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Abstract

By using nonstandard analysis, we define new generalized
functions as discrete functions, and their derivatives are defined
as difference quotients.

For Gevrey’s ultradistributions, including Schwartz’
distributions, we prove that difference quotients are indeed
good replacements of generalized derivatives.

Relations of our new generalized functions with Sobolev
theory are presented. It is expected that this theory will be
useful for nonlinear partial differential equations with
distributional data, via difference method.
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Why

Theory of distributions of Schwartz and Sobolev led to
revolutionary progress in linear partial differential equations,
whereas there are essential difficulties in using it in nonlinear
problems.

The aims of new generalized function theories of Columbeau
and others, e.g. H.A.Biagioni and M.Oberguggenberger in the
framework of standard analysis;

Todorov, we in the framework of nonstandard analysis are all
towards nonlinear problems.
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Why

Schwartz defined distributions as linear continuous
functionals on spaces of test functions. While his distributions
can be represented by ordinary functions in the framework of
nonstandard analysis.

There are lots of nonstandard representations for a
distribution, and it was shown by Li,Banghe in the study of
moiré problem that different nonstandard representations of a
given distribution themselves have independent physical
meanings.

Thus our essential point of view is to regard nonstandard

functions as new generalized functions. This makes distribution
theory more precise and includes more content.
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Why

For a continuously differentiable function, its derivative can be
represented by difference quotient with infinitesimal increments.
And it is well-known that the finite difference method is at least
one of the most commonly used method in solving problems of
linear or nonlinear partial differential equations.
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To represent new generalized functions by discrete function,
we should use difference quotient to replace derivatives.

We will prove that even for Gevrey’s ultradistributions which
are much wider than Schwartz’ distributions, this replacement
is reasonable.

Relations of our new generalized functions defined by
nonstandard discrete functions with ordinary functions, e.g. LP
functions, will be given. Some embedding theorems of Sobolev
type will be proved.
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Related Work

There were related works of Kessler and Kinoshita. They
proved that distributions can be represented by nonstandard
discrete functions. Here we prove that it is also true for
ultradistributions, by using complete different method.

Kessler proved that a distribution in dimension one with a
representative which is invariant under infinitesimal
transformations must be a Radon measure. This interesting
result is generalized to any dimension here. Kinoshita has also
studied the representation of LP functions.

Li, Yaqging New Generalized Functions



Also that the idea of nonstandard discrete functional analysis
has already been widely used by S. Albeverio and his
collaborators in quantum mechanics and quantum field theory.
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For applications of nonstandard analysis in stochastic
processes, it is usually to take the time discrete.

This method has been fruitful (cf. Cutland). If we consider the
generalized stochastic processes, i.e. their sample paths are
Schwartz’s distributions, or more general, Gevrey’s
ultradistributions. e.g. in the case of white noise processes,
generalized derivative by difference quotients. Hence the
results of this paper are expected to be useful in this situation.
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Symbols

Q open setin R™. Ns(Q2) the set of near -standard points in
*Q.

N the set of nonnegative integers, and Z the set of integers.
Fix positive infinitesimals hy, ho, - -+ | hy.
Take J; € *N such that J;h; is infinite. Let

J={ji/ji€*Z,~J<ji<J}

J=Jy x - xJdnp
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Definition of Gn(2)-NGF on Q of type h

Two internal functions
uv: J—="C="R+v-1"R
are Q—equivalent with respectto h = (hy, ho, -+ , hp),

if forany j = (j, /o, -+ ,jm) € J  with
(ih1,--- ,jmhm) € Ns(€),

An equivalent class [u] is a new generalized function (i.e.
u € Gp(Q)).
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Definition: 6*u the difference quotient of u with index «

For u € G(2), we may regard u as an internal function on J
which represents it.

(A,’U)(j-],' t 7.Im) = U(j‘la' o 7ji—17ji+17ji+17' o 7jm)_u(j17' t 7jm)

then A;u is well defined on an internal subset of J containing
Ns($Q2).

