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1 Introduction

Generally speaking, the local limit theorem describes how the density of a sum of random variables
follows the normal curve. Historically the local limit theorem appeared before the celebrated central
limit theorem, which supplanted it, especially when it became clear that the CLT could be proved
using the fundamental tool of characteristic functions (in the work of the russian school). In later
years almost sure versions of the CLT were investigated (the so called “Almost Sure Central Limit
Theorem” ASCLT); nowadays the theory of the ASCLT is completely settled; on the contrary,
the probem of establishing almost sure versions of the local limit theorem attracted attention only
recently. In these notes we review some classical local limit theorems and present the latest results
in the theory of the Almost Sure Local Limit Theorem (ASLLT).

2 The Local Limit Theorem

2.1 The DeMoivre — Laplace theorem and the Gnedenko local limit theorem

The following result is perhaps the oldest local limit theorem; it was stated by A. DeMoivre in
Approzimatio ad Summam Terminorum Binomii (a+b)™ in Seriem expansi (1733); for a complete
DeMoivre’s biography see [1].

Theorem 2.1 Let g, (k) be the probability of getting k heads in n tosses of a coin which gives a
head with probability p. Then
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uniformly for k such that ‘\/W‘ remains bounded.
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Actually, DeMoivre proved this result only for a fair coin (p = 1/2). It was Pierre-Simon Laplace
who proved it in full generality in Théorie Analytique des probabilités (1812).

We refer to [2] for a proof.

Notice that p = F[X;] and pqg = VarX;. Hence we could expect a general result of the form:
Let (X;,)n>1 be a sequence of i.i.d. random variables, with E[X;] = p, VarX; = o2. Then
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if | 7241 is bounded.

But certainly this cannot be true in general: if

X, — —1 with probability ¢
! 1 with probability p

and k is odd, then P(Ss, = k) =0.
1

Let’s check what happens in the above situation with p = ¢ = 5 and for even k, say k = 2h.

Since 1 = 0 and 02 = 1, we should obtain (with 2n in place of n and 2h in place of k)
1 w2
N

with % bounded. Let’s see whether this is true; for the sake of simplicity we shall consider a

sequence (hy,) such that % —n % The above formula becomes

P(San = 2hy) ~ e 7. 1)

On the contrary, a careful calculation gives

Theorem 2.2 In the previous situation (p =q = %, \h/% —n %) we have
1 22

lim nP(S, =2h,) = ——=e 2. (2)

n—o00 \/77'
Proof. Postponed to the next section.

O
Hence a general theorem should roughly state that
¢ _(k=nw)?
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if k is a value of S,, and } W‘ is bounded, for a suitable c¢. But what is ¢? Comparing (1) and

(2), we notice that the main difference is a factor of 2 in the second member of (2); where does it
come from? We also notice that in this case the support of S, is concentrated on even integers,
and two successive even integers differ by 2. So one guesses that ¢ = 2 in our case, and in general
¢ is maybe connected with the gap between successive values of .5,,.

In the sequel we shall see the correct formulation of the general theorem, which, taking into
account the possibility of a periodicity in the values of .S,, settles completely the question, not
only in the previous example, but also in the case of a general sequence (X,,),>1. We need some
preliminaries. In what follows we set L(a,\) :=a + A\Z = {a+ Ak, k € Z}.



Definition 2.3 A random variable X has a lattice distribution if there exist two constant a and
A > 0 such that P(X € L(a,\)) =1

We shall denote by ¢ the characteristic function of X, i.e. ¢(t) = E[e!*X]. The next results links
the concept of lattice distribution to the behaviour of the characteristic function.

Theorem 2.4 There are only three possibilities:

(i) there exists a tg > 0 such that |p(to)| = 1 and |¢(t)| < 1 for every 0 < t < to. In this case
X has a lattice distribution.

(i) |p(t)| < 1 for every t # 0 (non lattice distribution).

(iii) |p(t)| = 1 for every t € R: In this case X is constant a.s. (degenerate distribution).

The proof of Theorem 2.4 (see next section) shows in particular that
Corollary 2.5 In case (i) of Theorem 2.4, we have

2
T max{A>0:3aeR, P(X € L(a,\) = 1}.

0

Corollary 2.5 justifies the following
Definition 2.6 In case (i) of the preceding Theorem 2.4, the number

2
A:t—ﬂ:max{)\>0:3a€R, P(X € L(a,\) =1}
0

is called the (maximal) span of the distribution of X.

Remark 2.7 In case (i), when it is possible to choose a =0 (hence P(X € AZ) = 1), we say that

X has arithmetic distribution. Moreover ¢ is periodic, with period to. In fact, since A = —U”, we
have
bt +10) = 3 P(X = Ak)ORE = §7 px = Ak)eEF = ().
keZ keZ

Some examples. (i) Let

X, —1 with probability%
e 1 with probability %

Then ¢(t) = (e 4+ ™) = cost, and |¢( )| = 1 if and only if t = nm, n € Z. Hence ty = ,
and the maximal span of the distribution is <& = 2.

