
(2.1.1) L(u)(x) = f(x),x € Q.

Here and below V;(x) are C (Q) function. Given any f € C(Q) we look for classi-
cal solutions to (2.1.1) u € C(Q) n C3(QY).
For simplicity we shall concentrate in this chapter to the case n = 3.

2.2 Easy and weak maximum principles

Lemma 2.2.1. Ifu € C(Q) N C?(Q) is a solution of (2.1.1), then we have the fol-
lowing properties

a) (EASY MIN principle) if f(x) is continuous POSITIVE function (f(x) > 0 for
any x € Q), then
minu =minu.
00 aQ
b) (EASY MAX principle) if f (x) is continuous NEGATIVE function (f (x) > 0 for
any x € Q), then

max u = max u(x).
0Q a
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Proof. We shall prove b) only. If
Uu(xp) = maxu(x)
Q
for some xj € Q, then in the point xy we have

Vu(xp) =0,Au(xp) =0.
O

Lemma 2.2.2. Ifue C(Q) N C%(Q) is a solution of (2.1.1), then we have the fol-
lowing properties

a) (WEAKMIN principle) if f (x) is continuous NON-NEGATIVE function (f (x) =
0 for any x € Q), then
min ¢ = min u.
0Q Q
b) (WEAK MAX principle) if f (x) is continuous NON-POSITIVE function (f (x) <
0 for any x € Q), then
max ¢ = max u.
0Q Q
Remark 2.2.1. A function satisfying L(u)(x) < 0 is called a subsolution. We are
thus asserting a subsolution attains its maximum on the boundary of Q. Simi-
larly, if L(u)(x) < 0 holds, u is a supersolution and attains its minimum on the
boundary of Q.

Proof. We shall prove only the assertion a). We shall modify u(x) as follows
we(x) = u(x) — £z(x),
where
z(x) = et

Then we tends uniformly to u, so ming; we(x) tends to ming; u(x) for any open
UucQ.
Choose R > 0 so large that

n
L(we) = —eAz+e Y Vj(x)8y,;2(x) = £(R* — VR)e™ >0
j=1

for any x € Q. Then the Easy MIN principle implies

min w, = min we(x).
Q. Q

Taking the limit as € > 0 tends to zero we get

min # = min u.
0Q o)
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2.3 Hopflemma and strong maximum principle

In order to prepare strong maximum principle we shall start with Hopf’s Lemma.
For this we shall assume the boundary of the domain Q satisfies the ball condi-
tion, i.e.

(H1)

for any x( € 02 there exists a ball B < Q
so that xp € 0B

Lemma 2.3.1. (Hopf’s Lemma). Assume (H1), u€ C*(Q)) n C'(Q), and
Lu=f<0 inQ.

If xp € 0 is such that

(2.3.2) u(xp) > u(x) forallxeQ

then

0y u(xp) >0,

wherev(x) is the exterior unit normal at x € 0.

Proof. Withoutloss of generality we can assume the ball in the assumption (H1)
is B(0, ), so that |xg| = r and
v(xg) = xo/ 1.

Then we take
We(x) = u(x) +ez(x),

where

_ D42 _ps2

Then z(xp) =0 and
Rx? ‘
L(2)(x) = e ®™ | -4R*x* +2nR- ) 2Vjx;R| <0
j=1

for R big enough and x € B(0,r)\ B(0,7/2). In view of (2.3.2) we can find £ > 0 so
that
we (x0) = u(xo) > u(x) +€z(x) = we(x) x| =r/2.

We have also

We(x0) = u(xp) = u(x) +€z(x) = we(x), 1x|=r.
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Applyi ng the weak maximum principle for w.(x)—w, (b) and the domain B(0, r)\
B(0,r/2) we find

max we—we(b) <0
B(0,)\B(0,r/2)

and hence
av w(c: (.Xfo) = 0.

In this way we find
0y u(xg) = —€0,z(xp) = 2eRre R > 0.
]

Lemma 2.3.2. Ifue C(Q) N C%(Q) is a solution of (2.1.1), then we have the fol-
lowing properties

a) (STRONG MIN principle) if f (x) is continuous NON-NEGATIVE function (f (x) =
0 for any x € Q) and [ has minimum in internal point xo € Q, then it is a
constant;

b) (STRONG MAX principle) if f (x) is continuous NON-POSITIVE function (f (x) <
0 for any x € Q)and [ has maximum in internal point xy € Q, then itis a
constant.

Proof. We shall prove only b). Set

M :=maxu
Q

and assuming u is not a constant we can decompose 2 as
Q=CuV,

where
C:={xeQ|ulx) =M}

Vi={xeQ]|ulx) <Mj.

This means we can find two points P € C and Q € V and connect them with
an arc in Q. Let R be the closest point on the arc to Q such that u(R) = M and
u(x) < M for all x on the arc between Q and R. Since R is in Q, we can find y
sufficiently close to R on the arc QR so that

yeV,d(y,R) <d(y,0Q).

Then we can define the largest open ball B(y, r) < V so that dB(y, r) has a point
X, € C.In this way we can apply for B(y, r) the Hopf lemma and deduce 9, u(x.) >
0 and this is a contradiction with the fact ¥ has a maximum in x,. The contra-
diction shows that V is empty. O
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2.4 Maximum principle for Laplace operator with Coulomb
potential

A natural question is to ask if the linear operator

1
Pw:_A__+w,
| x|

satisfies the weak maximum principle in the sense that
(2.4.3) ue H* P,(u)=g=0,—= u=0.

The above maximum principle is incomplete, since additional behavior of u
and g at infinity has to be imposed, namely, we shall suppose that

2.4.4) A+x) MeVelye B2, (1 +|x) MeVe Mg e H?,

for some real number M > 0.
Note, that the energy levels of the hydrogen atom are described by the eigen-
values w > 0 of the eigenvalue problem

Aert) + ZEX e, er(x) € H2.

| x|

One has .

T a(k+ 1)
and ey(x) = ce”™’2 ¢ > 0. The first observation is that all eigenfunctions ey (x),
k = 1, are expressed in terms of Laguerre polynomials of |x|, having exactly k
roots. This fact guarantees that the maximum principle is not valid for w = wy.
More precisely, we can show the following.

Wi kZO,l,...

Lemma 2.4.1. The weak maximum principle 2.4.3 is valid if an only if

1

w=-—.
4

2.5 Appendix: Maximum principle for subharmonic
functions.

2.5.1 Mean value theorem. Harmonic functions

The Gauss Green identity

f(Auv—uAv)dy:f (Onuv—udnv)dSy,
Q 00
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enables one to take v(y) = 1/|x — y|, where x € Q and modify the domain Q as
follows
Qs =1{y:yeQ,ly—x|=0}

provided 6 > 0 is small.
Taking the limit as 6 — 0 we get

Lemma 2.5.1. (integral representation) If u € C*(R") then

1 0 1
u(x):—f ( N —u@N( ))dSy
ar Joa \lx -yl lx =yl

1 Au
4m Jo |x -yl

dy.
In the particular case Q = {|x — x| < R} we get

Lemma 2.5.2. (Gauss mean value theorem) If u € C? is a harmonic in {|x — x| <

R}, then )
u(y)ds,.
47TR2 \/|vx—x0|:R y y

Problem 2.5.1. (Strong Maximum principle) Let u € C(Q) n C?(Q) be a solution
of

(2.5.5) Au=0,x€Q.

If

u(xp) =

u(c) = maxu(x)
Q

for some c € Q, then u(x) is a constant.

2.5.2 Maximum principle for subharmonic functions

Let Q be an open subset of R” and u € L}OC(Q). Set
1
(2.5.6) MWw)(x,R) = ———— ulx+yd
r(yl=R) Jiy<r vy
and
(2.5.7) Ms(u)(x,R) = ———— u(x+ Rw)dw
s w1 Jiwi=1

Since u(lyl < R) = ,u(S”_l)R”/n, we have the relation

R Rn
f Ms(w)(x,r)r"" tdr = 7M(u)(x,R).
0
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Definition 2.5.1. A function u € L}oc is called subharmonic if u(x) < M(u)(x, R)
forany R > 0 such that {y + x;|y| < R} c Q and for a.e. in x € Q.

Problem 2.5.2. Ifu € C*°(Q) then u is subharmonic if and only if Au = 0.

Hint. If Au = 0, then Gauss-Green gives

d
0< f lyl < RAu(x+y)dy = cR"_lﬁMs(u)(x,R),

so Ms(u)(x,R) = Mg(u)(x,0) = u(x) and
R R
M(u)(x,R) = nR‘”[ Ms(w) (x,r)r'" tdr = u(x)nR_”f r"ldr = u(x).
0 0

Problem 2.5.3. Ifuc L}OC (Q) then u is subharmonic if and only if Au = 0.

Problem 2.5.4. IfueC (Q) is subharmonic, then the condition u(c) = maxg u(x)
for some c € Q implies u = cost.

The function

1
(2.5.8) M(u)(x) =supM(u)(x,R) =sup——— ulx+y)d
R>Ig R>Ig p(yl<R) Jiy<r yay

is called Hardy - Littlewood MAXIMAL function.

