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Introduction

e Giuseppe Piazzi: discovered Ceres on Jan. 1, 1801
— Made 19 observations over 42 days
— Then, object was lost in glare of the Sun

right ascension declination Time
Jan. 2 517 47" 49”7 157 41" 57 8 h 39 min 4.6 sec
Jan. 22 517427 217 17 37 18" 7' h 20 min 21.7 sec
Feb. 11 54" 10" 23" 18”47 59" 6 h 11 min 58.2 sec

Carl Gauss: calculated the orbit of Ceres
— Originally used only 3 of Piazzi’s observations
— Initiated the theory of least squares
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Orbital characteristics

The orbit of Ceres Is determined by six
quantities: I, 2, w, a, €, T
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FIGURE 1
Parameters describing the planetary orbit
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Gauss’ method using 3 points

Plazzi’s data: lines of  Sectoral areas swept out Approximate sectoral
sight L,, L,, L; and by orbit are proportional areas with triangular
elapsed times between to elasped times areas
observations
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Gauss’ method using 3 points

Determine the point F in the plane of earth’s orbit

First, find points F1 and F3

Use principle of parallel
displacements to find point F

Length’s OE,; and OE, are known. We
find lengths OF; and OF; with

OF,/OE, = c and OF,;/OE; =d
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Gauss’ method using 3 points

Draw lines L;” and L, parallel to  However, the area T,; is much

L, and L, passing through F. different than S,
ThIS deflnes a u_nlque plane Q_' Fieurr 13.4. .'kfostqf_thr’-:‘n‘._ﬁsqfsl.io:-j-.-‘r T‘._‘\, twhich is
Where plane Q Intersects L2 IS the lune-shaped area, is constituted by triangle T ..
the point P,. - .
plans G
Ly O 0O
Gauss’ correction factor
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Iterate: let G=1, then calculate r,, calculate G,
recalculate r,, etc...
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Gauss’ method using 3 points

Finding the other two points P, and P,.

FP," = E,P,
FP,’ = E4P,

Orbit of Ceres
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Setting up the equations

-> the goal is to determine the distance Sun-Ceresr,,r,,r, and deduce others quantities

from it

In his initial paper, Gauss first set up 16 equations involving r,,r,,r; and the area of the

triangle T,,, T,5 and T 5.

Those equations are reduced to 4 by considering geometric identity: non-linear

equations

(F+ F')fralan'n’) = (Ef — F'f)(DlxP"] = D'[xP"x"
(F + F")(f'rolmw' P + f"ralm
(F — F")(fr[x'mP) + f'ra='z"

l.l'.L' + F J]l‘fn’]_[-'t J|P] + fﬂ "}- IhI tf

F(f+7")— (F+F)f)D'zP'z"] (1)
Ff' F"f)(DI=PP'| = D"[xP"P) (2
F['~ F'[)(DI PP~ D"'P'P]) (3)
F" ~ F'/)(DIs"PP) - D[ P"P)) (4

If we consider /' =7 5u, f =Tn~ 5 " =T~ 52 there are four equations for 3unknowns.

In practice, Gauss didn’t use the third equation
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Solving the equations

In equation 2 and 4, Gauss build an approximation by removing terms of order O(t’)
This way, we can express r, and r, in term of r,.

P —x 7' P’ c G : I
= %i Ty F,]] 2 Apparently in his earliest work, Gauss approximate
[ A e IR o
=T = S, f=Tn= Sa, f"=Ta~ S
g f " =71 |[n7'F']
'y = A ] YT I’z
f" g v —7 [7x"P]

With some approximation on f, f” and f”” and using the equation 1:
Gauss found a non-linear equation involving only r,

— =—y/ 1+ tan?p + (—) + 2—cos(N — L') (1 — .fij.-l) i = M

.Ir,-" T 2 | Irz F.j

Very few information about his method to solve this equation
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Solving the equations

Extract from Gauss’ book 212 DETERMINATION OF AN ORBIT FROM [Boox II.

153.
In the second Typothesis we shall assign to P, @, the very values, which in the
first we have found for 2, @, We shall put, therefore,
z=Ilog P = 00700184
¥ =log ¢ —=8.5475981
Since the calculation is to be conducted in precisely the same manner as in
the first hypothesis, it will be sufficient {0 set down here its principal results: —

WL .. IBTLEERIS | &Y L L . . . 2100 82498
4o . . . . 135851.25 | logr. . . . . 0.3307676
log Qesinw . (1LHY89389 | logs® & w5 g 0.3222280
..o o0 . 143319.00 | F(u"Fu). . . 205 2215 .58
fogr’. . . . . 0.3250918 | g0 —u)., . . —8314 4.79
log"" . ... 06675193 | 27 - . . . . 7 3453.32

o o l2f ... .. 320 0.8
log e a 0.5885029 DF e 4 hKA3 19

50 . v .. . 203 10 38 16

It would hardly be worth while to compute anew the reductions of the times
on aceount of aberration, for they secarcely differ 1° from those which we have
got in the first hypothesis,

The further ealenlations furnish logy = 0.0002270, logv” = 00003175, whence
are derived

log P = (0.0790167 X' =} 0.0000003
log @ — 85476110 ¥ = 0.0000129

From this it appears how much more exact the seeond hypothesis is than the

first.

12/7/2007 Orbit of Ceres



Using more data points

e For 3 points fix 2 and look at error In the
calculation for the 3

e For 4 points fix 2 and look at total error in the
calculation for the other 2

 In general, can fix 2 points and look at the
error in the calculation for the remaining
points, I.e. sum of squares

E : 2
0
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Minimizing the Error

e Minimize error
V(Z ff) — Z 2¢;,Ve; =0

 Difficult to solve for nonlinear problems, e.g.,
finding the orbit of Ceres
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Linear Problems

 For linear problems
c; =1; = (Ax — b);

> el =|Irll3 = | Az — bl[3
e \Want to solve
V(Y ef)=V(|[|[Az = b|[3) = 2(Az — b)'A =0

1

e AlAr — Alh =0
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Conclusions

e Gauss’ method evolved over time
o Initially used only 3 points

 Ambiguous whether Gauss applied theory of
least squares to Ceres

* Theory of matrix computations was still being
developed as Gauss created his method
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