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Abstract

We obtain a blow-up theorem for regular submanifolds in the Heisenberg
group, where intrinsic dilations are used. Main consequence of this result is an
explicit formula for the density of (p+1)-dimensional spherical Hausdorff measure
restricted to a p-dimensional submanifold with respect to the Riemannian surface
measure. We explicitly compute this formula in some simple examples and we
present a lower semicontinuity result for the spherical Hausdorff measure with
respect to the weak convergence of currents. Another application is the proof of
an intrinsic coarea formula for vector-valued mappings on the Heisenberg group.
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1 Introduction

In recent years, several efforts have been devoted to the project of developing Analysis
and Geometry in stratified groups and more general Carnot-Carathéodory spaces with
several monographs and surveys on this subject. Among them we mention [3], [6], [13],
[16], [23], [28], but this list could be surely enlarged.

Our study fits into the recent project of developing Geometric Measure Theory
in these spaces. Ambient of our investigations is the (2n+1)-dimensional Heisenberg
group H", which represents the simplest model of non-Abelian stratified group, [6], [27].
Aim of this paper is to present an intrinsic blow-up theorem for C' submanifolds in the
geometry of the Heisenberg group along with its applications. The main feature of this
procedure is the use of natural dilations of the group, namely, a one-parameter family of
group homomorphisms that are homogeneous with respect to the distance of the group.
Recall that dilations in H" are anisotropic, hence they differently act on different
directions of the submanifold. The foremost directions are the so-called horizontal
directions, that determine the “sub-Riemannian geometry” of the Heisenberg group:
at any point z € H" a 2n-dimensional subspace H,H" C T,H?*"*! is given and the
family of all horizontal spaces H,H" forms the so-called horizontal subbundle HH".
We will defer full definitions to Section 2.

The blow-up procedure consists in enlarging the submanifold ¥ at some point = € X
by intrinsic dilations and taking the intersection of the magnified submanifold with a
bounded set centered at . We are interested in studying the case when T, ¢ H,H",
namely, z is a transverse point. The effect of rescaling the submanifold at a transverse
point z can be obtained by considering the behavior of vol, (B, ,NX)/rP™ asr — 0T,
that heuristically is
voly(By, NY)  vol,(l:0,(BiN%ysy))  vol,(6,(B1NEyy))

T = o = x| ~ a(x) vol,(B1 N Xy ).

Here vol, denotes the p-dimensional Riemannian measure restricted to 3, the left
translation [, : H* — H" is given by l,(y) = z - y, the dilation of factor » > 0
is 0, : H" — H", the dilated submanifold at = is ¥, = 6,, (I,-1%) and B, is
the open ball of center z and radius r with respect to a fixed homogeneous distance.
The meaning of «(z) will be clear in the following theorem, that makes rigorous our
previous consideration and represents our first main result.

Theorem 1.1 (Blow-up) Let ¥ be a p-dimensional C' submanifold of Q, where §
is an open subset of H" and let x be a transverse point. Then the following limit holds

_ vol, (SN Byy)  08(rsy(z))
lim — = :
r—0+ rptl |Ts,v ()]

(1)

A novel object appearing in this limit is the vertical tangent p-vector 7 y(z), intro-
duced in Definition 2.13. Its associated p-dimensional subspace of §” is a subalgebra



whose image through the exponential map represents the blow-up limit of the rescaled
submanifold ¥, , as r — 07. The p-vector 73 (z) in higher codimension plays the
same role that the well known horizontal normal vy plays in codimension one (compare
for instance with [19]). The metric factor 6(7x (z)), introduced in [19], corresponds
to the measure of the intersection of B; with the vertical subspace associated to the
vertical tangent p-vector sy (x). A first consequence of Theorem 1.1 is an explicit for-
mula to compute the (p+1)-dimensional spherical Hausdorff measure of p-dimensional
C' submanifolds in the Heisenberg group. In fact, thanks to SP*!-negligibility of
characteristic points proved in [22], Theorem 1.1 along with standard theorems on
differentation of measures, immediately give the following result.

Theorem 1.2 Let p be a homogeneous distance with constant metric factor a > 0
and let Sﬁ# = an;H'l. Then we have

SPH(E) = /E lrs. (&) dvol, (). @)

Note that in codimension one, the integral formula (2) fits into the results of [19] in
stratified groups. The connection between these results is shown in Proposition 4.15.
There are several examples of homogeneous distances satisfying hypothesis of Theo-
rem 1.2, as we show in Example 4.6. Proposition 4.5 shows a class of homogeneous
distances having constant metric factor. Proposition 4.7 shows how the computation
of the (p+1)-dimensional spherical Hausdorff measure of a submanifold can be easily
performed in several examples, that will appear in Section 4.

Another consequence of Theorem 1.1 is the validity of an intrinsic coarea formula
for vector-valued Lipschitz mappings defined on the Heisenberg group. By Sard theo-
rem and the classical Whitney approximation theorem we can assume that a.e. level
set is a submanifold of class C'!, then we apply representation formula (2). The core
of the proof stands in the key relation

_ Juf(z)
Jgf(i) ’

which surprisingly connects vertical tangent p-vector with horizontal jacobian Jg f.
The proof of (3) is given in Theorem 3.3. Thus, we can establish the following result.

(3)

|Tz,v($)|

Theorem 1.3 (Coarea formula) Let f : A — R¥ be a Riemannian Lipschitz map,
where A C H" is a measurable subset and 1 < k < 2n + 1. Let p be a homogeneous
distance with constant metric factor o > 0. Then for every measurable function wu :
A — [0, +o0] the formula

_ +1
[ we) Ts@ s = | ( [ ) 452 <y>) z (@)

holds, where p =2n+1—k and SpH — aSgH.



This coarea formula along with that of [21], which is a particular case, represent
first examples of intrinsic coarea formulae for vector valued mappings defined on non-
Abelian Carnot groups. It remains an interesting open question the extension of coarea
formula to Lipschitz mappings with respect to a homogeneous distance. Only in the
case of real-valued mappings this problem has been settled in [20]. This question
is intimately related to a blow-up theorem of “intrinsicly regular” submanifolds. In
this connection, we mention a recent work by Franchi, Serapioni and Serra Cassano
[10], where a notion of intrinisic submanifold in H"” has been introduced in arbitrary
codimension. According the their terminology, a k-codimensional H-regular subman-
ifold for algebraic reasons must satisfy 1 < k£ < n. With this restriction it might be
highly irregular, even unrectifiable in the Euclidean sense, [14]. Nevertheless they show
that an area-type formula for its (p+1)-dimensional spherical Hausdorff measure still
holds. Here we wish to emphasize the difference in our approach, where we consider
C' submanifolds, but with no restriction on their codimension.