2
(ii) Let X have standard gaussian law. Then ¢(t) = e~z . In this case |¢(t)| = 1 only for t = 0.
(iii) If X7 = ¢ (c some constant) we have ¢(t) = €'¢, and |¢(t)| = 1 for every t.
We state the first local theorem, due to B.V. Gnedenko (1948) (see [3]).

Let (X,)n>1 be a sequence of i.i.d random variables, with E[X;] = u and VarX; = o? finite,
having lattice distribution with maximal span A. Let S, = X1+ -+ X,,. If P(X; € L(a,A)) =1
then P(S, € L(na,A) =

Theorem 2.8 With the assumption stated above, we have
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Proof See next section; here we give some heuristics, assuming ;= 0. By the CLT we can write
A A N A S, N A
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Actually, the complete formulation of Gnedenko’s result is (see [4], § 43)

Theorem 2.9 With the same assumptions as in Theorem 2.8, in order that

]_ _ (N—n )2
lim  sup @P(Sn =N)— e e | =0,
n—oo NelL(na,)) A 2mo

it is necessary and sufficient that A = A.

The following result completes the theory (see [5], Th. 4.5.3):

Theorem 2.10 With the same assumptions as in Theorem 2.8, in order that
_(Wenp)?

1
sup f\/ﬁP(Sn =N)—- e 2no?
NeL(na,\) A 2no

1
= O(?’L_a), I<a< 5

it 1s necessary and sufficient that the following conditions are satisfied
(i)A = A;
(i) if F' denotes the distribution function of X1, then, as u — oo, f|x|>u 22 F(dz) = O(u™2%).

We turn to study the nonlattice case, so we shall consider a sequence (X;),>1 of i.i.d. random
variables with characteristic function ¢ such that |¢(t)| < 1 for every ¢ # 0.

Remark 2.11 In the nonlattice case, most characteristic functions verify the so—called Cramer’s
condition, d.e. limsup, . |¢(t)| < 1. Nevertheless there do exist characteristic functions of non-
lattice random variables, that do not verify Cramer’s condition. One example (due to A. Wintner,
see [6], footnote on p. 27) is as follows. Let

v — —1 with probability%
| 1 with probability 1.

Let (Yp)n>1 be a sequence of i.i.d random variables with the same law as Y ; the random series
Yy
X=>
k
defines an a.s. random variable X the characteristic function of which is
o t
o(t) = H cos (H)
k=1
Now |¢(t)] = 1 if and only if % is a multiple of m for each integer k, which is clearly impossible

unless t = 0 (let # = r, for a suitable non—zero integer r, and let p be a prime number greater
than k and of all the prime factors of r. Then the number

t t 1 r

! k! (k1) p (k+1) - p



is mot an integer).
On the other hand, it is not difficult to verify that

1—¢(27N!) — 0, N — .
In fact, first recall that

1—cosu 1—e™
sup ——— = (1 < o0, sup
ueR U ueR U

=(C5 < 0.

Moreover, for u > —% we have
log(1 4+ u) > u — Czu?

for a suitable absolute constant Cs > 0. Hence, if N > 5 we obtain

1—¢(27rN!):1—ﬁcos<27:!V!)- ﬁ 005(27;7!>:1—exp i log{cos(QZﬂV!)—l—i—l}
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=1
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The following result holds

Theorem 2.12 Let (X,,)n>1 be sequence of i.i.d. nonlattice random variables, with E[X1] = p,
VarX; = 02 < oo. If%ﬁx and a < b,

1 a2
lim vnP(S, —nu € (x, +a,z, +b)) = (b—a) e 207,

n—oo 2o

The proof is postponed to the next section. The heuristics are as for Theorem 2.8.

The preceding theorem can be made more precise if the characteristic function has some further
property.

Theorem 2.13 If |¢| is integrable, then S;L\/%“ has a density fy; moreover f, tends undiformly to
the standard normal density

M)

1 .
n(z) = Ton

e 2.




For the proof, see [2].

Theorem 2.9 is a particular case of a much wider result concerning random variables in the
domain of attraction of a stable law.

We first recall some definition. Consider a sequence of i.i.d. random variables (X,,),>1 with
(common) distribution F' (not necessarily lattice), and form as before the partial sums S, =
X1+ -+ X,,. Let GG be a distribution.

Definition 2.14 The domain of attraction of G is the set of distributions F' having the following
property: there exists two sequences (a,) and (by) of real numbers, with b, —, oo, such that

Snb;an AG

as n — oQ.

Though not relevant for us, we recall that G possesses a domain of attraction iff G is stable, i.e.

