OPTIMAL REGULARITY OF SOLUTIONS TO NO-SIGN
OBSTACLE-TYPE PROBLEMS FOR THE SUB-LAPLACIAN

VALENTINO MAGNANI AND ANDREAS MINNE

ABSTRACT. We establish the optimal C}{’l interior regularity of solutions to

Apgu = fX{u;éO}7
where Ag denotes the sub-Laplacian operator in a stratified group. We assume the
weakest regularity condition on f, namely the group convolution f I is 0}1,17 where I is

the fundamental solution of Ag. The C’}q’l regularity is understood in the sense of Folland
and Stein. In the classical Euclidean setting, the first seeds of the above problem are
already present in the 1991 paper of Sakai and are also related to quadrature domains. As
a special instance of our results, when u is nonnegative and satisfies the above equation
we recover the C}I’l regularity of solutions to the obstacle problem in stratified groups,
that was previously established by Danielli, Garofalo and Salsa. Our regularity result is
sharp: it can be seen as the subelliptic counterpart of the C':! regularity result due to
Andersson, Lindgren and Shahgholian.

1. INTRODUCTION

The main question we consider in this paper is the optimal interior regularity of distri-
butional solutions to the no-sign obstacle-type problem

(1-1) Agu = fX{u;éO}

on some domain of a stratified group G, see Section [2] for notation and terminology.
In the Euclidean setting, the obstacle problem is among the most studied topics in the
field of Free Boundary Problems, see for instance the monographs by Rodrigues [Rod87],
Friedman [Fri88], and Petrosyan et al. [PSUI2|. Tt asks which properties can be deduced
about a function with given boundary values and that minimizes the Dirichlet energy,
under the constraint of lying above a given function. This is the classical obstacle problem,
that can be studied through the theory of variational inequalities, using the Dirichlet
energy, see for instance [KS00, [Fre72]. The variational approach, after subtracting the
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obstacle from the solution, leads to the following PDE formulation of the problem

Au= fxrusoy in By,
(1.2) u>0 in By,

u=gq on 0By,

where By denotes the metric unit ball with respect to the Carnot—Carathéodory distance
(Definition . Our problem is a non-variational counterpart of ((1.2), that is

{AU = [X{uzo} In By,

1.3
(13) u=gq on 0B;.

We point out that — which is called a no-sign obstacle-type problem — naturally
appears also when considering the so-called quadrature domains [Sak91l, (GS05].

Two important questions on this problem concern the regularity of solutions to (|1.3)),
and the regularity of the free boundary. In Fuclidean space, the analysis of both ques-
tions is essentially complete [Sak9ll [CKS00, [PS07, [ALS13]. In particular, in relation to
the regularity of solutions, Andersson et al. [ALST3|] show that u has the optimal C*!
regularity if the linear problem Av = f has a ! solution. This is the minimal regularity
assumption on f in order to establish the C'1! regularity of solutions.

The main result of this paper is the sharp regularity of solutions to also in the
subelliptic setting of stratified groups.

Theorem 1.1 (Cy' regularity). Let u € L>®(B,) be a distributional solution to in
the unit ball By. Let f : By — R be locally summable such that f «T' € Cy'(By). Then
there exists a universal constant C' > 0 such that, after a modification on a negligible set,
we have u € Cp;'(By)s) and

(1.4) | Dhull L~ (m, ) < C (||D;2L(f * D)l L)) + ||u|\L°o(Bl)) :

In our setting, the natural counterpart of the Euclidean C'! regularity is the C’Iljl
regularity, where the horizontal derivatives are required to be Lipschitz continuous (Defi-
nition [2.2)). The function I' denotes the fundamental solution of Ay (Definition [2.3)). For
further notation and terminology, we address the reader to Section [2]

We wish to emphasize that v satisfies also in the strong sense. Indeed, the distri-
butional equality Ay (f ') = —f joined with the assumed C}q’l regularity of f *I' show
that f € L°°(B;). Therefore fxjuz0p € L®(B1) and by the regularity result of Folland,
[Fol75, Theorem 6.1], we get u € Wf{’ﬁ’oc(Bl) for every 1 < p < co. The Cj' regularity
of solutions to the obstacle problem in stratified groups was obtained by Danielli et al.
[DGS03], using the variational formulation of the problem. The regularity of the free
boundary was subsequently established in step two groups [DGPQ7]. Further results in
this area have been obtained for Kolmogorov operators and parabolic non-divergence form
operators of Hérmander type [DFPPOS, [FNPP10, FGN12| [Frel3]. The no-sign obstacle-
type problem in terms of the equation does not seem to have been considered before
in the subelliptic setting.
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Our arguments are remarkably different from the ones used for the obstacle problem.
For instance, in this problem without a forcing term the solution is automatically super-
harmonic with respect to Ay, while in our setting we have no such sign condition that
would yield a superharmonic solution. We initiate our analysis observing that second or-
der horizontal derivatives of solutions to satisfy certain BM O estimates, that have
been established by Bramanti et al. [BB05, [BF13]. The subsequent step is to construct
suitable approximating polynomials, starting from the second order horizontal derivatives
of the solution. Indeed these polynomials yield a subquadratic growth estimate at
small scales. We point out that this estimate is valid for any bounded and W?? regular
function, with bounded sub-Laplacian, so it might be of independent interest. As a con-
sequence, we perform a suitable rescaling of the equation and then infer the crucial decay
estimate of the measure of the coincidence set (Proposition [4.6]), when the horizontal Hes-
sian of the approximating polynomial is sufficiently large. More details on this procedure
can be found at the beginning of Section [4]

Although our ideas mainly follow the path set up by Andersson et al. [ALS13], and
Figalli and Shahgholian [F'S12], there are several difficulties related to the subelliptic set-
ting. The basic one is concerned with the fact that the sub-Laplacian Ay is degenerate
elliptic. In addition, since the operator Ay is written in terms of Homander vector fields,
we can only consider the horizontal Hessian of the solution, that is a nonsymmetric
matrix. Then the construction of the approximating polynomials starting from the av-
erage of the second order noncommuting derivatives X;X,;u becomes more delicate and
requires some preliminary algebraic work, see Section Notwithstanding the technical
complications, the proof has become more streamlined: we can stay clear of the projection
operator used in [ALS13|, and this simplifies several technical points. A suitable quan-
titative decay estimate of the zero-level set can be obtained also in our setting.
Finally, we adapt Caffarelli’s polynomial iteration technique of [Caf89] to find explicit
estimates of the second order horizontal derivatives, see ([L.4).

We finish the introduction by giving an overview of the paper. In Section 2 we introduce
some basic notions on stratified groups and the related function spaces. In Section 3
we construct suitable second order homogeneous polynomials (Definition , that have
an assigned horizontal Hessian (Corollary . Then some important W?2? and BMO
estimates are presented. Finally, we provide the crucial scaling estimates of Lemma [3.8]
In Section 4 we prove a subquadratic growth estimate of the difference between a solution
and its approximating polynomial. Then we apply the subquadratic growth estimate to
get a suitable decay of the measure of the zero-level set. Finally, we establish the C}{’l
regularity in quantitative terms, according to (|1.4]).
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2. BASIC FACTS AND NOTATION

A stratified group is a simply connected, real nilpotent Lie group G, whose Lie algebra
G has a special stratification. We denote by V; the subspaces of G, having the properties:

G=VieoVv,@d---aV, and [V,V}]=V;1,

forj=1,...,cand V1 = 0. Let us denote by n the topological dimension of G and by m
the dimension of V;. We choose a graded basis X1, Xs,..., X, of G, that is characterized
by the property that
Xonj 1415+ s X,
is a basis of V; for all j = 1,...,t, where we have set my = 0, m; = m and m; =
Z:l dim V;. We notice that m, = n and with these definitions, if my_1; < 7 < my, then
k € N is uniquely determined and we define the positive integer

Through the exponential mapping of G, one can construct a diffeomorphism from R"
to G. Hence we have defined a graded basis e, es, ..., e, of R" and graded coordinates

X1, T, . .., T, that define the point x = (z1, s, ..., x,) of G. This allows us to identify G
with R", as it will be understood in the sequel.