Thus Aju as an element in G(Q) is well-defined.
For a = (aq,p, - ,am) € N™| let
A% =AY NG K= A hg,

o A%u
0*u = o

Li, Yaqging New Generalized Functions



Proposition 1

G(Q2) is an algebra over *C with difference
quotient operators of any index oo € N™.
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If f is a standard continuous function on €, then *f|ysq) is
finite. For any positive infinity H, there is an internal function
u:J — *C, such that

lu(j)| < Hforanyj e Jand
u(j) = f*(jh), if jh e Ns(Q)

jh = (11 h1 [ 7jmhm)
H any positive infinity.

Li, Yaqging New Generalized Functions



GX(Q) H-limited NGF

Gl,(©2):  H apositive infinity and n € N, say u € G(Q) is
H—limited NGF of order n,
if forany « € N" with |a| = a1+ -+ am < n,

|0%u| < H
GJ,(€) not an algebra.

Gy () = (] GU(Q)

neN
an algebra over the field *C.
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For any positive infinity H, and
Ue 2(Q),

thereis a u € G5 (Q)

such that

u is a nice representative of U.




Schwartzs space 7(12)

Q) = lim %

KccQ

is the strict inductive limit of Y.

Pk = Nnen 2k is a Frechet space with countable norms

{ll¢lln / n e N}.

P space of all complex-valued functions on R with
support in a compact set K and continuous derivatives up to
order n € N.

9y is a Banach spaces with norm

19l = max max{|D*¢(x)[}

0 0

at o, 7)Oém_

DOC



Gevrey space 2(°(Q),1 < s < oo, s€R

20)(Q) = lim 2% strict inductive limit.
KccQ

7 = Naen 20"
79" the space of all ¢ € Z such that

sup ID*¢(x)| / n~*[alt® -0 as|a] — oo
729" is a Banach space with norm

[19ll(s).n = sup{ ID"¢(x)] / n~1alt®}
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Dual space 2°'(Q)

2(Q) and 2(9)(Q) are Montel spaces. Hence their dual space
2'(Q) and 2(9)'(Q) with strong topology share the following

nice properties: let A = (s) or empty, then a sequence f, — 0
in 22(Q) iff for any ¢ € 22(Q), < fn,¢ >— 0,and a
sequence ¢, — 0in 22(Q) iff there is a K cc Q such that all
én € 2°k(Q) and ¢, — 0in 22 K(Q).

A = the empty, 2'(Q) distributions,

A = (s), 29'(Q) ultradistributions.

Notice that

2°(Q) c 2V(Q) c---2'(Q) c 29 (Q)
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Harmonic representation

For any f € 2(9)(Q), there is a harmonic function F(x, t),
x € R™ t > 0 such that

lim [ F(x,Do(x)dx =<f,¢>, € 7209(Q)
— RM

If F(x, t) is another such harmonic function, then

tlirrz)(f-'(x, t) — F(x,t)) =0, uniformly for x € K and K cc Q
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pi: monad of *22(Q) at 0.

uk =1 ¢ € "k / *||¢||n =~ 0 for all standard n}

pk ={ o€ g /71I6lln~0 }

={o¢e *.@ / *[|#ll(s),n = O for all standard n}

Notice that ¢ € uk iff D¢ ~ 0 for all standard «, while for

o< uﬁf), a necessary condition is that

D ~0 forall o € *N™



Define the pairing of u with ¢ € * 22

Two ways:

< U, ¢ >g=>_ () p(ih)hi -+ b, jh = (jshi, -+, jmbm)
jed

<udze= [ ub)atdx =S ul) [ o dx
jed

where j € J,
Q= {x=(x1, - ,Xm) €R™ / jily < x; < (j+1)h;, i =1,2,--- ,m}

u € G(1) as a function defined on | J;; Q; such that

u(x) = u(j) forx e Q@
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< u, ¢ >g: was commonly adopted by the earlier literature

C.Kessler, Nonstandard methods in the theory of random
fields, Doctoral dissertation, Ruhr-University, Bochum, 1984.

M.Kinoshita, Nonstandard representations of distributions |,
Osaka J. of Math., 25 (1988) 805-824. I, Osaka J. of Math., 27
(1990) 843-861.

