Elliptic PDEs www.velichkov.it

Exterior ball condition

and up-to-the-boundary continuity for harmonic functions

EXTERIOR BALL CONDITION

Definizione 1 (Exterior ball condition). Let Q be an open set in RY. We say that Q satisfies the exterior ball
condition if for every boundary point y € OQ there is a ball B,(x) C R? such that

Er(x) na= {y}
Esempio 2. Every conver set Q C R satisfies the exterior ball condition.
Esempio 3. If Q C R? is an open set of class C?, then Q satisfies the exterior ball condition.

Esempio 4. The domains

Q= B1\{(0,0)},

Q=B \{(z,0)eR? : z€]0,+c0)},

Q={(z,y) e R? : zy > 0},

Q={(z,y) €R* : y > |af},

do not satisfy the exterior ball condition. In fact, for all of them the origin (0,0) is a boundary point at which
one cannot place a ball lying in the complement of Q).

UP-TO-THE-BOUNDARY CONTINUITY OF HARMONIC FUNCTIONS

Let Q be a bounded open set in R? and let
g: Q=R

be a continuous function in g € H*(22) N C(Q). We know that there is a unique weak solution h € H*(Q) of the
problem

Ah=0 in Q, h=g on 09,
in the sense that
h—g € Hy(Q),
and
Vh-Vedr =0 for every o € C(RY).
We already know that h is C*° ﬁl Q and that

Ah(z) =0 for every z €.

In this section we will show that if g is continuous and if €2 satisfies the external ball condition, then A is also
continuous up to the boundary 0f2.

Teorema 5 (Continuity up to the boundary). Let 2 be a bounded open set in R? that satisfies the exterior ball
condition from Definition 1. Let g € H'(Q) N C(Q) be a given function and let h € H'(Q) be the weak solution
to the problem

Ah=0 in Q, h=g su 0.
Then, the function
~ _ ~ ] Q
FOSR, )@ T wel
g(z) if xe€oQ,

1s continuous on (.
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Dimostrazione. Suppose that z,, is a sequence of points in Q converging to some xy € Q. We will show that

lim h(z,) = h(zo).

n—-+oo

Since
h:Q—R and g:00—>R

are both continuous, we only need to consider the case
o € 00 and Ty, € Q for every n > 1.

Suppose by contradiction that h(x,) do not converge to g(zp). Up to extracting a subsequence (and up to
replacing h and g with —h and —g), there is € > 0 such that

lim h(z,) > g(xo) + €.

n—-+o0o

By hypothesis, we know that there is a ball Br(yo) such that

ER(?/O) nNQ = {,To}

We aim to construct a function

0:RY >R
with the following properties:
¢ is continuous on R% and Lipschitz continuous on §;
p(x0) = 5 + g(w0);
¢ is harmonic in R% \ Bg(zo);
o(x) > g(x) on ON.
Once we have such a function ¢, by the maximum principle we have that A < ¢ in €2 so that

€

< 1i < 1i = = —

g(zo) +e< lim hlwn) < lim o(wn) = p(wo) = g(wo) + 3,
which leads to a contradiction. In the rest of the proof we will show that such a function ¢ exists.

Construction of . We start by noticing that, since g is continuous at zg, there is a radius § > 0 such that

l9(y) — g(ao)| < 5

. [d
r= mln{4,R}7

B,(z9) with center xq+ %(yo — xg),

for every y € Bs(xo) NOQ.

‘We next choose a radius

and we take the ball

which is contained in Br(yo) and tangent to dBr(yo) at xo.
We consider two cases.

Case 1. The dimension of the space is d = 2. Then, we consider the function

In (|I—ZO|) if |z — 2| >,

r
0 if |z — 2z <7

Y(x) =
In this case we have that
Y(z) >In2 for all z € R?\ By.(20).
Case 2. The dimension of the space is d > 2. in this case, we define the function v as
0 if |z — 2zl <.

In this case we have that 11
P(x) > pperas) for all z € R%\ By, (2).

In both cases we have that there is a constant x > 0 (depending on r and d) such that

Y(x) >k forall 2 € R\ By (2).

Moreover, in both cases the function ¢ is continuous on R? and harmonic in R¢\ B,.(z).



We now define the function ¢ as

2 o
o(a) = glan) + 5 + DL=00) )

By the choice of the radius § we have that
o(z) > g(wo) + g > g(z) forall z € Bs(x).
On the other hand, by the choice of r < §/4 we have that
Bay(20) C Bs(wo),
so for all z € R%\ Bs(z¢) we have:

o(w) 2 g(ag) + AE=02))

> g(20) + 2[|g[| L= (00)
> |lgllze= (o0
> g(z).
This implies that
p(x) =2 g(z) on 09,
and concludes the proof. O

As an immediate consequence we obtain the following

Corollario 6 (Continuity up to the boundary). Let Q be a bounded open set in R? that satisfies the exterior
ball condition from Definition 1. Let g : 9Q — R be a given Lipschitz continuous function and let h € H'(Q) be
the weak solution to the problem
Ah=0 in Q, h=g su Of.
Then, the function
h(z) if ze€Q,
g(x) if = €0,

is continuous on €.

Dimostrazione. 1t is sufficient to notice that any Lipschitz continuous function g : 92 — R can be extended
to a Lipschitz continuous g : R? — R. Since the Lipschitz extension g lies is in both H'(2) and C(Q), we can
apply Theorem 5. O