Problem 2.5.5. Show that there exists a constant C > 0 so that for any u € C3°(R")

M2 < Cllull 2.
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Chapter 3

Fundamental solution of Laplace
operator in R” and applications

3.1 Laplace equation in R"

Among the most important of all partial differential equations are undoubtedly
Laplace’s equation

(3.1.1) Au=0
and Poisson’s equation
(3.1.2) -Au=f.

In both (3.1.1) and (3.1.2) , x € Q and the unknown is u: Q — R, u = u(x) where
Q c R" is a given open set. In (3.1.2) the function f: U — R is also given. Re-
member that the Laplacian of u is

n
Au= Z Ux;x; -
i=1

Definition 3.1.1. A C? function u satisfying (3.1.1) is called a harmonic func-
tion.

3.2 Decomposition of the Laplace operatore into ra-
dial and angular part

Start with the relation

(3.2.3) XA =L*+ (n—2)L+ Agn,

17
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where
n
(3.2.4) Agn-1 = Z Q?k,ﬂjk = Xj0 — X0
k=1
and

n
L=rd,=) x;0;.
=1

Per n = 2 we have
Asl = xlag - x201.

Introduce polar coordinates

X1 =T1Ccos¢, xp = rsing.

Then ing
X1 X2 sin
01 =—0,— 0y = CcospO, — 0
=0 X2+ x5 ¢ o ¢
and @
X2 X1 . Ccos
0, = —0;+ 0y =Ssindo, + 0.
2T X5+ X5 ¢ or ¢
So we get
Q12 =0y
and we find
Asl :aé

For n = 3 we have
X1 =rcos¢sinb, x, = rsingsinf, x3 = cos6.

Then X Yax
2 3X1
0, 5 0p— 0p =

X1
g 2(+2 4 +2\1/2°0 7
r X7+ X5 r (x1 +x2)

01 =

sin¢ cos0
——0¢p — 0g.
rsin@ r
X2 X1 X3X2
02=—0r+ 09— 55 517300
X7+ x5 r (x1 +x2)

=cos¢sinfo, —

and

2, ,2\1/2

X3 (x5 +x5)

63:—6r+#69
r

2
Hence,

Q2 =0y, Q13 =sin¢cothdy +cospdy, 213 =—cos¢pcotfdy +sindag.
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Taking the sum of squares, we get

cosf 1 o

Age =02+ + .
§2= "% sinf 0 sin2g ¢

We have the following commutator properties

Problem 3.2.1. If[A, B] = AB — BA is the commutator of two operators then we

have
[0, xk] =6k,
[A,01=0,
A, xj1 =23,
(A, Q] =0,
(A, L] = 2A.

3.2.1 Spherical harmonics

If Y (w) is an eigenfunction of Ags-1, one can introduce
X
u(x) = IxIMY (—)
| x|
and see that u(x) is harmonic, i.e. Au(x) =0 if and only if

AgnY =—MM +n-2)Y.

One can take u(x) to be a harmonic homogeneous POLYNOMIAL of order M
(M is a non negative integer) and see that Y (x/|x|) = lx|™ M u(x) is an eigenfunc-
tion of Agn-1 with eigenvalue M (M +n—2). The application of Liuoville theorem
shows that M is only integer and u(x) has to be a homogeneous polynomial.
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3.3 Laplace equation in R"” and its fundamental so-
lution

One good strategy for investigating any partial differential equation is first to
identify some explicit solutions and then, provided the PDE is linear, to assem-
ble more complicated solutions out of the specific ones previously noted. Fur-
thermore, in looking for explicit solutions it is often wise to restrict attention to
classes of functions with certain symmetry properties. since Laplace’s equation
is invariant under rotations, it consequently seems advisable to search first for
radial solutions, that is, functions of r = |x| Let us therefore attempt to find a
solution u of Laplace’s equation in Q = R”, having the form

u(x) = v(r)

where r = |x| = (x? +--- + xfl)l/2 and v is to be selected (if possible) so that Au =
0 holds. First note for i =1,..., n that

or 1, , 2\—1/2 Xi
— == (x4 +x 2xi=— (x#0
0x; 2(1 ) or =0

We thus have
1y~ Xi " xl2 / 1 xl2
Uy =V (N — Uy =V (N +v ()| == =3 |
r r ror

fori=1,...,n,andso

o n-1,
Au=v'(r)+ ——v(r)
r

Hence Au = 0 if and only if

" n_ll
(3.3.5) v+ . V=0
If v’ # 0, we deduce
V' 1-n
log(v) = — =
g(v) =—r=—

and hence v'(r) = r,f’_ ; for some constant a. Consequently if r > 0, we have

blogr+c (n=2)
U(r):{r,f’_2+c (n=3)

where b and c are constants. These considerations motivate the following.



21

Definition 3.3.1. The function

—élloglxl (n=2)

(3.3.6) E(x):= { (n=3)

n(n-2)|B| |x|"~2
defined for x e R", x # 0, is the fundamental solution of Laplace’s equation.
Remark 3.3.1. Recall that the volume of the ball B(0,R) inR" is

R R" gn—l
IBO,R)| = fo o Ldpusth = HET)

where w(S™ 1) is the surface area of the unit sphere in R".

The reason for the particular choices of the constants in (3.3.6) will be ap-
parent in a moment.

We will sometimes slightly abuse notation and write ®(x) = ®(|x|) to em-
phasize that the fundamental solution is radial. Observe also that we have the
estimates

C
(3.3.7) DO =

C
3 -, | D*®(x)| < o G20

for some constant C >0

3.4 Poisson equation

By construction the function x — E(x) is harmonic for x # 0. If we shift the
origin to a new point y, the PDE (1) is unchanged; and so x — E(x — y) is also
harmonic as a function of x, x # y. Let us now take f :R” — R and note that the
mapping x — E(x—y) f(y)(x # y) is harmonic for each point y € R", and thus
so is the sum of finitely many such expressions built for different points y. This
reasoning might suggest that the convolution

ux) = fpn Ex—y) f(y)dy

— ok feelogx—yDfdy (n=2)
(3.4.8) = 27 JR
{ n(n—12)|B| S |fo(,3|,3172 dy (n=3)

will solve Laplace equation (3.1.1). However, this is wrong: we cannot just com-
pute

Au(x) = fR AEG - P f(dy =0
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Indeed, as intimated by estimate (3.3.7) D*®(x — y) is not summable near the
singularity at y = x, and so the differentiation under the integral sign above is
unjustified (and incorrect). We must proceed more carefully in calculating Au
Let us for simplicity now assume f € Cg (R™); that is, f is twice continuously
differentiable, with compact support.

Theorem 3.4.1. (Solving Poisson's equation). Define u by (3.4.8) . Then

(i) ue C*[R")

and

(ii) —Au= f inR" We consequently see that (3.4.8) provides us with a for-
mula for a solution of Poisson’s equation (3.1.2) in R".

Proof. We have

uto = [ -y fdy= [ B - ndy

hence

hei-y) - flx-
f(x+he ;l/) flx—1y) dy

u(x+he;) —u(x) :f E)
h R7

where h #0 and e; = (0,...,1,...,0), the 1 in the it" _slot. But

f(x+hei—y)-flx-y) _of
h ax,-

(x=y)

uniformly on R" as h — 0, and thus

a—“(x)—f e - pdy =1,...n
axi B R~ yax,- ey I
Similarly

(3.4.9) Ou (x)—f -2t - pdy Gj=1..m
4. 300 = Jeo PO gy 94y G f =

As the expression on theright hand side of eq.PE10 is continuous in the variable
x, we see u € C*(R")

Since E blows up at 0, we will need for subsequent calculations to isolate
this singularity inside a small ball. So fix € > 0. Then

Au(x) zf E(y)Axf(x—y)dy+f E(WAcf(x-ydy
B(0,z) R 1)

m—B(0,

= I+
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Now

Ce?|loge| (n=2)
(3.4.10) |I€|sc||D2f||Lw(R_)fB(0€) IE(y)Idys{ Ce? 8 (1> 3)

An integration by parts yields

Jo= [ BwIAfx-pdy
(3.4.11) el

:—f DE(y)~Dyf(x—y)dy
R--B(0,2)

0
+f E(y)—f(x—y)dS(y)
dB(0,6) ov
=:K¢+ L,
v denoting the inward pointing unit normal along 0B (0, €). We readily check

Celloge| (n=2)

412 Ll < IDfl foocn E <
(3.4.12) Ll < IDSIL (K)LB(Ml (y)|d5(y)<{ Ce (n=3)

We continue by integrating by parts once again in the term K, to discover

OE
K. = f AEG) f - y)dy - f %% ) fx-pdSw)
R-—B(0.¢) 0B(0,¢) OV

OE
=- — —y)dS
fa s av(y)f(x y)dS(y)

since E is harmonic away from the origin. Now DE(y) = #IIBI % (¥ #0) on0B(0,¢).

since n|Ble™! is the surface area of the sphere 0B(0, €), we have

1

3.4.13 Ke=————
( ) € n|Blen1

f flx—»dS(y)
0B(0,¢)

=—foBznfWAS(y) — —f(x) ase—0

(Remember that a slash through an integral denotes an average.) Combining
now (3.4.10)-(3.4.13)and letting € — 0, we find —Au(x) = f(x), as asserted. [
3.5 Weak solutions of Poisson equation

Typical example of application of the notion of distribution is the definition of
a weak solution of the Laplace equation.
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Definition 3.5.1. Ifu, f are distributions in R", then u is a weak solution of the
equation

(3.5.14) —Au:f, A:a%+...a?—1’
if for any test function ¢(x) we have

<u,Ap>=—-<f,p>.