Let us summarize the contents of the present paper. Section 2 recalls some no-
tions. Section 3 is devoted to the proof of Theorem 1.1. In Section 4 we show the
validity of Theorem 1.2, along with its applications. In Proposition 4.5, we single out
a privileged class of homogeneous distances having constant metric factor. We present
several explicit computations of (p+1)-dimensional spherical Hausdorff measure in
concrete examples. As another application of Theorem 1.2, we show a lower semicon-
tintuity result for the spherical Hausdorff measure with respect to weak convergence
of regular currents. Section 5 establishes an intrinsic coarea formula for vector-valued
Riemannian Lipschitz mappings on the Heisenberg group.

Acknowledgments. I wish to thank Bruno Franchi, Raul Serapioni and Francesco
Serra Cassano for pleasant discussions on intrinsic surface area in Heisenberg groups.

2 Some basic notions

The (2n+1)-dimensional Heisenberg group H" is a simply connected Lie group whose
Lie algebra h™ is equipped with a basis (X7, ..., Xo,, Z) satisfying the bracket relations

[ Xk Xin] =22 (5)

for every £k = 1,...,n. We will identify the Lie algebra h™ with the isomorphic Lie
algebra of left invariant vector fields on H", so that any X; also denotes a left in-
variant vector field of H". In the terminology of Differential Geometry, the basis
(X1,...,Xop, Z) forms a moving frame in H”. We will say that (Xy,...,Xop, Z) is
our standard frame. In particular, (X1,..., Xoy,) is a horizontal frame and it spans
a smooth distribution of 2n-dimensional hyperplanes, called horizontal hyperplanes
and denoted by H,H" for every z € H". The collection of all horizontal hyper-
planes forms the so called horizontal subbundle, denoted by HH". In the sequel, we



will fix the unique left invariant Riemannian metric g such that the standard frame
(X1, X9,...,Xop, Z) forms an orthonormal basis at each point.

Definition 2.1 Every set of left invariant vector fields (Yi,...,Y2,) spanning the
horizontal hyperplane at the unit element of H"” will be called horizontal frame.

Recall that the exponential map exp : h” — H" is a diffeomorphism, then it is
possible to introduce a system of coordinates in all of H".

Definition 2.2 (Graded coordinates) Let (Y7,...,Y%,) be a horizontal frame and
let W be a non horizontal left invariant vector field. The frame (Y7,. .., Yo,, W) defines
a coordinate chart F : R?"*! — H"” given by

2n
P(y) = exp (ygnﬂw £y ym) . (6)
j=1
Coordinates defined by (6) are called graded coordinates in the case W = Z and
standard coordinates in the case the standard frame (X1, ..., Xo,, Z) is used. In general
we will say that the coordinates are associated to the frame (Y71,..., Ya,, W)

We will assume throughout that a system of standard coordinate is fixed, if not stated
otherwise.

Remark 2.3 Note that the horizontal frame (Y7,...,Ys,) of Definition 2.2 may not
satisfy relations (5), where X; are replaced by Y;.

The standard frame with respect to standard coordinates reads as follows
ch = Opy — Than Ovgpirs Xk+n = 8$k+n + ) Ox,,4, and Z = R (7)

and the group operation is given by the following formula

n
z-y= <J»’1 Y1, Ton + Yoy Ton+1 + Yont1 + Z(wkyk+n - Zl»’k+nyk:))- (8)
j=1

A natural family of dilations which respects the group operation (8) can be defined as
follows

8p(z) = (ro1, 22, ..., TTan, 7 Ton 1) 9)

for every r > 0. In fact, the map §, : H* — H" defined above is a group homomor-
phism with respect to the operation (8).

In contrast with Analysis in Euclidean spaces, where the Euclidean distance is the
most natural choice, in the Heisenberg group several distances have been introduced
for different purposes. However, all of them are homogeneous in the following sense.
If p: H" x H* — [0, 400 + [ is a homogeneous distance, then



1. pis a continuous with respect to the topology of H",
2. p(zy,xz) = p(y, z) for every x,y, z € H",
3. p(ory,0r2) =1 p(y, z) for every y, z € H" and every r > 0.

To simplify notations we write p(z,0) = p(z), where 0 denotes either the origin of
R27*1 or the unit element of H”. The open ball of center z and radius r > 0 with
respect to a homogeneous distance is denoted by B, ,. The Carnot-Carathéodory
distance is an important example of homogeneous distance, [11]. However, all of our
computations hold for a general homogeneous distance, therefore in the sequel p will
denote a homogeneous distance, if not stated otherwise. Note that the Hausdorff
dimension of H" with respect to any homogeneous distance is 2n + 2. Next, we recall
the notion of Riemannian jacobian.

Definition 2.4 (Riemannian jacobian) Let f : M — N be a C'! smooth mapping
of Riemannian manifolds and let x € M, where M and N have dimension d and k,
respectively. The Riemannian jacobian of f at = is given by

Jof (z) = [|Ak(df ()] (10)

where Ag(df (z)) : Ag(TeM) — A(Ty(4)N) is the canonical linear map associated to
df (z) : TuM — TymyN. The norm of Ay(df(z)) is understood with respect to the
induced scalar products on Ag(T; M) and Ag(Ty(,)N). We recall scalar products of
p-vectors in (17).

To compute the Riemannian jacobian, we fix two orthonormal bases (X1, ..., X4) and
(E1,. .., Eg) of TyM and T,y N, respectively, and we represent df (z) with respect to
these bases by the matrix

(Bv,df (2)(X1)) (B df (2)(X2)) ... (Eb,df(z)(Xa))

Es, df (z)(X By, df (x)(X woo (BEs,df(z)(X
Pnsfte) = | ETEE) Ed@E) - EBd@E) |

(Bk,df (£)(X1)) (B, df (z)(X2)) ... (B, df(z)(Xaq))

Then the jacobian of the matrix Vx gf(z) coincides with J,f(z). In the sequel, it
will be useful to fix the following notation to indicate minors of a matrix.

