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Introduction

How “non-constructive’ is the use of
nonstandard methods?

1. Nonstandard universes depend on the
Ultrafilter Existence Theorem (UET) —
a consequence of the Axiom of Choice (AC).

2. Infinite hyperintegers define Lebesgue
non-measurable sets (Luxemburg 1973) —
whose existence is independent from ZF
(Solovay 1970).

Popular opinion conjectured: “ There is no
definable nonstandard universe.”

But:
1. UET # AC (Banaschewski 1983)

2. One can define a nonstandard model of the
reals in ZFC (Kanovei and Shelah 2004).

3. One can define a fully-fledged nonstandard
universe in ZFC (H. 2008).



Terminology

The superstructure V(M) over a set M is

V(M) =[] Va(M)

n€ENp

wherein
VO (M) = M,

Vn € N Vn(M) = Vn_l(M) UpP (Vn_l(M)) .

We shall always treat reals as atoms:

v & rforall r € R and every set v.

Let Ly (r) denote the language with
e one constant symbol v for each v € V(R),

e one binary relation ¢.

V(R) is an Ly (r)-structure:

vV R =g for all v € V(R), and €"®)=¢.



Main result

Theorem (assuming ZFC)

There is a definable set *R and a definable
embedding * : V(R) — V (*R) such that

*: Vo(R) — V, (*R) for all n € Ny and such that

*

is a nonstandard embedding. This means:

1. Transfer Principle. For all €-formulae
¢ (v1,...,v,) with bounded quantifiers and
a,...,an € V(R),

dlat,...,an] < ¢ Mar, ..., a,].

2. Internal Definition Principle. For all

internal sets By, all internal b,...,b, and all
e-formulae ¢ (vg, ..., v,), the set
{xe By : ¢lx,b1,...,b,]} is internal.

3. Countable Saturation Principle. Let
C,, # 0 be an internal set and C,, 11 C C,
for all n € N. Then [, oy Cn # 0.

Herein, a is internal if and only if a € *A for
some A € V(R).



Kanovei and Shelah’s construction |

Definitions

o A=
{a:3; — P(N):a[3q] ultrafilter on N}

e D,:=a[dy|forallac A

e X C N4 has finite support if and only if
there is a finite u C A such that for all
z,y € N4,
rlu=ylu=(re X yeX).

u is then called a finite support of X.
e H:={X CN* : X has finite support }

e < denotes the lexicographical linear
ordering of A, based on the lexicographical

ordering of P(N).
Lemma (Kanovei and Shelah 2004)
e H is an algebra of subsets of N4.

e Every X € ‘H has a C-minimal support,
denoted || X||.

Proof. || X|| = (){w : u finite support of X} .



Kanovei and Shelah’s construction Il

Definition (almost-all notation)
For U C P (N) and a well-formed formula ®(i),

Ui®(i):<{ieN:: &)} el.

Definition (iterated ultrafilter)
For n € Nand u:={a,...,a,} C A with

ap < - < Qp,

Do kn +.. Da, ki
DuI: XQNU y
(kl,...,kn)GX

{z1|X] : 2e X}
€ Dyx

D:=<XXecH :

Lemma (Kanovei and Shelah 2004)
D is an ultrafilter in the algebra H.



A chain of bounded ultrapowers |

We construct a chain of Ly (r)-structures
M, = (Ma, {vMa LV € V(R)} : EMO‘)
(Oz S Nl)i

Base step. My := (V(R),{v:v e V(R)},e€).

Successor step. For a < Ny, M1 is MEA/D
(the bounded D-ultrapower of M,,):

o M, is the set of all [(a@g)g} . such that

{g cN4: M, E a;géVn(]R{)} € D for some
n € N,

o cMa+1 is defined such that

Mas1 = |(@9),] €| wa),]
s{geN* M, Eaz,éy,l €D
e the canonical embedding is denoted by
€a,a+1 - Ma — Ma+1, X — [(x)geNA}D,

Co,a o= 1d.

Since D is an ultrafilter, e¢Me+1 is well-defined.



A chain of bounded ultrapowers li

Limit step. For all limit ordinals A, M is the
direct limit of all M, a < A:
® M)\ =
a< A\, x€M,,

(v, ) :
Vy<a x¢&eyq M,

e cMx s defined such that

M = (ao, zo)€(r,71)

<:>~/\/loéo\/041 ': Cap,a0Van (xo)éealaao\/al (561),

o for a < A, eq » is defined such that
— eqn(2) = (o, 2) if x & e, [M,] for all
v < a,

— eax(®) = (v,y) if v is the smallest
ordinal < « such that there exists some
y € M, with x = ey o(y).

Interpretation of constants. v*e = ¢q ,(v) for
all @ < Ny and v € V(R).

From My, we will get the internal universe.