3.5.1 Casen=3

One can verify that

1
A (—) =—471d
| x|

in the sense of distributions in R3. Indeed taking any test function ¢ we apply
Gauss - Green formula for the domain {|x| = ¢} and using the fact that

1
A(—):O |x| #0,

| x|

we find

1 1
Al— dx— — | A dx =
\/|‘x|>£( (|x|)) pLdx ﬁx|>5(|x|) pLdx

—f 0y (i) (p(x)de+f (i) 0:@(x)dSy,
|x|=¢€ | x| Ix|=¢ \|X]

where here and below

Taking into account the fact that

1 1
0| —|=-—
’(|x|) |x|2

and introducing spherical coordinate x = ew, |w| = 1, we find

f 0y (i) Qx)dSy = —f pew)dS,,,
x|=¢ | x| lol=1

f (i) 0,p(x)dSy = ef 0,¢p(ew)dw
|x|=€

| x| lw|=1
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so taking the limit € — 0, we get

1
lim 0, (—) @(x)dSy =—4mp(0),
€—0J|x|=¢ | x|

1
lim (—) 0,p(x)dS, =0,
£=0Jjx|=¢ \ | x| it *

SO we arrive at

—f (i) Ap(x)dx =4mp(0)
R?’

| x|
and the identity
1 1
(3.5.15) ——A(—) =9.
47 | x|
3.5.2 Casen=3.
The function
E(x) € C*(R"\0)
satisfying
-AE=6

in the sense of distributions is called fundamental solutions of the Laplace op-
erator and they enable one to represent the solution of the Poisson equation

-Au=f, feCy,
as follows
u(x) :fRnE(x—y)f(y)dy.

To verify that

u(x) = cf &dy
R

n |x_y|n—2

is a weak solution of

Au=f,
we consider
Us(x) = cf —f(y) —dy=c fx __;/) d
|x—yl=¢ |x—y|" lyl=¢ lyI"

oo (x—rw) ,_
= cf Ja—rw) ——r""ldr.
€ lw|=1 r
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One can easily derive that if f € C? and has a compact support, then u, € C?

and A, f( )
x_
Aug(x) = c[ y—zyd
lyl=e I_V|n_

Applying the Gauss - Green formula, we find

Aug(x)=c f(x—y)A(;)dy+

lyl=ze |yln=2
OnNf(x—1y) ( 1 )
+c ——dy—-c (x—=y)0 dy,
f|y|=£ iz |y|=sf POz )Y
where Oy =—3.; y;/|yld; = —0r, so we get
) -
Aug(x) = cf we”_ldw—m—zn fx—ew)dw
lw|=1 & lw|=1

so taking the limit as € — 0, we obtain
Au(x) =—(n—-2)cu(S™ ) f(x).
So
1
(n—2)u(S" 1)’

3.6 Mean-value formulas.

Consider now an open set Q < R” and suppose u is a harmonic function within
Q. We next derive the important mean-value formulas, which declare that u(x)
equals both the average of u over the sphere 0B(x, r) and the average of u over
the entire ball B(x, r), provided B(x, r) c Q. These implicit formulas involving
u generate a remarkable number of consequences, as we will momentarily see.

Theorem 3.6.1. (Mean-value formulas for Laplace’s equation). If u € C*(Q) is
harmonic, then

(3.6.16) u(x) :f udS:f udy
0B(x,1) B(x,r)

foreach ball B(x,r) c Q.

Proof. Set

o(r) ::f u(y)dS(y) :f u(x+rz)dS(z)
0B(x,r) 0B(0,1)
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Then

¢' (1) :f Du(x+rz)-zdS(z)
0B(0,1)

and consequently, using Green’s formulas we compute
-X
¢'(r) = f Du(y)-L==ds(y)
0B(z,1) r

- f o 4s)

dB(x,r) OV

r
= —f Au(y)dy=0
nJ Bx,r)

Hence ¢ is constant, and so

¢(r) =lime(r) = limf u(y)dS(y) = u(x)
t—0 t—0 0B(x,1)

Observe next that our employing polar coordinates, gives

-
f udy:f (f udS)ds
B(x,1) 0 \JOB(x,s)

= u(x)f na(n)s" 'ds=am)r*ux
0

O

Theorem 3.6.2. THEOREM 3 (Converse to mean-value property). If u € C?(Q)
satisfies

u(x) = f udS
for each ball B(x,r) c U, then u is harmonic.

Proof. Proof. If Au # 0, there exists some ball B(x,r) < Q such that, say, Au>0
within B(x, r). But then for ¢ as above,

/ r
o:(p(r):—f Au(y)dy >0
nJ Bx,r)

a contradiction. O

3.7 Properties of harmonic functions.

We now present a sequence of interesting deductions about harmonic func-
tions, all based upon the mean-value formulas. Assume for the following that
Q c R" is open and bounded.
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3.7.1 Strong maximum principle, uniqueness.

Theorem 3.7.1. (Strong maximum principle). Suppose u € C2(Q) N C(O) is har-
monic within Q.
(i) Then

maxu =maxu
Q 00

(ii) Furthermore, if Q is connected and there exists a point xy € Q such that

u(xp) =maxu
Q

then u is constant within Q. Assertion (i) is the marimum principle for Laplace’s
equation and (ii) is the strong maximum principle. Replacing u by —u, we re-
cover also similar assertions with "min" replacing "max".

Proof. Suppose there exists a point xp € Q with u(x9) = M := maxq u Then for
0 < r < dist(xp,0Q), the mean-value property asserts

M:u(xo):]( udy<M
B(xo,1)

As equality holds only if u = M within B (xp,r), we see u(y) = M for all y €
B(x,r). Hence the set {x € Q | u(x) = M} is both open and relatively closed in Q,
and thus equals Q if Q is connected. This proves assertion (ii), from which (i)
follows. O

Remark 3.7.1. The strong maximum principle asserts in particular that if Q is
connected and u € C*>(Q) N C(Q) satisfies

Au=0inQ
u=gonoQ
where g = 0, then u is positive everywhere in Q) if g is positive somewhere on 012.

An important application of the maximum principle is establishing the unique-
ness of solutions to certain boundary-value problems for Poisson’s equation.

Theorem 3.7.2. (Uniqueness). Let g € C(0Q)), f € C(Q)). Then there exists at most
one solution u € C*(Q) N C(Q) of the boundary-value problem

{—Au:finU

3.7.17
( ) u=gonoU

Proof. 1f u and # both satisfy (3.7.17) one can apply apply Theorem 3.7.1 to the
harmonic functions w := +(u — i) O
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3.7.2 Regularity

Now we prove that if u € C? is harmonic, then necessarily u € C*®. Thus har-
monic functions are automatically infinitely differentiable. This sort of asser-
tion is called a regularity theorem. The interesting point is that the algebraic
structure of Laplace’s equation Au=Y."" | uy,y; = 0 leads to the analytic deduc-
tion that all the partial derivatives of u exist, even those which do not appear in
the PDE.

Theorem 3.7.3. THEOREM 6 (Smoothness). If u E C(U) satisfies the mean-tualue
property (16) for each ball B(x,r) c U, then

ueC*W)
Note carefully that u may not be smooth, or even continuous, up to 0U.

Proof. Proof. Let ) be a standard mollifier, as described in $C.4, and recall that
7 is a radial function. Set u :=n. * u in U = {x € U | dist(x,0U) > €} As shown
in $C.4,u" € C* (U,) We will prove u is smooth by demonstrating that in fact
u = u' on U, Indeed if x € U, then Thus u® = u in U, and so u € C* (U,) for
eache>0. O

3.8 Liouville’s Theorem.

Next we see that there are no nontrivial bounded harmonic functions on all of
Rn

THEOREM 8 (Liouville’s Theorem). Suppose u : R" — R is harmonic and
bounded. Then u is constant. Proof. Fix xo € R",r > 0, and apply Theorem 7 on
B (xp,1):

G
|[Du (xo)| < m | u”Ll(B(zO,r))

Cia(n)

=<

]l poo@ny — O

as r — oo. Thus Du = 0, and so u is constant. THEOREM 9 (Representation
formula). Let f € Cg (R™"), n = 3. Then any bounded solution of

-Au=f inR"

has the form
u(x):fROCD(x—y)f(y)dy+C (xeR")

for some constant C.
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3.9 Liouville theorem for harmonic functionsinR”, n >

3.
The Laplace equation
Au=f, feCy,

has a solution o)

Y

ulx)=rc f —d
a lx -y 2
provided n = 3 and
1

C(n-2)p(S"Y’
We shall use this fundamental solution to derive the Liouville theorem. For
simplicity we consider only the case n = 3.

