CONVERGENCE TO EQUILIBRIUM OF GRADIENT FLOWS
DEFINED ON PLANAR CURVES

MATTEO NOVAGA AND SHINYA OKABE

ABSTRACT. We consider the evolution of open planar curves by the steepest descent flow of a
geometric functional, with different boundary conditions. We prove that, if any set of stationary
solutions with fixed energy is finite, then a solution of the flow converges to a stationary solution
as time goes to infinity. We also present a few applications of this result.
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1. INTRODUCTION

The steepest descent flow of curves for the total squared curvature, also called elastic flow,
coupled with different boundary conditions, has been widely studied in the mathematical lit-
erature (see [15, 17, 18, 8, 7, 13, 14, 9, 19, 12] and references therein). Long time existence
of the evolutions is generally obtained by the smoothing effect of the energy. Concerning the
asymptotic behavior as ¢ — +00, there are general results implying that the solution subcon-
verges to a (possibly nonunique) stationary solution. However, there are few results proving the
full convergence of solutions (that is, without passing to a subsequence), and they are mostly
obtained in the case of closed curve [15, 8, 18, 13, 14, 7, 19, 5]. In [8, 13, 14] convergence is
proved with the aid of an additional constraint, the so-called inextensible condition, while in
[15, 18, 7] it follows from the uniqueness of the equilibrium state.

The purpose of this paper is to prove the full convergence under a weaker condition, namely
that there are only finitely many equilibrium states at each prescribed energy level, and then
apply the result to the elastic flow under some natural boundary conditions.

The plan of the paper is the following: in Section 2 we present our method for a general
gradient flow in a Hilbert space. In Section 3 we discuss the case of the gradient flow of a
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geometric functional defined on planar curves. In Section 4 we apply the result to the equation
Oy = (—20%k — K° 4+ N2k, (1)

where A € R\ {0} and &, v are respectively the scalar curvature and the unit normal, under
typical boundary conditions. More precisely, we discuss in detail the boundary conditions:

(i) ’V(Oat) = (an)v 7(17t) = (Rv 0)7 ’78(0775} = 70, ’Ys(lvt) =T

(ii) 7(0,£) = (0,0), ~(1,t) = (R,0), £(0,t) = r(1,t) =
where 79, 71 € R? are given constant unit vectors and a € R is a prescribed constant. Condition
(i) is usually called clamped boundary condition (see [9]), and (ii) is referred to as symmetric
Navier boundary condition (see [2, 6]).

Eventually, Appendix 5 is concerned with the analyticity of certain functions which play an
important réle in the proof of the convergence result, while in Appendix 6 we prove the long
time existence of smooth solutions to (1) under the boundary condition (ii).

2. GRADIENT FLOWS IN HILBERT SPACES

We first present our strategy to obtain asymptotic convergence in the case of gradient flows
in a Hilbert space. The purpose of this section is to illustrate the main idea without some
complications arising in the geometric setting.

Let H be a Hilbert space and F': H — R U {400} be a functional satisfying the following
assumptions:

{ueH | F(u) <C} is compact for any C' € R, (2)
F = F| + F, where F : H — RU {+oc} is Ls.c. and convex, and Fy € C*(H). (3)

Notice that

(i) condition (2) implies that F' is l.s.c. and bounded from below, so that in particular it
admits a global minimizer in H;

(ii) if F satisfies (2) and (3) it is possible to define the sub-differential OF of F' in the sense
of convex geometry, and

|0°F (u)|)3, isls.c.inH, (4)
where 9°F denotes the canonical element of OF, defined as the unique element of F of
minimal norm in #H (see [4]).

Let u(t) € H*((0,+00);H) be a function satisfying the evolution equation
ug = —9°F(u) forall t> 0. (5)

In [4, Lemma 3.3] is shown the the function ¢ — F(u(t)) is absolutely continuous, and its

derivative satisfies p
S F ) = —llully, = =[0"F ()3 (6)
Lemma 2.1. Let F : H — RU {+o0} satisfy (2)-(3), and Let {t;}; be a monotone increasing
sequence with infjen (tjp1 —t;) > 0. Assume that u € H*((0,400); H) satisfies (5)-(6). Then,
for any 0 < e <infjen (tj+1 —t;), there exists a sequence {t;}; with t € (t;,t; +¢€) such that

H@OF(u(tj))HH —0 as j— +oo.
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Proof. From (6) it follows that

a0 2 *d t=0
|0°F (@) dt == | ZF(u(t) dt =| Flu(t) | < +oc, (7)
0 0 t=00
whence
oo tit+e
Z/ 180 F(u(t)) |2, dt < +oc. (8)
j=1"%
In particular, there holds
tit+e
lim [ [0°F(u(t)) 3, dt = 0, (9)
j—00 t;
which implies the thesis. O

Let S = {u € H | 9°F(u) = 0} the set of all stationary solutions to (5)-(6). We shall assume
that

Ya:={ue S| F(u)= A} is discrete in H, for all A € R. (10)
Theorem 2.1. Suppose that the functional F : H — R U {+o0} satisfies (2),(3) and (10). Let

u(t) € HY((0,4+00);H) be a solution to (5)-(6). Then there exists a unique function i € S such
that

|lu(t) —allx =0 as t— oc. (11)

Proof. (4) and Lemma 2.1 imply that u(t) subconverges to a element of S, i.e., there exist a
sequence {t;} with t; — oo, and @ € S such that u(t;) — @ in H as j — co. We prove Theorem
2.1 by contradiction. Suppose not, there exist sequences {tjl-}, {tJQ} and functions 1, is € S
such that

u(tjl) — U1, u(t?) — U in H as j— oo. (12)
Set
A= F(in) = F(ug) = lim F(u(t)).
By (10), the set ¥ 4 is discrete in H, i.e., there exists a constant 64 > 0 such that
@ = Gmll# > 64
for any u;, Uy € X 4. Let 6 = d4/2. Then, for any 4, @, € X4, it holds that
Bs(ii) N B (i) = 0, (13)
where
Bs(a) = {v e H [ |lv—ally <5}
It follows from (12) that there exists J € N such that
u(tjl) € Bs(ay), u(t?) € Bs(us) (14)
for any 5 > J. Up to a subsequence, we may assume that it holds that

1 2 1
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for any j > J. Then, by (13), (14), and the continuity of u(t) in H, we see that there exists a
monotone increasing sequence {t;’}j such that

lu(t3) = alla > 6

for any j € N and u € ¥ 4. Up to a subsequence we can assume inf ey (t;’ 1 t;’) > 0. Since

u € H'((0,00); H) yields that u(t) is uniformly continuous in H, for sufficiently small £ > 0, it
holds that

5 4
Ju(t) — e > 3 (15)
for any t € [t;’,t? +e]and u € X 4.
Suppose that there exists a sequence {t5}; with 5 € [t;’, t;’—i—a] such that ]\80F(u(t§)) |l — 0.

Then by (2) there exist & € H and {t; } C {t;} such that u(t5, ) — @ in H. However (3) implies
that @ € X4, and this contradicts (15). Hence we observe that, for any {t5}; with ¢ € [t3, 43 +¢],

71777
10°F (u(t5)) [l2¢ > 0

as j — oo. This contradicts Lemma 2.1, and completes the proof. O

Remark 2.1. If F» = 0 in (3), that is, if F' is a convex l.s.c. function, the convergence result
in Theorem 2.1 follows from [4, Theorem 3.11] (see also [16] for a more general result), without
the need of assumption (10). However, if F5 # 0 , the result is generally false without assuming
(10), even if H is finite dimensional.