Definition 2.5 Let G be an m x n matrix with m < n. We denote by Gj,;,. i, the
m X m submatrix with columns (41,9, ...,y,). We define the minor

Miyiy...ip, (G) = det (Giyiy...i, ) - (12)



Definition 2.6 (Horizontal jacobian) Let © be an open subset of H" and let x €
Q. The horizontal jacobian of a C' mapping f : @ — R* at z is given by

Ti f (@) = || Ar(df () 2,0 )l (13)
where Ak(df(l‘)‘Han) : Ak(Han) — Ak(Rk).

From definition of horizontal jacobian, it follows that it only depends on the restriction
of g to the horizontal subbundle, namely, from the “sub-Riemannian metric”. Let us

consider a horizontal frame (Y7,Y5,...,Ys,), hence Jy f(z) is given by the jacobian of
Yifl(z) Yof'(z) ... Yoofl'(z)

Srp = | PO B e el "
Viff(e) Yaff(@) ... Youf*(a)

As a consequence, we have the formula

Juf(z) = S My, (Vy ()], (15)

1<y <dge i <2n

Proposition 2.7 Let (Y1,Ys,...,Yo,, W) be an orthonormal frame with respect to a
left invariant metric h and let F : R>"T! — H" define coordinates with respect to
this frame. Then we have FﬁEQ“+1 = voloy 41, where volo, 11 denotes the Riemannian
volume measure with respect to the metric h.

PROOF. Let A be a measurable set of R?"*!. By classical area formula and taking
into account the left invariance of both vol, and FﬂEQ”+1 we have

¢ L2 TL(A) = voly, 11 (F(A)) = / JpF(z)dz
A
for some constant ¢ > 0. Then f 4 JnF = c for any measurable A. By continuity of
x — JpF(x) we obtain that J, F(z) = ¢ for any z € RY. We have F = exp oL, with

2n
L(y) = yan 1 W + Y _5; Y;
i=1
and (Y1,Ys,...,Ys,, W) is orthonormal. Since the map dF(0) = dexp(0)oL = L has
jacobian equal to one, then ¢ = 1 and the thesis follows. O

Remark 2.8 By previous proposition, the volume measure of a measurable subset A
of H" corresponds to the (2n + 1)-dimensional Lebesgue measure of the same subset
read with respect to coordinates associated to an orthonormal frame. Here the volume
measure is defined by the same left invariant metric.



Recall that (Fyu)(A) = pu(F~1(A)), where p is a measure defined on the domain of F
and A is a measurable set defined on the codomain of F'. The d-dimensional spherical
Hausdorff measure S¢ is defined as

o
84 A) = sup inf{ Y diam(E;)* | A C | J Bj, diam(E;) < e o, (16)
e>0

j=1

where the diameter is considered with respect to a homogeneous distance p of H”
and we do not consider any dimensional factor. The k-dimensional Hausdorff measure
built with respect to the Riemannian distance is denoted by vol; and it corresponds
to the classical Riemannian volume measure with respect to the graded metric g, see
for instance 3.2.46 of [5].

Definition 2.9 (Horizontal p-vectors) For each z € H", we say that any linear
combination of wedge products X, (z) A Xj,(z) A--- X, (z), where 1 < j; < 2n and
j=1,...,2n,is a horizontal p-vector. The space of horizontal p-vectors is denoted by
Ap(H H™).

Definition 2.10 (Vertical p-vectors) For each z € H", we say that any linear com-
bination of wedge products Xj, (z) A Xj,(z) A--- X;,_, (z) A Z(x), where 1 < j, < 2n
and j = 1,...,2n, is a vertical p-vector. The space of vertical p-vectors is denoted by
Vy(HH").

For every couple of simple p-vectors vy A--- Awvp, wy A--- Awy € Ap(T,H"), we define
the scalar product induced by the left invariant Riemannian metric ¢ on T, H" as

(Vi A ANvp,wi A -+ ANwp) = det ((g(x)(vi, wj)) , (17)

see for instance 1.7.5 of [5] for more details. This allows us to regard the space of
vertical p-vectors V,(T,H") as the orthogonal complement of the horizontal subspace
Ap(H H™). We have the orthogonal decomposition

Ap(T,H") = Ap(HH") @ V(T H"), (18)
which generalizes the case p = 1, corresponding to T,H" = H,H" & (Z(z)).

Definition 2.11 (Vertical projection) Let « € H"” and let { € A,(T,H"). The
orthogonal decomposition & = £y + &) associated to (18) uniquely defines the vertical
p-vector & € Vy(T,H"). We say that &y is the wertical projection of £ and that
the mapping my : A, (T,H") — V,(T,H"), which associates &y to &, is the vertical
projection.

We have omitted z in the definition of vertical projection 7.



Definition 2.12 (Characteristic points and transverse points) Let ¥ C Q be
a C! submanifold and let 2 € ¥. We say that € X is a characteristic point if
T, C H,H" and that it is a transverse point otherwise. The characteristic set of ¥
is the subset of all characteristic points and it is denoted by C(X).

Recall that a tangent p-vector to a p-dimensional submanifold X of class C' at € ¥ is
defined by the wedge product ¢; AtaA---At,, where (¢1,...,%,) is an orthonormal basis
of T, Y. We denote this simple p-vector by 75 (x). Notice that the tangent p-vector
(which belongs to a one-dimensional space) cannot be continuously defined on all of
3., unless the submanifold is oriented.

Definition 2.13 (Vertical tangent p-vector) Let ¥ C Q be a p-dimensional sub-
manifold of class C! and let = € ¥. A wertical tangent p-vector to ¥ at x is defined by
7y (7y), where 7%, is a tangent p-vector and 7y is the vertical projection. The vertical
tangent p-vector will be denoted by s y(z).

3 Blow-up at transverse points

This section is devoted to the proof of Theorem 1.1. In the following proposition, we
give a simple characterization of characteristic points using vertical tangent p-vectors.

Proposition 3.1 Let ¥ C Q be a submanifold of class C* and let x € X. Then
z € C(X) if and only if v y(z) = 0.