Lemma 3.9.1. (Liouville) If u € C’(R" isa harmonic function, i.e. Au =0 inR",
then the condition

max|u(x)|<C
|x|=R
implies u = cost.

Idea of Proof: Take cut off function ¢(s) such that ¢(s) =1 for |s| < 1 and
@p(s) =0 for |s| = 2. Then setting ¢ r(x) = ¢(|x|/R) we have

Alpru) =2V(uVeRr) — uler,

since u is harmonic. Applying the formula for the fundamental solution, we get

1 2V \V4 — A
<PR(x)u(x):——f wVer(y)) —uy) (PR(J/)dy:
47 JR3 Ix_y|
L[ 2 V), L a0,
T JR3 lx =yl amJes |x—yl

Take |x| ~ R/2. Then |y| ~ R on the support of Vgg(y). So one can show that
C
Vu(x)| = —
| x|
provided |x| ~ R/2. Since Vu(x) is also harmonic, applying the maximum prin-

ciple of Lemma 3.9.1 we complete the proof that Vu = 0.

Problem 3.9.1. (Liouville) If u € C*(R") is a harmonic function, i.e. Au=0 in
R"™, then the condition

max|u(x)| < C(1+ IxI)M

|x|=R

implies u(x) is a polynomial.



Chapter 4

Harmonic functions in domains
(ball and semispace) and conformal
transform.

First step in this section is to make change of variables in the Laplace operator.
Indeed, let us take

y—x=F(y)

invertible change of variables in R”.
Our goal is the compute

Ay u(F(y)).

For the purpose we start with the representation

— L i<F(y).> »
u(F(y) = (2n)”fe a)ds.

Since
Aei<FWE> - (_ Y <OkE(y),§ ><0kF(y),§ > +i <AF(y),¢ >) ol <Fe>,
k

we can set
g™ (y) =) _0kF;(3)0kFm(y)
k

and obtain

Ae!<FW-<> (—Zgjm(y)(fjcfm +i<AF(y),& >) e <F¢>

jm

31
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Using i¢ri1($) = alzu(f), we

Ayu(Fy) =Y g™ (1) @;0mw) (F()+ < AF(y), (VW) (F(y)) > .

jm
In the particular case
F(y) = ly%
one can verify that we have
(gjm);l,mzl = Iy% AF(y) = Iif_lji*

Given any u(x) € C;° we define
(4.0.1) u* () = Iyl uy!1y1?)

Then we can assume 7 = 3 and derive
(4.0.2) Ayu* () =y Acuylyl®).

Idea of Proof: Introduce polar coordinates R = |x|, r = |y| and w = x/|x| =
y/1yl.Then the transform is given by

1
R=-.
r
We have
, 2. 1
Ax:6R+EOR+ﬁAw
2 1
2
Note that
2 \f 1
2 2
ROR:—rOr,(6r+;6r)?:;6rf,

S0 we obtain
2 2 f 24 12 5(a2 , 2
6r+70r 7:R(R aR) f:R 6R+E6R f

Problem 4.0.1. How can be generalized the conformal low (4.0.2) for dimensions
n=3.7?
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Turning to the Dirichlet problem, we study the boundary value problem

Au=0,xe2
u(x) = f(x), x € 0Q).

For the purpose we look for

1 1
G(x, y)= E (H - h(x, y))

so that h(x, y) is harmonic with respect to y and on the boundary 02 we have

1
h(x,y) = ——, y€dQ.
Y Ix—yly

The Gauss Green identity

f(Auv—uAv)dy:f (Onuv—udnv)dSy,
Q 0Q

enables one to take v(y) = 1/|x — y|, where x € Q and modify the domain Q as
follows
Qs=1{y:yeQ,|y—x| =8}

provided 4 > 0 is small.
As in Lemma 2.5.1 taking the limit as 6 — 0 we get

1 0 1
ulx) = —f (L“—ua,v( ))dSy
ar Joa \1x -yl |x =yl

1 Au
4 Jao [x -yl

dy.

If we take v(y) = h(x,y) we can use the fact that h(x, y) is more regular than
1/|x -yl and find

1
0=— h(x,y)Onu—uonh)dS
- [ (e yponu-woxh)ds,

1
- A ,
4Hfﬂh(x,y) udy

The above relations imply

u(x) = fag (G(x, y)Onu—udnG(x,y))dS,

—f G(x,y)Audy.
Q

Since G(x, y) = 0 on the boundary and since u is harmonic, we get
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Lemma 4.0.1. (Green function) Let u € C*(Q) be a harmonic function in the
domainQ, i.e. Au=0inQ. If

1 1
Gx,y) = in (H - h(x, J’))

where h(x,y) is harmonic with respect to y and on the boundary 02 we have

1
h(x, ) =—)))¢€ aQr
TN

then the solution to the problem

Au=0,xeQ
u(x) = f(x), x € 0Q.
is given by
u(x) = —fag (f(oNG(x,¥))dS,

Example 4.0.1. LetQ = {x,|x| < 1}. To construct h(x, y) we consider the exterior
of the domain Qey; = {x,|x| > 1} and use the conformal map

Y
yEQext—’WeQ.

Given any x, |x| <1 the function

1
lx—yl

is harmonic in Qe so following (4.0.1) we see that

h(x,y) = ———
Y = Iy

is harmonic in Q. Introduce polar coordinates y = rw. Then Lemma 4.0.1 implies
that

u(x) = —f (f(@)d,G(x,rw)) dw
lw|=1

Since

1 1
AnG(x, rw) = -
|x—rw| |rx-—w|

and since
1 <rw—Xx,w>

"lx-ro| |lx—rwl?
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1 <rx-—-w,x>
r = - 3
|rx—w| |[rx —w|
we obtain takingr =1
1-|x]?

4710,G(x, rw) = ———.
|x—w[3

Finally, we can write

()_l—lxlzf (() dw )
R TP lwl=1 fwlx—wl?"

and this is the unique solution to the Dirichlet problem

Au=0,xeQ
lim u(x) =0,
X—00

u(x) = f(x), x € 0Q.

To show that this is a solution really, we take into account the relation

1—|x|?
(2Lx+1) = ) |J/|:1; |x|¢17 Lx:x-vx

lx—yI3

lx =yl

as well as the commutator relations

[A, L] = 2A.

1
A4___):o
lx =yl
1 1—|x|?
Ac|@RLy+1) [ ——=]||=Ax|——3| =0
lx =yl lx—yl

()—Hx'zf ( ( )d—‘“)
YO0 = S VO ap

is a harmonic function!!!

So from

we can derive

SO

Example 4.0.2. Let Q) = {x,|x| > 1}. To construct h(x, y) we consider the interior
of the domain Q;y,; = {x,1x| < 1} and use the conformal map

y
yEQext_’WEQ
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Given any x, |x| > 1 the function
1
lx =yl
is harmonic in Q;,; so following (4.0.1) we see that

hxy) = —
V= = yiye

is harmonic with respect to y in Q. Introduce polar coordinates y = rw. Then
Lemma 4.0.1 implies that

u(x) = —f (f(@)0,G(x,rw)) dw
|lw|=1

Since )
AnG(x, rw) = -
|x—rw| |rx—ow|
and since
1 <rw-x,w>
|x — ro| lx—rowl®
1 <rx-—-w,x>
Irx—ow| [rx—owl?
we obtain takingr =1
1—|x?
470,G(x, rw) = —
|x —wl

Finally, we can write

()_l—lxlzf (() dw )
AT fwlx—wl?"

and this is the unique solution to the Dirichlet problem

Au=0,x€Q)
u(x) = f(x),x € 0Q.

Problem 4.0.2. Let u(x) be a solution to

Au=0,|x|>1
lim u(x)=0,
X—00

u(x) = f(x),lx|=1.

Show that
lu(x)| <

o |r)rcll«';ulclf(X)l.



Problem 4.0.3. Construct the Green function for the domains:

a)ix,|x| <R},
b){x,|x| > R},

Answer: a)

R2—|xf? as,
u(x) = TinR fM:R (f(y) |x—y|3)'

Problem 4.0.4. Let u(x) be a solution to

Au=0,|x|>R
u(x) = f(x),lx| =R.

Show that
lu(x)| <

1+ x| ﬁllglf(x”'

Problem 4.0.5. Construct the Green function for the domain {x € R3, x3 > 0}.

Answer:

d /
u(x) = ﬂfz (f(y’) n Y x' = (x1, %2).

/ 12 2y3/2 |’
27 Jr x' =y +x35)

37
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Chapter 5

Applications: a priori estimates

5.0.1 Laplace equation in the space R".

The equation
Au(x) = f(x),x e R"

has a unique solution provided

lim u(x)=0
X—00

Taking f(x) € C(R") with compact support one can represent the unique
solution as follows (for simplicity we take n = 3.)