Definition 2.15 A non-degenerate distribution G is stable if it satisfies the following property:
let X1 and X9 be independent variables with distribution G; for any constants a > 0 and b > 0 the
random variable aX1 + bXo has the same distribution as cXy + d for some constants ¢ > 0 and d.
Alternatively, G is stable if its characteristic function can be written as

Sp(t7 u, ¢, a, ﬁ) = exp [ Zt/,L— ‘Ct|a (1_2/8 sgn(t)(I)) ]
where a € (0,2], p € R, B € [—1,1]; sgn(t) is just the sign of t and

(I):{tan“;‘ ifa#1
2 VN
—=loglt|] ifa=1

The parameter a is the exponent of the distribution.

Remark 2.16 The normal law is stable with exponent o = 2.

The complete Local Limit Theorem reads as follows (see [5], Th. 4.2.1 )

Theorem 2.17 Let X,, have lattice distribution with mazximal span A. In order that, for some
choice of constants a,, and by,

b N —a
lim sup |—P(S,=N)—g = ) =0,
n—%0 Nef(na)) | A ( ) ( br, )

where g is the density of some stable distribution G with exponent 0 < o < 2,

it 1s necessary and sufficient that
(i) the common distribution F of the X,, belongs to the domain of attraction of G;
(ii) A = A (i.e. mazimal).



2.2 Some proofs

The proofs of the present section follow [7], pp. 129-134.

Proof of Theorem 2.2 1f —n < h < n, then Sy, = 2h if and only if n + h variables resulted in 1
and n — h in —1, which gives

2n 1 n 2n)!
VP (S0 = 2h) = \/ﬁ<n+h>z2n - ;;(nw(b)!(i i

We have to calculate the second member for h = h,, ~ %\/ﬁ, which implies that both n — h,, and
n + hy, go to infinity as n — oo; thus we can apply Stirling formula and with a little algebra we
obtain

Vn (2n)! 1 n? h2 \n 2hy, A\
Yy ~ — 1 (1=
P Rl )l VR () 0 ayi)

and now it’s an easy exercise to verify that

n
w212 — 1

h: \n 22

(1+n2—h%> et

2h, \hn 2
O

Proof of Theorem 2.4 We prove first that
2

{t>0:]p(t)]| =1} = {t >0: P(X € L(a, 77()) = 1lfor Somea} =: €. (3)

Thus the case in (i) means that X has a lattice distribution and moreover

2 2
max{A > 0: JawithP(X € L(a,\)) =1} =max{\>0: = %,t €&} = t—:.

Let’s prove (3). Assume first that P(X € L(a, 2%)) = 1 for some a. Then

¢(t _ ti Z‘P( = a+ 2771-]{/) it a+2”k ztaZP< —a+ 2777-k>€i27rk — 6im.

kEZ kEZ

Conversely, assume that [¢(¢)] =1 and let U = costX, V =sintX. Then
2 2 2 2 2
E[U% + E[V?] = E[U2+ V2 =1 = |4(t) ]E +zE[V]‘

which means that

(Bl0?] - E2U]) + (BIV?] - E[V]) = 0.
By Cauchy—Schwartz inequality, the two summands are non—negative, hence they are both equal
to 0. By the second part of the the same Cauchy-Schwartz inequality (E?[ST] = E[S?|E[T?] if and

only if aS+ST = 0 for some « and 3), we deduce (taking S = U and T' = 1) that U = ¢; and V' = ¢,
where ¢; and ¢y are two constants such that c% + c% = 1. So there exists « such that ¢; = cosa and



co = sina and the equalities U = ¢; and V = ¢y are equivalent to eX = e®; this means that the
value of tX is one of the numbers in L(«, 27) , so that P(X c L(%, 27”)) =P(tX € L(a,2m)) = 1.

We pass to prove the tricotomy. Assume that (ii) doesn’t hold, which means that there exists
to # 0 such that |¢(to)| = 1. Since |p(—to)| = |p(to)| = |P(to)| = 1, without loss of generality we
can assume that tg > 0. Put

E={t>0:]o(t) =1}
Two cases are possible (a) 7 :=inf € > 0. This implies that

[¢(7)] = lim |o(tn)| = 1;

tn€E|lT

moreover, by the infimum property of 7, |¢(t)| < 1if 0 < ¢ < 7. Hence case (a) corresponds to (i).
(b) 7 :=1inf € = 0. Then there exists a sequence (t,)n>1 such that ¢, | 0, and |¢(¢,)| = 1. From the

first part of the proof it follows that there exists a sequence a,, such that P(X € L(ap, t—)) = 1.

