AN INTRODUCTION TO THE GEOMETRIES OF HEISENBERG GROUPS

Short course at Cincinnati’s Department of Mathematics and Statistics,
January 30-February 10, 2012

Valentino Magnani



Contents

Introduction and first notions

1.1 The abstract Heisenberg group . . . . . . . . . . . 0 0 i e e e e e
1.2 Theunderlying Space . . . . . . . . . . o i i e e e e e e e
1.3 Group operation . . . . . . . . ... e e e e
1.3.1  Non-commutatiVity . . . . . . . . . . ottt e e e e e e
1.3.2 AsSsOCIatiVIty . . . . . . . . e e e e
1.3.3  Unitelement and inverse element. . . . . . . .. ... ... ...
134 Comments. . . . . . .. ... . e
1.4 Dilations . . . . . . .. e e e
1.5 Distance and homogeneous norm. . . . . . . . . . .. oL o e e e e
1.5.1 Comparison with the Euclidean distance. . . . . . . . . ... .. ... ... .........

Partial derivatives and geometric measures in the Heisenberg group

2.1 Basesonthe Heisenberg group . . . . . . . . . . . . ...
2.1.1 Different isomorphic group operations . . . . . . . . . . . . ..o e
2.2 Partial derivatives and left translations . . . . . . .. ... Lo
2.2.1 Derivatives and dilations . . . . . .. ... Lo
23 Haarmeasure . . . . . . . . . i e e e e e e
2.4 Hausdorffmeasure . . . . . . . . . ...
2.4.1 Hausdorff measure in metric SPaces . . . . . . . . ... ... e e e e
2.4.2 Hausdorff measure in Euclidean spaces . . . . . . . . ... ... ... ...
2.4.3 Hausdorff measure in Heisenberg groups . . . . . . . . . . . . ... e

Heisenberg algebra, connectivity and sub-Riemannian distance

3.1 Liealgebra. . . . . . . . . e e
3.2 Heisenberg algebra. . . . . . . . . . L. e e e e e
3.3 Horizontal structure and connectivity in the Heisenberg group . . . . . . .. ... ... ... ....
3.4 Sub-Riemannian distance . . . . . . . . . . . ... e e e

Homogeneous differentiability and Lipschitz functions

4.1 Horizontal gradient and Pansu differentiability . . . . . . ... ... .. ... 000
4.1.1 Homogeneous homomorphisms . . . . . . . . .. ... . L
4.1.2 Homogeneous differentiability . . . . . . . ... ... o
4.1.3 Intrinsic regular hypersurfaces submanifolds . . . . .. ... ... .. ... ... ... ..
4.2 Sobolev Spaces . . . ... e e e e e e e e
4.2.1 Smooth approxXimation . . . . . . . . . . L e e e e e e e
4.3 Lipschitz functions . . . . . . . . . . . e

DA B PR WWWWNDNON

(o BRI |

oo

11
11
12
12
13

15
15
16
16
18



Chapter 1

Introduction and first notions

1.1 The abstract Heisenberg group

There is a vast literature on the Heisenberg group and its relations with different areas of Math-
ematics. Fortunately, it is possible to present it as an abstract model of finite dimensional metric
space that contains all the characterizing features.

The best way to present this model is to make a comparison with the classical Euclidean space.
The Heisenberg group could be seen, broadly speaking, as a non-commutative version of the clas-
sical Euclidean space.

Let us list the classical objects that we use in the Euclidean space

1. Sum between elements

2. Mutiplication by a scalar number

3. Distance that is compatible with sum and multiplication by a scalar number
4. Partial derivatives

5. Lebesgue measure that is compatible with the previous objects

We will present the Heisenberg group following this list, since this space has an analogous list
of objects, that are still compatible with respect to each other. We will see in the sequel, in which
sense this compatibility is meant.

1.2 The underlying space

The Heisenberg group as a set can be seen just as a linear space S of odd dimension 2n + 1, where
n is a positive integer. This space is the direct sum of two fixed subspaces S| and S, of S, where

S=85®S5,, dimS;=2n and dimS,=1.

Recall that the direct sum § = §; & S, means that S; N S, = {0}. We will denote by x an element
of S and by s and ¢ general elements of S| and §,, respectively. Writing x = s + ¢ the fact that
s € Sy and r € §, will be understood. This abstract decomposition will allow us to introduce the
above listed properties.



1.3 Group operation

The group operation in § is given by a non-degenerate skew-symmetric bilinear form
w:S x5 — 85,
where the non-degeneracy condition coincides with the requirement that
w(s,-) 1s a nonvanishing linear mapping whenever s # 0.
For any two elements x, x" € § with x = s + fand x’ = s’ + ¢’ we define the operation
xxX' =x+x + w(s,s).

Let us show that this formula defines a noncommutative group operation.

1.3.1 Non-commutativity

The skew-symmetry and non-degeneracy of w implies that this operation is noncommutative. In
fact, for a fixed nonvanishing s € §, since w(s, -) is a non vanishing linear map, there exists an
element s € §; such that w(s, s) # 0. We have

s’ =s+5 +w(s,s)#sSs=5+5—w(s,s)

1.3.2 Associativity

Let us consider x,y,v € § with decomposition x = sy +t;,y = 55 + r, and u = 53 + 13, with 5; € 5
and 1; € §,. We consider

Cu=[x+y+w(sy,)u=x+y+u+ w(s,s)+ wo(s) + $2,53)

and
x(u) = x|y + u+ w(sy, $3)] = x +y + 1+ w(sy, 53) + W(s1, 52 + 53)

that coincide since w is bilinear.

1.3.3 Unit element and inverse element.
Of course, the origin is the unit element
x0=x+0+wx,0=x=0x forall xeS.
Since w is skew-symmetric, for all x = s + ¢ we have
x(=x)=x—x+w(s,—5)=0
then the inverse of x is the opposite element —x, hence

x'=—x forall xeS.