3. GEOMETRIC GRADIENT FLOWS

In this section we consider the gradient flow of a general geometric functional £(+) defined on
planar curves v : I — R?, which we assume to be bounded from below, that is, inf, £(y) > —o0.
A L2-gradient flow of & is a one parameter family of curves v : I x [0,00) — R? such that

Oy = -VEW) (16)
and
d
GEQ®) = - [ [vEGO) ds a7)
v
where VE(y) denotes the Euler-Lagrange operator of £(7), i.e., VE(y) satisfies
d
ZEOOTete) | = [ vew g

for any ¢ € C*((—eo, €0) : (CE°(I))?), where ¢, = soa(-,O)-

Since the curves are open, in order to have uniqueness of the evolution we need to impose a
boundary condition B(y) = 0 on 9. Notice that (17) does not follow from (16) if the boundary
condition given by B is not natural for £, i.e., the flow (16) with a boundary condition is not
always the L?-gradient flow for £(7y). Indeed, if v satisfies (16) under an unnatural boundary
condition B(v) = 0, then it can happen that (17) does not hold. Therefore we shall assume the
following:

Assumption 3.1 (Compatibility). The flow (16) with boundary condition B(y) = 0 is a
L2-gradient flow for £(7).
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Given a smooth curve v we let s € [0, £(7y)] be the arclength parameter defined as

/ |z | dx xel,

1
£(7) = s(1) = /0 el .

Notice that in the arclength variable s there holds |ys(s)| = 1 for all s € [0,L()]. Given a
function f(s) defined on =, we let

where L£(7) is the length of

Il o= s 176 Ufle = ( [ r2as)’
seL(y) v

We shall consider the initial boundary value problem:
Oy =-VE() in I x(0,00),
B(y(z,t)) =0 on 0I x [0,00), (18)
v(@,0) =0(z) in I,

where yo(z) : I — R? is a smooth planar open curve satisfying the boundary condition
B(yo(z)) = 0 on 9I. Regarding the solvability of (18), we assume the following:

Assumption 3.2 (Regularity). There exists a smooth solution 7 : I x [0, +0c0) — R? of (18),
satisfying
198z, <C  and /|am 2 4s < C (19)
for anym € N and for anyt > 0, where the constant C' is independent of t. Moreover, |VE(7)|| 2
2
is continuous in v with respect to the C'°°-topology.

Notice that, as the functional £ is bounded from below, then (17) implies the estimate

+oo
| tont.i, < ee0) —nte (20)

for any solution ~ of (18).
Under an additional assumption on (€, B), we shall prove that a solution of (18) converges
to a stationary solution as t — 400. Let S be a set of all stationary solutions of (18), i.e., the

smooth curves 7 satisfying
VEG@) =0 in I o
B(3%(z))=0 on OI.
For each A € R, we define the subset of S
Ya={7e8[€(7) = A}
We shall assume the following:
Assumption 3.3. X4 is finite for any A € R.

We can now state our main result.
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Theorem 3.1. Let y(x,t) : Ix[0,00) — R? be a solution of (18), and suppose that Assumptions
3.1, 3.2 and 3.3 hold. Then, there exists a smooth curve 7 : I — R? satisfying (21) and such
that

(1) =) as t— o0
in the C*°-topology.
We start with a preliminary result.

Lemma 3.1. Let {t;}32, be a monotone increasing sequence with infjen (tj41 —t;) > 0. Then,
for any 0 < e <infjen (tj4+1 —t;), there exists a sequence {t;}; with t € (t;,t; +¢€) such that

IVEG N, =0 as 5 oo

Proof. Let fix 0 < e < infjen (tj41 — t;) arbitrarily. Recall that

| Ivea@I: d=— [T e =] eaw)] <+
0 0

dt t=o00

so that we have
0 tit+e 9
> [ IvEG@)IE; de <o, (22)
j=1"t

which implies

tjte
lim IVEG )72 dt = 0. (23)
J—00 t; R
The thesis follows directly from (23). O

We now prove Theorem 3.1.

Proof. To begin with, remark that Assumption 3.2 and Lemma 3.1 imply that the solution ~
subconverges to a stationary solution 4 as ¢t — oo. Indeed, by Lemma 3.1, one can find a
sequence {t;} with ¢; — oo such that

IVENENL =0 as ;= oo (24)

Since Assumption 3.2 allows us to apply Arzela-Ascoli’s theorem to the family of planar open
curves y(t;), we see that there exists a subsequence {¢;, } C {t;} such that

’y(t]’k) — ’~y as tjk — 0 (25)

in the C*°-topology. Combining (24) with the definition of the L?-gradient flow (16)-(17), we
observe that the limit 4 is independent of ¢ and satisfies

VERF)=0 on I. (26)

We shall prove Theorem 3.1 by contradiction. Suppose not, there exist sequences {tjl }is
{t?}j and stationary solutions 71, 72 € S such that

V() = A, () = A (27)
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as j — co. We may assume that {t;l }; and {tjz}j are monotone increasing sequences. Let
A=EMN)=£0).

Thanks to Assumption 3.3, the set X 4 is finite. On the other hand, for each curves 7,,, ¥, € 24,
there exists a constant d,,, > 0 such that

disty (’?m ’?m) > Onm,s
where disty (-, -) denotes the Hausdorff distance defined as follows:
disty (v,I') = max { sup inf |u—w|, sup inf |u—wv|,.
( ) {uelm('y) velm(T') | | veIm(I) vEIm(y) | |

Since X 4 is finite, there exists a constant d, > 0 such that

min_ disty (:Yna ’?m) = Ox- (28)
:}’n,:}’mEZA
Let 0 = 6,/2. Then, for any 7, 9m € X4, it holds that

where
On(7,0) = {v | disty (3,7) < 6}.
It follows from (27) that there exists J € N such that
V(t;) € On(31,6), (t3) € On(32,0) (30)
for any 5 > J. Up to a subsequence, we may assume that it holds that
<t <tiy

for any 7 > J. Then, by (28), (29), (30), and the continuity of disty, , we see that there exists a
monotone increasing sequence {t?}j such that

d(t3) > 6 (31)
for any j € N, where d(t) := minyey,, disty (7(t),7). Up to a subsequence, we may also assume
that infjen (t3,, — t3) > 0.

Here we claim that the function d(¢) is Lipschitz continuous on (0, +00). Remark that (19)
gives us that there exists a constant C' > 0 such that

su;l) |0iy(z,t)| < C (32)
S

for any t > 0. Let x, y € I fix arbitrarily. Then the fact (32) yields that

[v(z, t1) = 7)) = (=, t2) = W) < [v(,t1) — (2, t2)]
< /t 0y, t)| dt < Clt1 — o).

Combining the estimate with the definition of the Hausdorff distance, we obtain

|d(t1) — d(tg)’ <C |t1 — tg’ .
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Thus the function d(t) is C-Lipschitz, in particular uniform continuous, on (0,+0o0). Then it
follows from (31) that there exists 0 < € < infjey (t?Jr1 - t;’) such that
5
2

disty (7(2), Xa) > (33)

for any j € N and any ¢ € [t3,¢ 4 £]. The inequality (33) implies that, for any {t5}; with

S [t?,t;’-’ + €], y(t5) does not converges to any stationary solution as j — oc. However, by

Assumption 3.2 and Lemma 3.1, we can find a sequence {f;} with ¢; € (tg?, t;f +¢] such that (%)
converges to a stationary solution, which gives a contradiction. U
4. APPLICATIONS

In this section, we apply Theorem 3.1 to the geometric equation
Oy = (—20%k — K2 4+ N2R)v, (34)

where k and v denote respectively the scalar curvature and the unit normal vector with the
direction of the curvature, and A is a non-zero constant. Throughout the section we assume that
y(z,t) : I x [0,00) — R? are fixed at the boundary, i.e.,

~7(0,t) = (0,0), ~(1,t)=(R,0) on [0,00), (35)

where R > 0 is a given constant.
Here we prepare several notations. In what follows let us set

f(r) = &% = X2,
From the Euler-Lagrange equation
202k + K> — A2k = 0,

we obtain the relation

<Z>2 + F(k) = E, (36)

where E is an arbitral constant and F’ = f, i.e., I is given by

Let kp(F) and kp,(E) be solutions of F((k) = E as follows:

,{M(E):\/)\2—|— M+ 4F for EE(—)‘TAL,OO),

nm<E>—{ ) for B € (0,00),

VA2 —VATH4E for E e (-2,0).