< U, ¢ > coincides with the hypercontinuous representation
of distributions as in

Bang-He Li, On the moiré problem from distributional point of
view, J. Sys. Sci. & Math. Scis., 6, (1986) 4, 263-268.

Bang-He Li & Ya-Qing Li, New generalized functions in
nonstandard framework, Acta Math. Scientia, 12 (1992) 3,
260-269.

Bang-He Li& Ya-Qing Li, Nonstandard analysis and
multiplication of distribution in any dimension, Scientia Sinica,
28, (1985) 9, 923-937.
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22 () — & — near standard ¢ = cor d

O\ TSI L ETG BT TGN if for any K CC Q and

A
¢EMK!
<U,p>6~0

If uis 22 (Q) — ¢-near standard, [WEIRSEEENACIUNL
that for any ¢ € 22(Q), < u, ¢ > is finite, and

<U,p>=st<u,¢>p

define a 22(Q)—distribution U € 22'(Q). NIEREIENeY

TRSNENEY nice -representative of U.
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0“u and D*U

If u e G(Q) is a nice $-representative of U € 22'(Q),
then 6°u is a nice {-representative of D*Uc 22(Q),

when o € N and D*U is the generalized derivative of U of
index a.
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If H is positive infinity satisfying
H-max{hy, - ,hm} ~0
and u € G(Q) satisfying |u(j)| < Hforj € J,

then 22'(Q) — c— near standardness is equvalent to
22'(Q) — d— near standardness, and

UG >e=< U, p>g forp e 22(Q)

where A = the empty, (s) or n € N.
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Proof of Lemma 1(not for A = 0)

First assume that A # 0. For ¢ € ug or 72(Q), let

={jedJ /Qin Suppy # 0}, then the compactness of K
implies 3~ fo,- dx being finite

By the integral mean value theorem
Jg #(x) dx = ¢(x)hy - - - hy for some x; € Q;. Since
A#0,0€*9k. So

3(x) — (jh) = Sy S2(jh) (X — fity) + & Sy X35 — fihil
where ¢ is an inflnlteS|maI

%(jh) are finite, so
6(x;) — 6(jh)| < afinite number - max{h; --- A} Thus
| <U¢>c— < U ¢ >q | =25y U() (g (X)X = G(ih)h1 - - hm)|

< afinite number - max{hy --- hm} - H- Y c 0 [ dx

~0

Li, Yaqging New Generalized Functions



Proof of Theorem 1

ISR RIeM/M by harmonic representation. Take a harmonic
function &i(x, t), x € R™ t > 0 such that for any ¢ € 2(9)(Q),

tll_rg)/ﬂ u(x,)o(x)dx =< U, ¢ >

STl NI (NEBN |U( X, p)| < H, for x € Ns(Q2).

Now let u : J — *C be given by u(j) = a(jh, p),
then |u(j)| < H for jh € Ns(Q2).

LN JI(OAPIN (67 u(j)| < H if jh e Ns().
Thus we have u € G (Q).

R YO v is a nice representative of U € 2(9)'(Q).
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Prove (1)

By Theorem 2.13 in (H.Komatsu, Microlocal analysis in
Gevrey classes in complex domain), for any compact set K in

Q, there are C and g, 1
SUPxek [U(x, 1) < C exp((at) 57), 0 <t <1

Let p = (log H)?, b = —(loglog H)~2

Since log p = bloglog H = —(log log H)%,

WV o is a positive infinitesimal.

For any standard positive numbers C, a and s with s > 1,

§(log @)'~* < alogVH)!~* =a(3)' *(log H)'"
< (log H) "z (log )1’S=(|09H)%SP

Hence C exp((ap)_s%) SN (X, p)| < H, for x € *K

Since for any x € Ns(Q2), there is such an K with x € *K, thus
(1) hold
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Prove (2)

For simplicity, we assume that a4, -- ,ax > 0 and «; = 0 for
k<i<m.
Q]@v = {t=(t1 s tiay, otk st € *Rlal
Jihi <tiq < (i+1)h;, 0 <t <hfor2<r<a,
I = 1727"' 7k}
we can prove that 5*u(j) = 7~ foja D2ty 4+ +

toag, st + o + g k1 Dkt -+ 5 Jmbhm, p)alt.