1.3.4 Comments.

We have defined a smooth analytic group operation on §, that is obviously a differentiable mani-
fold, so we have constructed a noncommutative Lie group.

1.4 Dilations

Dilations in S replace the multiplication by a positive scalar number. For any » > 0 and x = s + 1,
we define
Sx=rs+r*t and 6,:S — S.

Why we have this definition of dilation? This notion is compatible with the group operation in the
following sense

0(x-y) = (6,x)(6:y)
for all x,y € §. In fact, defining x = s+ fand y = w + z, we have

0, (xy)=0,(s+w+t+z+w(s,w)=rs+rw+ Pt + Pz + rro(s, w)
rS + 1w + PPt + 2+ w(rs, rw) = (6,%)(6,).

In the terminology of Lie group theory, this property corresponds to say that ¢, is a Lie group
homomorphism of S. By a simple verification, we get the one-paramter property

6,06, =6,, forall r,r >0.

This shows that 6, is a Lie group isomorphism, namely, it is invertible and (5,)~" = 6y, .

1.5 Distance and homogeneous norm.

A good distance in S is those continuous distance d: § X § — [0, +00) such that the following
additional properties hold

1. d(6,x,6.y) = rd(x,y)
2. d(xy, xu) = d(y, u)

for all x,y,u € S and r > 0. We say that d with these properties is a homogeneous distance.

We can construct many homogeneous distances in S. Let us see the simplest example.

We fix a scalar product (-,-) and the corresponding norm | - | on § such that S, and S, are
orthogonal. We have the minimal constant C,, > 0 such that

lw(s, sl < C, |sl|s;] forall s,51€8;.
We choose any positive number @ < 2/C,, and define for x = s + ¢ the following function

x| = max {|s], v/al} .

It is clear that by definition

16, x|l = max {|rs|, Va|r?t|} = rlx||.



A more interesting property to prove is the following triangle inequality
[yl < llxll + iyl -
Letus set x = s+t and y = w + z, hence in the case ||xy|| = |s + w|, we trivially have

lleyll < sl + fwl < [lxI] + Iyl -

In the case ||xy|| = Valt + z + w(s, w)|, we have
oy < et + alzl + aCols| wl < lIxll* + [IyIP + 2IlxllIyll
that concludes the proof of the triangle inequality.
Definition 1.5.1 We say that a continuous function || - || : § — [0, +c0) that satisfies
I. Xl =0iffx=0
2. 6yl = rllx]
3. eyl < il =+ Iyl
is a homogeneous norm.

We have constructed an infinite family of homogeneous norms parametrized by . The point is
that any homogeneous norm defines a homogeneous distance as follows

d(x,y) == |lx"'y|| forall x,ye€S.
Conversely, if I have given a homogeneous distance d on S, then setting
llxl| := d(x, 0)
a homogeneous norm is also defined. This is a simple verification. It is important to compare this
distance with the Euclidean distance on S that arises from the fixed scalar product.
1.5.1 Comparison with the Euclidean distance.
Let us consider |x|, |y| < v for a fixed v > 0, where x = s + f and y = w + z and consider

[lx~!yII?

lt—7l<|—t+7—w(s,w)+Cyvls—w| < + CoVlIx Yl

We denote by Bg(x, r) the Euclidean ball in § of center x and radius r > 0, hence we define

sup [lx7'yll = M, < +oo.
x,yeBE(0,v)

It follows that

M,
x—y| <|s=w|+]t—2 < (1 +—+C, v) Ix"'yll whenever x,y € Bg(0,v).
a

Conversely, we have

|—I+Z_(U(S,W)| < |l’—Z|+CwV|S—W|S(1+va)|x_y|9



so it follows that

lx™'yll = max {ls — wl, Vel =+ z = w(s,w)l} < (V2v + Ya(l + C,v)) ix -

for all x,y € Bg(0,v). We have shown that for any bounded set K of §, there exists a geometric

constant Cx > 0 depending on K and on || - || such that
C,}] Ix =y < llx"'yll < Cx Ix—y| for any x,y € Bg(0,v). (1.1

Remark 1.5.1 As a consequence of (1.1), the topology induced by d coincides with the topology
of § as a linear space.

Definition 1.5.2 When the linear space S is equipped with the group operation and the homoge-
neous distance described above, we denoted it by H".

Definition 1.5.3 The open unit ball of H" with respect to || - || and centered at O will be denoted
by B. The open ball of center x and radius r with respect to the same distance will be denoted by
B(x, r).



Chapter 2

Partial derivatives and geometric measures
in the Heisenberg group

2.1 Bases on the Heisenberg group

A graded basis (e, . .., e, 1) of H" seen as a linear space, has the propery that (e, ..., e,,) spans
S| and e,,41 spans S,. When we consider an element x € S and the decomposition x = Z?ZJ{I x;e;
with respect to the graded basis (e;), we say that (xi, ..., X2,41) are graded coordinates.

Once we have fixed e,,,; spanning S,, the mapping w(s,w) € S, becomes a scalar-valued,
w(s,w) = w(s,w)eaz,+1. The mapping w: S X S — R is exactly a symplectic form on S since it
is nondegenerate.

As an exercise of linear algebra, one can show that there always exist a special basis (e, ..., €,)
of §1, called symplectic basis, such that

(I)(e,-,e,,+j):5,-j for all i,j: 1,...,1’1

w(ej,ej) =0 foralll <i,j<2nsuchthat|i— jl#n

The group operation with respect to the graded coordinates associated to the symplectic basis takes
a simple explicit form, since

w(x,y) = w (Z xjej, Z yjejJ = an(xiynﬂ' = Xn4i)i)
J J i=1

then we have .
xy=x+y+ Z(xiym — Xn4iYi)€n+1-
i=1
We use the terminology symplectic basis also for the full basis (e, ..., €2,+1), since e, is fixed
once for all.