PROOF. Let € ¥ and let (¢1,%2,...,t,) be an orthonormal basis of T;;¥. We have
the unique decomposition t; = V; +v; Z, where V; € H,H" for every j =1,...,p. It
follows that

T:tl/\tz/\"'/\tp
=(Vi+mZ)ANVa+yZ) A AV, +1Z)

p
=VIAVRA- AV + Y 7 VIAVOA Vi g AZAVji A= AV,
7j=1

Assume that z ¢ C(X). If V1, V4,...,V, are linearly dependent, then we get
p
At A Aty = 5 VIAVaA - Viii NZAVi i A AV
=1

As a result, my(7) = 7 hence it is not vanishing. If Vi, ..., V), are linearly independent,
then all wedge products of the form

ViAVoA--- Vi L AZAVjs ANV, (19)



are non-vanishing for every 5 = 1,...,p. The fact that x is transverse implies that
there exists v;, # 0, then the projection

p
(1) =Y B VIAVRA Vi g AZAVj A=A, (20)
7j=1

is non-vanishing. Conversely, if my(7) # 0, then (20) yields some ;, # 0, therefore
t;, ¢ HyH". O

Proposition 3.2 Let f: Q — R* be of class Ct, with surjective differential at each
point of Q. Let X denote the submanifold f~(0) of Q and let z € X. Then x € C(X)
if and only if df (z)p,mn is not surjective.

ProoOF. We first notice that Ker (df(w)man) =1T,X N H,H", then we have

dim(H,H" N T,,%) = 2n — dim (1m (df(x)‘Han)) (21)

This last formula allows us to get our claim as follows. Assume that z € C'(X). Then
T,Y C H,H" and (21) gives

2n+1—k =2n —dim (Im (df($)|HIHn)>

From this equation we conclude that df (z)pg,m» is not surjective. Conversely, if
df (z) g, mn is not surjective, then (21) implies

dim(H,H" NT,%) > 2n — k + 1 = dim(T,3)
therefore T, C H,H", namely, z € C(X). O

Theorem 3.3 Let f : @ — R¥ be of class C', with surjective differential at each
point of 2. Let ¥ denote the submanifold f~1(0) of Q and let z € X. Then we have

_ Juf(=)
Jgf(x) .

PRrROOF. Left invariance of Riemannian metric allows us to consider the left translated
submanifold /,-13. Replacing f with fol, and Q with [,-1{2 we can assume that z is
the unit element 0 of H". Recall that [, : H" — H" is the left translation [, (y) = z-y.
If z € C(¥), then Proposition 3.1 and Proposition 3.2 make (22) the trivial identity
0 = 0. Assume that z € ¥\ C(X). Then Proposition 3.2 implies that the horizotal
gradients

[T, (2)] (22)

Vuf = (X1 0), Xaf (0),..., Xonf'(0)) for i=1,2,...,k

10



span a k-dimensional space of R?™. Let ci,ca,...,c; € R?*" be orthogonal unit vectors
generating this vector space and choose cji1,...,c2, € R?™ such that (c1,co,...,con)
is an orthonormal basis of R?®. These vectors allow us to define a new horizontal
frame

2n
Y]-:Zc;? Xy forevery j=1,...,2n. (23)
k=1

We denote by C the 2n x 2n orthogonal matrix whose i-th column corresponds to the
vector ¢;, then by our choice of vectors ¢;j, we obtain Vy f(z) = Vx f(z) C and

(Vufta) (Vafle) - (Vafla) 0 - 0

(Vaf?e) (Vuaf?e) - (Vafle) 0 - 0
Vy f(x) = : : : ; (24)

: : e : 0 -0

(Vuaffa) (Vaffe) - (Vaffe) 0 - 0
where the symbol (,) denotes the standard scalar product of R?". Let us consider
F :R?"*!1 5 H", defining graded coordinates (y1, ..., y2,11) associated to the frame
(Y1,...,Ys,, Z), according to Definition 2.2. Then the differential of f at 0 with respect

to (y1,-.-,Y2n+1) can be represented by the matrix

1 1 1 1
y21 (0) y22 (0) ylk (0) 0 0 %2n+1 (0)
v, £(0) = fyl:(O) fyzz(O) a fyk:(o) 2 2 fygnfl (0) (25)
fy.(0) f,(0) -+ fr(0) O 0 fyy...(0)
It follows that ' '
£,0) = (Vi fi,ey)
for every 4, = 1,...,2n. The implicit function theorem gives us a C' map ¢ : A —
R* such that A C RP is an open neighbourhood of the origin and
f((iol(g)a"'a(iok(g)ayk+17"'7y2n+l) =0 (26)

for every § = (Yx+1,---,Y2n11) € A. Then we define the mapping ¢ : A — R?**! as

¢(Z~7) = (‘;01(27)7 "7¢k(g)7yk+la---ay2n+l)v (27)

so that differentiating (26) we get
. k . .
0=2,,(f'09) =D fy, el + 1, (28)
=1

11



foreveryi=1,...,kand j =k+1,...,2n+ 1. Equations (28) can be more concisely
written in matrix form as follows

sz ‘Pyj = _fyja (29)
where z = (y1,...,yx), the k x k matrix V,f has coefficients f;l, where 1, =1,...,k
and j = k+1,...,2n+1. In order to achieve a more explicit formula for the differential

of the implicit map, we explicitly write the inverse matrix of V, f as

Cii(V.f) Cau(V.f) -+ Cri(V.f)

e 1 Ci2(Vof) Coa(Vef) - Cri(Ve:f)
Vel = (V) : L /

Cie(Vof) Cou(Vof) -+ Crp(V.f)

where C;;(V f) denotes the cofactor of V. f, which is equal to (—1)"*7 det(D;; f) and
D;j f is the (k—1) x (k — 1) square matrix obtained by removing the i-th row and the
j-th column from V,f. In view of (29) we have

S (V)1
oy = — (Vo f)  fy = 1| X CalVeNy,
! 7 Mys..1(V.f) :
i C(Vah)
An elementary formula for computing the determinant of a matrix implies

k
> Cis(Vaf)fy, = Migeos 1jar1-4(Vy f)

i=1
for every j =k +1,...,2n+ 1. As a consequence, we get

_ M12...s_1j s+1...k(Vyf)