In addition, one may also verify that the Lebesgue measure of R” through the graded co-
ordinates yields the Haar measure of the group G. The notation |A| denotes the Lebesgue
measure of a measurable set A C R".

The diffeomorphism associated to graded coordinates has also the property that the
group operation on G, when read in R”, is given by a special polynomial group operation

(2.2) ry=z+y+ BCH(z,y),

where the precise form of the vector polynomial BCH : R™ x R” — R"” is given by the
important Baker—Campbell-Hausdorff formula, in short BCH formula, see for instance
[Var84]. The degree of z; is the integer d; defined in (2.1)) and we define intrinsic dilations
as follows

n
_ 2 2 L L o d;
0T = (TT1, o TEy T g1y e ooy T Ty o v oy T T, 41y e ooy T Tp) = E rYx;e;
j=1

for any r > 0. The notion of degree fits the algebraic properties of dilations, since

(2.3) op(2y) = (6,2)(0ry)
for all =,y € R™. By the form of dilations, for every measurable set A C R" we have
[6,(A)] = |4

for all r > 0, where @ = 3>_"_, d; can be proved to be the Hausdorff dimension of G.
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The metric structure of R™ is given by a control distance. We say that v : [0,T] — R™,
an absolutely continuous curve, is admissible if for a.e. t € [0, 1] there holds

5(0) = S 00X ()

and 7, b;(t)? < 1. We denote by H(z,y) the family of all admissible curves whose image
contains x,y. By Chow’s theorem, H(x,y) is nonempty for every z,y € R", hence the
following “control distance”

d(z,y) = inf {T >0

v: [0, T] = R", ~ € 'H(x,y)}

is well defined. It is also possible to check that d is actually a distance, corresponding to
the well known Carnot-Carathéodory distance.

Since left translations preserve the “horizontal velocity”, d is also left invariant, namely
d(xz,y) = d(zz,zy) for all z,y,z € R™ Furthermore, dilations are Lie group homo-
morphisms, hence the Carnot—Carathéodory distance is homogeneous in the sense that
d(0,x,0,y) = rd(x,y) for every x,y € R" and r > 0.

Definition 2.1 (Metric balls). For x € R™ and r > 0, we denote by B,.(z) the open ball of
center z and radius r > 0 with respect to d. Precisely, this is the set {y € R™ : d(x,y) < r}.
When = = 0, we use the notation B, := B,.(0).

From the properties of d and 9,, it is easy to observe that
B, (x) = 26,(By).

Dilations also allow us to introduce a natural notion of homogeneity, so we may say that
a polynomial p : R" — R is k-homogeneous if

p(6,x) = r*p(z) for all x € R" and r > 0.

The number k € N is the degree of p. Moreover, any vector field X; of the fixed graded
basis can be identified with a first order differential operator of the form

n
(24) Xj = 8xj + Z ajiaxi
izmdj+1
for every j = 1,...,n. The functions a;; : R" — R are homogeneous polynomials of

degree d; — d; > 1 and in particular X;(0) =e; for all j = 1,...,n. In the sequel 2 will
be understood as an open bounded subset of G, that can be also identified with an open
subset of R", if not otherwise stated.

Given a function v : €2 — R and considering the vector fields X as differential operators,
we may introduce the horizontal gradient and the horizontal Hessian

X1X1u XlXQU XleU

9 XgXl’lL XQXQU cee XQXmU
(2.5)  Vyu=(Xiu,...,X,u) and Dju= , . _ :

X, Xu - v X Xou
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respectively, whenever they are pointwise defined. More generally, we can define higher
order differential operators considering for I = (iy,...,4,) € N the function
XMy = Xim oo Xy,

Definition 2.2 (Folland-Stein spaces). Let  C R™ be an open set. We denote by C; ()
the space of all functions u : 2 — R such that the horizontal derivatives X;u exist on
Q for all j = 1,...,m and are continuous. If 0 < o < 1, then C’,lf(Q) is the space of
functions u in C}(€) such that there exists C > 0 with the property that

X, f(x) = X; f(y)] < Cd(z,y)®
for every z,y € Qand j=1,...,m.
Notice that D3u is not symmetric, since the vector fields X; do not commute in general.

We say that X;u are the horizontal derivatives and X; X ;u are the second order horizontal
derivatives. The symmetrized horizontal Hessian is defined as

s 1
D>y = 5 (Dju+ Diu™).
The sub-Laplacian is defined as
Agu = Z X ]Zu
j=1
Functions satisfying Agu = 0 are called as usual harmonic functions.
Definition 2.3 (Fundamental solution). We say that I' € C*°(G\{0}) is a fundamental

solution for Ay if it is locally summable, it vanishes at infinity and satisfies Ag[' = —dy,
where 9y denotes the Dirac distribution centered at the origin.

The fundamental solution I' defines a gauge di = I''/(?*~9) that is 1-homogeneous
with respect to dilations and continuous on R". We can readily check that there exists a
constant ¢y > 1 such that

(2.6) cytda(z) < d(z,0) < coda(r)

for all x € R™. Defining dg(z,y) := dg(z™1y) we also introduce the gauge ball
(2.7) BYz) = {y e R : dg(x,y) <r}.

The previous estimates clearly imply that

(2.8) Bf(z) C Bey(x)

for every r > 0 and x € R".

Proposition 2.4. Let 2 C R™ be an open set and let ¥ be harmonic in Q). We consider
an open set Q' C Q and h > 0 such that

distg(Y,Q°) := inf {dg(z,y) : 2 € U, y € Q°} > h.
Then ¥ € C*(2) and for every multiindex I there exists a constant Cyp > 0 such that
(2.9) (XT9(2)] < Cralldlle
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Proof. We consider the function ¢ defined in [BLUO7, (5.50¢)], where we choose ¢ appear-
ing in the definition of ¢, such that ¢ € C*(]371,1[), ¢ > 0 and [, p(t)dt = 1. It follows
that ¢ is smooth and bounded on R", along with all of its derivatives, and it is compactly
supported in Bf, see the definition (2.7). We also consider ¢,(z) := r=9¢(d;,,2), that is

compactly supported on BS. We finally set ¢,(z) := ¢,(z71) for all z € R” and r > 0.
Thus, using [BLUO7, (5.50a),(5.50d)], for every = € B, we get

V() :/BG( )dDh(ﬂf‘ly)ﬁ(y)dy:/Qéh(y‘lx)ﬁ(y)dy.

We can differentiate the last integral an arbitrary number of times, due to the smoothness
of ¢y, getting the smoothness of ¥ and the following estimate

X (x)| =

/ Xfazh<y-1x>z9<y>dy| < X e 9] oo
Q

for all z € €. This concludes the proof. O

In our setting, we need the notion of Sobolev function adapted to the horizontal vector
fields X1, ..., X, see [FoI75]. The horizontal Sobolev space W () consists of those
functions u € LP(2) for which, for all j; € {1,...,m} and s € {1,...,k}, there exists a
function vj, ;€ LP(€2) such that

/Q w(y) (X - X5, 6)(y) dy = (~1)F / Ui (1)6(y) dy

Q

-----

for any function ¢ € C°(§2). Also in the more general setting of Hérmander vector fields
some Sobolev embedding theorems hold, see [GN96, Theorem 1.11 and (3.19)], or [Lu96),
Theorem 1.1]. The next theorem specializes these embedding results for stratified groups.