2.1.1 Different isomorphic group operations

If we consider the group operation associated to wg = S w, where g # 0, with respect to the same
symplectic basis, we get the new group operation

Xy=x+y +ﬁZ(xiyn+i - xn+iyi)82n+1 Whereﬁ # 0
i=1

that gives rise to the same group, so we have freedom, if necessary, in the choice of £.

2.2 Partial derivatives and left translations

Definition 2.2.1 Any basis of this vector space equips it with a global differentiable structure that
makes it an analytic smooth manifold. Then we can consider C* smooth functions on this space,
namely, those functions that are C* smooth in R?"*! when read in any fixed basis of H". We denote
this space by C*(H").

Of course, one already has the standard partial derivatives on S as a linear space, but we want to
have a differentiation that respect to group operation and also dilations. To find the right partial
derivative, we have to consider the large space of first order differential operators on S, that in
particular contains the partial derivatives. A linear differential operator L : C*(H") — C~(H")

with respect to an understood graded basis is represented as L = Z?ZTI aj(x) 0; where a; are smooth

function on H". The operator L acts on a smooth function u as follows. With respect to the graded
basis (e, ..., e,+1) wWe have

d
u(x) = u(xlel + -+ x2n+162n+1) and Eu((xj + t)ej + ; x,-ei)ltzo = (axju)(x)

hence
2n+1

Lu(x) = Z aj(x) 0,u(x).

J=1

Partial derivatives are invariant with respect to sum of vectors of S in the following sense
(0w + x) = 0, (u(y +))(x) forall x,y € H". 2.1
Let us introduce translations in S with respect to the sum of vectors
T,:C™H") — C™H"), (Ta)(y) = ulx+y)
Then we read formula (2.1) as follows
T,0,, =0,T,.

This suggests to introduce the operators L; replacing traslations with left translations. For every
x € H", we define the left translation with respet to x as follows

[,:H'"— H", y — xy.



Notice that [, is invertible for all x and
L) =L
Left translations define the mappings
[:C(H") — CH"), u — uol,.

To discover the form of the partial derivative L; on H" that respect the left translations of S, we
impose the relationship
Liliu=1IL; (2.2)

under the condition that L;(0) = d,;. We have
Lju(x) = [(Lu)(0) = Lj(Lu)(0) = d,,(u o 1,)(0)

It follows that
Liju(x) =duodle;.

This suggests us to define the vector field X; associated to L; as follows
Xj(x) = dl(0)e; forall x € H". (2.3)

We have
Lju(x) = {du(x), X;(x))

We can concretely compute the formula for X; with respect to the understood graded coordinates.
Let us consider 1 < j < n, then

d d
Xj(x) = Ex(lej)u:o = E(X +1e; — 1Xpy j€2n41)=0 = €j — Xnij €2ny
and the analogous computation yields

Xjin(X) = epyj + Xj€2p41
We can identify the vector fields X; with L; replacing e; with ,,. Then we will use the notation X;
also to denote the partial derivative
Xj =0y, = XjinOppp1 and - Xju(x) = 0,,u(x) — xj4,0y,,,, u(x) .
One can easily observe that x(te;,+1) = X + fez,+1, hence the same computations yield
Xons1 = Oppar.
We have found the natural frame of left invariant differential operators on H"

(Xl L 7X2n+])7 Xj = ax_/' - xj+naxz,,+1 ’ Xl’l+j = ax_/'+,, + -xjax_/

Il <j<nand X5,,; =0 The left invariance follows by their construction, namely,

X2n+1*

Xju(x) = Xj(uol)0).

This transformation can be equivalently translated in terms push-forward of vector fields.



Definition 2.2.2 Let f : H" — H" be any diffeomorphism and let Z = aje; + - - - + az,11€2,4+1 bE
any vector field on H". We define the “image vector field”, or push-forward as the new vector field

LZ(y) = df(f"'YZ(f ' (y)) forallyeH"

The geometric meaning of the push-forward vector field f.Z is the following. Let y be any solution
of the equation y’ = Z(y), then the curve f o 7y is the solution of (f o y)" = (f.Z)(f o ). In other
words, the images of the orbits of Z through f are the orbits of f.Z.

This notion allows us to better clarify the notion of left invariance of X;. In fact, we have

(l).(X;)=X; forallxeH"and j=1,...,2n+1.
This property rigorously defines the notion of left invariance. By (2.3), for all z € H" we have

(LX) = dLm2D)X(12) = dly 0 dl 1 (0)e; = dL(O)e; = X,(2).

2.2.1 Derivatives and dilations

We have seen that the differential operators X; and dilations 6, respect the group operation. To see
their compatibility, we consider the transformation of X; by ¢,, namely, the push-forward vector
field (6,).X;. We have

(0,):Xj(z) = d6,(61/,2)X(61),2) = db, o dldl/,z(o)ej = %(@ o 151,,z)(f€j)|z=o .
The last composition can be written as follows
6, 0 ls,,,-(te;) = 6,((61/,2)(te))) = z(t6re)) .
If 1 < j < 2n,then d,e; = re; and we have
(0:):X(z) = i(Z(frej)n:o =r i(Z(fej)u:o =rX;).
dt dt

Since 6,€5,41 = r?esn41, With the same argument we get

(6):X2n41(2) = 77 X211 (2) -

The exponent of r is called the degree of the vector field, so that X, ..., X,, have degree one and
Xo.+1 has degree two. Let us define d| = --- = dp, = 1 and d,,,41 = 2. Thus, we have proved that
(6. X = r'X;. (2.4)

The previous formulae can be tested on smooth functions u € C*(H") as follows
Xj(uod,) =duods.(X;)=duo(6,).X;00,= ri du o Xjo6, = rdf(Xju) 00,.