If there is no fear of confusion, we write kys and &, instead of ky/(E) and k,,(E). Let us set

Ky (E)
L(E) = 2/ _ Ak
km(B) VB — F(k)
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Lemma 4.1. Let (k, E) be a pair satisfying

dr 2 +F(k)=FE
ds -
k(0) = 0.
Then it holds that

L(E)
/ k(s)?ds — o0 as E — oo.
0

Proof. Since it holds that

K (E)
L(E) = dr for E >0,

0 VE - F(k)

it is sufficient to prove that
L(E)

/4 k(s)?ds — o0 as E — oo.
0

Since kp(E) — o0 as B — oo, it holds that

\/i ‘)\’ < HZM(E)

for sufficiently large E, where v/2|)| is a solution of F(x) = 0. Then we have

EM \/§|/\| M

=
0 E — F(r) 0
- V2| +/<6M/2—\/§W

VE VE — F(ky)
where k. € (V2|A],#27/2). On the other hand, it holds that
M dk Kar/2

> .
o VE—F(r)  E—F(r)
If £ > 1, then we find

Kar /2 _{ﬁ|A|+mM/2—ﬂ|A\}>O_

E — F(ky) VE VE — F(ky)

Combining (40)-(41) with (42), we observe that

M
/“M dk o / 2 dk
s VE — F(k) 0 VE — F(k)
for sufficiently large F. Set

KM d
£ =

I =l

dk 2 dk
VE—-F(k) +/\/§|,\| VE — F(k)

Lo = 71?(@

oy VE-

(37)

(38)

(39)

(40)

(41)

(42)
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By virtue of (38), we see that

L(E) L(E)

r(s)>ds > / k()% ds > . (43)
0 £ 4 8VE
Here we used (41). Since it holds that
k(B X4+ N4 4E
im = lim — 1,
the estimate (43) implies (39). O

4.1. Clamped boundary condition. Recently C.-C. Lin considered a motion of open curves
in R™ with boundary points fixed. Although he considered the problem for any n > 2 ([9]), we
restrict the dimension n = 2. The motion is governed by the geometric evolution equation (34)
with the boundary condition (35) and

75(0715) = 70, ’ys(lvt) = T1, (44)

where 19, 71 € R? are prescribed unit vectors. The boundary condition (35)-(44) is called the
clamped boundary condition. One can verify that Assumption 3.1 holds, i.e., the flow (34) with
the clamped boundary condition is a L?-gradient flow for the functional

() = / (K2 + A2) ds. (45)
Y

The functional is well known as the modified total squared curvature.
Let v : I — R? be a smooth planar open curve satisfying the following:

’70(0) = (0’0)7 70(1) = (R’ O)’ ’YOS(O) = 70, 705(1) =T1-

For such curve g, we consider the following initial boundary value problem:

Oy = (—20%k — K3 + N2k)v in I x][0,00),

7(07t) = (070)’ ’Y(Lt) = (R,O), (46)
7v5(0,t) = 710, Vs(1,t) =71 in [0,00),

¥(z,0) = v0(z) in 1.

The purpose of this subsection is to prove a convergence of a solution of (46) to an equilibrium
as t — oo. Regarding the problem (46), C.-C. Lin obtained the following result:

Proposition 4.1. ([9]) For any prescribed constant A # 0 and smooth initial curve vy with finite
length, there exists a global smooth solution ~y of (46). Moreover, after reparametrization by arc

length, the family of curves {v(t)} subconverges to oo, which is an equilibrium of the energy
functional (45).

It follows from the proof of Proposition 4.1 that Assumption 3.2 holds.
Let S be a set of all stationary solutions of (46), i.e., all open curves satisfying

{ 2026+ K> = N2k =0 in I, (47)

7(0) = (an)a '7(1) = (R’ O)a ’78(0) = 70, '75(1) =T1.
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We denote X4 a subset of S defined by
YA = {5/ esS ‘ 5)\(:)/) = A}.

In order to apply Theorem 3.1 to the problem (46), we prove that Assumption 3.3 holds, i.e.,
the set X 4 is finite for any A € R.

Lemma 4.2. The set X4 is finite for each A € R.

Proof. Suppose not, there exist a constant A and a sequence of planar open curves {7, }2°2; C X 4.
Let fix a family of planar curves (s, F) such that

dr\ 2
<ds) +F(,§) =F, 'y(O,E) = (0,0), '75(07E) = 70,

and

7(57En):7n on [0,£(’)/n)],

where L(7,) denotes the length of ~,. Remark that (s, F) is analytic in s and E on R x
(—=\*/4,00). In particular, letting s, = £(7,), we have

’Y(Sna En) = (R7 0)7 'Ys(snv En) =T1. (48)
If £, — oo as n — oo, then Lemma 4.4 implies
L(E,) —0 as n— oo (49)
and Lemma 3.1 yields that
L(En)
/ kZds =00 as n— oo, (50)
0

where k, = k(s,E,). Although (49)-(50) yields that E\(y(-, E,)) — oo as n — oo, this
contradicts Ex(v(-, E)) = A. Thus there exists a constant E* such that E, < E*, i.e.,
{E,}%°, is bounded sequence. Moreover the fact {7,}32; C X4 implies R < s, < A/A%
Le., {sn}pZ; is also bounded sequence. Hence there exist subsequences {E, }72; C {En}32,
and {sp, }Jo‘;l C {sn}pZ; and constants Fu, and s such that E,, — E. and s,;, — so as
jh—> oco. In the following we write {E,};2, and {s,};2, instead of {E,,}72, and {sp;}32; for
short.

We prove that there exist a neighborhood U of F and a function s : U — R such that, for
any £ e U,

V(s(E), E) = (R,0), 7s(s(E), E) = 1. (51)
If 71 - e # 0, then we define a function ® : R x (=A*/4,00) — R as ®(s, F) = 71(s, E), where
e1 = (1,0) and v = (y1,72). Since P(Soo, Foo) = R and P4(Soo, Foo) = 71 - €1 # 0, the implicit
function theorem yields that there exist a neighborhood U of E, and a function s : U — R such
that, for any F € U,

m(s(E), E) = R. (52)

It follows from (48) and (52) that s(F,) = s, holds for any n € N. Moreover the analyticity of
~ implies that s(F) is analytic on U. Combining the analyticity of s(E) with

’Y(S(En)v En) = (R7 0)7 VS(S(En% En) =T1,
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we observe that s(F) satisfies (51) on U. If 71 - e; = 0, then it is sufficient to define a function
O(s, E) as (s, E) = ya(s, E).
Let us define a function d : (—\*/4,00) — R as

d(E) = min |y(s, E) — (R, 0)[*.