Theorem 2.5. Let p > @, where Q is the Hausdorff dimension of G and let Q' € Q be
any open and relatively compact subset. Then there exists C' > 0, depending on €, such
that for every u € W}{’p(Q), up to a modification of u on a negligible set, we have

_Q
lu(z) —u(y)| < C HUHW}I’P(Q) d(ﬂ%y)l P,

for every x,y € ).

The following (1,1)-Poincaré inequality holds,
210 | ) —un ity <er [ Wity
By (x) By (x)

for every u € C*'(B,(x)). This inequality follows from [Jer86], see also [LMOQ].
For any measurable function u that is summable on a measurable set A C €2, we use

the notation
1
uri=f uly)dy = o [ utw .
A A
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Definition 2.6. For u € L'(Q), we define the BMO seminorms

aviow = swp FJuly) = up,qayldy
20€Q,7>0 J B,.(20)NQ

[Wlsron@ = sup f () — wp ooy | dy
BT‘(xO)CQ B'r(xO)

and for 1 < p < oo the corresponding BM OP norms

[ullBaror) = [ulmow) + [[ull e,
lull Baror ) = [U]BMOloc(Q) + [Jul| 2o ()

The spaces BMOP(Q)) and BMOY, .(2) consist of all L? functions on € with finite BMOP
and BMO} . norm, respectively. See [BF13|] for more information on BMO functions in
the subelliptic setting.

3. PREPARATORY RESULTS

We first study the relationship between the coefficients of a 2-homogeneous polynomial
and its second order horizontal derivatives. Then, by some Wé’p and BMO estimates,
we show how to control the horizontal Hessian of a Sobolev function by the horizontal
Hessian of a suitable 2-homogeneous harmonic polynomial (Corollary . Finally, in
Lemma we establish a quantitative control on the growth of these polynomials at
small scales.

We need first to find 2-homogeneous polynomials with assigned second order horizontal

derivatives. To do this, we first observe that (2.2]), combined with (2.3)) and ({2.1)), setting

BCH (z,y) = Zq]a:ye],

Jj=m+1

imply that any ¢; is a homogeneous polynomial of degree d;. Due to the BCH formula,
one can also prove that ¢; is a 2-homogeneous polynomial with respect to the variables
Tiyevos Ty Y1, -5 Ym forall l=m+1,... my and

QI(xa y) = _QZ<y7 l’)
From the definition of left invariant vector field, we get

0
aj(r) = 35’@,0),
J

forall j=1,...,mand l=m+1,...,my. As a consequence, we get
(3.1) Oaj _ Pq _ OPq _ Oaq
(%ci 8@03/] 8%0% 8xj
foralli,j =1,...,mand [ = m+1,...,my. Notice that the partial derivatives in the

previous equalities are all constant functions. Equalities (3.1]) will be important in the
proof of Proposition [3.1]
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Every polynomial on R", thought of as equipped with dilations ¢,, is the sum of homoge-
neous polynomials and the maximum among these degrees is the degree of the polynomial.
Polynomials of degree one are just affine functions ¢ of the form

l(z) = a+ (B, 7(x))
with 8 = (B1,fe,- .-, Om) € R", a € R and we have used the projection
(3.2) 7:R" = R"™  7w(z)=(21,...,Tm).

A homogeneous polynomial of degree two must have the form

(33) Z Cij iy + Z axy,

3,7=1 l=m+1
where ¢;; and ¢; are real numbers, with ¢;; = ¢j; for all 4,5 =1,...,m.
Proposition 3.1. Let p: R™ — R be a 2-homogeneous polynomial of the form (3.3)) and
let us consider the basis Xpi1, ..., Xm, of Vo. Then we have

1 V-
cij = 5(XiXjp+ X;Xip) and X Xjp=ci+ > %

l=m+1
where fyfj are proportional to the structure constants of the Lie algebra, namely

(3.4) (X5, X Z 275X,

l=m+1

and i,j=1,...,m.

Proof. We first define the symmetrized second order derivative

X X; + X; X,
(XiX,)* o= S
2
so that we can write
1
(3.5) XiXj = (XiX;)" + 51X, X5,
for every ¢,7 = 1,...,m. Since X;X; and X; are homogeneous differential operators of

order —2 and p has degree 2, the horizontal derivatives X;X;p and X;p are constants.

By and , we get
m2
chz-rz + Z a]z T; ( Z clxl) chzxz + Z i Ci,s

i=m-+1 l=m+1 i=m-+1

for j =1,...,m. As a consequence, taking into account the form of the vector fields ({2.4])
and of the polynomial (3.3)), for any i,7 =1,...,mand [ =m+1,...,ms, we get

m2
(36) XZX]p = Cij + Z &ciajscs.

s=m+1



OPTIMAL REGULARITY FOR SUBELLIPTIC NO-SIGN OBSTACLE-TYPE PROBLEMS 10

To establish the previous equality, we have also observed that the polynomials aj; are
homogeneous of degree d; — d; = 1, therefore they are only depending on their first
m variables. In particular, all the partial derivatives 0,,a;; are vanishing whenever the
integers [ and 7 take values from m + 1 to ms and 7 = 1,...,m. Combining and
, we also obtain the first of the following equalities

X Xjp+X;Xip=2c¢; and Xpp=gc,

with 1 < 14,5 <m and m+1 <1 < my. The latter directly follows from the form of (3.3]).
In conclusion, by virtue of (3.4)), (3.5) and (3.6)), we have obtained that

mo ma2
XiXjp = (GX;)'p+ Y AXw=cy+ Y. ha
I=m+1 l=m+1

hence concluding the proof. O

Definition 3.2. For B, (z¢) € 2 and u € WH 1e(Q), we define the matrix
Py = (D) p,(zo) — (AHU) (z0)Im € R,

where I,,, stands for the identity matrix and the (¢, j) entry of (Dju)p, (4,) is the average
(XiX;u)B, (z0)- Associated to the ball B,(z), we also define the coefficients

o (Xt XX
1] ° 2

1 T,
) — —0ij (Agu) B, (we) and ¢ = (Xiu) B, (z0)-
By (zo) m

These numbers define the 2-homogeneous polynomial

m

33 dPne s 3 d”n

j=1 l=m+1

that we will show to be related to Pr°.

Corollary 3.3. In the assumptions of Definition[3.3, the 2-homogeneous polynomial pi°
is harmonic and

Dy = B,

Proof. By Proposition we have

To rmo l nrxo
Xinpr - + Z fyngl )
I=m+1

X0

where 7}, = 0 and by definition of ¢;" we get

T S 1

= =1
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Finally, we observe that

x X, Xu+ X Xu 1 =
XiXpy© = ( ’ ’ ) — =0 (Agu)p, o) + | Do X
2 Br(zg) M l=m+1 By (w0)
= ( J J ) _ 751’]’ (AHU)BT(CE()) + <[J]>
2 By (o) m 2 By (zo)
1
= (XlXJu)Br(xo) - Eéw (AHU)BT($0)7

having taken into account that [X;, X;] = > 2fyijl from Proposition U

The following W estimates go back to the work of Folland [Fol75], see also the work
by Bramanti and Brandolini [BB00] for more general hypoelliptic operators.