As a consequence, defining &7u(x) = u(5,x), we have proved that X ;67 = r%i5:X; as linear operators
on C*(H"). The vector fields X1, ..., X,, are called horizontal vector fields.

10



2.3 Haar measure

A measure p in § that is compatible with the group operation in S has to satisfy
M(xA) = u(A)
for every measurable set A and every x € S. These measures are called Haar measures.

Remark 2.3.1 Any locally compact Lie group has a unique Haar measure up to multiplication by
a positive number.

In the Heisenberg group equipped with any graded basis (e, ..., e:,+1) the mapping y — xy has
Jacobian equal to one with respect to graded coordinates. In fact, we have
X1+ o
X2ty 0 1
L) = : and DI, =| :
Xon + Yon 0
Xone1 + Yonr1 + @( Z?Zl Xj€js Z?Lyjej) R |

2n

where the * denotes the places where the entries are the partial derivatives of a)( 2l Xiej te j) with

respecttotatt = Oand j = 1,...,2n + 1. Thus, the Lebesgue measure £>**! yields the Haar
measure

L2000 = [ )L ) = £14).
A
Exercise 2.3.1 Show that the right translations r,(z) = zx preserve the Lebesgue measure in H".

The Haar measure of H" behaves well also with respect to dilations. In fact, when the graded basis
is fixed, dilations read as follows

2n+1 2n+1

o) = dj, .

5,( E xjej)— E rie;j.
=1 J=1

The Jacobian determinant of ¢, is pZE = "2 hence
LAY = 22 L) (2.5)

for every measurable set A ¢ H".

The number 2n + 2 is the intrinsic dimension of the Heisenberg group, that is greater than its
topological dimension. In Subsection 2.4.3, we will see that this number is actually the Hausdorff
dimension of the group with respect to its distance d.

2.4 Hausdorff measure
The Hausdorff measure in an important notion of “measure with dimension” that can be used to

study lower dimensional objects in the space. Furthermore, it can be introduced in a general metric
space.

11



2.4.1 Hausdorff measure in metric spaces

Let (X, d) be a metric space and denote

diamS$ = sup d(x,y).

x,yes
Fix @ > 0 and ¢, > 0 and for every > 0 and E C X define
WL(ZIJ(E) = ¢, Inf {Z diam(Ej)” EC U Ej , dlam(EJ) < l}
J=0 JjeN

we notice that here ¢, plays the role of the geometric constant, to be properly chosen, depending
on the metric space we consider. We define

H(E) = sup Hi,(E) = Tim H,(E)

>0
As a consequence of the well known Carathéodory criterion, we have the following theorem.
Theorem 2.4.1 The set function H{ is a Borel regular outer measure in X.

In particular, H¢ is countably additive on disjoint unions of Borel sets.

Exercise 2.4.1 Show that H{(E) < oo implies Wf(E) = 0 for all 8 > @ and HJ(E) > 0 implies
Wf(E) = +oo forall B < a.

The previous exercise allows us to introduce the Hausdor{f dimension of E C X as follows
H-dim(E) = inf{e > 0 : HY(E) = 0} = sup{a > 0 : HY(E) = +oo}

with the convention inf ) = +c0 and sup® = 0.

2.4.2 Hausdorff measure in Euclidean spaces

We consider the metric space R” equipped with the Euclidean distance d(x, y) = |x — y| and for any
positive integer k we set ¢; = 27 L*(B;) where By is the Euclidean unit ball in R¥. In this setting,
we define the standard Hausdorff measure

HME) = lim HNE) with HI(E) = ¢rinf {Z diam(E;)* : E C U E;, diam(E)) < z} :
j=0 JeN
Exploiting the isodiametric inequality we have the following fact.

Theorem 2.4.2 Under the previous assumptions, the Lebesgue measure L" coincides with the
Hausdorff measure H" in R".

12



2.4.3 Hausdorff measure in Heisenberg groups

If we consider the Heisenberg group H" as a metric space equipped with homogeneous distance
d(x,y) = ||x~1y||, it is natural to look for its Hausdorff dimension with repsect to d. Let us consider
the open unit ball B of H" with respect to d and fix € € (0, 1). By the properties of the Lebesgue
measure, we have seen that

L7 (B(xj,8) = L7(1,,6,B) = 2 L7 (B) = w 2. (2.6)

Then we can consider a maximal family of disjoint balls ¥ = {B(xj,&) : j = 1,..., N} contained
in B, that has to be finite, due to (2.6). The maximality means that there exists no collection of
disjoint balls of radius € and contained in B that strictly contains #. The existence of this set can
be proved by the classical Zorn’s lemma. By the maximality of this family, we have

CJB(XJ’S) cBcC OB(xj,Zs).

=1 1

Let us denote by Q the number 21+ 2 and by w, the volume of the unit ball £***!(B). The previous

inclusions yield
N N
wo ZSQ < wp < 2% ZSQ
=1 =1

2% %< N<eg?.

that yields

This immediately leads to
HE,(B) < co Nwg(26)° < 2% wg cg

hence H(B) < +co. This implies that for an arbitrary & > 0 there exist a family {E;} that covers
B with diam(E) < ¢ for all j and such that

co Z diam(E )2 < £ + HO(B)
=0

We pick x; € E; for all j, observing that E; C B(x;,2diam(E})), hence

wo < Y LMNE)) < w22 ) diam(E)°

J=0 Jj=0
that implies
2% < co Y diam(E)? < &+ HI(B)
Jj=0
and letting € — 0, we have finally establiahed that
0<HB) < +.