If jh € Ns(2), then Q> C Ns(Q2). Since Dy i(x, p) represents
DU € 209'(Q), we have

IDLU(x, p)l < H forx e Q
Hence
0*u(j)| < H if jh € Ns(2)

(2) holds.



Prove (3)

We may assume that H - max{h; --- hn} ~ 0. By Lemma 1,
22'(Q) — c— near standardness is equvalent to 22'(Q) — d—

near standardness, so KEKelgl\A N ol (o)X M)

(4): < U,¢>=<u,¢>c forp € 209(Q)
(5): <u,¢p>c~0forgce uﬁ(s), KccQ

uis 2(9) — $-near standardness, a nice representative of U.
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Prove (4)

For ¢ € 2(9(Q), we have
< U, ¢ >c=3 e, U(jh, p) fQ x) dx,
lim;—o [U(x, p)op(x )dx =< U o > |mpIies
< U,¢>= [ U(x. p)o(x )dX—Z,leQ (x. p)é(x)ax

So < U, ¢ > — < u,¢ >c Yy [q ((x, p) — U(jh, p))eb(X)dX-
Now
u(x, p) — a(jh, p) fo U(/h+ (x — jh), p)at
o
= Z?;1(X/ — Jihi fo X (jh+ t(x — jh), p)at

Let Q; N Suppe # 0, then Q C Ns(92), and x € Q; together
with 0 < t < 1 imply
|xi — jihi| < h; and ]a”(thr t(x — jh), p)| < H.
Hence |U(x, p) — u(/h p)| <HY M, hi~0,
!Z,EJ Jo (@ a(jh, p))e(x)ax| < HY 4 by fq [6(x)|dx

(4) holds
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Prove (5)

Consider u(-,t), 0 <t<1lasa famin of continuous
functionals on @f(s), defined by < (-, t), ¢ >= [, U( (x)dx
then it is bounded for any ¢. _@,(f) is a barrelled space, SO |t is

equi-continuous, i.e. there is a neighborhood V of 0 9(3),
suchthat | < u(-,t), ¢ >| <1 forge Vand 0 < t < 1

72 =N2"is a space topologized by countable norms
H¢H(s),1 < H¢H(s 2<---,so0thereis an n e N and a standard

positive number ¢ such that {¢ € .@,((S) /@ll(sy,n < e} € V Thus
forany ¢ € @,(f) (and hence for ¢ € *@,(f))

~ 1
’ < U('at)a ¢> ’ < gH(bH(s)’n, O<t<1

Since ¢ € 1) implies ||¢|[(s).n = 0, we have
< u(, ) ¢ >~0 for¢ e ﬂ$<) A similar proof as for
¢ € 219(Q) yields < U(,p) q5>~<u ¢>>c fOf(;SE,u 2



IRNENAEY locally absolutely summable

if and only if
uis 22" — &-near standard and

invariant for any possible A and <.
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Locally absolute summability, i.e. L .(Q)

sloc

u e G(Q) is said to be JIIeEINRIEIFICIAS I nlnklelleY, if for
any compact K C Q, 3 jc.x [U(j)[h1 - - - hy s finite.

An internal bijection B of J is called an

Q—infinitesimal transformation M

jh e Ns(Q) implies B(jh) ~ jh

Let u be 22'(Q) — {-near standard, we say that u is
if for any Q—infinitesimal transformation B,

< U0 B, >p< U, d >¢, forany ¢ € 2°(Q)
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For u € G(Q), the following are equivalent

1) u is locally absolutely summable.
2) uis 2°(Q) — d—near standard.
3) uis 2°(Q) — c—near standard.

4) for any internal set A in the monad of any xp € Q,

> |u()lh - hiy s finite.

jheA
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Property in monad

If ue G(Q) is real and 24’ — {-near standard, and for some
Xp € Q, there is an internal A in the monad of xg such that
u(j) > 0ifjh e A,and 3 o U(j) D1 - - - hi is infinite, then there
is an internal A’ in the monad of xp such that u(j) < 0 if jh € A,
and

ZjheA/ u(j)hy - - - hy is infinite.
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B9 - U < G(Q) is locally LP — summable,

sloc
p > 1 be a standard real number.