Theorem 3.4 ([BB00]). Let 1 < p < oo and consider two bounded open sets 0 and
with ' € Q. Then there exists a constant C' > 0 such that for every u € W5*(Q) it holds

(3.7) 1 X ull ogery < C (15l oy + Il riey)

It is well known that even for the classical Laplacian operator A, it is not true that L
bounds on Awu imply the boundedness of second order horizontal derivatives. Indeed our
starting point is that bounds on the BMO norm of the sub-Laplacian Agzu show that
the BMO norm of the horizontal Hessian of u is bounded, according to the results of
Bramanti et al. [BB05|, [BF13].

Theorem 3.5 ([BF13, Theorem 2.10]). Let 1 <p < o0, 0< 0 <1, u € BMO? (B1) and
let Agu € BMOY, (By). Then X;X;u € BMOP(B,) fori,j =1,...,m and there exists

loc
a universal constant C(o,p) > 0 such that

(3:8) 1X:Xjull Baror () < Clo,p) (|Amull oy () + Il aror, ) -

Remark 3.6. Note that the nonvariational form of the operator in [BE13] Theorem 2.10]
needs a priori that the solution u and its horizontal derivatives are BMO. For our
purposes, it is very important that the BM O regularity of u is established with no a priori
assumptions. This can be obtained for the sub-Laplacian operator, since its distributional
form allows us to apply a mollification argument.

In the sequel, we will also use the Frobenius norm |M| for a matrix M of coefficients
m;;, setting

M| = [> ||
]
With this definition we easily notice that |Agu| < |Diul.

Corollary 3.7. Let 1 < p < o0 and 0 < o < 1 be fized. There exists C(o,p) > 0
such that for all u € BMO?Y (By) that satisfy the condition Ayu € L*>(By), we have

loc
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X;X;u € BMO?(B,) fori,j=1,...,m and whenever o € B,, 0 <r <1 —0, it holds

(3.9) ]i B | Dyuly) — B°ldy < C(o,p) (HAHU”LOO(Bl) + ||U||BMO§C(BI)> ;
r(z0)NBo

where the matriz P is introduced in Definition [3.3

Proof. Theorem [3.5/immediately implies that X; X;u € BMO?(B,) and (3.8) holds. Thus,
we obtain the following estimates

f7 D2uly) — Proldy
BT(:E())HBO-
1
sf UWMD—@@hmM@+4M&WMmMM
B, (20)NBy m
< [Djulpmos,) + \/— |Amul| Lo ()

o (5) + [Amullr=(s)
< C(o,p) (I1Anull L) + |l sasop (5,)) -

< C(a,p) (HAHUHBMOfOC(Bl + [lullzaror

This completes the proof. O

Heuristically, if D3u is not bounded around zy, since the difference of Diu and P*°
is controlled, the BMO estimate tells us that also P* becomes unbounded as r — 07.
Hence we will turn our attention to P*°. In the following lemma, we will derive a general
“scaling estimate” for the difference |P?° — P°|. In particular, when ry = 2r; we get a
uniform bound on the growth of |P*| on dyadic scales.

Lemma 3.8 (Scaling estimates). Let 1 < p < oo and 0 < Ay < 1 be fizred. Then there
exists a universal constant C(Ay,p) > 0 such that for all u € BMOY, (By) that satisfy
the condition Ayu € L>®(By) the following holds. We have X;X;u € Lj,.(B1), where
i, =1,...,m and for xo € By, /3 the matrices of the form

) 1
PTO = (Dlzmu)Br(wo) - E(AHU)BT(‘TO)[’”’

with 0 < ry < min{2X;/3,1 — M} and ry < ry <1 — Ay, satisfy the following inequality

Q
x T 2
PR = PRl < (7”1) C(M,p) (HAHUHLOO By) T HUHBMOﬁ)L(Bl)) :
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Proof. Due to the BMO estimate (3.9) with ¢ = A, we can estimate |P2° — PX| as
follows
][ |Pr0 — Pr|dx
Br, (:Eo)ﬂB)\l

f IDbu(y) - PEvldy + F |D2u(y) — P2|dy
Brl xo ﬁBAl B'rl (l‘o)ﬂBkl

|B7“2(x0) N B/\1|
| Dyuly) — Bldy +
][ @By, ' | By, (20) N Bx,| /5., (z0)By,

IN

IN

| Diuly) — Py ldy

1o\ @
<C0up) (1+(2)") (18l e + lullsyor, o) -

The last inequality follows by taking into account our conditions on the radii r; and rs.
Indeed, we have

Bz 0 50l Bl _ (12
By, (20) N By = [Balwo)] ~ \ri)

Finally, with a slight abuse of notation, we denote the constant 2C' (A, p) again by C'(A1, p)
in the inequality of the lemma, concluding the proof. U

4. PROOF OF C};' REGULARITY

This section represents the core of the paper. We establish the sub-quadratic growth

of the difference
uly) — u(zo) — (Vaulwo), w(a5"y)) — p°(zg'y)

on the ball B, (z¢), where p* is the harmonic polynomial introduced in Definition 3.2, We
show that when the norm of DZp® is sufficiently large, then the measure of the coincidence
set {u = 0} decays in a quantitative way. This is one of the central facts, that leads us
to the dichotomy argument of [ALS13] to reach the C’}I’l regularity. There are indeed
two cases: (i) when |D?p®| is uniformly bounded as r — 0T, we immediately infer the
regularity from the subquadratic growth, (ii) if otherwise |D2p¥| grows without bound
as r — 07, then the coincidence set is “small” and we show that a suitable adaptation of
Calffarelli’s polynomial iteration technique can lead us to the C’}le regularity.

In the sequel, whenever we consider a function u with essentially bounded sub-Laplacian
Apu, then it is understood that w is chosen to be of class C};. The following remark
rigorously justifies this convention.

Remark 4.1. Let Q C R™ be an open set and let u : 2 — R be a locally summable
function such that Agu € L*(Q). From [Fol75, Theorem 6.1], we have u € WH v Q)
for every p’ > 1. In view of Theorem by standard arguments, we can modify v on a
negligible set such that u € C5*(€Y) for any relatively compact open set Q' € €2, where

we have fixed some p’ > Q and aa = 1 — Q In particular, we have shown that, after the

modification, u € C} ().
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Lemma 4.2 (Sub-quadratic growth). Assumeu € BMO?Y, .(By) such that Ayu € L>®(By).
Let \,o € (0,1) and fix p > 1. Then there exist ro > 0 and a universal constant
C(X,0,p) > 0, such that for any xy € By and 0 < r < 1o, assuming that

u(zo) = Xju(zg) =0, 1<i<m
and considering pr°, as given in Definition the following estimate holds

sup )|U(y) = P (25 'y) < C\ 0, p) (1A mull sy + ull saror, (5)) 7
YEbor(To

Proof. We fix zyg € By and X' = (1+X)/2, so that for 0 < r < X — A, we have the inclusion
(4.1) B,(zo) C By.