A Ji |x =yl
where here and below K denotes the support of f.

Problem 5.0.1. (smoothing property) If f(x) € C(R") has a compact support,
then u(x) € C1(R™)

Problem 5.0.2. (smoothing property) If f(x) € L*(R") has a compact support,
then u(x) € C'(R™)

Problem 5.0.3. (smoothing property) If f(x) € CK(R™) has a compact support,
then u(x) € Ck+*1(R")

Problem 5.0.4. (convergence) If fi.(x) have a fixed compact support K and tend
uniformly in Ck(K), then

1 [ L),

R AP

converge uniformly in CK*1(R™).

39
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Problem 5.0.5. (smoothing and decay property) If f(x) € C(R"™) has a compact
support, then u(x) € C(R") and

Clfllcx

u(x)| <
lu(x)] 11

Problem 5.0.6. (decay property for f without compact support) If f(x) € C(R")
has the property

1+ 1D Fll foos) = sup [(1 + x> £(x)] < oo,
xeR3

then u(x) € CL(R"™) and

CIQ+ XD £l ooy

u(x)| <
lu(x)] T+ 1

Problem 5.0.7. (Coulomb behaviour property) If f(x) € C(R") is non-negative,
has a compact support and f(xy) > 0 for some point xy € R" , then there is a
positive constant Cy so that

Co

u(x)| = :
|ue(x)] Tt I

Hence u is not square integrable. More precisely, we have
f lu(x)*dx = CR
|x|=R

for R sufficiently large.

5.0.2 Laplace equationin bounded domain with Dirichlet bound-
ary condition.

The general problem

Au=Fxe
u(x) = f(x), x € 0Q.

can be solved extending F in R” and representing u as follows
u=up+uw,

where . F
Ug(x) = —— icl .
4 Jo |x -yl
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Then w solves

Aw=0,x€Q
w(x) = g(x), x € 0Q.

where
g=[~-uo.
Applying the maximum principle we get

lwll o) < Cliglcom < C (I fllcoa + 1 Fllzew)-

This estimate guarantees the uniqueness of the solution. The existence is
delicate: needs or sub and supersolutions (Peron method) or methods from
Functional analysis (Friedrich’s extentions). For the concrete domains: interior
or exterior ball, half space we have concrete solutions.

5.0.3 Idea of Peron method

4.8. Metodo di Perron per il problema di Dirichlet su domini generici Q. Una
volta risolto il problema di Dirichlet su Bz(0) si puo’ risolvere il problema di
Dirichlet su una famiglia molto ampia di domini Q senza bisogno di costruire
la funzione di Green associata (come fatto su Bg(0)). Introduciamo le funzioni
subarmoniche

Definition 5.0.1. Una funzione u: Q — R si dice subarmonica e diremo
ueSUB(Q)

seu € C(Q) (ossia e’ continua) ed inoltre

VxeQ 3r(x)>0tc ulx) sf udo, Vre(0,r(x))
Sr(x)

Proposition 5.0.1. Per ogni funzione u € SUB(Q) si ha maxg u = maxaq U

Proof. Segue dallo stesso argomento usato per provare il principio del massimo
per funzioni armoniche (usando il teorema della media). O

Proposition 5.0.2. Siano u, v € SUB(Q) allora max{u, v} € SUB(Q)

Proof. E ben noto che max{u, v} €’continua se u e v sono continue. Abbiamo
inoltre per ipotesi

u(x) Sf udo sf max{u, vido
Sr(x) Sr(x)
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ev(x) < fsr(x) udo < fs,(x) max{u, vido quindi

maxiu, v}(x) Sf maxiu, vido
Sr(x)

Proposition 5.0.3. Se u e’ armonica suQ allora u € SUB(Q).

Proof. Abbiamo provato che per ogni funzione armonica vale I'identita’ della
media. O

Proposition 5.0.4. Sia u, una successione di funzioni armoniche su Br che siano
monotone crescenti ed uniformemente limitate. Allora la funzione u(x), definita
come il limite puntuale di u,(x) e armonica, ossia u € C%(Q) eAu=0.

Proof. Basta provare che u(x)e’ continua e u(x) = fs,udo. A tal fine osservi-
amo che per il principio della media (sia su Bg che su Sg ) si ha

Un(x) :f un(y)do e uy(x) :f up(y)dy
Sr(x) Bpr(x)
Passando al limite abbiamo che u(x) = { Br(x W(¥)dy e da questa rappresen-
tazione e facile dedurre che u(x) €’ continua (basta applicare il teorema di Lebesgue
alla successione di funzioni u(y)y g, (x,) dove x, "y ). Passando sempre al
limite (nell’integrale di superficie) si ha u(x) = f Sp(x) u(y)do O

Proposition 5.0.5. Proposizione 4.10. Sia Bg (xg) < Q e u € SUB(Q). Sia inoltre
v tale che Av =0 su Bg (xp) e v = u sudBg (xg) . Allora si ha w € SUB(Q) dove

v(x), x€ Bg(xp)

w(x):{ u(x), xe€Q\Bg(xp)

Proof. Ovviamente w €’ continua. Per provare che € subarmonica consideri-
amo tre casi. Se x € Q\Bg (xg) allora essendo u subarmonica si ha

w(x) = u(x) < fs,xudo = fs,xwdo

per r abbastanza piccolo e per x € Q\Bg (xp).
Se x € Bp (xp) invece essendo v armonica su B (xg) concludiamo

w(x) =v(x) = fs,mrdo = fs,mwdo

per r abbastanza piccolo.
Resta il caso in cui x € 0Bg (xp). Allora osserviamo che 1 — v € SUB (Bg (xp))
ed inoltre
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u—v =0su Sg (xp). Quindi perla Proposizione 5.0.1 si ha u—v < 0 su Bg (xp).
Da cio’ deduciamo

f wdo = f vdo +f udo
Sr(x) Sy (x)NBR(x0) Sy (x)NBg, (x0)

2][ ud0+)f udo = u(x) = w(x)
Sr(x)NBg(xo) Sr(x)NBy, (x0)

dove abbiamo usato il fatto che u(x) = w(x) su 0Bp (xp). O

Possiamo ora introdurre la candidata soluzione al problema (24)

(5.0.1) {Au:O, yeQ

u(y)=gy), yeoQ
dove g(y) € €(09). Nel seguito assumeremo Q compatto. Definiamo (25)
(5.0.2) v(x) =sup{w(x) | w e SUBQ)NE(Q), w(y) < g(y) VyeoQ.

Osserviamo che l'insieme di funzioni w € % %(Q) N € (Q) tale che w(y) <
g(y) Vy e 0Q e non vuoto. Infatti basta osservare che la funzione costante
w(x) = infyq g soddisfa questa proprieta. Osserviamo anche che necessaria-
mente v(x) < oo. A tal fine osserviamo che per la Proposizione 4.6 necessari-
amente w(x) < SUP ea0 g(y) per ogni w € FUB(Q) N € (Q) tale che w(y) <
g(y) Yy e 0Q. Come primo passo provi- amo che Av = 0 in Q. Il secondo
passo consistera’ nell'individuare delle condizioni su Q che garantiscano v €
€ (Q),v(y) = g(y) per y € 0Q.

Theorem 5.0.1. Teorema 4.11. La funzione v(x) definita in (5.0.2) é armonica
in Q.

Proof. siaxg € Q e sia B (x9) < Q. Selezioniamo quindi wy , (x) tali che
Wi,x, € LU B() NEQ) e Wix, () < 8(y) VyeoQ edinoltre wy x, (xo) kZpo
v (xp) . Allora os- serviamo che siccome v(x) e'definito come sup possiamo as-
sumere le funzioni w,, (x) crescenti (se non lo fossero basta lavorare con

sup {wi,x (%),..., Wnx, (0}
i=1,..,n

Inoltre possiamo anche assumere che wy, , (x) sia armonica su B (xp) . Infatti
se cosi’ non fosse basterebbe considerare

Wk, x, (X),  x € Q\Bg(xo)

wk,xo (x) = { Uk(x)’ X € BR (xO)
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dove Avy =0 e vi(y) = wi,x, (¥) per y € 0Bg (xp). Allora dalle proprieta’ delle
funzioni subarmoniche si vede che iy, x,(x) € S % % (Q)NE(Q), inoltre iy, x () =
g(y) Vy e 0Q ed anche Wy, (X) = wg,x, (x). Questa disuguaglianza e ovvia
in Q\Bg(0) ed €” anche vera su B (xo) poiche’ —wy x, (X) + wi x, (X) = —vi(x) +
Wk, x, (x) € subarmonica su Br (xp) ed €' nulla su 0B (x9). Quindi per Propo-
sizione 4.6 siha Wy, y,(x) = wy x, (x). Riassumendo abbiamo iy, y,(x) armoniche
su Bg (xo) ed inoltre Wy ,, (x) crescentirispetto a k. Come conseguenza del Teo-
rema della media e del Teorema di passaggio al limite sotto il segno di integrale
si puo’ provare che il limite puntuale di

funzioni armoniche, crescenti e uniformemente limitate e armonica. Per-
tanto abbiamo che detta wy, (x) = limy_.o Wk, x, (x) siha che 1y, (x) € armonica
su Bg (x9) ed inoltre wy, (xo) = v (xp) Dico che necessariamente (26)