With no loss of generality we can assume that _E < ap < % (if not, just put a, = a, + knf—:,
where k,, € Z is such that —7(2k, +1) < an < —(2k;, —1). Then L(ay, 2= i) = L(an, f—:) and
_% < an < %)

Now observe that P(X = ay) = P(X € (— 7 %D — P(X € R) =1 (since t, — 0); this
implies that P(X = a) = 1 for some a: in fact, let a be such that P(X = a) > 0; then the
set £ = {n € N : a, = a} is infinite (if not, let N = max E; then, for every n > N we have
{X =a,} C{X # a}, hence 1 = lim,, P(X = a,) < P(X # a)). Hence

P(X=a)= lm PX=ay) =1

n—oo,n€El

0

Proof of Theorem 2.8. With no loss of generality we can assume that g = 0 (just consider the
centered sums S,, — nu). We put N = zy/n and for the sake of brevity we denote

L(na,A)

pn(x) = P(S, = Vnzx), zel, = N

1 2
x) = e 202 r eR.
n(x) s

Recall the inversion formula for a lattice random variable Y with span 6 and characteristic function

P

PY =12)= — / " emitep(t)dt.
—9
We want to apply it to Y = f’ 0= ﬁ’ P(t) = " (%) We obtain

/7

Recall the inversion formula for absolutely continuous random variable with density f and charac-

teristic function 1):
1 —itx
= T (t)dt
fla) = o /Re ¥(t)



We apply it to Y ~ N(0,0?) and obtain

1 it t252
n(z) = 27T/Re_z e~ 2 dt. (5)
Subtracting (5) from (4) and using the inequality |e=| < 1 we get,

‘flpn(x) ~ ()| < ;ﬂ{/:ﬁ W‘(\/tﬁ) —e_t2202|dt+2/:; e_t2§2dt}, (6)
A A

and notice that the second member doesn’t depend on x. Moreover, by the integrability of ¢ +—
2,2
e~ , we have immediately

m/n

o0 t2 0'2

lim e 2 dt =0,

n—oo [wm/n
A

hence it remains to prove that also the first integral goes to 0 as n — oco. First, putting '), =
(-2 7TT\/ﬁ) we write

A
mvn A
Y Lt 1252 _ nf t . _t2o? N
/_"Xﬁ [ <\/ﬁ>_e i ‘dt_/RlF"(t)‘qj <ﬁ> © ‘dt_/—AJr/R\(—A,A)’ "

for every constant A > 0. For the first integral we have

[ ol () - s [ o (L) - F ®

202 202
since gb”(ﬁ) e 5 asn — o0 (as in the proof of the CLT) and |¢" (ﬁ) e } < 2, 80
that we can use the dominatd convergence theorem.

We pass to consider the second integral in (7).

Recall that the characteristic function 1 of a random variable Y having n—th moment verifies

- iuY )k C(uY P 2y
o S8 5 (1 7

(see [7], formula (3.7), p.101). Applying for ¢) = ¢ and n = 2 ( E[X;] = 0 and E[X?] = 0?) we get

u?o? u? .
9(u) = 1+ 5| < S Bmin{jull X[, 6], });
thus by the triangular inequality
U2 02 u202 U20'2 u2 .
o(u)] < |plu) =1+ |+ 1= | < [L = | + SEmin{lull X 602 (9)

Since min{|u|| X1 [3,6|X1|?} — 0 as u — 0 and min{|u||X1|?,6]/X1]|?} < 6/X1]?, by the dominated
convergence theorem we get E[min{|u||X1|3,6/X;1|?}] — 0 as u — 0, so we can pick § > 0 such that
E[min{|u|| X1 [?,6|X1|2}] < & for |u| < 8, which by (9) implies

2ol ud o2
-2 e
o) < 1= |+ 5 5
By choosing § < g the above becomes
2 2 2,,2 2.2 w202
b <1- -+ T =1 <e T, (10)



by the elementary inequality 1 — z < e™*. We apply (10) with u = ﬁ and obtain

2 2

o) <L H<ovm

Hence, putting A,, = (—=d/n,dy/n), we have (second summand in (7))

/ 1 (t)|¢n<L> e lde <
{R\(~A,A) tn vn =
t t20'2 t t202
n{_~ \ __ dt+/ 1'nt nf{ Y\ 77dt7 1
/{R\(A,A)}ﬂAn‘qj <\/ﬁ> o B-ANA; ®lo (\/ﬁ) e 2| (11)

and now

t202

t t202 t n _ 1o~
"—) —e” 2 |dt < — dt—{—/ 2 dt
/R\(—AaA)}ﬁAn w (\/ﬁ) ‘ | /{R\(_AvA)}mAn ‘gb(ﬁ)‘ {R\(=4,4)}NA, ‘

2 2
<.
{R\(=A,4)}NAn
l¢]

e Fdt +
We pass to evaluate the second integral in (11). Notice that Jn <E< 2% for t € T, hence, by
Theorem 2.4 (i) and the continuity of |¢|,

t2(72 s t20'2
e 2 dt<2/ e 2 dt. (12)
A

/{R\(—A,A)}ﬂAn

sup [o(-2)] < sup |o(t) = p< 1.