Let us introduce the translated and rescaled function

u(zod,x) — p¥o(0,x)
2 Y

Up 2o (T) 1= .

observing that it is well defined in B;. Taking into account that u € ijﬁoc(Bl) and
B,(x0) C By C By, then u, ., € W;*(B;). We are in the position to apply Corollary
to u with 0 = X. As a consequence of both Corollary and (3.9), taking into account

(4.1), it follows that

1 D2ty 1y = |Bu]é D2ty ()| dt
1

(4.2) = B | Diuly) — B|dy
Br (o)
< O\ p) (1Al es,) + 1l arop, (s0)) -

loc

Now we wish to apply the Poincaré inequality (2.10) to w, z, — ¢y 4,, Where ¢, ,, is an affine
function to be properly defined. If we let

g?‘,wo ('r) = (uT710)31 + <(vhuﬁzo)3177r(x)>7

where 7(x) = (z1,...,Ty), it follows that

Hur,xo - gr,onLl(Bl) < C][
By
since the average over B of the linear part of ¢, ,, is zero. Again, from the Poincaré
inequality, using (4.2)), we get
[0 = Craoll 2181 < ClIDRUr g [l 21 (81)
< OO p) (1Anull s, + lull saror o) ) -

For the sequel, we set 4,4, ‘= Upg, — lrz- Since both pr° and ¢, ., are harmonic, we
observe that

vhur,:po - (vhur,mo)B1 dl’,

(4.3)

Apty . (x) = (Agu)(zodrz) = f(xed,x)
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for a.e. x € By, where we have set f := Ayu € L®(B;). We set g,.,(x) = f(xodrx)xa5,
and we consider the decomposition i, 5, = Oz, + Wr 4,, Where

Urgo = —Grao ¥ I’ and Wy g = Urgg + Gray * T

and I is the fundamental solution for Ag, introduced in Definition [2.3] The explicit form
of ¥, 4, allows us to get the estimate

’@r,fto(x)’ = < Cng,onLQo(Bl)

/Rn D(z7'2) gra (2)d2 /31 T(212)gray (2)d2

for every x € By, where Qg = @ + 1 and C > 0 can be seen as a universal constant. The
previous estimate follows from the Holder inequality, setting ¢ = Qo/@ and taking into
account the (2 — @Q)-homogeneity of I'. Indeed, it holds

1/q
[ 26 @i < ([ 107) lgenlzans,
By B2

for every x € B;. As a consequence, we have proved that

(4.4)

. Ar,:co L>(B;) > HAr,ato LRo(By)-
(4.5) [ < CllApyg, |

Since W, 4, is harmonic, from [BLUO7, (5.52)] we have the mean value type formula

Wy o () = ]{B \P(x_lz)u?mo(z) dz

8—0)/80 (@)

for any = € B,, whenever 0 < ¢ < 1 and with ¢y > 1 defined in (2.6). We point out
that the function ¥ is 0-homogeneous with respect to dilations and smooth on R™\ {0},
see [BLUQT, Definition 5.5.1] for more information. Notice that with our assumptions we

have the inclusion B ), (¥) C By. For every € B,, it holds

W)mco (z)] =

]{3 V(27 2)y 0, (2) dz

(CLJ)/CO @)

< ||\Ij||L°°(B1) . ’wﬁﬂﬁo(z” dz
B0y @
HwaOHLl(Eﬁ)
oe 1 < C(0)||[Wr |l sy

B, ., @) PIEE

The constant C'(o) only depends on ¢ and it blows up as ¢ — 1~. By the triangle
inequality and (4.5)) we obtain that

”@TJOHL(’O(BU) < C’(O-)HUA)T,%HLl(BO
(4.6) < C(0) (1ol 50) + I Braoll i) )
< Cl(a) (Hﬁr,onLl(Bﬂ + ”AHﬁnxo“LQo(Bl)) .

< |||z (s,
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We conclude from both (4.5)) and (4.6)) that
Hﬁr,onL‘”(Ba) < H@T,onL"O(Ba) + ||wr,onL°°(Ba)
< C2(0) (Hﬁr,onLl(Bl) + HAHaT,onLQO(Bl)) :

Differentiating 9, ,, seen as an integral, it turns out that 9,,, € C}(B1). Again arguing
as in the proof of (4.4), from the Holder inequality and the (1 — @)-homogeneity of XTI,
we get the estimate

(4.7)

(4.9 X5 (@) = | [ XD072) g (0| < Cllgra sy

B

for every j = 1,...,m, x € By and a fixed geometric constant C > 0. By Proposition ,
we get a constant C3(o) > 0, such that

(4.9) IV ity aq Lo (B,) < C3(0) | @r,a0 [l 1 (81)-
Combining (4.7)), (4.8]) and (4.9), along with the third inequality of (4.6]), we establish the

first of the following inequalities:
litrwolls, () < Calo) (o150 + 1A bt agll oo (s,))

< Cs(0,p, N) (A null e s,) + l[ull Barog, s1)) -

loc
The second inequality is a consequence of (4.3)). Since u,.4,(0) = Xju,4,(0) = 0, by our
assumptions on u, and taking into account that pf°(0) = X,;pr°(0) = 0, we immediately
infer from the C; estimate above that

wmro (0)| + Z|Xi€r,a:o (0)|

=1

= |£T,xo (0) = Up,z (0)| + Z|Xi£7“,xo (0) — XUz, (0)|

=1
<N ller(s,) < Cs(o,0,N) (18wl o) + Nl Basop, (5, ) -
It follows that

’lgr,ﬂﬁo"Lw(Bc) < 06(0,]7, )‘) (”AHu”L"O(Bl) + HUHBMOP (Bl)> :

loc

As a consequence, it follows that

1 o
— sup Ju(y) — p°(zg 'y)| = sup
r YyEBor(20) €8,

= sup |Um¢o (z)]
{L‘GBJ

< Sup [l g ()] + sUp €700 (7)]
IEBU J?EBU

< C(o,p, ) (|Amull s,y + 1l sacor () -

loc

This finishes the proof. U

u(xgd,x) — p¥o(6,x)
2

r
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Corollary 4.3. Assume u € L*°(By) such that Agu € L®(By) and fit 0 < \,o < 1. If
we consider w as in (3.2)), then there exists ro > 0 such that the affine function

07°(2) == u(zo) + (Vhu(zo), m(2)), o € By

satisfies the following properties. There exists a universal constant C'(\,0) > 0 such that
for every r € (0,r] the following estimate holds

(4.10)  sup July) — (x5 "y) — P (x5 )| < CO\, o) (|Anullzs,) + ull s ) 72,

yeBo‘r ($0)

where p° is as in Definition 3.2

Proof. Our assumptions allow us to apply Lemma 4.2/ to y — u(y) — £*° (x5 'y) with p = 2.
Then there exist 7o, C(\, o) > 0 such that

sup_[u(y) = € (@"y) =7 (e )| < OO 0) (1 Amullmem) + lhu = Ellmarop, o)
yeBor(xo

2

for every r € (0,7¢]. In addition, we have
[ = %N parop, () < Cllu = ey < C'(Jull sy + [Viu(zo)])-
We set f = Agu € L*>®(B;) and write v = f * ', getting
Vaulzo)| < [Valu +0)(z0)| + [Va(f + ) (z0)].

Arguing as in [GT0I, Lemma 4.1], we establish

IVrv(zo)| = [Va(f * T)(@o)| < |Anullre sy VAl | 1(5,),
therefore we have

)| < [Vl +0)(w0)| + Al e IVl 1o
Since u + v is harmonic in By, by (2.9)), it follows that

[Vt + ) < Collullen + [0]lz()

< Collullze (s + [[AmUl L) 1T 21 (B2) )-

This immediately leads us to our claim. O

Remark 4.4. Notice that under the same assumptions of Corollary [4.3] we can assume
that for every A\, o € (0, 1) and any x¢ € B,, there exist 7o > 0 and C' > 0, only depending
on A and o, such that for all r € (0, 7] the following estimate holds
sup fu(y) — £ (a5'y) — 2 (03 9)] < OO, 0) (I D sulloesy + Jullesn)
YEBG, . (x0)
for og = 0/co € (0,1/cp) and additionally we have the inclusion BS (z9) C Bi. This is a
consequence of the definition of ¢y in (2.8). If we set rg := 7¢/co, replacing r by cor, we
may rephrase the previous estimate as follows
(4.11) sup )IU(y)—W“(Ialy)—pf&(fﬁaly)l < O o) (| Anull sy + llullr=s)) 7
Yyebs,.(To

for every 0 < r < rg.
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We introduce now the important definition of coincidence set:
A :={z € By : u(z) = 0}.