Note that M;..,x(V.f) corresponds to the determinant of the matrix V,f. As a con-
sequece of (30) and of (25), we conclude that

Py = (30)

¢y, (0) =0

12



for every j = k+1,...,2n. Previous considerations and expression (27) lead us to the
formula

[0 0 0 @éMH(O)
0 0 0 (py2n+1 0
0 0 ¢5,,.(0)
V;(0) = | 1 0 0 0 , (31)
1 0 0
0 0 0
: : - 1 :
L 0 0 0 1 i

where V;¢(0) is a (2n + 1) x p matrix whose p x p lower block is the identity matrix.
Notice that columns of (31) represent a basis of the tangent space ToX with respect
to coordinates (yki1,.-.,Y2n+1). More precisely, the set of vectors

Z(0) + 325, v; Y;(0)
<1 + Z§:1 UJQ) V2

form an orthonormal basis of Ty¥, where we have defined v; = go{bn +1(0). Then the
tangent p-vector s to X at 0 is given by the wedge product

Yk-‘rl(o)a Yk-‘r?(O)v (ERE) an(O),

Vier1(0) A Via(0) A+ A Yan(0) A (Z(0) + S, 0 5(0))

(1 + Z?Zl vf) i

Obviously, p-vectors Yy 11(0) A Yg12(0) A--- AY2,(0) AY;(0) are horizontal, hence they
disappear in the vertical projection. It follows that

 Yis1(0) A Yisn(0) A< A Yan(0) A Z(0)
= ; L2
(1 + > 51 Uj)

™(0) =

bl

m,(0) = my(rs,v(0))

therefore we clearly obtain

k 172
)] = (143 07) (32)
=1
Due to formula (30) in the case j = 2n + 1 and to (25), we obtain
. z’“: g2 = VLV 4 50 (M tmstsrn(Vf))” < Jy4 (0) >2
=1 (My..x(V-1))* Ju f(0)

13



then (32) shows the valdity of (22) in the case x = 0. Left invariance of the Riemannian
metric g leads us to the conclusion. O

Definition 3.4 (Metric factor) Let 7 be a vertical simple p-vector of A,(h") and
let £(7) be the unique associated subspace, with L = exp L(7). The metric factor of
a homogeneous distance p with respect to 7 is defined by

05(r) = H! (F~H(LNBy)),

where F : R?"*1 5 H" defines a system of graded coordinates, Hllj_ | denotes the

p-dimensional Hausdorff measure with respect to the Euclidean distance of R?**+! and
Bj is the unit ball of H” with respect to the distance p. Recall that the subspace
associated to a simple p-vector 7 is defined as {v € h" | v A7 = 0}.

Remark 3.5 In the case of subspaces £ of codimension one, the notion of metric
factor fits into the one introduced in [19]. It is easy to observe that the notion of
metric factor does not depend on the system of coordinates we are using. In fact,
Fylo By : R — R?"F! is an Euclidean isometry whenever Fj, Fy : R?"1 —
H" represent systems of graded coordinates with respect to the same left invariant
Riemannian metric.

Proof of Theorem 1.1. As in the proof of Theorem 3.3, left invariance of the Rieman-
nian metric g allows us to assume that x = 0. For ry > 0 sufficiently small, we can
suppose the existence of a function f : B,, — R such that ¥ N B,, = f~(0) and
whose differential is surjective at every point of B,,,. By Proposition 3.2, the horizontal
gradients

Viaft = (X1f40), Xo£4(0),..., X2, f%(0)) for i=1,2,...,k

span a k-dimensional space of R?". Now, repeating the argument in the proof of
Theorem 3.3, we define the system of graded coordinates (y1, ..., y2p+1) associated to
the frame (Y7,...,Ys,, Z), where Y; are given by (23). The differential of f at 0 can
be represented by the matrix

Fp (O J(©) o 7 (0) 0 e 0 f L (0)
V, £ (0) = yi(o) ”;(0) y'“;(o) 2 g O (33)
FEO) FEO) o fE0) 0 - 0 fE L (0)

whose first k£ columns are linearly independent. By the implicit function theorem ther
eexists a C! mapping ¢ : A — R¥ such that A C RP is an open neighbourhood of the
origin and

f((iol(g)a"'7(10k(g)7yk+17"'7y2n+1) =0 (34)
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for every § = (Ypi1,---,Y2n+1) € A. Proceeding as in the proof of Theorem 3.3, we
define the mapping ¢ : A — R?"*! as

¢(g) = (‘;01(27)7 "7¢k(g)7yk+la---ay2n+l)v (35)

and by the same computations, differentiating (34) we obtain

[0 0 0 (p%QnH(O) 1
0 0 0 Ponit 0
0 0 ¢}, (0
Vi(0) = | 1 0 0 0 ; (36)
0 1 0 0
0 0 0
: : 1 :
0 0 0 1

where V;¢4(0) is a (2n+1) x p matrix whose p xp lower block is the identity matrix. For
each < rg, write the ball B, in terms of graded coordinates defining B, = F~! (By) C
R27+1 The surface ¥ read in graded coordinates can be seen as the image of ¢. Then
we have established

vol, (¥ N By) 1p/ e
— =T Jop(9) dg . (37)
'rp+1 (b_l(ér) g
The dilation §, restricted to coordinates (y1,. .., Yont1) gives
60 = 0r (Yt 1s- - -+ Y2nt1)) = (PYki1s TYk125 - -+ TY2ms T2 Y20 11) (38)

therefore, performing a change of variable in (37) we get

vol, (XN By r) / o
_— 0 = Jo0(6,7) dy . 39
'f‘p+1 51/1‘ (¢*1(BT) g¢( y) y ( )

The set 4, (qﬁ_l(BT)) can be written as follows

L6 k(8,5 3
(so (Try),..., 4 (Try)’yw,...,y%H) S Bl}-(40)

(B0 o b)) (By) = {g € RY

From expressions (36) and (38) one easily gets that

j ~

r—0t r

=0 (41)
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for every 5 = 1,...,k. As a result, the limit