This precisely shows that H-dimH" = Q = 2n + 2. In fact, whenever @ > Q any B(0, k) = 6;B has
vanishing H{-measure, hence H" = (J», B(0, k) satisfies H$(H") = 0.

13



Remark 2.4.1 It is certainly a natural question to find the Hausdorftf dimension of sumanifolds in
the Heisenberg group. Here we meet at the same time the problem of establishing who are the
“good submanifolfds” that respect the geometry of the Heisenberg group.

Exercise 2.4.2 Let us consider the Heisenberg group H" equipped with its homogeneous distance
d and a graded basis (ey, ..., ez,11) 1s fixed. Consider any linear subspace Z of the form V & S,
where V is a linear subspace of S ;. Show that the Hausdorff dimension of Z is dim V + 2.

It can be shown that any C! smooth hypersurface in the Heisenberg group has Hausdorff dimension
2n + 1, where 2n is the topological dimension of the hypersurface in H".

14



Chapter 3

Heisenberg algebra, connectivity and
sub-Riemannian distance

3.1 Lie algebra.

Any vector field X = Z?:l aj(x)e; on a linear space U of dimension n can be identified with a first
order differential operator X = Z?:l a;(x)d,;, where a basis (ey, ...,e,) of U is understood. Then
looking at the vector fields X = ;a;(x)d,; and Y = };b;(x)d;, as differential operators, we can
consider their composition

XY -YX

that is a priori a second order differential operator. On the other hand, an easy computation shows
that all second order terms vanish, getting

XY =YX = ) ()00, bi(x) = bi(x)d,,ai(x))y, (3.1)
jl=1

so we still have a vector field, that is called the commutator of X and Y. The commutator, or Lie
product, of X and Y is denoted by
[X,Y] = XY -YX

This operation satisfies the so-called Jacobi identity
(X, [Y.Z]] + [V [Z, X]] + [Z,[X, Y]] = O (3.2)

for all X, Y, Z vector fields (or linear differential operators) on U. This is just a direct algebraic
verification. The commutator [X, Y] is obviously skew-symmetric

[X, Y] =—[Y, X]
so it defines a Lie algebra structure on the space of all vector fields on U.

Definition 3.1.1 A vector space g (real and finite dimensional) is a Lie algebra if it is equipped
with a skew-symmetric mappings [+, :]: g X g — g that satisfies (3.2).

A Lie algebra is not an associative algebra. The Jacobi identity somehow replaces the associativity.

15



3.2 Heisenberg algebra.

We have previously found a basis of left invariant vector fields in H". For all 1 < j < n, we have

Xj = axj - xj+nax2n+1a Xn+j = axﬂ,, + xjaxj and  Xp,41 = Oope1- (3.3)
We have

[XiaXn+j] = 25in2n+1 for all l,] =1,...,n (3 4)

[Xi, X;1=0 forall 1 <i,j<2nsuchthat|i— j|#n ’

Definition 3.2.1 Let )" to be the linear space of vector fields Xi, ..., X5,41. Relations (3.4) show
that any couple of elements X, Y € h" satisfy [X, Y] € h". We say that " equipped with this product
is the Heisenberg algebra.

In fact, the Jacobi identity for elements of " holds, since this property holds for any triple of vector
fields. This shows that " is indeed a Lie algebra.

Notice that we can define relations (3.4) for any basis of a 2n + 1 dimensional linear space and
this will define an abstract Heisenberg algebra.

Definition 3.2.2 For any X € Iy’ there exist a unique solution ¢t — () of the Cauchy problem

y(0) = X(y(1)
y(0)=0

that we denote by exp(zX), called the “exponential of X.

Remark 3.2.1 One can check that the solutions # — exp(¢X) extend to R for any choice of X.

3.3 Horizontal structure and connectivity in the Heisenberg group

The vector fields X, ..., X, of (3.3) span at any point of H" the space of horizontal directions.
Precisely, at any x € H" we define the horizontal subspace as follows

2n
HH" = {Z 4 X(x): A€ R}.
=1

This “horizontal structure” allows us to select those curves that move only along these directions.

Definition 3.3.1 A horizontal curve in H" is an absolutely continuous curve vy : [a, b] — H", with
respect to the underlying Euclidean metric of H", such that for a.e. ¢ € [a, b], we have

2n
70 = D 40 X,((0) (3.5)
j=1

where all 4; are integrable on (a, b).
Condition (3.5) can be written in the following equivalent way

’)/(t) (S Hy(t)Hn.
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Remark 3.3.1 Obvious examples of horizontal curves are the exponentials exp(zX), whenever X
is a linear combinations of X, ..., X5,.

Can we define horizontal curves through a differential constraint?
The answer is positive. It suffices to write (3.5) explicitly as follows

vi(®) = 4;(0) 1<j<n
7n+j(t) = /ln+j(t) 1< j<n
Vonr1(0) = 2icy (= (O Vs j() + Ans j(O)y (1))

Joining these equations we get a unique condition

n

Fanet®) = 3 (= 75070 f(0) + T 0y, 0). (3.6)

J=1
This is a “contact condition” or contact equation for the curve y.

Remark 3.3.2 The contact condition (3.6) tells us that we can “lift” any curve ¢ : [a,b] — H"
taking values in the hyperplane {x € H": x,,,; = 0} to a horizontal curve in H" as follows

y<r>=[c<r>,ro+z f (= ¢(0)Ca /() + éne (D)D) d (3.7)
j=1

a
where 7y € R can be arbitrarily chosen.
Can we claim to connect any couple of points of H" by a horizontal curve?

The answer to this question is yes. To prove this fact, we start with the following proposition.

Proposition 3.3.1 Ify is a horizontal curve and x € H", then the left translated y, = [, o y is also
horizontal.