teTonAs V1 s<ltj<z
This implies that
/ ()|¢ t tZGZ‘d 1 ()‘(z) t ‘nd t20'2d
1, (¢ ”(—)—efz t</ r, (t "(—) t+/ e~ T dt
{R\(~4,4)}nAg vn {R\(~4,4)} vn {B\(~4,4)nA5}
oo 202
< 7r\/?zp”+2/ e~ 5 dt — 0. (13)
A 5y
;From (7),(8), (11), (12), (13) we conclude that
1 # t t20'2 d 2 o0 t20'2d
i "—) —e 2 |dt < T2 dt,
e 105w
for every A > 0, and by the arbitrariness of A we deduce
/R
A t 202
i "—) —e” dt =
nh—{%o _ﬂ-/\j |¢ <\/ﬁ> € 2
]

2
Proof of Theorem 2.12. We shall assume p = 0, and we denote as before n(z) = \/2;76_?.

Let 0 > 0 and consider the Polya’s density

1 — cos(dy)

1
ho(y) = P I

Its Fourier transform is

. . 1— (%, for |u| <4
hofw) = [ €myh0(y)dy={ 3], for lu

0, otherwise .

10



Now put hg(y) = e®ho(y), so that

h(w) = [ e hol)dy = [ O hoy) dy = ho(u+ 0). (14)
Claim
Jim VB [o(S, — )] = (o) [ holw)dy V0,

Before proving the claim, we show that it gives our statement. Let u, be the law of S, — x,,. Put

an = / ho () itn (dy) = E[ho (S — )]

and define the probability measures

va(B) = — /B ho(Win(dy);  v(B) = /B ho(y)dy.

Oln,

Now, by the claim, for all 6,

1 n )
/wyy (dy) = /wyho Y)pn(dy) = \/\F/L;E[ew(s’lm”)ho(sn—a:n)]

_ V/nE[hg(Sp — )] ol Ny
= VnE[ho(Sn —zn)] / ho(y)dy = / ¢Mho(y) dy = / 0 (dy).

This relation says that the characteristic function of v, converges to the characteristic function of
v, hence, by the continuity theorem, that v, = v.

Now, for |a| and |b| < ZF, consider the function

k(y) = ml(a,b) (y)-

Notice that ho(y) # 0 for y < 2%. Moreover the set {a, b} of discontinuity points of x is negligible
with respect to v; hence

P(S, —z, € (a, b))

! /1(ab)( )in(dy) = ;/ﬁ(y)ho(u)un(dw
/ waldy) = [ swtdy) = [Lap)dy=b-a

\/ﬁan = \/ﬁE [hO(Sn - xn)] - 77(55)7

By the claim,

hence

P(S,, — zp € (a,b))

Qp

VnP (S, — x, € (a,b)) = v/nay, -

which is the conclusion.

- 77(17)(17 - CL),

So let’s prove the claim. The inversion formula for Fourier transform and (14) give

1

ho(a) = ¥ hofe) = -

. . 1 o N
ety du= o [ e oo+ o= 5 [ oo

27

11



Let’s integrate this relation with respect to u, (law of S, —n). We find

E[hg(Sn — )] = % / () / e oy (v) dv = % / dvho(v) / =7, (dx)
1
o

fzg(v)qﬁ"(—v)ei”xn dv; (15)

notice that we are allowed to interchange the order of integration since e_i”xﬁg(v) is bounded
and has compact support, hence it is integrable with respect to the product measure g, @ A (A
= Lebesgue measure). Notice also that [e~®%u,(dz) is the characteristic function of S, —
calculated in —v, hence it equals ¢"(—v)e®*~. Now we pass to the limit with respect to n in (15).
Let [—M, M] be an interval containing the support of hg 5 let § > 0 be such that, for lv| <9,

[p(v)] <e” 2

(we have seen in the course of the preceding proof that such ¢ exists); split the integral
[ hg(v)¢™(—v)e™* dv into the two summands (i) f5<|v|<M and (ii)fis.

(i) Since |hg(v)| < 1 we have

NG < / 6"(~o)ldv < @M)a({ s [8@)}) =2Mvin" —0, 0 oo
o<|v|<M

o<|v|<M o<|v|<M

=<1

(ii) By the change of variable v = ﬁ we obtain

1 5, ‘ AN £\ i
- n(__ 1VTn, - o n( _ _ " NG
27T\/ﬁ/é hg(v)o" (—v)e™ ™ dv 5 5\/ﬁh9<\/ﬁ)¢ < )e dt

1 ~ t t jtEn
~or R 1(—6\/5,6\/ﬁ)h9<%)¢n( - ﬁ) v dt.
0_2 2
The integrand is bounded by the integrable function e~ 1 and, as n — oo, it converges to

5242 . .
e_Tte“f‘”hg(O), so that we can use the dominated convergence theorem and find that its limit is

hol0) (57 [« e dt) = ha(Onta) = n(e) [ ho(w)a,

o

by the inversion formula and the definition of hg ( hg(0) = [ €®°hg(y) dy = [ he(y) dy). The claim
and the Theorem are proved.
0

3 The Almost Sure Local Limit Theorem

3.1 The motivation

We recall the Classical Almost Sure Central Limit Theorem (originally proved in [8] and [9]). Let
(Xn)n>1 be iid with E[X;] = p, VarX,; = o2, and set

~ Sp—np

Z,
" ov/n

12



The Central Limit Theorem states that, for every x € R

T 12

The Almost Sure Central Limit Theorem states that, P—a. s., for every z € R

n

1 1
logn 11221 El{zh@} 2@

Let’s proceed by analogy. We treat first the case of Theorems 2.8-2.9 (i.e. in which the variables
are in the domain of attraction of the normal law), which is completely settled.