We will perform a blow-up of A around a fixed point zg € By /s, considering the rescaled
and translated coincidence sets

An(zo) == {z € BE : u(xyd,x) = 0},

for 0 < r < 79 and some ry > 0 such that BS(zy) C B;. Notice that in the previous
definition the gauge distance is used for technical reasons, related to the existence of
solutions to the Dirichlet problem with respect to the sub-Laplacian.

The next result is a technical lemma, that will be used both to get the decay estimates
in Proposition and to establish the regularity in Theorem [4.§]

Lemma 4.5. Let f be such that f ' € Cy'(By) and let u solve (1) in By. Then for

every 0 < A\, 0 < 1, there exists ro > 0 such that for every xq € By we have BTG0 (x0) C By
and the following holds. Let us consider the translated and rescaled function

u(zodyx) — €7 (0,2) — pgo,.(0,7)

2 )

(4.12) Uy () 1=

r

where pio, is introduced in Definition|3.9 and £*°(z) = u(xo) + (Viu(zo), 7(2)). For each
r € (0,ro] we also define v, , as the solution to

_ : G
{AHUT,J?O - fr,xoa m Bo‘?

_ G
U’F,a)o - ur,.ro) on a‘Bo- )

(4.13)

where fr.o(x) = f(200,2)xpe. Then there erists a universal constant C(\,0) > 0, de-
pending on A and o, such that

1D50raoll o (85,) < COA, @) IDR(F * D)l oe() + lull o s1))-

Proof. Due to Remark [£.4] there exists o > 0 such that for every xy € B, we have

B&(x) C By and (4.11)) holds for every r € (0,7,]. We write the solution to the Dirichlet
problem (4.13)) in the form
Urazog = Mo + Cr,xoa

where ¢, ,, solves

ApCraz =0, in BY,
{Cmo = Upg ~ Mg, ON OBY
and we have defined
Mrag = —frao * T

Indeed, the open set BY is regular with respect to Ap, see [BLUO7, Proposition 7.2.8].
From the identity

Divr,wo = _D}%(fr,:ro # ) + Dl%@,:ﬂoa
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taking into account the equality D?(f *')(z¢6,2) = D3(frz * ') () for a.e. x € B% and
the estimate (2.9) we obtain that

102065y < 103 Frry * D)oy + D3l iy
< | Di(f * P)”LOO(Ber(mo)) + C(0)||Gr a0l oo (BE)-
Now we combine the maximum principle and the Dirichlet problem to get
1D 0raoll o (86,) < 1DR(f * D)oy + C(0)ltrae + frao * Tlli=(ong).

Due to the version of the sub-quadratic growth in (4.11)), taking into account the definition
(4.12) and the immediate estimate

| frzo * Tllee(sey < Ol fllzoo (1),
where C' > 0 only depends on I', it follows that
1D vrao |l (5e,) < IDR(F % D)l + CO o) (lull sy + 1f lzos)-
In conclusion, we have established the following estimate
1D 0raoll e (85,) < CO O)IDR(f * D)oo + lull = (s)),
concluding the proof. U

Proposition 4.6 (Decay of the coincidence set). Let f be such that f «T' € Cy'(B)
and let w solve (1.1). Then for every > 0, there exist Cg > 0 and ro > 0 so that if
0 <r <ry, g € Bia, and the estimate

1B = Cls (1D2(f % D)l zoqsy) + lull sy )
holds, we have

(114) [Arpalag)| < 200

Proof. Our assumptions allow us to apply Lemma with A\ = 1/2, where we choose
o€ [1/\/5, 1). Let 7o > 0, v,.4, and u,,, be as in the same lemma and define

Wrzg = Urzg — Urzg-

Lemma [4.5| yields a constant C'(o) > 0 such that
1D 0r a0 [l oo,y < COVUIDR(S * D)l + lullze(s)

for every r € (0,70]. In addition, from the definition of w, ., we observe that

Aer,xo = nyIOXAr(mO) in BOQ,
wT7I0 = 0 on 03(9

By uniqueness, it follows that

Wy g = _<fr,:coXAT(mo)> * GB?
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where G g is the Green function of BS, according to [BLUO7, Definition 9.2.1]. From the
definition of Green function, we have Gge > 0. In addition, taking into account [BLUQT,
Proposition 9.2.12(iv)], we also notice that the maximum principle gives

Gpo(z,y) <T(x7'y)
for every x,y € BS with z # y. Then a standard convolution estimate yields

(415)  Jlwraolli=(sg) < Cllfllie 88 wonIXa,@olles) < ClF Iz |Ar(0)[?

for some geometric constant C' > 0. The Wff estimates (3.7) give a universal constant
(1, depending on o, such that

2Q
/BG |Di21wr,xo(x)|2Q dx < (4 (Hfr,moXAr(aco)HLQQ(Bf?) + ||wr,onLQQ(B§))
02

2
< Coll FIIZ2 (g, (1A (o) + A (0) )
2
< O3l I (5, A (20)].
The second inequality is again a consequence of a convolution estimate, joined with (4.15]).

Since |A,(z0)| < |BY|, the third inequality is also established. Furthermore, taking the
second order horizontal derivatives in the definition (4.12]), we get the equality

) ae— (Diu)(xoérx) + Diwr,mo(x) — Divr,mo(x).

cor

and also A,,2(z9) = d,-2(A,(29) N BS). In addition, arguing as in [GT0I, Lemma 7.7],
we can establish that (D?u)(z¢d,z) = 0 a.e. on the coincidence set A,(zq). Taking into
account all previous facts, we get

% Arg2 (0) | P |7

cor

= |Ar(wo) N B || Pas. [

coT

= | P™0 |29 dy
/Ar(mo)ﬂBfQ or

- / ((D2u)(208,) + D20y () — D20y ()2 dt
AT(IQ)QBSQ
_ / D2ty () — Doy ()22 d
Ar(x())mez
<[ Dby ()9 + D 0) 2 o
AT(mo)ﬂBSQ

2Q
< Cal0r) (1713 ()] + 1o (@) (IR # T o) + i) )
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Consequently,
2Q
02| P2 |22 — Cy(0) (|| DF(f * D)llz=(s) + lull=s,))
Co(@) 1132 )

We see that the coefficient in front of |A,,2(xg)| is bigger than 2°¢ if

Ao ()] < |A (20).

@ 2Q
(4.16) 0™ P20 = Co(0)2° fII72 (5,) + Cal0) (I1DA(S # Dllzoeqan) + Nullzmes) -
By the simple inequality [|[Di(f * I')||(5,) > || fllz=(51), & few more computations lead
us to the following sufficient condition

|P3o| > [Co(o)o (279 4 22971

cor

1/2Q
(ID(F * D)ooy + ullzeesy)) -

to get (4.16)) to hold. Finally, we choose o = 1/4/2, then the proof follows by choosing

the constant Cz in our statement equal to 2?/ Cy(1/4/2)29(26@Q + 22@-1) and replacing cor
by r. U

To carry out the proof of the C’Iljl regularity, we need a Calderén type second order
differentiability, according to the next definition.