Proof. It suffices to differentiate, getting
d 2n 2n
Ty =dloy= Y 40dl e X)) = ) A1) XL 0 y()
J=1 j=1

where the last equality follows from the left invariance of X;. O

Remark 3.3.3 By Proposition 3.3.1, for X = Z?Zl a;X;and x € H", the curve t — xexp(tX) is
horizontal. We call these curves horizontal lines through x. Next, we also see that not all horizontal
curves are necessarily horizontal lines.

Proposition 3.3.2 For each y € H" \ {0}, there exists a horizontal curve that connects the origing
with y.

Proof. We preliminary observe that for every h = (hy, ..., hy,,0) € H", with respect to a symplectic
basis, the curve y() = tey,+1 + th is horizontal for any 7 € R. In fact, we have

n

2n 2n
Z hiX(tey + th) = Z [hj(ej — thy, jerns1) + hyyj(€nsj + fhj€2n+1)] = Z hje; =7.
j=1

J=1 J=1
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For 7 = 0, the previous fact allows us to connect any point y = (yi,..., Y2, 0) with the origin
through the horizontal curve y(f) = ty. Let us now consider a point y = (yi,...,Y41) With
Yans1 > 0. We first choose an arbitrary r > 0 and consider

¢ (t) = r(cost,0,...,0,1+sint,0,...,0) e H".

Using (3.7), we have the horizontal curve

t

v(t) = (rcost,O,...,O,r+ rsint,0,...,r (1+ SinT)dT).
—r/2

Therefore, choosing ry = \/y2n+1/ f_ 3://22(1 + sint)dt, we have vy, : [-n/2,3n/2] — H" horizontal

and such that y,(0) = 0 and y,,(27) = (0,...,0, y2.+1). Exploiting our first observation, we know
that the curve

;)7(1‘) = Yon+1€2n+1 + t(Yl, cees Yoo O)
1s also horizontal and connects (0, ..., 0, y2,+1) t0 (J1, ..., Y20+1). JoOIning v, and ¥, we get a hor-

izontal curve joining the origin with y with y,,.; > 0. The case y,,+; < 0 can be obtained in
analogous way. Here the main observation is that setting

37r/2
re = Allyansl/ (1 +sint)dr

-r/2

the curve y,, : [-7/2,3r/2] — H" previously defined is horizontal and connects the origin with
©,...,0,|y2:+1]). Reparametrizing the curve in the opposite direction, we get y: [-n/2,3n1/2] —
H", ¥(t) = y,, (7 — 1) starts from (0, ..., 0, [y2,+1]) and finaly reaches the origin. Thus, we consider

(V2ns1€20+1)Y(E) = Yons1€n41 + ¥(2)
that is horizontal by Proposition 3.3.1. This curves connects the origin with (0,...,0, y,4+1). O
Theorem 3.3.1 (Connectivity) Any x,y € H" can be connected by a horizontal curve.

Proof. Let y be a horizontal curve connecting the origin with x~'y. This curves exists by the
previous proposition. Finally, Proposition 3.3.1 shows that [, o y, connecting x with y, is also
horizontal. O

Remark 3.3.4 This connectivity theorem is a very special instance of a more general connectiv-
ity theorem on manifolds. The famous sufficient condition on a set of vector fields X,..., X,
to get this connectivity is the so-called Lie bracket generating condition: the linear span of all
commutators of X; has to yield all of the tangent space at every point.

3.4 Sub-Riemannian distance

Definition 3.4.1 For any horizontal curve y : [a,b] — H", with velocity y = Z?Zl 4; X;, we

define the length
b 2n 1/2
I(y) = f (Zaj(r)z) dr.
=1

a
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Exercise 3.4.1 Show that /(y) = I(¥) whenever ¥ is a reparametrization of 7.

In view of the previous connectivity, we can introduce the following definition.

Definition 3.4.2 For any x,y € H", we define H,, to be the set of horizontal curves connecting x
with y. By Theorem 3.3.1, H,, # 0 and we can define

p(x,y) = inf{l(y) : v € H,}
that is called the sub-Riemannian distance between x and y, in short SR-distance.
One can check by standard methods the validity of the following result.

Theorem 3.4.1 The SR-distance p is actually a distance on H" and it is continuous with respect to
the topology of H" as a linear space.

Theorem 3.4.2 The SR-distance is a homogeneous distance.

Proof. In view of the previous theorem, we have to check the left invariance and the homogeneity.
Let x,y,w € H" and consider any y € H,,. In view of Proposition 3.3.1, it follows that /,, o y €
‘H,,xwy and converse holds using /,-1. By definition of p, this proves that p(wx, wy) = p(x,y). Let
us consider y, = d, o y and a differentiability point ¢ for y, with y(f) = Z?Z 1 4; X;(y(2)). We have

2n 2n
7o(0) = d6, 0 7)) = ) 4,0 d6X(v(®) = D A1) (). X,) (1))
J=1 j=1

In view of (2.4), we have

2n
70 =7 > 40X, 0)). (3.8)

j=1

This shows that y, € Hj, . 5., and clearly I(y,) = rl(y). An analogous argument can be carried out
for a curve in H;, . ,, and using 6, ,,, eventually getting p(,x, 6,y) = r p(x,y) for any x,y € H". O

Since d and p are two homogeneous distances, there exists C > 0 such that
C'd(x,y) < p(x,y) < Cd(x,y) forall x,yeH".
This follows by homogeneity and the fact that

max d(x,0) and max p(x,0)
p(x,0)=1 d(x,0)=1

are positive numbers.
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Chapter 4

Homogeneous differentiability and
Lipschitz functions

4.1 Horizontal gradient and Pansu differentiability

Given a smooth function u € C*(H") and the frame (3.3) of left invariant vector fields X1, ..., X5,
spanning §". We define the horizontal gradient of u at x as

Viu(x) = (Xju(x), ..., Xo.u(x)).