V(X) = Wy (x), Vx€Bg(xp)

e questo ci permetterebbe di conclude che v(x) € armonica su Bp (xy) e quindi
su Q data l'arbitrarieta’ della palla Br(x). Se (26) non fosse vera avremmo
v(y) > wy, (y) per qualche y € Bp (xp) e ragionando come sopra potremmo con-

. . . k—o0 . .
siderare una successione wy , tali che wy, ,(y) "— v(y). A meno di consider-
are max{ Wi,y Wk, xo} possiamo assumere che wy, ,(x) = Wy, , (x). Inoltre ragio-
nando come sopra possiamo costruire una ulteriore nuova successione

Wwg,y(x), x€Q\Bg(xo)

wk’y(x):{ up(x), x€ Bg(x)

dove Auy = 0suBg (xo) € ug = wy,, su 0Bg (xp) Usando il principio del massimo

ed il fatto che wy, , (x) = Wy, x, (x) per ogni x € Q e quindi anche per x € dBg (xo)
avremo che iy, ,(x) = Wy, x, (x) per ogni x € Q Definendo quindi w),(x) = limg_.o, Wy, (X)
avremo che w, €’ armonica su Bg (xp) ed inoltre (27)

v (xo) = Wy (Xo) = Wy, (X0) = v (xo)

La disuguaglianza in (27) segue dal fatto che iy, (x) = Wy, x, (x), per ogni x € Q
invece la prima uguaglianza in (27) segue da

v(Xxp) = lim Wy x, (xo) < lim Wy, (x0) = v (xo)
k—oo k—oo

dove nell’'ultima uguaglianza abbiamo usato che (data la definizione di v (xo)
come sup) v (Xg) = limg_.oo Wi,y (Xo) = liMg .o Wy, 5, (X0) = v (Xp) . Osserviamo
inoltre che sic- come Wy, (x) = Wy, x, (X) su Br(xp) e siccome entrambe sono
armoniche e monotone crescenti € facile dedurre che i loro limiti puntuali
saranno armonici su Bg (xp) ed inoltre w,(x) = Wy, (x) su Bg (xo) . Siccome da
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(27) segue che wy (x9) = Wy, (xo) ne de- duciamo per il principio del massimo
che wy, = iy, suBg (xo) e quindi v(y) = wy(y) = Wy, (y), € quindi data I'arbitrarieta’
di y abbiamo

Resta solo da capire se v € €(Q) e se v(y) = g(y) su 0Q. Senza ipotesi ul-
teriori su (2 questa proprieta’ €’ falsa ma €’ vera per una ampia classe di aperti
come vedremo di seguito.

5.0.4 Eigenvalues of Laplace equation in bounded domain with
Dirichlet boundary condition.

The general eigenvalue problem
Au=Au,xeQ
u(x) =0,x e 0Q.

for the case of bounded domain Q can have only negative eigenvalues. Indeed,
multiplying by u and integrating into Q2 we find

- [l = [
Q Q

so if A = 0 we get u = cost = 0. The fact that A is real follows from this relation
too.
Any two eigenfunctions (j = 1,2)
Auj = /Ijuj,xe Q
uj(x) =0,x€0Q.

we have the orthogonality relation
f u (xX)us(x)dx = 0.
Q

The set of all eigenfunctions is complete, i.e. if f(x) is orthogonal to all
eigenfunctions, then f = 0. This property needs more details from functional
analysis and we shall stop here this argument.

5.0.5 Application: Nonlinear problem for Laplace equation with
Dirichlet data

Let Q = {|x| < R} be a bounded domain with smooth boundary 0Q = {|x| = R}.
Consider the problem

(5.0.3) Au=F(u),xeQ
u(x) = f(x), x € 0Q).
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where F(u) is a C! function, such that
F(u) = O0(lul”)
near u =0.
Lemma 5.0.1. (small data solutions) Let
p>1.
There exists € > 0 such that for any f (x) € C(0Q) with

n(;SXIf(x)Ise,

there exists a unique solution u(x) € C (Q) N CHQ) to the problem

Au=F(u),xeQ
u(x) = f(x),x € 0Q.

Idea of the proof. Let u; be the sequence defined as follows uy =0, and

Aujs = Flug),x e Q
Urs1(x) = f(x), x € 0Q.
Set

Xy = sup |ui(x)].
|x|<R

The the apriori estimates imply
X <Ce+CX}, .
Show that this inequality implies that there exists a constant Cy > C so that
X < Cpe.
Apply the contraction principle for the sequence u; showing that

Y = max|ug(x) — ugs1 (X)]
|x|<R

satisfies
Yi=qYe

with some g € (0,1). So ui(x) tends uniformly to a function u(x) Using the Pois-
son formula one can show that 9 uy (x) tends uniformly to a function d; u(x) for
x € K, where K is any compact set in Q.
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5.0.6 Laplace equation in exterior domain with Dirichlet bound-
ary condition.

Let Q <R3 be the exterior of a compact K with smooth boundary Q. The gen-
eral problem

Au=ExeQ
u(x) = f(x), x € 0Q).

has to be considered together with a condition that guarantees the uniqueness
of the solution, i.e.

u(x) =o(1)

as x — oo. As before the problem can be solved extending F in R® and repre-
senting u as follows

U= uy+ w,
where
F
Up(x) = —— ﬂd
4 Ja [x -yl
Then w solves
Aw=0,xeQ)

w(x) = g(x), x € 0Q.

where
g=f—1uo.
Applying the estimates of the previous sections, we get
I+ xDwllreo < Cliglcoo < C (I fllcea + 1A +1xDuoll ro)) <
< C(Ifllcoay + 110 +1xD>** upll () -

Problem 5.0.8. Generalize the above argument for n = 3.

This estimate guarantees the uniqueness of the solution. The existence is
delicate: needs or sub and supersolutions (Peron method) or methods from

Functional analysis (Friedrich’s extentions). For the concrete domains: interior
or exterior ball, half space we have concrete solutions.
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5.0.7 Exterior nonlinear problem for Laplace equation with Dirich-
let data

Let Q = {|x| > R} be an exterior domain with smooth boundary 0Q = {|x| = R}.
Consider the problem

(5.0.4) Au=F(u),xeQ
u(x) = f(x), x € 0Q.

where F(u) is a C! function, such that
F(u) = O(lul”)
near u =0.
Lemma 5.0.2. (small data solutions) Let
p>3.
There exists € > 0 such that for any f (x) € C(0Q) with

rrggle(x)l <g,

there exists a unique solution u(x) € C Q)N CLQ) to the problem

Au=F(u),xe
u(x) = f(x), x € 0Q.

Idea of the proof. Let u; be the sequence defined as follows 1y = 0, and

Aupyr = Fug), x€Q
Up+1(x) = f(x), x € 0Q.

Set

Xi = sup [(1+|[xDur(x)].
|x|=R

The the apriori estimates and the assumption p > 3 imply
P
Xpe=Ce+CX ;.
Show that this inequality implies that there exists a constant C > C so that

X = Cpe.
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Apply the contraction principle for the sequence u; showing that
Yje = max|ug (%) — Ug1 (X)]
|x|<R
satisfies
Yi=qYr

with some g € (0,1). So uy(x) tends uniformly to a function u(x) Using the Pois-
son formula one can show that d; u(x) tends uniformly to a function d; u(x) for
x € K, where K is any compact set in Q. Hence F(u;) tends uniformly in C!(K)
and we conclude that u € C*(Q).

Problem 5.0.9. Generalize the above argument for n = 3.

5.1 Bessel functions and Stoke’s phenomena

The standard Bessel functions J, (z) are solutions to the differential equation

o d’ d 2_.2
(5.1.5) Z—wR@)+z—w@)+(z-—=v)H)w(z) =0
dz? dz
More precisely, we have the definition of J, (z) given by
(o) (_ 1) mZZm
(5.1.6) @) =2"[)_

= A4mml(m+1+v))’

where z¥ = €"198% with log z = log|z| + iarg z being the branch of the logarithm
defined via the choice of arg z. For example the principle branch is with argz €
(—m, ). Therefore, J,(z) is well defined and analytic for |argz| < & and has sin-
gularity at z = 0 when v is not an integer. The equation (5.1.5) has two linearly
independent solutions J, (z) and J_,(z).

Near the origin we have the asymptotic expansion

(5.1.7) Jv(z)=z" (1+0(z]*), z— 0.

The fact that a solution of an ODE, near an irregular singularity, in differ-
ent sectors of the complex plane in general shows different asymptotic behav-
ior was observed and studied by Stokes and is, therefore, named Stokes’ phe-
nomenon.