Remark that the function d(F) is analytic and d(F) = 0 on U. We claim that d(F) is analytic
on (—\*/4,00). Suppose that there exists a maximal open set V' O U such that d(E) is analytic
on V. Then we see that d(F) > 0 in 0V. For, if d(F) = 0 in 0V, then the similar argument as
above yields that d(F) is analytic on a neighborhood of V. This contradicts that V' is maximal.
On the other hand, since d(F) is analytic and d(E) = 0 on U C V, we observe that d(E) = 0
on V. Therefore d(E) is analytic on (—\*/4, 00).

Since d(E) = 0 on U, the analyticity yields that d(E) = 0 for any E € (—\*/4,00). Thus
there exists an extension s(F) such that

v(s(E),E) = (R,0) forall E € (-\/4,00),

where we still denote the extension as s(E), for short.
We claim that s(E) is analytic on U U (E,00). Suppose not, there exists a constant £
such that s(F) is not extended analytically for £ > E. Then it holds that

s(E) 00 as E /E. (53)

Since
o(B) )
Ex(1(-, E)) = / w(s, B)ds + \25(E) for any E €U U (Ew, B),
0

(53) is equivalent to
E(N(,E) >0 as E NE.

This contradicts that £\(y(-, E)) = A for any E € U U (Eu, E). Therefore we see that s(E) is
extended analytically on U U (Ey, 00).

We now obtain a contradiction. Since the analyticity of s(E) implies that (51) holds for all
E € UU (Ey,00), it follows that v(s, E) € ¥4 for all E € U U (Ey, ), i.e.,

Ex(Y(,E)=A forany E € UU (Ex,o0). (54)
However (54) contradicts that
Ex(V(,E)) w00 as E — oo

We complete the proof. O

Lemma 4.2 implies that one can apply Theorem 3.1 to (46). Then the following result is
proved.

Theorem 4.1. Let A # 0. Let v be a smooth solution of (46) obtained by Proposition 4.1.
Then, as t — oo, the solution 7y converges to a solution of (47) in the C*°-topology.
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4.2. Zero curvature boundary condition. In this subsection, we impose that the curvature
of y(z,t) is zero at the boundary of I, i.e.

k(0,t) =k(1,t) =0 in (0, 00). (55)
We shall consider the initial value problem for (34) with the boundary conditions (35)-(55)

Oy = (—20%k — K3 + N2K)v in I x][0,00),
1(0,6) = (0,0), 7(1,1) = (R,0), 50
k(0,t) =k(1,t) =0 in [0,00),
¥(z,0) = yo(x) in 1.
Remark that g is a smooth planar curve satisfying
70" (@) = 1, 70(0) = (0,0), 10(1) = (R,0), £0(0) = ro(1) = 0. (57)

The purpose of this subsection is applying Theorem 3.1 to the problem (56) and proveing
that the solution ~y(x,t) converges to a stationary solution as ¢t — oc.

Regarding Assumption 3.1, it is easy to check that the flow (34) with the boundary condition
(35)-(55) is the L2-gradient flow for the functional £y (see Section 6).

By the proof of the following Proposition, we see that Assumption 3.2 holds.

Proposition 4.2. ([12]) Let vo(x) be a planar curve satisfying (57). Then there ezist a family
of smooth planar curves y(z,t) : I x [0,00) — R? satisfying (56). Moreover, there exist sequence
{t;}321 and a smooth curve i : I — R? such that v(-,t;) converges to ¥(-) as t; — oo up to a
reparametrization. Moreover the curve ¥ satisfies
202k +R3— N2k =0 in I, (58)
7(0) = (0,0), ¥(1) = (R,0), &(0) = &(1) =0.
Let S be a set of all stationary solutions, i.e., a set of all planar open curves satisfying (58).
And for each A € R, let us define the set 34 of S as follows:

Sa={7€S|&F) < A}
By making use of Lemma 4.1, we prove that the set 34 is finite for any A € R:
Lemma 4.3. The set $4 is finite for any A € R.

Proof. To begin with, we identify ¥ € S with Ry € §, where R = ((1) _01). If £4 is not finite,
there exists a sequence {7,}02; C £ 4. Then there exists a constant E,, > 0 such that (K., Ey)
satisfies (36) for each n € N. If E,, — 0o as n — oo, then Lemma 4.1 implies that

/ 72 ds — oo.
gl

This contradicts {7, }52; C > 4. Thus there exists a constant E* such that E, < E* holds for
any n € N. Moreover, if E,, — 0 as n — oo, then Lemma 5.1 implies that L(E,) — co asn — oo.
Then we observe that &, (5,) — co as n — co. This also contradicts {7, }°, C £4. Hence there
exists a positive constant E, > 0 such that E, < E,, for all n € N. Since {E,}°2, is a bounded
sequence, there exist a constant E, < Eo, < E* and a subsequence {E,, }7°, C {E,}32; such
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that E,, — E as k — oco. By the definition of {7,}52; and {E,}72,, there exists Yo € YA
such that (keo, Eoo) satisfies (36). Here we define a function d = d(E) for a planar open curves
with the pair (k, E) satisfying (36) as

d(E) = [7(L(E)) = ~7(0)]-

In Lemma 5.1, we shall prove that L(FE) is analytic on (0,00). Since 7(s) depends on s analyti-
cally, the analyticity of L(E) implies that d(FE) is analytic. Since 7, € S, there exists a number
N, € N such that

R

d(Ep) = —.
( n) Nn

In particular, there exists a number Ny, € N such that
R

d(Fs) = —.

Since d(Ey,) — d(Ex) as k — oo, it must be holds that N,,, = N for sufficiently large k£ € N.
This means that d(E,,) = d(Ex) holds for sufficiently large & € N. The analyticity of d(-)
implies that E,, = F for sufficiently large k € N. The relation E,, = E yields ¥,, = Yoo-
Since 7, € Y, is uniquely determined with respect to E, by identifying 4, with R7¥,, this
contradicts the uniqueness. ]

Since Lemma 4.3 implies that Assumption 3.3 holds, we see that Theorem 3.1 yields the
following:

Theorem 4.2. Let y(x,t) : I x [0,00) — R? be a solution of (56). Then there exists a solution
7 of (58) such that

Y(,t) =) as t— o0
in the C*°-topology.

4.3. Symmetric Navier boundary condition. We now consider the following more general
boundary condition for the curvature:

k(0) = k(1) = a, (59)

where a € R is a given constant. The boundary conditions (35)-(59) is sometimes called the
symmetric Navier boundary condition (e.g., see [2, 6]). In Section 6, we will show that the flow
(34) with the symmetric Navier boundary condition is the L2-gradient flow of the functional

Exaly) =E(y) — 2a/ Kds. (60)
g

We now show that the functional &) , is bounded from below whenever |a| < |A].
Lemma 4.4. Let o, A € R be such that A # 0 and
laf < |A[- (61)
Then there exists a positive constant C = C(a, \) such that
Ena(r) = Cmax{||s|7z , L(7)}  for all . (62)
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Proof. Using Hoélder’s and Young’s inequalities, for all € € (0, 1] we have

Exa(y) = //4;2 ds — 2a/ kds + N2L(7) (63)
g gl

ZLﬁst—Q\a\{ARst}; {L ds}é+/\2£(7)

> (1—€)Am2ds+ <A2—0‘2> L(7).

€
Taking o?/)\? < & < 1, we obtain (62). O

The purpose of this subsection is to prove a convergence of a solution of the following initial
boundary value problem

Oy = —20%Kk — K3 + X%k in I x[0,00),
7(0,t) = (0,0), v(1,1) = (R,0), (64)
k(0,t) = k(1,t) = « in [0,00),
V(,0) = 0() in I,
to a solution of
{ 202k + K3 — N2k =0 in I, (©5)
7(0) = (0,0), 7(1) = (R,0), £(0) = x(1) = a,

as t — oo.