This is a gradient along the horizontal directions, so the vertical direction ey, is missing. We have
somehow a “degenerate gradient”.

Can we associate to this gradient a notion of differentiability?

The answer is yes: we have first to introduce a notion of “linear mapping” from H" to R and then
to use any homogeneous distance in H".
4.1.1 Homogeneous homomorphisms
Definition 4.1.1 A mapping L : H" — R is an h-homomorphism if we have

1. L(xy) = L(x) + L(y)

2. L(6,x) = r L(x)
for all x,y € H" and r > O.
The analogy between h-homomorphisms of H” and linear functions of R” is evident.

Exercise 4.1.1 Let L be an h-homomorphism. Show that for all x,y € H" we have
Lx")=—-L(x) and L(y)—L(x)=L(x'y)=Lyx™").

Proposition 4.1.1 Any h-homomorphism vanishes on S , and it is also a linear mapping.
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Proof. Let 8 € R\ {0}. Since the product (Bey,+1) - - - (Bezq+1) iterated k times yields kBes, 1, due to
the skew-symmetry of w in the expression of the group operation, we have

kL(Beznr1) = L(Beans1 - - - Beans1) = L(kBeans1) -
On the other hand, by homogeneity of L, we also have

Vi L(Berns1) = LtkBernst) = kL(Berns1) -

For instance k = 4 in the preceding equality implies that L(Be;,.1) = 0. We consider x = s1+1#;,y =
s, +1, with 51,50 € Sy and 11,1, € S,. Since L(w(sy, 52)) = 0 and (x+y)w(sy, 52) = x+y+ w(sy, 52),
we have

L(x +y) = L(x +y) + L(w(s1, 52)) = L(x + y + w(s1, 52)) = L(xy) = L(x) + L(y).

We also have L(rx) = L(rs, + rt;) = L((rs;)(rt;)) = L(rs;) = L((rs;)(r*t;)) = L(rs; + r’t;) = rL(x)
forall » > 0. If A < 0, then L(Ax) = L(|A|x™") = |A|L(x™") = —|A|L(x) = AL(x). This ends the proof.
O

Corollary 4.1.1 Let (ey, ..., ex,1) be a graded basis and let L : H' — R be an h-homomorphism.
Then there exist §; € R for j =1,...,2n such that

2n+1 2

L(ijej):iﬁ,xj. (4.1)
=1

=

Remark 4.1.1 Clearly, L is also continuous, due to its linearity. In addition, since it is Lipschitz
continuous with respect to the Euclidean distance, it is also locally Lipschitz continuous with
respect to d, due to the estimates (1.1).

Next, we will show that L is Lipschitz on H" with respect to d. To see this fact, we have to use
more intrinsic arguments, namely group operation and dilations.

Definition 4.1.2 We define the mapping
F(ai,...,ay) = (a1e)) - (GZnezn)((Gan€1)(azn+2€n+1)(azn+1€1_1)(azn+2€;i1))
from R?"*2 to H". By direct computation one observes that
F(ay,...,am2) = (a1€1) - (aznezn)(2a2n+1a2n+2€2n+1) :
Exercise 4.1.2 Show that F is surjective and homogeneous, namely, F(ra) = 6,F(a) for all r > 0.

Proposition 4.1.2 Every h-linear mapping L : H* — R is Lipschitz continuous on H".

Proof. There exists a bounded set B of R¥"*? such that F(B) > B, hence for all F(a) with a € B, by
the properties of h-homomorphisms, we have

2n
IL(F@)] < (D la;lL(ep)l) + 2azn Lien)] + 2azaLien)| < suplal  max |L(e)] = Cy < +oo.
1<j<2n+1

j=l aEB
For any distinct elements x,y € H", setting 4 = d(x,y) > 0, we have

IL(x) = L)| = ILO™ %) = d(x, )ILS1207" 0))| < Cod(x,y),

concluding the proof. O
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4.1.2 Homogeneous differentiability

In the sequel, Q2 will dentoe an open set of H".
Definition 4.1.3 Let f : Q — R and let x € Q. We say that f is h-differentiable at x if there exists
an h-linear mapping L : H" — R such that
JOw) = f(x) + L) +o(vl) as v — 0.
L is the h-differential and it is denoted by d, f(x), since it is uniquely defined.
This notion of differentiability does not require differentiability in the sense of smooth manifolds,
although one can easily show that all horizontal partial derivatives X ju exist in the pointwise sense
u(xexp(tX;)) — u(x
Xju(x) = lin(} (o exp tj)) @) .
—

Remark 4.1.2 Notice that the existence of the limit (4.2) for some j might hold also for a nons-
mooth function in the standard sense. in the standard sense.

Exercise 4.1.3 Let X = Z?f{l @;X; and x € H". Verify that
xexp(tX) = xo,(expX) iff @y =0.
Definition 4.1.4 We denote by C} () the space of all functions f: Q — R such that f is every-
where h-differentiable and the mapping x — dj, f(x) is continuous.
Proposition 4.1.3 For every f € C'(Q), we have f € C,(Q) and there holds

lim M = (V)W) 43)

t—0

4.2)

as t — 0%, uniformly with respect to both x and w that vary in compact sets.
Proof. Since f is C! smooth, we have

fOsw) = ) _ 1

1 1
t l‘f i(fOZX)(Sde))dS :f d(f o L)(sow)(wy + twy)ds
0

Ods

where w; = 2521 Brejand wy = B, €,11. The limits of the integrals

1 1
f d(f o L)(som)w)ds  and f L o 1)(s0w)0wn) dis
0 0

ast — 0 are d(f o [,)(0)(w;) and O and they are uniform with respect to both x and w, varying in
compact sets. Finally, we observe that