More precisely, the asymptotic expansion for the J,(x) can be found from
section 7.2 in [28]

2\1/2 . .
(5.1.8) J,(2) = c; (;) e—(log|z|+1argz)/zez(z—nv/Z—n/4) (1 + O(|Z|_1))+

2 1/2 B . L B B
oo |2 e (10g|z|+1argz)/2€ i(z—mvI2—ml4) (1+O(|Z| 1))’
b/
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where the constants c;, ¢, depend on the choice of the sector in the complex
plane.
Indeed, for any integer p we have

1.
(5.1.9) c1=0C = Eel”(zv“)” ifargze (2p— 1), 2p+ 1))
and
1 . 1 .
(5.1.10) € = 5el(f’“)m“)”, o= 5elf’@”l)” ifargze 2pm, 2p +2)7)

due to the Stokes phenomenon (see section 7.2 in [28]).
The proof of these asymptotic expansions can be deduced via the relation

(5.1.11) Jy(ze™") = ™V ] (2)

valid for any integer m. The Neumann function is defined as a linear combina-
tion of J,

(5.1.12) Y,(2) =

- (cos(vm) ]y (2) — J-v(2)).
sin(vrm)

The Hankel functions are given by

(5.1.13) HP (2) = Jy(2) +iYy(2),
H?(2) = ], (2) —iY, (2).

Their integral representation (see 7.3.6 (28) in [?]) provided argz € (0, )

(5.1.14) JTHS) (2) = _ie—ivnIZJ‘Szo eizcoshte—vtdt:

— _ie—lvn/2 j'OOO elz(s+l/s)/28—v—lds

Some partial values of v = +1/2 give the following result

H_j0(w) =iHyp(w)

12
Hl/g(LU):—i(—) e””.
Tw

In particular we shall need for w = iy with y > 0 the following

‘ 2 \1/2
(5.1.15) Hypo(iy) = —ie /4 (—) eV,
my
. 2 \172
(5.1.16) H_1/2(iy) = e/ (—) e 7.
my
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The modified Bessel functions are combinations of J, (iz), J_, (iz) and there-
fore they are solutions to the differential equation
2 d’ d 2,2
(5.1.17) Z—wR@)+z—w(z)—(z-+v-)w(z) =0.
dz? dz

The modified Bessel function I, (z) is defined by

(5.1.18) I(2) = e ], (i2).

For v = 0 we have the expansion near the origin

(5.1.19) Io(z) =1+ 0(z*).
The relation (5.1.11) implies

(5.1.20) I, (ze"™™) = ™™V [, (2)

valid for any integer m.

Then two linearly independent solutions to (5.1.17) are I,(z) and I_,(z), for
v #0.

The asymptotics expansion of I,(z) for |z] — co depends where is Argz,
therefore we have to be careful for Stokes phenomena. If argz € (—n/2,37/2),
then we have the asymptotics

e’ )
(5.1.21) I,(z) = = p~(loglzl+iargz)/2 (1 + O(Izl_l)) N

V4
e

z
+ - e—(log|z|+1argz)/261(v+1/2)n (1 + O(Izl—l)) )
VZaTt

From this we take argz € (—n/2 + mm,37/2 + mm) we get
e~z
V2n

-(=D"z
e . .
+ e—(loglzl+1argz)/261(m+l)(v+l/2)7r (1 + O(Izl—l)) )

V2m

In this way we conclude

(5.1.23) argze (-n/2+ mn,3n/2+ mn) = I,(z) =

e largz)/2 e o
— e(—l) zelm(v+1/2)n+e—(—l) zel(m+1)(v+1/2)n] (1+O(|Z|_1)).

V2r|z|
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If argz € (-3n/2+2pm,n/2+ 2pmn), p integer, then we take m = 2p —1 and
then we get

—iargz)/2 . .
(5.1.24) IV(Z) — [e—ze1(2p—l)(v+l/2)n + e2612p(v+1/2)n] (1 + O(|Z|_l))-

V2or|z|

The modified Bessel function K, (z) is defined by

(5.1.25) Ky(2) = ———— (_y(2) = I, (2)) =
2sin(vrm)

U (eIVT[/ZJ_V(lz) _ e—IVH/ZJV(IZ)) .

- 2sin(vm)

Obviously, we have
(5.1.26) K,(z) = K_,(z).

We have the following relation between K, (z) and Hankel functions (see
10.27.81in [?] ) with —7 <argz < m/2

i
(5.1.27) Ky (2) = Ee””/ 2HM (iz).

The differential equation satisfied by K, (z) is again (5.1.17).
Similarly to (5.1.32) , we have the relations

sin(mvrr)

(5.1.28) K, (ze™") = e MVK (2) — in——— 1, (2).
sin(v)
valid for any integer m.
Near the origin we have the expansion
(5.1.29) Ko(2) = —Io(2) log(g) +0(1) = —log(z) + 0(1), z— 0.

We have the following asymptotic expansion valid if |z| — co and argz €
(—3m/2,31/2) (see relation (20), section 7.23 in [28])

71\1/2 .
(51.30) KV(Z) = (E) e—(10g|z|+1argz)/2e—z (1 + O(Izl—l)) .

For argw € (n/2,5m/2) we can take w = €27 z so that
argw € (m/2,5m/2) = Argze (—-3n/2,371/2)
use (5.1.32), so we can write

2im 7 2im 2im
v = v - I—V - IV =
Ky (w) = Ky (e 2) o) (I-v(e""2) — I, (e 2))
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T[ —2inmv 2imv
=— I_,(z2)—- I,
2sin(vr) (e (2)—e (Z))

and using the asymptotic expansions (5.1.24) for z we arrive at

T e—i(argw)/z )
5.1.31 K,(w) =1/ =——[2icos(vm) e +e Y| (1+O(lw|™")
( ) vw) =/ N [ 1( lw|™))
(5.1.32) I, (zeé™™) = ™V ], (2)
For v =1/4 we get

T
(5.1.33) Ki/4(2) = —= (I-1/4(2) — I114(2)) =

V2

b3

— (&"'8]_1/4(i2) — e8]y 4(i2)) .

V2

The modified Bessel function K, (z) has the integral representation ( see Eq. (16)
in section 7.3.4 in [2])

n— o0
(5.1.34) T(v+1/2)K,(z) = \/z—e‘zf AR
< 0

provided Re(v) > —1/2, |arg (z)| < n. If z > 0, the a change of variable implies

t v—1/2
1+—) dt
2z

e—Z oo
(5.1.35) T(v+1/2)K,(2) = \/Ez—vzvf e 122+ Y Rar.
0
In equivalent way, we can write

0
(5.1.36) \/Ee_zf e P20+ 0V 1201 =27V2" T (v + 1/2)K, (2).
0

5.2 Foundamental solution of the Helmholtz equa-
tion
The Helmholtz equation
A-ANG=6

with A > — has a fundamental solution

~ . d(f B s df
_ n le— - n le—
G, n(x) = (27) fRne FRRTIE 2m) Re(fwe /1+|5|2)'
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Here and below A > 0. Setting

ixe 4§
1+ &2

Gn(x) =Gy p(x) = (271)‘”/ e
[Rn

we see that

(5.2.37) Gan(x) = A" 212G, (VAlx)).
The main result of the section is the following
Lemma 5.2.1. We have the relation

)2 ) (n-2)/4 Kn-22(VAlx])

(5.2.38) G?L,n(x) =Q2r |x|(n—2)/2

Proof. Case: n=1
In this case, the right side of (5.2.38) is given by

@m) Y2 xY2 K12 (VAL X))

Since "
mTe ¥
Kipp(1x)) = Koq2(x)) =4/ = ,
2 V/lxl
we see that (5.2.38) becomes
1 —VAlx|
(5.2.39) Gii1(x) =——=e
M 2V
We have the relation
oo | dé
_ -1 —ix¢ _
G1(x) = 27) ﬁwemT;?_
1 [o® dé 1 [ ke dé
=7, cosuworrg=en” [ el

The function K;j (x) is even and hence it is sufficient to consider the case x > 0.
A simple application of the Cauchy theorem implies that for any x > 0 we have
the identities

1 00 eixz i—l

(5.2.40) — dz=""¢
271 J oo 1 + 22 2

—-X

and more generally for any A > 0 we have

0o plxz © cos(xz) T /7
5.2.41 dz = dz=— al
( ) oo A+ 22 “ f_oo A+ z2 “ \/Ze
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SO

(5.2.42) Gi1(x) =

and hence we have (5.2.39).
Case: n=2.
We assume x = (0, |x|) and then

[ele] o) —i|x|52d€
o) = 2 -Zf f € der) g
2(x) = (2m) _oo( - 1+f§+f§ &1

So applying (5.2.41) with A = 1 + &2, we find

oo 1 _
Gy (x) = f VMg
0 2m\/1+&%

Now we make change of variables ¢; € (0,00) — t € (0,00) defined by

1+ =(1+0% = & =VHt+2), &dé = (t+1)dt

and get

Gy (x) = (Zn)_le_lxlf o5l 125 4 =112,
0

Using (5.1.36), we find

Ga(x) = 27113,21“(1/2)Ko(|x|)-
Using the identity )
T (5) =,
we find
(5.2.43) Ga(x) = (2m) ' Ko(lx]).
Further, (5.2.37) implies
(5.2.44) Go(x) = @m) Ko (VAlx]).