Let K, € L(na,A) be such that

Theorems 2.8-2.9 imply that

E[\/ﬁl{Snznn}] = \/EP(SR = kn) — An(k),

where as usual
1 >
2

2mo

n(z) =

Thus, comparing with the case of the Central Theorem, a tentative Almost Sure Local Limit
Theorem (ASLLT from now on) should state that P—a. s.,

1
logn

| 1 &1
“(Vhlig )= —— S —1ig _. An(x).
Zl h( {S}L_ h}) logn ; \/E {Sh— h} T) 77(5)

h=

Some history:

e In 1951 Chung and Erdés proved in [14]

Theorem 3.1 Let (X,)n>1 be a centered Bernoulli process with parameter p. Then

n

1

1 1
1) — ———
e O N

e In 1993 Cséki, Foldes and Révész proved in [15]

Theorem 3.2 Let (X,,)n>1 be i.i.d. centered and with finite third moment. Then

n

1 1
logn }; ﬁl{ahgshébh} T} 1, a.s.

where p, = P(a, < S, < by).

We notice that
e Theorem 3.1 is a particular case of our tentative ASLLT: just take xk, = np.

e Theorem 3.2 generalizes Theorem 3.1: just take a,, = b, = 0 and recall Theorems 2.8-2.9.

13



3.2 The ASLLT for random sequences in the domain of attraction of the normal
law

Let (X;)n>1 be ii.d. having lattice distribution F' with maximal span A; assume that E[X;] =: py,
VarX; =: ¢? are finite. Throughout the following discussion, we shall always assume p = 0 and
02 = 1. This will cause no loss of generality.

Definition 3.3 We say that the sequence (Xp)n>1 satisfies an ASLLT if

. 1 1
S P hzl sy = A,

for any sequence of integers (kn)n>1 in L(na, A) such that

. Kp— Nl
lim ——— =

n—oo \/77,

The first result concerns the situation of Theorem 2.10. It has been proved in [11]. Here is the
statement:

K.

Theorem 3.4 (ASLLT with rate) Let € > 0 and assume that EUX12+E|] < 00. Then (Xp)n>1
satisfies an ASLLT. Moreover, if the sequence (kn)n>1 verifies the stronger condition

Rp — K =K+ 05((10gn)_1/2+5)

Vn
then
"1
Z —=1ig, =k} = An(k) + 05((10g n)*l/“‘s).
— \/E h h

Remark 3.5 IfEUXf'“H < 0o for some positive €, then the condition of Theorem 2.10

sup

‘ LD 1 _@enp?
Nel(na,\)

~—P(S, =N) - e 2no?

1
=0(n™%), I<a< =
A 2o ( )

2

is satisfied. In fact, since the span is mazimal, by Theorem 2.10 all we have to check is that as
U — 00,

/ 22P(dz) = O(u=2"),
el

which is true with o = €/2 since

[ aFan = [ el ) < BIXE
|lz|>u x| >u

=

The key ingredients for the proof of Theorem 3.4 are
(i) a suitable correlation inequality, which will be illustrated later;
(ii) Theorem 2.10;
(iii) the notion of quasi orthogonal system.

Definition 3.6 A sequence of functions V := (fy)n>1 defined on a Hilbert space H is said quasi—
orthogonal if the quadratic form on (%: (z,) th(fh,fk)thk is bounded (as a quadratic

form).

A useful criterion for quasi-orthogonality is furnished by the following result (see lemma 7.4.3 in
[12]; see also [13], p. 23).

14



Lemma 3.7 In order that ¥ := (f,)n>1 be a quasi-orthogonal system, it is sufficient that

Sl}llpz [(fhs fr)| < o0
s

Remark 3.8 If H = L?(T), where (T,.A, 1) is some probability space, then >onglfny fr)znwr =
Zh’k (f fnfe du)xhxk. By Rademacher—Menchov Theorem, it is seen that the series ), cpfn con-

verges if for instance ¢, = nfé(log n)~° with b > 3 (for more information on this point, see [10]).

Now we present the basic correlation inequality. Let Y;, = v/h (1{ Sp=rp} — P(Sy, = Hh)). We

put moreover when necessary
Kn
b, = M = sup |by|.
o Ven] n 1Bl

Proposition 3.9 Assume that the condition of Theorem 2.10 is satisfied, i.e.