In Section 6, we shall prove that there exists a unique smooth solution for all times, satisfying
Assumption 3.2.

We turn to Assumption 3.3. Let v be a planar open curve satisfying the stationary equation

202k + K> — N2k =0 in I, (66)
k(0) = k(1) = a.
Then there exists a constant E € (—\*/4, 00) such that the pair (x, F) satisfies
dr\ 2 .
(ds) +F(k)=FE in I, (67)
k(0) = k(1) = a.
Let
Lo(E) =0 (68)
@ d
LE) =2 (69)
wm VVE — F(K)
2% d
Ly(B)=2 | G (70)
p E — F(k)
so that
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It is easy to see that the length of v can be written as

L(y)=L(E)+ NL(FE)
for some N € N, with

L(E) € {Lo(FE),Li(E),La(E)} forany FE € (F(a),+00).
Let S be a set of all solutions of (65). For each A € R, we define
Sa={1€8|Ealy) < AL (72)

Lemma 4.5. Let a, A € R be such that A\ # 0 and (61). Then the set YA is finite for each
AeR.

Proof. Assume by contradiction that there exists a sequence {v,}>2,; C YA with v # Y if
[ # m. Then there exists a constant E,, for each n € N such that the pair (k,, E,) satisfies

dkn, 2
() +Fom = (73)
ﬁn(o) = "in(‘c(’)/n)) = qQ,

where r,, denotes the curvature of y,,. By the discussion above, for each E,, € (—\*/4, 00) there
exists a unique solution k,, of (73) such that £(v,) = Li(E,) + N,L(E,,), where i € {0,1,2}.

We claim that there exists a positive number E* such that E, < E* for any n € N. Suppose
that E,, = oo as n — oo. Then Lemma 4.1 yields

/mids—)oo as n — oo.
n

By virtue of Lemma 4.4, this implies that £y o(vn) — 00 as n — oo, which contradicts v, C Ya.
Thus we see that {E,} is a bounded sequence, and then, there exists a constant F,, < E*
such that E, — E up to extracting a suitable subsequence. Moreover, possibly passing to a
further subsequence, there exists a curve v € ¥4 such that the curves =, smoothly converge
t0 Yoo a8 N — 00. As L(7Vx) = Li(Ex) + NooL(Eo) for some i € {0,1,2}, it follows that
L(vn) = Li(En) + NooL(Ey,) for sufficiently large n. We define

d(E) = v(L(E)) — 7(0),
d(E) = v(Li(E)) —~(0),

where « is a solution of (k)% + F(k) = E. Since v, € iA and N, = N4, for n big enough, we
have

|d(Ey,) + Nnd(E,)| = |d(E,) + Nood(Ey)| = R (74)
for n sufficiently large.

In the following we show that (74) leads to a contradiction. We may assume that o > 0
without loss of generality. First we consider the case where F'(a) > 0. Since F(«) > 0 implies
E,, > 0 for any n € N, Lemmas 5.2-5.3 imply that the function |d(E) 4+ Nuood(E)| is analytic on
(F(ar),00). Then (74) yields

|d(E) + Nowd(E)| = R for any E € (F(a),c0). (75)
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It follows from Lemma 5.3 that L(E) — 0 as E — oo. Then (71) yields that L;(F) — 0 as
E — oo for any i € {1,2}. Thus we observe that

|d(E) + Nood(E)| < |d(E)| + N |d(E)| - 0 as E — oo.
This contradicts (75).

Next we consider the case where F(a) < 0 and Eo, > 0. Since we may assume that F,, > 0
for sufficiently large n € N, we can obtain a contradiction along the same argument of the case
where F(a) > 0.

Finally we consider the case where F(a) < 0 and E, < 0. Since it holds that E,, < 0 for
sufficiently large n, Lemmas 5.1-5.3 and (74) yield that

|d(E) + Nood(E)| = R for any E € (—X*/4,0). (76)
Suppose that Ny, # 0. Since Ny > 1, we have
d(E) + Nocd(E)| > N |d(E)| - |d(E)| > Nos (|(E)] — |d(E))

Remark that Lemmas 5.1-5.3 and (71) imply that L(F) — oo, L1(E) — oo, and L(F)—La(E) —
ocoas E10. If L(E) € {Lo(E), L1(E)}, then it holds that

|[d(E)| - |d(E)| = 00 as E 10,
and then

|d(E) + Nood(E)| = 00 as E 10.
This contradicts (75). If L(E) = Lo(E), since (71) gives us that

L(E) Lo
=1—-——=1 as FE71T0,
Li(FE) Ly T
we observe that
|d(E) —d(E)| -0 as E?10. (77)

Then it follows from (77) that
|d(E) + Nood(E)| > (Neo 4+ 1)|d(E)| — |[d(E) — d(E)] = 00 as E10.
This also contradicts (75). Thus it must hold that Ny, = 0. Then (76) is reduced to

|d(E)| =R for any E € (—\1/4,0). (78)
Lemma 5.2 implies that L(E) = Ly(E). With the aid of Lemma 5.3, we can replace (78) with
|d(E)| =R forany FE € (F(a),o0). (79)

Moreover, by virtue of Lemma 5.3, we see that Ly(E) — 0 as E — oo, i.e., |[d(E)| — 0 as
E — oo. This contradicts (79). The proof of Lemma 4.5 is complete. O

Applying Theorem 3.1 to the problem (64), we obtain the following:

Theorem 4.3. Let a, A € R satisfy A # 0 and (61). Let y(x,t) : I x [0,00) — R? be a solution
of (64). Then there exists a solution 7 of (65)

(1) = 3() as t— oo
in the C*°-topology.
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5. APPENDIX A

Lemma 5.1. Let (s) : [0,00) — R? be a planar open curve with the curvature satisfying

(5 4=

Ky (E)
L(E) = 2/ _ Ak
km(E) VE—F(k)

is analytic on (—\*/4,0) U (0,00). Furthermore it holds that
L(E) —» o0 as E —0. (80)

Then the function

Proof. To begin with, we show that L(FE) is analytic on (0,00) and L(E) — oo as E | 0. Recall
that L(FE) is written as

ko (E) dr

0 VE — F(k)

for E € (0,00). Since F is analytic, it is clear that xp/(F) is analytic. Moreover the definition
of kp(F) implies that F'(k(FE)) # 0. The Taylor expansion of F' at k = kp(F) is expressed as

F"(HM)

L(E) =4

F(rk) = F(km) + F'(kam)(k — kp) + o] (H—I-{M)2
F®) F&
+ ?E!Hm(/’f — ku)® + 4(!HM)(H — k)t
It follows from F'(kps) # 0 that
3
VE = F(r) = F (5ar)(5ar — 6) |1+ D an(E)(kar — k)"

for any k € [0, k], where a,,(F) is given by

(=) F" D (ki (E))

an(E) = (n+ D)1F'(kp(E))

Since it holds that
an(E)| < C A"

for any E > 0, we see that

W =3 htnu(B) -
k=0

for any k € (kyp(E) — €, k0m(F)), where € is a positive constant satisfying

1 7)< 1.
1213§3|an|e( +e+e7)<
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Remark that by = bx(FE) is analytic on (0,00). In the following let us set L(F)/4 = £1(F) +
£9(F), which are written as

\ /E F(k ko(E) E — F(k)

where ko(E) = kp(E) — 5/2. First we check that £;(F) is analytic. Let us write £,(F) as

£1(E) = \;E/HO <1 - FSEK)>_§ dr.