A chain of bounded ultrapowers IlI

Lemma (Transfer between M, and Mj)
For all e-formulae ¢ (v4,...,v,) with bounded
quantifiers and o < 3 < Ny,

Mﬂ |: ¢ [ea,ﬁ (yl) y-+-3€a,p0 (yn)]
& Mo E oY1, Ynl

forall y1,...,y, € M,.
Proof idea. Ordinal induction in 3, based on the
Yt 0§ Theorem for bounded ultrapowers.

Lemma (Boundedness)

For all y € My,, there exists some n € Ny such
that y € eg.x, (Vi (R)).

Proof idea. Ordinal induction in 3 yields for all
B <N; and y € Mg some n € Ny such that

y € eos (Vi (R)).

Lemma (Countable Saturation)
My, is Ni-saturated.
Proof idea. Diagonal argument, using

e the boundedness of elements of My, and

e the regularity of Nj.



The nonstandard embedding
Let *R :=epn, (R) be the set of hyperreals.
Define an embedding My, — V (*R) via
€-recursion:
Vr € "R jlx) =2
and
J(B) ={j(a):a € My,, My, E aEB}

for all B € My, \ *R.

Then, * := joegy, is a definable embedding
V(R) — V (*R).

(Note: *R = j o ey, (R) = *(R))

V (*R) is now an Ly (r)-structure itself, through

canonical interpretation:

e Forall z,y € V(*R), let V (*R) = z€y if
and only if z € y and y ¢ *R,

o Let vV (R =~y for all v € V(R)



The internal universe
The range of j is the internal universe:
Lemma (Internality)
1. j[Mpy,] is a transitive subclass of V (*R).

2. Forall x € V (*R), x € j [My,] if and only if
there exists some y € V(R) \ R such that
x € *y.

Proof.
1. By construction.

2. “=". By boundedness of elements of My, .
‘<", By transitivity of j [My,].

Corollary (Transfer between My, and V (*R))
For all e-formulae ¢ (v4,...,v,) with bounded
quantifiers and all y1,...,y, € My,,

VIR Eo (i), 55 (yn)]
S My, FE Oy, Unl-

Proof. Formulae with bounded quantifiers are
absolute with respect to transitive submodels.
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Proof of the main result |

We prove the following:

Theorem (assuming ZFC)

1.

Definability. *R and * : V(R) — V (*R) are
definable.

Faithfulness to Superstructure Hierarchy.
2 Vo (R) = V, (*R) for all n € Ny.

Transfer Principle. For all Ly (g)-formulae
¢ with bounded quantifiers

VR) = ¢ < V(R) o

Internal Definition Principle. For all
internal sets By, all internal 6¢,...,b,, and all
e-formulae ¢ (vo, ..., vn),

{x e By : ¢lx,b1,...,b,]} is internal.

Countable Saturation Principle. If C,, # ()
is internal and C,, 11 C C, for all n € N,

then (),,cny Cn # 0.
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Proof of the main result Il
Proof sketch.

1. Taking bounded ultrapowers with respect to
D preserves definability.

2. eon, [Va(R)] = eox, (Va(R)) by
Extensionality in My, , so by definition of j,

Ve (R)] =7 leox, [Va(R)]] = 7 leox, (Va(R))]
=J (ox, (Va(R))) = "Vo(R).

3. e Transfer lemma between M and My,

e Transfer lemma between My, and V (*R)

4. e Transfer the Axiom Scheme of
Separation for Vy_1(R) to an Axiom
Scheme of Separation for Vy_1 (*R)

e Use the transitivity of Vi (*R)

5. j [My,] is the internal universe.
Let {B,},, C My, be such that for all
neN, C,=j(Bn) =7j[Bnl
My, is Ri-saturated, so let b € [, B,,.
Then j(b) € C), for all n € N.
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This talk establishes the existence of a defin-
able (over ZFC), countably saturated nonstandard
enlargement of the superstructure over the reals.
This nonstandard universe is obtained as the union
of an inductive chain of bounded ultrapowers (i.e.
bounded with respect to the superstructure hierar-
chy). The underlying ultrafilter is the one con-
structed by Kanovei and Shelah [2004]

(Ch)nen: decreasing sequence of internal non-
empty sets.

A: set of continuum-length sequences of subsets
of N

Let X € H and x € N, Then, membership in X
can be decided, uniformly in z € N4, by only looking
at the values of x on the same finite subset u of A.

For any X € 'H, there is a finite set || X| C A
such that || X || is a finite support of X, and no proper
subset u C || X|| is a finite support of X.

Proof of the Minimality Lemma: | X| :=
N {w : wu finite support of X}.

U i ®(i) means: for U-almost all ¢, ®(¢) holds.

Mo is an Ly (r)-structure with domain My =
V(R), where v interprets the constant symbol v and
€ interprets the binary relation symbol €.

For the recursive definition of j, recall that reals
are treated as atoms.
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