1 _(enp?
‘\/ﬁp(sn =N)— ——e et

r(n) == sup

1
=0(n" %), 0<a<= (16)
NelL(na,A) 2

2o

Then there exists a constant C' such that, for all integers m,n with 1 <m <n

|Cov(¥on, Ya)| < O ! & ! ).

VE -1 VaTm (n —m)®
Proof. By independence and equidistribution,
Cov (Y, Yy) = E[Yy, - Yy] = VmP(Sm = £m) VR (P(Sn—m = fin — km) — P(Sn = k).
By the assumption (16), we have

sup vVmP (S, = k) < C < .

Now, if A := \/H(P(Sn_m = Kp — km) — P(S, = mn)), we have

A _(’in—ﬁ'm)z
Al < V0| P(Snom = fin = i) = —mmmee” 2|
2(n —m)
+ A\f‘i gl 1 *ﬁ’
e n—m — e 2n
m(n —m) V2mn

2
m — P(S, = kp)

Vi e
f 2mn

A _(sn—rm)?
= n_m‘\/n—mP(Snim:K,n_/{m)_ \/ﬁe 2(n—m) ‘

+ Aﬁ‘ n_ -Gl A ‘ + ’ S JmP(s )
_— n—m — e 2n e 2n — n = K

2rly n—m o n n
=: A1 + Ay + As.

By condition (16),

[ n A _Gn—rm)?
A = ’ — P S _ = — — 2(n—m)
1 n—1m vn —m ( n—m Rn Hm) \/%6

1
o r(n—m)<C n .
n—m n—m(n—m)®

<A

15



Furthermore

A w7 C vm vm 1
Agiz‘ e m —/nP(Sy, =kp)| <Ar(n) < —= < C <C =C
ﬁ27r ( n n) ( ) \/ﬁ \/ﬁ \/ﬁ— \/% /*% _1
It remains to estimate
} (";T(L "im)) _ﬁ < A ’ n ,(“27?—“m>)2 7(K/27%—Nm))2 ’
L= n—m —€ 2n| L —— e n—m —e n—m
Az \/27r n— Vor iy n—m
. SR ([ 1) |
e n—m —e 2n| = e n—m _ e n—m — e 2n
\/ 2w V2T n—m V2
Now
\/27TA <*”»2? Hm)> ( n ) Vn—+/n— 1
[ = e n—m
A n—m \/n— T Vn-m er\/n—
B 1 vm g 1 <
CVE-T Vnt+vn-m o /21 «/%—1’
since \/x —/y < v/ —yif >y > 0. On the other hand, by using the inequality |e" —e"|

if u <0 and v <0, we have

V2T _ (sn—rm)? K /<'; — K 2 /{2
—A ;:‘ 2(n—m) _—n}\‘ A Ty m) Sy -
A ‘ ¢ —m) = 2n
‘ (v/nby, — v/mby,) bQ‘ ‘ —nb? — mbfn + 2/mnbpby, e
n—m B n—m "

B ‘ —nb2 — mb2, + 2/mnb,by, + nb2 — mb2 b2, + 2./ =brbim
B n—m =1

B ‘—(bn — b)? 4 2bmbn (/2 — 1) ‘ _ 2(by, + b )% + 2|by, Hbm](,/— -1)
N o = o]

2 /7 q 2
<2M? +(n : ) _ 27])4 -

Now we are ready to sketch the main steps of the proof of Theorem 3.4.

(i) Fix any p > 1. By means of the basic correlation inequality, we prove the quasi-orthogonality

of the sequence

where as before

Yy
Zi= > =,
pj<h<pj+1
Vi = Vh(Lis,—ryy — P(Sh = rn)).

(ii)By Remark 3.8, we obtain that the series

converges as soon as b > %

Z Vil( logJ

16

< lu—v

= A4 + A5.



(iii) By Kronecker’s Lemma

i, 1 Y;,
lognbz i~ lognbz Z b /n(logn)b Z WTO

7j=1 p] <h<p.7+1

(iv) The preceding relation yields easily (we omit the details)

IOg ( 1 Z Yh) 1 Yh 0
— ) = —
(loglogt)b \logt c h Vl1og t(log log t)b h t

since logt)b —; 00, this implies

(loglogt

1 Yh 1 Z I{ShZHh} _ 1 Z \/EP(S]'L = K/h) —0
logt h ~ logt —~ N logt e~ h t

(v) Last, by Theorems 2.8-2.9

1 3 \/EP(S}ZL = Kp)

An(k
logt - 77( )7

¢
h<t
and the result follows.

The second part of the Theorem is proved similarly.

g

Theorem 3.4 concerns the case in which X; has a moment 2+ ¢. The case in which only second
moment exists has been treated in 2002 by M. Denker et S. Koch in [16], but their discussion is
incomplete. In particular, they give the following notion of ASLLT:

Definition 3.10 A stationary sequence of random variables (Xy)n>1 taking values in Z or R with
partial sums Sy, = X1+ --- + X, satisfies an ASLLT if there exist sequences (an) in R and (by,) in
R* with b,, — oo such that

. 1 = by, a.s. KRp — Qn
P logn ; —Lsnenatny = 9(R)H| as o

where g denotes some density and I C R is some bounded interval. Further, |I| denotes the length
of the interval I in the case where X1 is real valued, and the counting measure of I otherwise.