Definition 4.7. We say that u € LL_(Q) is twice L' differentiable at x if there exists a
polynomial ¢ of degree less than or equal to two, such that

1
) lu(z) — t(2)|dz =0 as r— 0.

BT(TO)

The polynomial ¢ has the following form

ma
= Co + ZUZ T — xoz + = Z C@] sz .% — xoj) + Z Cl(l'l — $01>,
ij=1 I=m+1

T =(21,...,%,), To = (Zo1, ..., Ton) and co, ¢;j, ¢ € R.

It is possible to show that any u € WE%OC(Q) is twice L' differentiable a.e. in Q.
Furthermore, if the function is twice L! differentiable at a Lebesgue point 2o € Q of all
functions X; X;u, X;u and u, then the corresponding polynomial is unique and it has the
following form

(o) + i Xju(zo) (x5 — xoj) + ; Zl((Xin + X; Xi)u) (o) (zi — m0i) (25 — Toj)
+ z—z Xu(zo) (2 — zqr),

see [Mag05| for more information. We are now in the position to prove the optimal interior
regularity of solutions to the no-sign obstacle-type problem ([1.1)).
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Theorem 4.8 (C! regularity). Let u € L®(By) be a distributional solution to in
the unit ball By. Let f : By — R be locally summable such that f +T' € C'(By). Then
there exists a universal constant C' > 0 such that, after a modification on a negligible set,
we have u € C33'(By)s) and

1D}l Loy < C (IDA * D)l zoes0) + ull ) -

Proof. We consider Cj as in Proposition and fix 8 = 4. We consider a priori the
following constant

K = Cy (DR )l aeo + lull<(5,)) -

Combining the Holder inequality and Theorem taking into account that the constant
Cj in Proposition [4.6]is bounded from below by a universal positive constant independent
of 3, we can find a universal constant C] > 0 such that

(4.17) IDjull s, ) < CLK.

Let ro > 0 be the minimum among the ry’s of Remark Lemma with A = 1/4 and
Proposition with 8 = 4. We fix an integer 7, such that

(4.18) ip > 3+ log, co,

such that 27% < rq, where ¢y is the geometric constant appearing in (2.6). Then (4.17)
provides us with a universal constant C';y > 1 such that

< (1K

(4.19) Py,

for all y € By/4. Notice that C, actually depends on iy. However, this integer is fixed
throughout the proof. We have chosen i, to satisfy also in view of the subsequent
application of Lemma with A = 3/4. We can fix zy € By such that u is twice L'
differentiable at xy. Using [Mag05, Theorem 3.8] for p = 1 and k = 2, the set of these
differentiability points has full measure in B;. We can further write u = v — w, such that

Agv=f and Agw = fxa

on Bi, where v = —f % I'. By assumption v € C}jl(Bl), hence it is also a.e. twice L!
differentiable, therefore we can further assume v is twice L' differentiable at x(, having
the set of these points full measure in B;. Now, only two cases may occur.
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Case 1: lillcrn inf|P;°.| < C1K. At our point zj, we have
—00

lim f Diu(y) dy‘
k—o0 327k (IEO)

Agu .
= Jim | (P, + STt )

k—o0 m

| Diyu(o)| =

. . L 1
< timint (125 + = l(Au, o))

1
= T‘AHU(ZL‘O)l + lim inf | Py |

\/—Hf”LOO (B1)
< ID(f # D)) + C1K
Therefore
| Diu(@o)| < (CLCa+ D)UID,(S * T)llzoe () + Nl Lo (sy))-
Case 2: lillcrg io?f | Py%.| > C1K. Then the following integer is well defined

ko :=min{k € N: k >4, |P}°| > C1 K, for all j > k}.

The positive integer ko possibly depends on xy. We notice that from the definition of k,
we have |Py%, .| < C1K. The strict inequality kg > io follows by ([£.19). In view of our
choice of 7¢, that satisfies and then 7o > 3, we can apply Lemmawith A = 3/4.
Indeed, we have By,4 = By, /3 and

2
2~ kot < min {3)\1, 1-— )\1} = 2_2,

so Lemma [3.8| with 71 = 27% and ry = 27%0F1 yields
1P5%% | < P50l + C (IDA(S * D)ooy + Nl eqan)

< (C1Ca+ C) (IIDR(f * D)l py) + ull e sy)) -
We consider the “rescaled function” defined in Lemma FL5
w(200g—rko ) — L7 (Gg—ro ) — pi§2,k0(52—k0x)

4=Fo '

This function coincides with wuy-+, ,, of the same lemma. Now we set fy(z) := f(20dy-ro2),
that is also defined on BY. We can find a harmonic function hg such that

(4.20)

(4.21) up(x) ==

Vg = 22k0U($052—k01’) + ho
and vg satisfies the Dirichlet problem

{AH’UO = fo in Bg,

4.22
(4.22) Vo = Uo, on B¢,
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with 0 < o < 1. Notice that vy is also twice L! differentiable at 0, being a consequence of
the twice L! differentiability of v at xy. For the same reason, the twice L! differentiability
of u at xy gives the twice L' differentiability of ug at 0. From Lemma with A = 1/4,
there exists C,, > 0 such that

(4.23) 1D300ll -5,y < Co (1D * Dl + (o) -
For the sequel, it is now important to remark that the difference
(4.24) Wo = vy — U
is twice L' differentiable at the origin. Then we know the existence of a polynomial
m 1 m mo
j=1 ij=1 l=m+1
such that we get
1
(4.25) = lwo(2) — R(z)|dz — 0
BKT‘
as r — 07 and for an arbitrary x > 0. The definition of wy immediately gives

Agwy = fOXAQ—kO(-TO) in Bf,
wo =0 on OBY.

Claim: for a fixed 0 < a < 1, there exist l[j > 1 and C' > 0, depending on « and on
universal constants, such that for 7 = 27 and for every k € N\ {0}, there exist harmonic
polynomials ¢, with the property that

(4.26) lwo = @kl (p) < C (IDR(f * D)ooy + Nl poe s,y ) 72HED

where the constants are independent of xy.

To prove by induction, we need first to establish the case K = 1. Here we choose
the null harmonic polynomial ¢; = 0. We consider the decomposition and observe
that standard L™ estimates for vy are available, since it solves . Indeed, we may
further decompose v into the sum of zyg = — fo*I" and of a harmonic function hg such that
hola Bg = Up — zp. Then we apply the sub-quadratic growth estimate of Remark
where we fix A = 1/4. This leads us to the following estimate

ol o5y < Cao (IDA(F 5 Dllzos (1) + Nl ooy ) -
Then using again estimate (4.11]), we obtain

[wollzoe(Bg) < l[vollLee(mg) + lluoll L= (Bg)

< oy (IDR(f * D)l + 1l (51))



OPTIMAL REGULARITY FOR SUBELLIPTIC NO-SIGN OBSTACLE-TYPE PROBLEMS 25

Taking o = 7 = 27 the estimate (4.26] is established for k = 1. We may take Iy € N
possibly larger, such that

4.27 T=270<
420 = 2[BF77
In view of Proposition [2.4], there exists a universal constant ¢ > 0 such that

(4.28) ||D2H||L°°(Bf/2) < c||H|| oo 55y

for any harmonic function H on BY. Now we assume the statement (4.26) is true for any
fixed £ > 1 and define
L wO(éTk:E) _ Qk((STkx)
wi(2) = T (2+a)(k-1)

on BilG We choose the harmonic function hy such that

AHhk =0 in BlG,
hk:wk on (9BlG

From the definition of wy, we get
Agwy, = TQ_Oé(k_l)f(l?O(SZ_kOTk.)XA2,kOTk (z0)
on BY, and the induction assumption yields
(4.29) el 56y < C (I1DACF % D)llzoocsy) + lull sy ) -