Case: n=3.
We have the relations

0o T 2d
Gs(x) = (2m) ™ f ( f e peosd singag | L0 -
0 0 1+p
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__ 1 U ixlp _ —ilxp) PAP _ 1 f"". pdp
_(Zﬂ)zilxlfo (e = e )z = T Jy SO

A simple application of the Cauchy theorem implies that for any R > 0 we
have the identities

1 00 eiRz ik—l
(5.2.45) — s 2¥dz=—-e".
2miJ-_0 1+ 2
Hence, we have the relations
k o0 eiRZ K
mike R = f 5 2 dz=
—0 1+ 2z
00 eiRZ + (_1)k+2 e—iRZ
= f Zkdz.
0 1+ 22

Now we can use the fact that

oiR% | (L1yk+2 iRz _ 2cos(Rz), ifkiseven,z>0,R>0;
2isin(Rz), ifkisodd, z>0,R >0.

Thus for k even we have

2 R
f M ZXdz = mike R
0 1+ 22
and we deduce
oo R
(5.2.46) f COSRO) gy = T (pyki2g R,
o 1l+p 2
For k odd we have
0 o1 R
(5.2.47) f sin( /‘2’) pkdz=Z1ykD2gR
o l+p 2

Applying now (5.2.47) with k = 1, we find

"
(5.2.48) G3(x)=——e .
47| x|

Then (5.2.37) implies

1
(5.2.49) Gas(x) = —— e~ VA,
’ 47| x|

Generalcase n >3
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Since G, (x) is a radial function, we can take x = (0,---,0, x;;) = (0,---,0, | x]).

We have to compute

—ix¢ df —
1+¢12

_ o a¢
=(2 n ilx|&p n
em fw—l (f—ooe 1+ (&2 +&2

Applying the identity (5.2.41), we find

fooe—nxlfn dn T /P
~o0 L+IEP+E V14181

and introducing polar coordinates p = |¢’| in R™ 1 we get

e—\/ l+|p|2|x|pn—2dp

G1n(x) = (27[)—”[ e
R”

dé'.

Gmmw=@nrﬁu§V%A

b/

V1+lpl?

Now we make change of variables p € (0,00) — ¢ € (0,00) defined by
1+p°=(1+1? = p=Vt(t+2), pdp=(t+1)dt

and get

(e¢]

0

Using (5.1.36), we find

K(x) _n-2
x|V’ 2

(5.2.50) G1n(x) = @m) 'S H VA2 T(v+1/2)

Comparing the relation (5.2.48) with (5.2.50) and using the relations

=[x 1
ISTARDES gf/ﬁ’ F(E) =Vm, wsh =2m,

we see that (5.2.50) with n = 3 coincides with (5.2.48).
Since u(S$"2) = (2m) " V2T ((n-1)/2), we find

w12 Km—2)2(1x])

(5.2.51) Gn(x) = G1,n(x) = 2m)"~ x| (1-2)72

Further, (5.2.37) implies (5.2.38).
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Now we turn to the case of Helmholtz equation

(-z°-NB =6
with z = iV/A. Its fundamental solution is
. dé
_ _ -n —ix¢ _
B(x) =, ,(x) = (2m) fw e T2 R G_z2 (1x]).
First we consider the case n = 1. Then for any z with Imz > 0 we have
o glxw im
(5.2.52) f ——— dw=—¢""
oo =22+ W z
and therefore
i
(5.2.53) B,1(x) = — e

2z
From Lemma 5.2.1 we have the relation

Kin—2)/2(VAlx])

Gpn(x) = (2m)~M2p =214

|x|(n—2)/2

% Kin-zys2(~izlx)

_ _ —ni2) _(n=2)72 Xn-2)/2\—12|X

Gon() =G_z2 p(1x) = 27) 77|z P

Now we use the relation (5.1.27) and find

Kin-2)r2(—izlx]) = 5 e Al 1, (2lx])
SO

1

(52.54) Q5zn(x) (2]1.) n/2 |Z|(n 2)/26(}1 2)17‘[/4 H(n_z)/z(zlxl)

|x| (n-2)/2

For n =1 we use
1 2 -1/2 —in/4 1/2 1
G110 = @2m)~Y IZI e 2HY (z2lx])

and (5.1.16) and find

B _ . _ 2 1/2 .
Q5z’1(x) (271,) 1/2 |Z| 1/26 17T/4|x|1/2 l7T/4( ) elZ|x| —
7| z|| x|

iz|x
o121

277:1(2)1/2 eizlxl B i
2 z 2z
and this relation is compatible with (5.2.53). For n = 2 we have

v/

G,20x) = @2m) 7" H(”( x]) = - H(”(z|x|)

This result is compatible with (5.15) Chapter I.5in [1].
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5.2.1 Helmholz equation in the space R3.

The equation
Au(x)+A*u= f(x), xR’

is called Helmholz equation Taking f(x) € C(R3%) with compact support one can
represent the unique solution as follows

1 +idlx—y|
4 Jx |x -yl

where here and below K denotes the support of f.
One can verify that

eii/llx—yl

e

(A+A?)
| x|

in the sense of distributions in R3. Indeed taking any test function ¢ we apply
Gauss - Green formula for the domain {|x| = €} and using the fact that

+il|x|

| x|

(A+A2)( ):o x| #0,

we find

+ild|x| +ild|x|
st (S owwas- [ [*
[x|>£ (( ) | x| pLdx |x|>€ | x|

ptillx] ptiAlx]
- 0 (x)dS +[ ( ) 0,p(x)dSy,
flx|=£ r( | x| ) ¢ T Je=e U Ix] re .

where here and below

A+ A p(x)dx =

Taking into account the fact that

1 1
0| —|=-——
’(|x|) |x|2

and introducing spherical coordinate x = cw, |w| = 1, we find

f 0, (i) ex)dSy =— @ew)dS,,,
|x|=€

| x| lwl=1

f (i) 0:p(x)dSy = ef 0rpew)dw
|x|=€

| x| lw]=1
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so taking the limit € — 0, we get

+idlx]|

| x|

lim 0 (
|x|=€

e—0

) @x)dSyx = —4mp(0),

eii/llxl
lim a (x)ds = 0!
£=0J|x|=¢ ( | x| ) r¢ g

SO we arrive at

+ildlx|
_ f 3( ) (A+A%)p(x)dx = 4 (0)
R

| x|
and the identity
1 eii/llxl
——(A+)L2)( ):6.
4n | x|
The function
E.(x) € C®(R3\0)
satisfying
(A+A%)E, =6

in the sense of distributions is called fundamental solutions of the Helmholz
operator and they enable one to represent the solution of the Laplace equation

Au=f, feCy,

as follows
ui(x):fRnEi(x—y)f(y)dy.

The uniqueness of the solution is guaranteed by the radiation condition

eiillxl X 1
u(x):—a( )+O( )

lxl - \lx] |x|?
at infinity.

Problem 5.2.1. (smoothing property) If f(x) € C(R"™) has a compact support,
then u(x) € C1(R™)

Problem 5.2.2. (smoothing property) If f(x) € L°(R") has a compact support,
then u(x) € C'(R")

Problem 5.2.3. (smoothing property) If f(x) € CK(R™) has a compact support,
then u(x) € Ck+*1(R")
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Problem 5.2.4. (smoothing and decay property) If f (x) € C(R") has a compact
support, then u(x) € C1(R"™) and

Clfllcw
1+]|x]

lu(x)| <
Problem 5.2.5. (representation) If f (x) € C(R3) satisfies the estimate
If ()] < ce™™
and u(x) € C*(R3) is a bounded function that is a solution to

—Au(x)+A%u=f(x),xeRr®,

then 1 e~ M-V £ (3)
ulx) = T . Wdy.
Hint: Apply the max principle and derive the uniqueness.
Problem 5.2.6. (a priori estimate) If f (x) € C(R3) satisfies the estimate
|f )] < ce™ ™
and u(x) € C*(R3) is a bounded function that is a solution to
—Au(x)+ A%u= f(x), xR’
with0 < A < A then

—Alx|
e
lu(x)| <

| x|
Problem 5.2.7. (some integrals for radial functions)
C [x|+r
f F(|x+rw|)dcu:—f FAM)AdA
§? 17 Jijxi—ri

Problem 5.2.8. (representation for radial solutions) If f(x) = f(|x|]) e C (R3) sat-
isfies the estimate
| (x)] < ce™™

and u(x) = u(|x|) € C*(R3) is a bounded radial function that is a solution to
—Au(x)+Au=f(x), xR

then
C o) | x|+71
u(x) = ——f e_rf fMAdAdr =
|x| Jo I

X|—r|

| x| [ele]
:f e M sinh(?t)f(l)?td?Hf sinh(lxl)e_/lf(ﬂt)/ldxl.
0

| x|
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