Notice that the function (1 —%)~'/2 is analytic on (—oo, 1), and for any yy < 1 one can write

oo

(1—y)" 2= euly—wo) forall ye (yo,1),
k=0

where the coefficients ¢, depend on yg. Letting & = || which is a minimum point of F' and
setting y = F'(k)/E, yo = F(R)/E, we have

co-ain L (-5

HM

where

gk(z) = /0 (F(k) — F(R))kdlf.
Since it holds that

o (F(r)  F(R)\" ; F(k)—F(F) .
([ () ) o FOTEE

as k — oo, we see that the series in (81) converges for each E > 0. Recalling k), (F) is analytic,
all the functions gx(ko(F)) is also analytic. This implies that £;(FE) is analytic for E > 0.
Regarding £o(F), we have

i (E) dk B . b(E)  se\kt1/2
v VE—F(r) __go(kﬂ/m (’) '

Since by (E) is analytic, this implies that £9(E) is also analytic for £ > 0. Therefore we observe
that L(F) is analytic on (0,00). On the other hand, it follows from (81) that

L(E)— o as FE|O. (82)

Lo(E) =

Next we prove that the function L(E) is analytic on (—A\*/4,0). Along the same line as
above, we see that

bk HJM H)k*l/Z
V= o
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for any k € (kapr — €, k), and

k=0

VE-—F(r)

for any € (Km, Km + e), where ¢ is an appropriate small number. Setting L(F) = £1(F) +
SQ(E) + 23(E) + 24(E), where

am= [T am= [
' v VE—F(r) ? wmte/2 VE — F(r)’

~ HM_5/2 d,{, ~ kM d/{

84(E) = W 8B = I —
o) R VE - F(r) 1) /I’»ME/2 E - F(k)

Regarding £,(E) and £4(E), we can verify that £;(F) and £4(F) are analytic on (—\*/4,0)
along the same argument for £5(F). Next we turn to £o(F). Along the same line as the
argument for £,(F), we have

N & 1 dr
B = /nm+a/z VFw VI E/F() (59

- ki;oék /;<:+s/2 \/%(Fc) (Fi) - F](ER)>k s

= adr(km(E) +/2)EF,

where

Since it holds that

k=0 F
and
~ 1
kmte/2 \F'(k)  F(R)
) E
— sup - <1l-=wyo

KE(km+e/2,R) F("i) F(’%)

as k — oo, we observe that the series in (83) converges for each E € (—\*/4,0). Recalling
km(F) is analytic, all the functions i (km(E) + /2) is also analytic. This implies that £o(F)
is analytic for E € (—A\*/4,0). Since similar argument gives us that £3(E) is also analytic for
E € (-)\1/4,0).
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Finally we prove that L(E) — oo as E 1 0. Regarding £,(E), it holds that

Kim+e/2 dr
Lm \/—F’(Hm)(ﬁ — tm) — F"(km) (K — Km)?

L1(E) >

1 1 L+ 5-52(1
= — 108 )
2 _F”(Hm) 1 - z—:f2a

where a = F'(km)/F" (Km). Since F'(km(E)) — 0 and F"(kn(E)) — =A% as E 1 0, it follows
from (84) that

L1(E) -0 as E10.
This clearly implies that L(F) — oo as E 1 0. O

The arguments in the proof of Lemma 5.1 also implies an analyticity of L;(FE) which are
defined by (69)—(70).

Lemma 5.2. Let a > 0. If F(a) > 0, then the function Li(E) is analytic on (F(«),00). If
F(a) < 0, then the function Li(E) is analytic on (F(a),0) U (0,00). Moreover, as E — 0, it
holds that

Li(E) 500 as E—0. (85)
Proof. The proof of Lemma 5.1 gives us the conclusion. O

Lemma 5.3. For each a > 0, the function Lo(E) is analytic on (F(«),00). Moreover, for each
€ (0,24/]A]), it holds that

Ly(E) -0 as E — oo. (86)

Proof. An analyticity of Lo(F) is followed from the same argument of the proof of Lemma 5.1.
We shall prove (86). Since 0 < o < v/2|)|, we divide Lo(E) into two part as follows:
dk wM dk
+

KM dr V27|
/a \/m:/a E—F(r) Jvan VE-F(r)

Recalling F(v/2|)|) = 0, we have

V2|l V2|2l
dr 1 / dv —0 as FE — oo.

<
a VE—-F(k) ~ VE Ja
Thus it is sufficient to estimate the second term of the right-hand side of (87). By changing the
variable r/(4E)Y* = z, we have

(87)

/”M dr < 1 /”M dr
EF-F T WVE K4
NNRY; (k) = VE A f1 - st
VR /R gy
BV [ miajamyi/a V1 =zt
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And then, the conclusion is obtained from the following calculation:
V2 /AR g B V2 o rm/UBRYY g
BV mapapys VT =2t = BV g appe VI —a?
V2 { . 1 KM
sin

2
- E1/4 sin”! \f!)\| }

(4E)/4 (4E)1/4

—0 as FE — oo.

6. APPENDIX B

The scope of this appendix is to prove that (64) has a unique smooth solution defined for
all times.

Let us first show that the L?-gradient flow for the functional £, under (35)-(59) can be
written as (34). Indeed, let 7 : [0,1] — R? be a smooth planar curve satisfying the symmetric
Navier boundary condition

7(0) = (0,0), (1) = (R,0), £(0) = k(1) = a, (88)

We consider a variation of v defined as follows:

7(1'36) = ’7(.’E) + gb(z:,s)u(m),

where v is the unit normal vector, pointing in the direction of the curvature, given by

0 -1\ 7% Va
v = —— =R—,
<1 0 ) Vel Vel
and ¢(z,e) € C°((—e0,€0); C*°(0,1)) is an arbitral smooth function with
¢(z,0) = ¢(0,¢) = ¢(1,¢) = 0.

In the following we shall derive a first variational formula for the functional £, o (7). Put

Yz
T=—"".
V2]
Since the curvature of v is expressed as
R
K = Lg%”’ (89)
|z
we have
K =Ygz "V "Y:c‘_27
and then Frenet-Serret’s formula Jsv - 7 = —k yields that

V:c'T:_H’h/x"
To begin with, we derive useful variational formulae. First we find the first variational formula
of the local length.

d Ve (PeV)e
dfg‘”yx@]j?é‘)‘ = ’i’ ’ ) :T'¢5Va::_/‘5|’7:c|¢57 (90)
e=0 T
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where ¢.(-) = (0¢/0¢)(-,0). Next we find the first variation formula of the curvature.

(89) and
V:Vgy = — |Vx|2 = —k’ "796’2’

Yoz - RVz = Yoz - R(—KY2) = —K? "796’3a

“1\ _ Yaz - Ry
fal ™) =2,

Yz
it follows that
d Qbszx —1 ¢€;r
k(7€) + K20 + (172l a0
de e=0 |'7:r:|2 : | $‘
Using (90), we obtain
d
78 Ne ]
Zeraly (-€)) »

1
d
— 2p —
/0 { (k=) ds
Using (91) and integrating by parts, we get
! d
K—aQ)—K Y| dx
| n=gn]

1
-/ w—a){%; +52¢a+<mrl>x¢”}mr da
0 |7:E| |’7:(:|

:/01—(“‘0‘)96% (5% — ar)e el + (el ™l — @)ee da

— (K — 2aKk? + \?k) czﬁg} V2| dz
e=0

7zl
K — o !
: {%}
el " o
/ ¢€x 05'%2)¢5 V2| dx
1
-/ ( ) (6° ~ ax?)x b do
0 T
1
/ > (k3 — ar?) b ¢c |Ve| da.
0
Here we use (0 K,(l = a. Thus we find
d b 9: \*
—Exaly(se :/ 2< x) k+ kS = NK S b |va| da.
EOC | { o el

Parameterizing by the arc length, the formula (92) is written as

L a0(,9)

1
— /0 {2/@55 + RS- )\2,%} @ ds.
e=0

23

From

(91)

(92)



24 MATTEO NOVAGA AND SHINYA OKABE

Therefore we see that the flow (34) is the L2-gradient flow for the functional &), under the
symmetric Navier boundary condition (88).