Clearly wy, — hy, vanishes on 9BY. Taking into account our choice of 7y such that 27 < r,
the decay estimate of the coincidence set (4.14]) applies in particular for § = 4 and for
every 7 € (0,27%], that is

|Ar($0)|‘

(430) [Aepa(w)| <

Arguing as before for vy, we can decompose w; — hj, into the sum of a harmonic function
and a convolution with the fundamental solution, therefore standard convolution estimates
yield the first of the following inequalities

lwe = hel| oo ey < CHTQ*a(kfl)f(%@*kO*lok)XAQ—ko—lok(””O)||LQ(31G)
< O E | [l oo 1) | Ag-ro-tox () V9
< C200 | Loy 2708 Agsy () /9
< CIBEQ|f|| ooy %0

c .
< Sl ez,

where the third inequality is a consequence of (4.30)) and the last inequality follows from
(4.27). Combining the estimate (4.28) for harmonic functions, the maximum principle
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and our induction assumption as stated in (4.29)), we get
||th/€||L°° BE,) < C||hk:||Loo BE) < CHwkHLoc(BG)
< cC (IDA(f * D)llzocsy) + ull sy -

Define g, (z) as the second order Taylor polynomial of hj; at the origin. In particular, g,
is harmonic. The previous estimates joined with the application of the stratified Taylor
inequality stated in [FS82, Corollary 1.44 with k = 2 and = = 0] give

I = @il vy < Coe C (IIDAS # Dllzeqan) + lull o) 7

¢ o
< 5 (1D * D)l + Nl ) 77

where we have chosen [y possibly larger, such that the following conditions

3 301 ! e
b>’r = 627" < 1/2 d 7=2""<
T /2 and T <2002>

also hold. The constants b and C are from [FS82, Corollary 1.44 with £ = 2 and x = 0]
and this corollary is applied with the gauge distance dg. We stress that [y does not
depend on either kg or zy. This is very important for the final estimate of Diu(z). As a
consequence, we obtain

[wr = Gl (Bey < |wr = hillLese) + [he — Till Lo (B9
¢ o, C o
< §Hf||L°°(Bl)r2+ + 5 (||Df2l(f * D)l zee(my) + HUHLOO(BI)) el
< C (IIDA(f * D)llawe(oy) + Il ooqm) 727

Taking into account the definition of wy, we have proved that
||w0 (6r5°) — qr(d)

< C(IDA(f * D)llzooqsy) + lull e ) 72,

(24a)(k—1) k Loo(BS)

from which we infer that
Hwo —qr — T(2+a)(k_1)6k’(57_7k')||L°O(BTG)¢+1) S O (”Di(f * P)HLOO(B1) + ||u||L°°(Bl)) T(2+a)k.
If we define the new polynomial

Q+1(x) = qr(z )‘i‘T(zm)(k 1)Qk(57—kx)>

then the induction step is proved and this concludes the proof of our claim. By the same
previous argument, we have another universal constant ¢ > 0 such that

max {Hhk”Lw(Bf/Q)a ththL"O(Bf/Q)u HDithLoo(BlG/2)}
(431 < ot
< O (IDR(f * Dl + lullz=(sy ) -
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We introduce the following notation:

m mo
Z I i Z cl]x Tj+ Z cf‘:xl,
i=1 i,j=1 l=m+1
m
P

Q \

Z C”xlx]—l— Z Cl -

i,7=1 l=m+1

From the definition of g, and taking into account the estimates (4.31)), we get

(4.32) max{a", ;25,2 } < dC (|| D} (f )l noemy + llull o)) -

7.77l i lJ’
Consequently, differentiating the equality

Gea1(2) — q(z) = THIEVG (5, 02),

with the differential operators X;, X;X; fori,7 =1,...,mand X; for [ =m+1,...,mg,
and evaluating all the equalities at the origin, we get

0" — o < O (IDR(F * D)) + Nl ) 7340,
wax [ — b| < O (DR * Doy + lullzegy) 704D,

1<i<m
121?§m|0k+1 eyl <cCr? (||Df21,(f * )| oo (y) + ||U||L°0(Bl)) rotk=1)
m+r1ngaz}§<m |ck+1 Cégl < ol (HDi(f * F)HLOO(Bl) + ||u||L°°(Bl)) Fok=1)

Representing any of these coefficients as «*, we notice that they are Cauchy sequences
converging to some . In addition, for any of them we have

CCT

(4.33) Y =l < (HDh( # D)oo (s + ulloe(sy)) 7TV,

In these estimates, we have set [ = 0 when ¥ = cF, cfj, | =1 for v* = bf and | = 2 for
7% = aF. As a consequence, the polynomials g, uniformly converge on compact sets to a

polynomial ¢, that has the form

m - 1 m m2
a+ > b 5 Z v+ Y, G
=1 J=1

l=m+1

Any coefficient v of ¢, can be written for instance as v2 + v — 72. By , we can find
a universal estimate for v — ~2, that depends on . We also observe that the coefficients
of g5 are given by the formula ¢ = G, 0 d,-1. The estimate for £ = 2 and the fact
that 7 = 27/ can be universally fixed, independently of x, finally lead us to the estimate

(4.34) D3] < Cra (1D * Dl + el 1))
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for a suitable geometric constant C.., > 0 depending on the constants of (4.33) and (4.32)).

From (4.33)), defining

o O (IDR * Dlmn + o)
o, fou — 1 — 7o

we can establish the following quantitative estimate on small balls:

Y

m
gk = Gll oo Be <Crafu (7—(06+2)(k—1) 4 latD)(kE-1) 3 |2l e B )

Pkl 2 k41
=1

m 2
+70 N flees,) + 7 D H%”L*wfw)

P Th+1
1,j=1 l=m+1

Sé 6‘1‘ a,fu 7_(2+a)(k71)’

where we have used the proper intrinsic homogeneity of all the monomials z;, z;z; and
x, withi,7=1,....mand l=m+1,..., my. We would like to prove that

lim — ]éc lwo(2) — (2)]dz = 0.

r—0 2

Tr

Let us consider r = 7% and then

! () = a2 < f (=) — k(s + f 1az) ~ ()i

7“2
Tr

= f w1 - )l

G BG
rk+1 k41

<C (IDA(f * Dl + lulleizn) 7 + 7718 = aill e s,

goes to zero as k — oo. If we choose kg > 0 sufficiently small, then we have proved that

Tik wol(2) — R(2)|dz < T;][ lwo(2) — R(2)|dz — 0.

B G
o2k Brk

By the uniqueness of the second order polynomial R satisfying (4.25) with x = kg, we get

¢ = R. Taking into account (4.23|) with o = 7 and (4.34) with o = 1/2, we obtain a new
constant C' > 0, such that

| Diuo(0)] < [Djvo(0)| + [Diwo(0)]| < CIDE(S * Tl + llull e (1))

As a consequence, since ky > ip and i satisfies we can apply Lemma with
rp = 27% and ry = ¢27%, so that taking into account the estimate and the
definition of ug, we finally obtain a possibly larger constant, that we still denote
by C' > 0, such that

| Dyu(@o)| < [Dhuo(0)] + [Py-s, | < CUIDR(S # T)llzoe(py) + lull (s,

co2~ ko

concluding the proof. O
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