1 — 1y as =07 (42)

d1/r (¢>_1(Br))
holds a.e. in RP, where we have defined

= {(0,...,0, Y41+ Y2nt1) ER |y, eRG=k+1,....2n+1}.
From (39), we conclude that

lim vol,(¥ N By,)
r—0t rpt+l

= J,$(0) HP(T1 N By). (43)
To compute J,¢p(0), we use both the canonical form of the tangent space TpX given

by (36) and the fact that our frame (Y7,...,Ys,,Z) is orthonormal. Thus, according
to Definition 2.4 the Riemannian jacobian of ¢ at zero is given by

k 1/2
Jyp(0) = (1 +> vJ?) , (44)
7j=1

where we have defined v; = cpgm +1(0) for every j = 1,...,2n. Again, following the
same steps of the proof of Theorem 3.3, we get

AN .
@)= (143 0) " = (Je(0) "
=1

Then (43) yields

vol,(SNB,)  HP(IINBy)
r—0t rpTl N |TE,V(0)|

(45)

The subspace L(7s,(z)) associated to the p-vector 7s,y (z) satisfies the relation
exp (L(rop(z))) = F(I)
therefore the metric factor of p with respect to 7s () is HP(IIN By). This fact along
with (45) implies the validity of (1) and ends the proof. O
4 Spherical Hausdorff measure of submanifolds

This section deals with various applications of Theorem 1.2. A key result to obtain
this theorem is the S®*-negligibility of characteristic points of a k-codimensional
submanifold of a Carnot group of Hausdorff dimension @, see [22]. This result in the
case of Heisenberg groups reads as follows.
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Theorem 4.1 Let ¥ C Q be a C' submanifold of dimension p. Then the set of
characteristic points C(X) is SPT!-negligible.

Remark 4.2 In order to apply the negligibility result of [22] one has to check that the
notion of characteristic point in arbitrary stratified groups coincides with our definition
stated in the Heisenberg group. According to [22] a point = € ¥ is characteristic if

dim (H,H") — dim (T, X N H,H") < k — 1. (46)
If z is characteristic according to Definition 2.12, then
dim (T, X NHH") =p=2n+1—k
and (46) holds. Conversely, if (46) holds, then
p = dim(T,X) = 2n — k + 1 < dim (T, X N H,H"),
hence T,> C H,H".

Corollary 4.3 Let X C Q be a C* submanifold of dimension p. Then we have
/ 0(rsp(z)) dS () = / 7. y(2)| dvol, () (47)
by by

PROOF. We apply Theorem 2.10.17(2) and Theorem 2.10.18(1) of [5], hence from limit
(1) and Theorem 4.1 the proof follows by a standard argument. O

Remark 4.4 Proof of Theorem 1.2 immediately follows from (47).

Next, we present a class of homogeneous distances in the Heisenberg group which pos-
sess constant metric factor. The standard system of graded coordinates F : RZ"+1 —
H" induced by (X1, ..., Xon, Z) will be understood in the sequel. To simplify notation
we will write z = F(Z,z2,41) € H?, with & = (z1,...,z2,) € R?™,

Proposition 4.5 Let F : R>"*1 — H" define standard coordintates and let p be
a homogeneous distance of H" such that p(0,F(-)) : R*"*! — R only depends on
(|1Z|, z2n+1)- Then 05(1) = 05(7) whenever 7,7 are vertical simple p-vectors.

PROOF. Let 7 = U A---ANUp,_1 ANZ and 7 = Wy A--- AN W,_1 A Z be vertical
simple p-vectors, where it is not restrictive assuming that both (Uy,---,Up—1,Z) and
(W1,...,W,_1, Z) are orthonormal systems of h?"+1. Then we easily find an isometry
J 2l s p20tL such that J(L(7)) = L(7) and J(Z) = Z. Recall that our graded
coordinates are defined by F = exp oZ, where Z : R?"*!1 — p?"+1 is an isometry such

that
2n

(w1, ..y Tony1) = T2n41 Z + ij X;
j=1
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for every (z1,...,Zonq1) € RZ"TL. Thus, defining B, = F~1(B;) C R2"*! we have
F Y expL(F)NBy) =T o J(L(7))N By = (T HL(r))) N By, (48)

where ¢ = Z7 1o JoZ : R?*t1 — R?"+! j5 an Euclidean isometry such that (e, 1) =
e2nt1 and eg, 11 is the (2n+1)-th vector of the canonical basis of R*"1. Then |Z| = |g|
whenever ¢(Z,t) = (,t). As aresult, the fact that p(0, F(z,t)) only depends on (|Z], )
easily implies that o(B;) = B;. Thus, due to (48), it follows that

05(r) =M,

This ends the proof. O

(Z7(L(r) N By) = HP (o(Z7H(£()) N B1) = 05(7). (49)

Example 4.6 An example of homogeneous distance satisfying hypotheses of Propo-
sition 4.5 is the gauge distance, also called Kordnyi distance, [15]. The gauge distance
from x to the origin is given by

d(w,0) = (&' +1643,,1)'"",
where z = (Z,72,11). Then we define d(z,y) = d(0,z1y), for any =,y € H”. Ano-

ther example of homogeneous distance with this property is the “maximum distance”,
defined by

doo (,0) = max{|;f|, |x2n+1|1/2}.
Due to Proposition 4.5, both of these distances have constant metric factor.

Next, we apply (2) to compute the spherical Hausdorff measure of some submanifolds.
We will use the following proposition.

Proposition 4.7 Let ¢ : U — R?"*! be a C' embedding, where U C RP is a bounded
open set. Let F: R*" ™1 — H" define standard coordinates and set ® = Fo¢: U —
H", where ¥ = ®(U). Let p be a homogeneous distance with constant metric factor
a > 0. Then we have

SPH(E) = / 09 (B () A By (1) A - A B ()| (50)
U
for every measurable set A C H", where the norm |- | is induced by the scalar product

(17) on p-vectors.