Since (64) is a nonlinear boundary value problem for a quasi-linear parabolic equation, a
short time existence is a standard matter. In what follows we shall prove a long time existence
of solutions to (64). Throughout the section, put

VA =202k + k3 — N2k,
Then the equation in (64) is written as
Oy = -V, (93)
Since s depends on t, remark that the following holds.
Lemma 6.1. Under (93), the following commutation rule holds:
0405 = 050y — KV 05
Lemma 6.1 gives us the following;:
Lemma 6.2. Let y(x,t) satisfy (93). Then it holds that
Ok = =02V — K2V, (94)
Furthermore, the line element ds of v(x,t) satisfies
Dyds = KV ds. (95)
The boundary conditions in (64) imply that several terms vanish on the boundary.

Lemma 6.3. Suppose that v satisfies (64). Then it holds that

Oy =0 on 01 x [0,00), (96)
Ok =0 on 01 x [0,00), (97)

VA =0 on  9I x [0,00), (98)
VA =0  on I x[0,00), (99)
oV =0 on I x [0,00), (100)
2PVA=0  on I x[0,00), (101)
005 = 050y on OI x [0,00). (102)

Proof. Since both ~(t) and x(t) are fixed on 91, we observe (96)-(97). It follows from (93) and
(96) that (98) holds. By virtue of (6.2), (97), and (98), we obtain (99). Then (98) and (99)
implies (100) and (101), respectively. (102) is followed from Lemma 6.1 and (98) O

Here we introduce interpolation inequalities for open curves, which has been inspired by
[7] for closed curves and given in [9]. The interpolation inequalities are written in terms of the
following the scale invariant Sobolev norms:

koo ) ‘ . 1/p
||K,||k7p = Z H@;ﬁ’ o H@;HHP = ,C(,y)erl—l/p </I |8;/<;}p) '
=0
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Lemma 6.4. ([9]) Let v : I — R? be a smooth curve. Then for any k € NU{0}, p > 2, and
0 <i <k, we have

|0:5]], < ellslly™ I
p

k20
where o = (i + 5 — %)/k and ¢ = c(n, k,p).

In order to prove a long time existence of solutions to (64), we make use of the following
Lemma, which is a modification of Lemma 2.2 in [7].

Lemma 6.5. Let v : I x[0,T) — R? satisfy the equation (93) and ¢ : I x [0,T) — R be a scalar
function defined on ~ satisfying

{ oo =—206+Y in Ix[0,T),

=0, Pp=0 on OIx][0,T). (103)

Then it holds that

dl/ 2 2 112 1 1 2 1A
—— | & ds+/(6s¢) ds:/qﬁYds—i-/qﬁ KV ds. (104)
dt4 ), , 2/, 4,

Proof. Tt follows from the equation in (103) and Lemma 6.2 that

d1l 9, 1 1 9
1 1
== / (=208 +Y)ds + /qbzh;V)‘ds.
2/, 4./,
With the aid of the boundary conditions in (103), we obtain

[ootods = [o.00%0ds = [ (@) as.
g gl g
Then we observe (104). O

By virtue of Lemma 6.3, we observe that 9/"V* = 0 and 920/"V* = 0 hold on OI for any
m € NU {0}. The fact implies that we can apply Lemma 6.5 to ¢ = 0/*V*. To do so, first we
introduce the following notation for a convenience.

Definition 6.1. ([3]) We use the symbol q"(9Lk) for a polynomial with constant coefficients such
that each of its monomials is of the form

N
[[0s with 0<ji<l and N=>1
=1
with
N

r=>Y (i+1).

i=1

Making use of the notation, we obtain the following:
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Lemma 6.6. Suppose that vy : I x [0,00) — R? satisfies (64). Let ¢ be a scalar function defined
on 7. Then the following formulae hold for any m, | € N:

MV = ¢392 K) — A20Tk, (105)
m—1

007" =00+ > (a1 (02T k) + q” T (0Lk))OT (106)
1=0

80k = =207k + g (92 k) + g (O 2k), (107)

0q'(07k) = q' (O k) + 4" (97 k). (108)

Proof. Since V* = ¢3(02k) — A2k, the assertion (105) is followed from a simple calculation.
Regarding (106), we proceed by induction on m. For m = 1, we have

01056 = 0:01 — KV 0y = 0,06 — (4 (93K) + 4° (k) Ds0.
Assuming that (106) is true for some m > 1, we obtain

0.0 ¢ = 0,000 ¢ + (a(92k) + 0% ()00

m—1
_a, { OO+ S (a3 ) + q2+i<a;m>>a:1—i¢}

=0
+(q%(02k) + 4 (k)0 o
=000+ Y (a2 k) + g* T (OLR) T .
=0

(107) is followed from (6.2) and (106) directly. Finally we obtain (108) for m, | € N fixed
arbitrarily as follows:

00" (0k) = ) _q' TN 0" K) - 0Ol

NE

0

<.
Il

q' (0 k) {200 + o700 R) + 07T (00 R) )

I
NE

0

<.
Il

ql+4(8;nax {m,j+4},€) + Z C|l+2 (8;11ax {m,j+2} H)
j=0

|
.MS

<
||
[en}

2
q O R) + > a0 k)
J=0

Q) + g0 ).

e T

With the aid of Lemma 6.6, we obtain a representation of 97"V *.
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Lemma 6.7. For each m € N, it holds that
aznv)\ _ (_1)m2m+18;lm+2ﬁ + q4m+3<8;1mﬁ:) (109)

m
+ Z q4m+3—2j (a§m+2—2jm)‘
j=1

Proof. We proceed by induction on m. For m = 1, we have
VA = 0,(20%k + K* — A2k)
= 2(—20%k + q"(0%K) + 4°(92K)) + 3820k — N2k
= 2208 + q"(92k) + q°(92k).
Suppose that (109) holds for m = k. Then we have
OFFIVA = 9, {(—1)kokt1gtk+2, 4 qiht3 gk (110)

k
+ Z q4k+3—2j (8§k+2_2j/€)}

j=1
= (_1)k2k+1{_28§k+6/€ + q4k+7(a;1k+6%) + q4k+5(a;lk+6/{)}

k
091 + Y0 q (O )
j=1

By virtue of (108), the last term in (110) is reduced to

k
Ot{q4k+3 (aélkﬁ) + Z q4k+3—2j (a§k+2_2jﬁ)}
j=1

— q4k+7(8§k+4/€) + q4k+5 (8§k+2/€)

k
4 Z{q4k+772j(a;1k+672jﬂ) 4 q4k+572j(a;1k+472jﬁ)}
j=1
k+1
_ q4(k+1)+3(6;1(k+1)ﬁ) i Z q4(k+1)+3—2j(8;4(19-1—1)—&-2—23"%)‘

j=1
This implies that (109) holds for any m € N. O

We are in the position to prove the main result of this section.