2n 2n
d(f o L)O)w1) = df(x) o dl(0) (Z ﬁje,-) = > BiXif).
j=1 j=1

Being V,f(x) = (X1f(x), ..., X2,f(x)) identified with V, f(x) = (X1 f(x), ..., X2,/ (x),0) our claim
is achieved. O

Remark 4.1.3 B. Franchi, R. Serapioni and F. Serra Cassano have shown a concrete example of
function that is CL,(H") but it is not locally Lipschitz in the Euclidean sense. Indeed this function is
is smooth outside a negligible set, hence a.e. differentiable in the classical sense. It is also possible
to show that there exist C }l functions that are not differentiable in the classical sense on a set of
positive measure.
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4.1.3 Intrinsic regular hypersurfaces submanifolds

The notion of C ,i smoothness for functions has an associated notion of C ,i smoothness for sub-
sets. B. Franchi, R. Serapioni and F. Serra Cassano in their 2001 paper on rectifiability of h-finite
perimeter sets in the Heisenberg group have introduced the following notion of intrinsic regular
hypersurface, along with the associated implicit function theorem.

Definition 4.1.5 We say that ¥ ¢ H" is an h-regular hypersurface of H" if for every x € X there
exists an open set U containing x and a functions f € C }l(U ) such that V,, f(z) # O for all z € U and

ffa)=Unt.

The point of this definition is that we have an associated implicit function theorem analogous to
the classical one.

Theorem 4.1.1 Let f € C ;(Q), where Q C H" is an open set. Assume that X, f(x) > 0 at some
x € Q. Then there exists an open set U containing x such that

@) N U = {n(pn)er) 1 n € V), (4.4)
where N = span{ey, ..., e+1}, V is an open set of N and ¢ : V — R is continuous.

Sets having the form given in (4.4) are called “intrinsic graphs” since they are represented by the
group operation.

4.2 Sobolev spaces

On an open set Q of H" equipped with the Lebesgue measure, we define the anisotropic Sobolev
space
W," ={uelP(Q): Xuel/(Q),1<j<m, (4.5)

where 1 < p < co and X;u is meant in the distributional sense, namely, as those function satisfying

qujgoz—fijp (4.6)
Q Q

for every ¢ € C°(€2). Formula (4.6) can be proved in the case u is smooth. This is a consequence
of the divergence theorem and the fact that divX; = O for all j. The last condition can be written as
a condition for the formal adjoint X,

X; = -X,.
If we define

lullip = llullzr@) + IVatllr ),

then we make W,i”’ () a Banach space.

4.2.1 Smooth approximation

The classical Meyers-Serrin theorem “H=W”asserts that the Sobolev space is the closure of smooth
functions in the topology of the Sobolev norm. This fact also true for the anisotropic Sobolev
spaces and holds in the more general class of Carnot-Caratheodory spaces. The main reference for
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this resul are the papers by B. Franchi, R. Serapioni and F. Serra Cassano, Houston J. Math (1996)
and by N. Garofalo and D.M. Nhieu, CPAM (1996). Precisely, for any 1 < p < co we have

W,7(Q) = W, ”~closure (C Q) nw,” (Q)) .

The main point here is that the classical smoothing procedure still works, up to a subtle observation,
according to the classical work by Friedrichs (1944).
From the paper by N. Garofalo and D.M. Nhieu (1996), we state the key point.

Lemma 4.2.1 (Friedrichs lemma) For any first order differential operator Y = 37 bj(x) d,; in
R" and any symmetric Euclidean mollifier ¢. = ™"¢(>) and every u € Wllo’c1 (R™) we have

Y(¢e 1) = ¢ * Yu + Reu

in the distributional sense. We have defined
R.u(x) = f u(x + eh) K.(x, h) dh
Rn

and K.(x,h) = &' ?:1 (9h_/[(bj(x +&h) — b;(x)) p(h)).

4.3 Lipschitz functions

The following theorem has been proved in general Carnot-Carathéodory spaces by N. Garofalo
and D. M. Nhieu, J. Analyse Math. (1998).
Theorem 4.3.1 Any Lipschitz function f : Q@ — R belongs to W,i’l‘f (Q).

Sketch. Consider ¢ € C°(€2) along with its support K contained in Q and define

oty = L0090 =10,

that for any fixed w and sufficiently small 7 is well defined in Q whenever x € K, hence we consider
the integral

It:ff(x,t,w)cp(x)dx.
Q

The change of variable z = xd,w preserves the measure, hence

L:j#@ﬂ@WUﬂ_ffwﬂwmzj}wwwwﬂ—wﬁ
Q t Q Q t

t

This leads to the existence of the limit
linol I = - f S (Vip(x), w)dx.
11— Q

In the special case w = ¢; with j = 1,...,2n, we get

(Vip(x), w) = X;p(x).
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The Lipschitz continuity yields |f(x, t, e;)| < Ly for any ¢ sufficiently small. We have

lf(x, 2, e)) 1llz=) < Ly .

By the weak*-compactness of bounded sequences in L*(K), there exists an infinitesimal sequence
(#) and g; € L*(K) such that

1mhzf&m¢@m
k—o0 Q
that gives

L&mﬂmw=—Lﬂm&%mm

By the arbitrary choice of ¢, we have that g; is uniquely defined in Q up to a negligible set, hence
X;f existfor j=1,...,2n and belong to L (€2). O
Joining Theorem 4.3.1 with Lemma 4.2.1 one reaches the following result.

Theorem 4.3.2 [f f : Q — R is Lipschitz continuous, then f, = =K, locally uniformly converges
to f and X;f; a.e. converges to X;f as € — 0% and for all j = 1,...,2n, where X;f are the
distributional horizontal derivatives of f.

The pointwise convergence of X f; holds exactly at Lebesgue points of both X f and f.
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