PROOF. By definition of Riemannian volume, formula (2) can be written with respect
to ¢ as

SE®) = [ Iroy (@) y/det [(9(0)) (s, () B, ()] du, (51)
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where we have

| Puy (W) A Buy (u) A+ - A By, (u)| = \/det [9(2(u) (Do (1), Pu, (u))]. (52)
Therefore, taking into account the formula

Dy (u) APy (u) A+ A Dy (1)

2(®(u)) = @y (w) A Py () A== A @y (u)]

(53)

the definition of vertical tangent p-vector my(7s) = 7y and joining (51), (52) and
(53), formula (50) follows. O

Example 4.8 Let ¢ : R® — R?, defined by ¢(u) = (ul,uQ,u&O,u%Lz%ug). The
mapping ¢ parametrizes a 3-dimensional paraboloid ¥ = ®(U) of R®, where U is an
open bounded set of R3, ® = Fo¢ and F : R3 — H? represents standard coordinates,

according to Definition 2.2. Using expressions (7), we have

s (1) = X ($(w) + (a(w) + 1) T((w)

(1) = Xo($(w) + (1 () + ) T((w)

bus (1) = Xs(B(u)) + (us — d1(u))T(d(u)) -
Observing that for every 5 =1,...,2n, we have

dF ($(u)) X;($(w)) = X;(®(u) € HyH" and
AF (¢(w)) Z(p(u)) = Z(®(u)) € TpyH"
hence we obtain

Dy, (u) = X1 (2(w)) + (us + ur)T(2(w),  Duy(u) = Xo(2(u)) + u2T(R(u)),
Dy (u) = X3(®(u)) + (us — u1)T(2(u)).

Thus, we can compute

Y (@uy A Doy A Py )
:(U3—U1)X1/\X2/\T—UQX1 /\X3/\T+(U3+U1)X2/\X3/\T,

hence formula (50) yields

Sh,(%) = /U g + 20 + u2) du.
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Example 4.9 Let ¢ : R? — R3, ¢(uy, us) = (aru1, agus, buy + cuy), define a hyper-
plane in R3, where a1, a2,b,c € R and (J¢)2 = a?a3 + aic? + a3b* > 0. Embedding
the hyperplane in H' through standard coordinates F : R* — H', we obtain

Dy, (u) = a1 X1 (P(u)) + (a1aguz + b)T(P(u)),
Dy, (u) = agXo(P(u)) + (¢ — arasu)T(®(u)),

where ® = F o ¢p. Then we get
Wy(q)ul (u) A (I)uz (u)) =a (C — alagul)Xl NT — (a1a2U2 + b)ang AT

and formula (50) yields

Sii () = /U \/a%(c — ayaguy)? + a2(a1azug + b)? du, (54)

where IT = ®(U) and U is an open bounded set of R2.

2 2
Example 4.10 Let ¢ : R2 — R3, ¢(u1,uz) = (uy,us, ul;uz), define a paraboloid in
R3. By standard coordinates F : R®> — H! and arguing as in the previous examples,
we have

Dy, (u) = X1(®(w)) + (u2 + u1)T(®(u)) and
Dy, (u) = Xo(@(u)) + (up — u))T(P(u)),
where ® = F o ¢. It follows that

Wy(q)ul (u) A CI>U2(U)) = (UQ — ul)Xl ANT — (UQ + 'U,l)XQ AT

and formula (50) yields

S (P) = /U \/2u? + 2u? du (55)

where P = ®(U) and U is an open bounded set of R2.

Remark 4.11 It is curious to notice that the density of S]%l restricted to the paraboloid
P, computed in (55), is proportional to the density of S%l restricted to the horizontal
projection of P onto the plane F({(z1,z2,23) | z3 = 0}) C H!, whose density is given
by (54) in the case a1 = a2 =1 and b=c¢ = 0.

Example 4.12 From computations of Example 4.9, one can get the 2-dimensional
spherical Hausdorff measure of the line ®(¢) = F(at, 0, bt) defined on an interval [«, /3].
We have

®'(t) = aX1(®(t)) + bT(®(t)) and mp(P'(2)) =0T (D(t)), (56)
then defining the submanifold £ = ®([c, 8]), the formula 82, (L) = [b| (8 — c) holds.
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Another consequence of (2) is the lower semicontinuity of the spherical Hausdorff
measure with respect to weak convergence of regular currents. To see this, it suffices
to establish the following formula

Sﬁil(E): sup /(Tgy,w)dvolp, (57)
WEFE(Q) /X

where F¥(Q) is the space of smooth p-forms with compact support in Q with |w| < 1.
The norm of w is defined making the standard frame of p-forms (dz;, dzs, ..., dzay,, é)
orthonormal and extending this scalar product to p-forms exactly as we have seen in
formula (17). The 1-form 6 is the so called contact form

n
0 = d$2n+1 + ij'i'n d.l‘j — Ty din.;,.n (58)
j=1
written in standard coordinates. Note that (dz1,dzs, ..., dzoy,, 0~) is the dual basis of

(X1,...,Xon, Z). Formula (57) follows from (2) observing that

/|T§;7V|dV01 = sup /(Tg,y,w)dvolp, (59)
> weFP () I

as one can check by standard arguments. As a consequence of these observations, we
can establish the following proposition.

Proposition 4.13 Let (X,,) be a sequence of C' submanifolds of Q which weakly
converges in the sense of currents to the C' submanifold ¥.. Then

it 5251 (9,) 2 S57(9). (60
PROOF. By hypothesis
/ (755, > ) dvol, — /E (753, w) dvol, (61)

for every w € FZ(€). Then (57) ends the proof. O

Remark 4.14 It is clear the importance of (60) in studying versions of the Plateau
problem with respect to the geometry of Heisenberg groups.

Recall that the horizontal normal is the orthogonal projection of the normal to v(x)
to T, onto the horizontal subspace H,H". In the next proposition we show that in
codimension one an explicit relationship can be established between vertical tangent
2n-vector and horizontal normal vg.
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Proposition 4.15 Let & be a 2n-dimensional submanifold of class C' and let vy (z)
a horizontal normal at v € ¥. Then we have

where v = Z?fl I/HX and sy = Z?il T%yv XiNXjoiANXjpi A Xopy NZ. In

particular, the equality |1s, y| = |vu| holds.