Theorem 6.1. Let A\ € R be non-zero constant. Let vy : I — R? be a smooth open curve
satisfying

7(0) = (0,0), 70(1) = (R,0), xo(0) = ro(1) = a,

where o € R is a given constant with |a| < |A|. Then there exists a unique family of smooth
open planar curves vy(z,t) satisfying (64) for any finite time t > 0.
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Proof. Suppose not, there exists a time ¢; > 0 such that the smooth solution v(x,t) of (64)
remains up to ¢t = t1. Setting ¢ = 9"V?*, Lemma 6.5 implies that

d1l

1 /(8;”V>‘)2ds + /(agag”wﬁ ds (111)
¥ ¥
1 1

= /ag”VAYdH /(a;;lvk)%vA ds.
2 4
7y ¥
Regarding the integral of (0828,{”V’\)2, we have

(D207"V2)? > (220D —e) (™ n)?
+ {q4m+5(8§m+2l€) + Z q4m+5—2j(3;1m+4—2j,€)}2
j=1
= (8§m+4lﬂi)2 + Z q8m+1072j (8;1m+2lﬁ})
j=0

4 Z q8m+1072(j+l)(64m+472 min {j,l}H)
; .
jl=1
Regarding the integral of 9*V?Y’, setting
aznv)\y — a{nv)\q4m+7(a§m+4’€) + 8tmv)\q4m+5 (8§m+41€)
m—+1 ' 4
+ oV Z g2 (A2 ) = [ 4 I + I,

=2

and integrating by part once the highest order term, we find
/II ds = /3 amv)\{q4m+7(a4m+3 ) + q4m+6(a§m+3/€)} ds
.

_ _Z/{qu—Hl 2j a4m+3 ) 8m+10_2j(64m+3,‘<{,)}d8,

and

o 8va>\ {q4m+5 (8§m+3/‘$) + q4m+4(8§m+3n)} ds

/IQdS——
Y

SQ\J

/{q8m+9 2](a4m+3 )+q8m+8—2j(a§m+3ﬁ)}ds.
7=0
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Hence we see that

m+1
/&?QVAY ds = / Z{q8m+11—2j(a;1m+3,€) +q8m+10—2j(a;1m+3ﬂ)
Y Y §=0
+ q8m+8f2j(8§m+2ﬂ) + q8m+672j(a§mﬁ)}
+ Z q8m+8—2(j+l)(aglm+2—2min {j’l}lﬁ) ds.
1=1,j=1
Since it holds that
/(atmv)\)QHV)\ ds = / Z{q8m+10—2](8§m+2/€) + q8m+10—2j (aglmﬁ,‘)}
Y 7 j=0

m
I Z gBmH10-2(+) (94m+2-2min Ul g) ds,

I=1,j=1
the equality (111) is reduced to
d1l
71 /(6{"V’\)2 ds + cm(e) /(8§m+4n)2 ds (112)
gl g
m+1 ‘ ‘
_ / { Z { =2 (a;lerSH) t ¢Bmt10-2 (8§m+3l€)
ol j=0
+ q8m+10—2j(a;1m+2/{) + q8m+10—2j(6;1m/{,) }
m
+ Z q8m+10—2(j+l) (a4m+2—2min{j,l},€) :| ds
; .
I=1,j=1
We estimate the integral of q®™ 11 (93m+3k) which is the highest order term in the right-hand

side of (112). By Definition 6.1, this term can be written as

q8m+11 (84m+3 Z H 8031 &

7 =1
with all the ¢;, less that or equal to 4m + 3, and
Nj
D (¢j,+1) =8m+11
i=1

for every j. Hence we have

Jz

‘q8m+11 a4m+3 Z H

7 =1

)
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Putting

it holds that
/|q8m+11(8;1m+3l€)’ ds < E /Q] ds.
Y j Y

After collecting the derivatives of the same order in @), we can write

4m+3 . 4m~+3
Q=[] |0 " with > ay(l+1)=8m+1L
1=0 1=0
Using Holder’s inequality we get
4m+-3 1/ 4m+-3
/des < H </ aén ajl)\z> /N _ H ‘aé aj, :
g =0 7 1=0 oA

where the value \; are chosen as follows: A\; = 0 if «;, = 0 (in this case the corresponding term
is not present in the product) and A\; = (8m+11)/a, (I +1) if o, # 0. Clearly a;, A\, = 8%‘_’“111 >
8m+1l < 9 404

4m+4
1=0,0,£0 Al 1=0, )\, £0 8m + 11

Let k; = a;,A\; — 2. The fact a;,A; > 2 implies that k; > 0. Then we obtain

|

where 0, = (I + & — =—2:)/(4m + 4) and ¢ = ¢(j,1, m). Since

O‘jl>\l

!
04k

1—0; o
S elml el
g

1l az < Cm) (02515 + 1s13)

we observe that

! L
Ok

Multiplying together all the estimates, we obtain

< Clly ™ ([lod el + 113

‘ajl

4m—+3
/@wscllmw”“”ww”%m+wm%% (113)
v =0

=Clxll3 =0 ) (H8§m+4/€H2 + ||/£||2)Z;hzno+3 T Y

Then the exponent in the last term of (113) is written as

1 1
4Zm+3 etz —gxn) SR+l -1
T =
— T3 — dm + 4 dm+4 ’
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and hence by using the rescaling condition we have

4m—+3 4m+3 1 4m+3
g:O"a'— —o g (U4+1) — 5300 ay, — 1
N
P dm+4
C8mA 1= 23y, — 1 16m 420 - Y ay,
B 4m + 4 B 2(4m + 4)

Noting that
4m—+3 4m+3

I+1  8m+11
lz(;ajlz lz;ajl4m+4: dm+ 4

we see that

4m+3 _ 16m + 20 — &mtd 1 )
QG =2- ——0= <2
lz_% T = T (4m 1 4) (4m + 4)2

Hence we can apply the Young inequality to the product in the last term of (113), in order to
get the exponent 2 on the first quantity, that is,

5.
[ @uds <5 (il + 1) + € i

2 2 )
< ;|05 k[, + Ikl + +Cj |1l
for arbitrarily small §; > 0 and some constant C; > 0 and exponent 8; > 0. Hence we get
d1 1
—— [ (O"VMds + - /
dt 4 /7( PVITds g |
m+1 m+1

<N g |ty Y kil
j=0 Jj=0

Letting d; > 0 be sufficiently small, we obtain

(820mV )2 ds + Cm2(5> / (8im+16)2 ds
Y

d1 m+1 ,
i /(6{”1//\)2(13 <cy sl (114)
vy j=0

Since Lemma 4.4 gives us
Hﬁngﬁcxawwghan%

(114) implies that

vl e+ ool

y (115)

for any time ¢ € [0,¢1). Using (109) and the interpolation inequality, we reduce (115) to

2
o2}, < Cut + [|or v (0) + €, (116)
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where Cy depends on € o(70). Combining (63) and (116) with the interpolation inequality, we
observe that there exists a positive constant depending only on &£ o(70) such that

2

‘ Bk (p < Cht + HatvaHH (0) + Cs (117)

for any 0 <[ < 4m + 2. For each [ € N, it is easy to obtain that
], <l - o, e

Applying Holder’s inequality to (118), we obtain
’ 82_1,«;”]:00 < L(y)V? ’ Ok ‘LQ + L(y)"Y? ’ 82_1/1‘ . (119)
Then it follows from (117) and (119) that there exists a constant C' = C(vo, t1, @, A) such that
) 82‘%@)””0 <C (120)
for each | € N and any t € [0,¢1). This contradicts that the solution of (64) remains smooth to
t = t1. We thus complete the proof. O
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