We observe that this definition is incomplete: even in the restricted case of i.i.d. random
variables taking values in the lattice L(vg, A), consideration of the span A of X; is missing. It
appears necessary to modify the above formula into

n

. 1 bn a.s.
AL v hz:l —Lsuenntny = g(R)F#{I N L(vg, A)}  as

The problem has been solved once and for all by M. Weber in 2011 in [13]. Here is the result

Theorem 3.11 Let (X;)n>1 be square integrable lattice distributed random variables with mazimal
span A. Then (Xy)n>1 verifies an ASLLT.

17



The proof is in two steps:
(i) first one makes the additional assumption (vk, k € Z are the elements of the lattice)

P(X =v) NP(X =vgy41) >0 for some k € Z. (17)

With this assumption, the author proves a basic correlation inequality (similar to (16)) concerning
the (already used) variables

Yh = \/E(l{sh:fﬁh} - P(Sh = K,h)).
More precisely one has

Proposition 3.12 Assume that (17) holds. Then there exists a constant C' (depending on the
sequence (ky)) such that, for all integers m,n with 1 <m <n

1 n 1
Cov(Y,,,Y,) gC( T + — n—m>.
Then the ingredients for the proof are as before: the just stated correlation inequality, the notion
of quasi—orthogonal system and (this time) Theorem 2.8 (it is not possible to use Theorem 2.10
since in this case X; has only the second moment).
(ii) In the second step the author uses a clever argument in order to get rid of assumption (17)

and obtain the result in full generality.

3.3 The ASLLT for random sequences in the domain of attraction of a stable
law with a< 2.

In this section we briefly sketch the main ideas of some recent work by R. Giuliano and Z. Szewczak
for random sequences in the domain of attraction of a stable law with ae< 2. It is work in progress,
hence some points are yet missing.

Let (Xp)n>1 be a sequence of ii.d. random variables, such that their common distribution
F is in the domain of attraction of a stable distribution G (having density ¢g) with exponent «
(0 < a < 2); see Definitions 2.14 and 2.15; in particular the sequences (a,) and (b,) are as in
Definition 2.14. It is well known (see [5], p. 46) that b, = L(n)n'/®, where L is slowly varying
in Karamata’s sense. Assume that X has a lattice distribution with A being the maximal span.
Since X7 doesn’t possess second moment, the discussion of the preceding section doesn’t work in
this case. Anyway, we can attempt to use similar ingredients as before.

We shall content ourselves of the particular case in which both F and the limit distribution G
are symmetric By Remark 2 p. 402 of [17], we have a, = 0. Put

Y = b (Ls,mwa) = P(Sn = in) )

The first ingredient is the correlation inequality

Proposition 3.13 (i) For every pair (m,n) of integers, with 1 < m < n, we have

|Cov(Ym, Yn)| = b,,by,

P(Sy, = Em, S = kn) — P(Sm = Em)P(Sn = kn)
- C{ (n il77@)1/al}(i;(11)7n) + 1}'

18




(ii)For every pair (m,n) of integers, with 1 < m < n, we have

‘Cov(Ym, Yn)‘ = b,,by,

P(Sy, = Em, Sn = kn) — P(Sm = £m)P(Sn = kn)

. m 1/«
) 1/a 1 i n n
<C-L(n){n (e(n—m)c+enc>+ (1_@)1"_1/0‘_’— <(1—2m)2>
n n

Corollary 3.14 For large m and n > 2m we have

bmbn | P(Sm = Km, Sn = kn) — P(Sm = £m)P(Sn = kn)

with p := min(,1).

The second ingredient is Theorem 2.17. Last, instead of quasi—orthogonality, we use the Gaal-
Koksma Strong Law of Large Numbers, i.e. (see [18], p. 134); here is the precise statement:

Theorem 3.15 Let (Z,),>1 be a sequence of centered random variables with finite variance. Sup-
pose that there exists a constant 3 > 0 such that, for all integers m >0, n > 0,

m+n

E[( Z Zi)z] < C((m+n)’ —m?), (18)

i=m+1
for a suitable constant C' independent of m and n. Then, for each § > 0,
n
Z Z; = O(n”*(logn)?*%), P —a.s.
i=1

We apply the above theorem to the sequence

The main result is as follows:

Theorem 3.16 Let o > 1 and assume that there exists v € (0,2) such that

Then (Xpn)n>1 satisfies an ASLLT, i.e.

N b
Z ;nl{sn:,.@n} = Ag(/i).

n=1

i
Ve log N

Remark 3.17 The slowly varying sequence L(k) = log® k with o < 1 wverifies the assumption of
Theorem 3.16.
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