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It is well known that, in a topological space, the open setshEacharacterized using filter
convergence. |IZF, we cannot replace filters by ultrafilters. It can be provext the
ultrafilter convergence determines the open sets for eopigldgical space if and only if
the Ultrafilter Theoremholds. More, we can also prove that the Ultrafilter Theorem is
equivalent to the fact thatx = kx for every topological spac&’, wherek is the usual
Kuratowski closure operator andis the ultrafilter closure, with
ux(A) :={x € X : (3 ultrafilter in X')[/ converges ta and A € U]}.

These facts arise two different questions that we will tramswer in this talk.

1. Under which set theoretic conditions the equality: k is true in some subclasses of
topological spaces, such as first countable spaces, me#tites o R }.

2. Is there any topological spacéfor whichux # kx, but the open sets are
characterized by the ultrafilter convergence?



/F — Zermelo-Fraenkel set theory without the Axiom of Choice.
/FC — Zermelo-Fraenkel set theory with the Axiom of Choice.



/F — Zermelo-Fraenkel set theory without the Axiom of Choice.
/FC — Zermelo-Fraenkel set theory with the Axiom of Choice.

UFT — Ultrafilter Theorem:
every filter over a set can extended to an ultrafilter.

CUF — Countable Ultrafilter Theorem:
the Ultrafilter Theorem holds for filters with a countable base.

CUF(RR) — the Ultrafilter Theorem holds for filters in R with a
countable base.



/F — Zermelo-Fraenkel set theory without the Axiom of Choice.
/FC — Zermelo-Fraenkel set theory with the Axiom of Choice.

UFT — Ultrafilter Theorem:
every filter over a set can extended to an ultrafilter.

CUF — Countable Ultrafilter Theorem:
the Ultrafilter Theorem holds for filters with a countable base.

CUF(RR) — the Ultrafilter Theorem holds for filters in R with a
countable base.

CC - the Axiom of Countable Choice.
Every countable family of non-empty sets has a choice function.
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- The Ultrafilter Theorem;
- For every topological space (X,7)and A C X

r € A <= (U ultrafilter in X))/ — z and A € U];

- For every topological space (X,7)and A C X
AeT <= |U—-re A= AclU].
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Ultrafilter Closure Operator
ux(A)={rxe X :AUINX)U — xrand A € U]}
”(ALX(A) L= ﬂ{B . A C B and UX(B) — B}

kx(A) denotes the usual closure.

Theorem1l Forall X, uy = kx.

Theorem 2 Forall X, uxy = ky.
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Question

Is the ultrafilter closure idempotent? (u = u?)

Is there a topological space X for which ux = kx
but Ux 7& kx?

The Ultrafilter Theorem is not equivalent to u = .
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Diagonal Ultrafilter

U X — the set of all ultrafilters in X.

let X e U’X andUU e UX, X - U if
foral AcU,{UecUX:(dxc AU -z} e X.

mx(X):={AC X :X € U?A}

Proposition[ZF] X —-U -z = mx(X) >z
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Example

|f:

1. there Is a set with no free ultrafilters,
2. there Is a free ultrafilter on N,

3. every infinite set can be mapped onto N;

then there Is a topological space where the
ultrafilter closure Is not idempotent.

Is there any model of ZF where these three
conditions are satisfied?
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Real space

The following conditions are equivalente to CUF(R):

() ur = kg ;

(i) « = k In the class of the second countable
Th-spaces;

(i) @ = k In the class of the second countable
Th-spaces.

AC(R)= CC(R)+ N has a free ultrafilter = CUF(R)
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