If for any compactK C €, Z \u(j)|Phy -+ hm s finite.
jhe*K

IR0 - U c G(Q2) for any compact K C Q,

there is a standard real number C(K) such that
jh € *K implies |u(j)| < C(K).
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(93] : for any internal set A of J, if j € A
implies jh € *K for some compact K C €,
and (#A)hy - - b ~ 0, then > " u(j) |y - - A ~ 0.
JEA
Kinoshita’s definition of the set E(2) of locally S—integrable
u € G(Q2) in the case of dimension 1 can be stated in any

dimension as u € E(Q) iff for any compact K ¢ Q and any
positive infinity w,

> (u()lhy -y ~0
jeA(u,Kw)

where
Alu,K,w)={j/jhe"K, [u(j)] > w}

1 _
/s/oc(Q) - E(Q)



Correspondence between [, .(Q) and L}, .(Q)

I_P

1oc(§2)- the set of standard locally LP—functions on Q.

When p = 1, we have the following:

Theorem 3.
1) u € I},,.(Q) is a nice representative of a

U S L/OC(Q)'

2) For any U € L}, (), there is a nice
representative u € I},.(Q) of &.

Remark: Ll .() is the nonstandard
representation of Radon measure on €,
/OC(Q) strictly C Ls/oc(Q)'
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Correspondence between L% (Q) and L} ()

Theorem 4.
Assume p > 1.

1). uc LS,OC(Q) is a nice representative of a
function & € L} ().

2). For u € L,OC(Q) thereis u c L
representing 0.

Q)

s/oc(
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WE" () :the S—local Sobolev space consisting of u € G(Q)
and for any index a = (a1, -+ ,am) With 0 < |o| < n
§%u e LB ()

Sobolev imbedding theorem:

If p>1,and u e W (Q), then for o € Nwitho < n— 7,

urepresents U € C°(Q) N WE(Q)

where WE(Q) is the standard local Sobolev space.
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Theorem 5. It m=1and u e W5(Q), where n > 1 and
1 < p < oo, then v is a nice representative of 1 € C"~'(Q) such

that (=" is locally Holder continuous with exponent 1 — 1 (for
p = oo, U("1 is locally Lipschitz continuous).

Remark: For p = 1, Theorem 5 not true.

a={§ 158 wo-{g 150

j#0
then u € W), (R), but u is a representative of Heaviside

function which not continuous.

O

j>0
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Various algebras of NGF

Dedekind completion #R of *R, = {t € *R|t > 0}.
Wattenberg and Banghe Li and Jijiang Zhang have studied.
Li,Zhang proved there are lots of elements U in #R | J(c0)
with
u+u=U, U-u=uU

=
1).,acUanda>be*R.implybe U(ie. Uis*Ryora
Dedekind cut of *R ., hence an element of #R U {co}).
2).,acUandbe Uimplyabe U (i.e. U-U=U)
3.2¢ U
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Let ={UIU+U=U, U-U=U, UC#R+U{OO}}
U has a minimal element

Up={te Ry / t isfinite}
a maximal element *R ..
Forany U e U,
Cly = {z € *C||z| € U} is algebra over C.
{"R+ — *C
U, = {z € "CJ|z| is finite}

For any infinite H € *R.

Uy ={U e U|U < H}
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Various algebras of NGF

Forany U € U/ and n € N, we call
u € G(Q2) a U-GNF of order n M

s*u(j) € Cyy, forall j with jh € Ns(Q2), and all « € N" with |a] < n

G[(Q2) is an algebra over C.
U-GNF:

Gy (@) = (] Gl(Q)

neN

. (Q) = G(Q)
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Quotient algebra of NGF

For U e U,
U'={xe*R, |[x=00rx""> aforany ac U}

Cy . ={ze*C|lzle U™}

Then Cy = C,/C/,_, is afield.

Cep, =*C, Cy,=C.

)] algebra over Cy.

é’l’](Q) share most properties of G}(Q2);

éZ(Q) similar to Colombeau’s NGF.
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Thanks!
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