PROOF Let (t1,t2,...,t2,) be an orthonormal basis of T, %, where = is a transverse
point. Then

tg—ZC X 2n+1Z()

where C' = (cz) is a (2n + 1) x 2n matrix, whose columns are orthonormal vectors of
R27+1 Then we have

2n+1
Tg(x)ztl/\tQ/\ /\tgn—Zdet Xl/\XQ/\ /\Xj_l/\Xj_H/\---/\Z,

where C” is the 2n x 2n matrix obtained by removing the j-th row from C. The
vertical projection yields

7'27];( ) = 7Ty TE Zdet X1 A Xo A - /\Xj_1 /\Xj_|_1 AN NZ (62)

and by elementary linear algebra one can deduce that

2n—+1
> (~1)7 det(C )ck—det[C k] =0 (63)

j=1
for every £k =1,...,2n. Then the vector

2n

V= Z(_l)j det(@ j) Xj + (_1)2n+1 det(@ 2n+1) 7
j=1
yields a unit normal to ¥ at . Its horizontal projection is
2n . A
vir =) (=1’ det(C”) X;. (64)
Jj=1

Formulae (62) and (64) yield the thesis. O
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5 Coarea formula

This section is devoted to the proof of Theorem 1.3. Next, we recall the Riemannian
coarea formula, see Section 13.4 of [4].

Theorem 5.1 Let f : H* — R¥ be a Riemannian Lipschitz function, with 1 < k <
2n + 1. Then for any summable map u : H* — R, the following formula holds

[ (@) 138 (@) dvolan (o) = /]R k < /f R dvolp(y)) at,  (65)

wherep=2n+1—k

In the previous theorem the Heisenberg group H” is equipped with its left invariant
Riemannian metric g. The terminology “Riemannian Lipschitz map” means that the
map is Lipschitz with respect to the Riemannian distance.

Proof of Theorem 1.3. We first prove (4) in the case f is defined on all of H" and is
of class C'. Let © be an open subset of H?. In view of Riemannian coarea formula
(65), we have

/Q w(2) ], f () dz = /R k < /f R dvolp(y)) i, (66)

where u :  — [0, +00] is a measurable function. Note that in the left hand side of
(66) we have used the Lebesgue measure in that, by Proposition 2.7, it coincides with
the volume measure expressed in terms of standard coordinates, namely Fy(£?"!) =
volop 1. Now we define

u(z) = Ju f(2) 15 r200n0(2)/J f ()

and use (66), obtaining

B Ju f(2)1{5520y(2) vo
/QJHf(ﬂU) dr = /]Rk (/fl(t)mﬂ TF(2) d lp(y)> dt. (67)

The validity of (66) also implies that for a.e. ¢+ € R¥ the set of points of f~!() where
Jgf vanishes is vol,-negligible, then the previous formula becomes

/QJHf(x) o= /Rk </f—1(t)ﬂQ ijJES) dVOlp(y)> " (68)

By classical Sard’s theorem and Theorem 4.1 for a.e. ¢t € R* the C' submanifold
f~1(t) has Sﬁil—negligible characteristic points, hence Proposition 3.2 implies that

Ci={yef )N Jufly) =0}
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is Sﬁ#—negligible. As a result, from formulae (22) and (2) we have proved that for
a.e. t € R* the equalities

/ TS (@) 1001 (y) = S (1 (1) N\ €)= SEFL(F (1) N Q)
r-1wna Jgf (@)

hold, therefore (68) yields

/ Juf(z)dz = / SEFL (L) N Q) dt. (69)

The arbitrary choice of Q yields the validity of (69) also for arbitrary closed sets.
Then, approximation of measurable sets by closed ones, Borel regularity of Sﬁi’l and
the coarea estimate 2.10.25 of [5] extend the validity of (69) to the following one

/JHf(x) dw:/ SEFL (L) N A)dt, (70)
A Rk

where A is a measurable subset of H”. Now we consider the general case, where
f: A — R is a Lipschitz map defined on a measurable bounded subset A of H®.
Let f; : H* — RF be a Lipschitz extension of f, namely, fija = f holds. Due to
the Whitney extension theorem (see for instance 3.1.15 of [5]) for every arbitrarily
fixed € > 0 there exists a C' function fy : H* — R¥ such that the open subset
O ={z € H"| fi(z) # f2(z)} has Lebesgue measure less than or equal to ¢. We wish
to prove

| (@) ds —/

Rk

&%Wf%ﬂﬂAM4§/1 Juf () da
ANO
+/ SEE(FN () N AN O)dt. (71)

Rk
In fact, due to the validity of (70) for C' mappings, we have

[ duperdo= [ setustonaoya

A\O R¥

Note here that the horizontal jacobian Jg f is well defined on A, in that df is well de-
fined at density points of the domain, see for instance Definition 7 and Proposition 2.2

of [17]. The equality f214\0 = fia\o implies that Jy fo = Ju f a.e. on A\ O, therefore

/ Juf(z dx—/ SEFN ()N A\ O) dt
A\O

holds and inequality (71) is proved. Now we observe that for a.e. z € A, we have
o\ 1/2 .
Juf(@ H(Z( D) < Nl (@) 0 |
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therefore the estimate

Ju f(z) < Lip(f)* (72)

holds for a.e. z € A. By virtue of the general coarea inequality 2.10.25 of [5] there
exists a dimensional constant ¢; > 0 such that

SE(FH () N AN O)dt < ¢ Lip(f)* H?"+2(0). (73)
Rk

The fact that the 2n + 2-dimensional Hausdorff measure #?"*2 with respect to the
homogeneous distance p is proportional to the Lebesgue measure, gives us a constant
co > 0 such that
/ SEEL (L) N AN O)dt < e Lip(f)* £2+1(0) < ¢y Lip(f)F e. (74)
Rk

Thus, estimates (72) and (74) joined with inequality (71) yield

JHf da:—/ Sp+1 ﬂA)dt‘ (1+ ¢2) Lip(f)*
Letting € — 0", we have proved that

/JHf(x)dx:/ SEEL (L) N A)dt. (75)
A Rk

Finally, utilizing increasing sequences of step functions pointwise converging to u and
applying Beppo Levi convergence theorem the proof of (4) is achieved in the case A is
bounded. If A is not bounded, then one can take the limit of (4) where A is replaced
by Ay and {Ag} is an increasing sequence of measurable bounded sets whose union
yields A. Then the Beppo Levi convergence theorem concludes the proof. O

Remark 5.2 Notice that once f : A — R* in the previous theorem is considered
with respect to standard coordinates it is easy to check that the locally Lipschitz
property with respect to the Euclidean distance of R?®*! is equivalent to the locally
Lipschitz property with respect to the Riemannian distance.
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