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R e e d { S o lo m o n c o d e s a re in d e e d a n e le g a n t illu s-

tra tio n o f a v e ry p ra c tic a l a p p lic a tio n o f a b stra c t

a lg e b ra . A n in te re stin g d isc o v e ry w a s th e fa c t

th a t E u c lid 's a lg o rith m fo r ¯ n d in g g re a te st c o m -

m o n d iv iso rs o f p o ly n o m ia ls, c o u ld b e u se d fo r

d e c o d in g th e se c o d e s. In th is a rtic le w e e x p la in

th is c o n n e c tio n .

1 . In tro d u c tio n

M an y o f u s w h o h ave seen th e p ictu res sen t b ack b y th e
sp a cecraft V oy ager 2, h ave b een stru ck b y th e ¯ n e q u al-
ity o f th e im ag es received . In 1 98 9, w h en V oy ag er w a s

ab ou t 3 b illion m iles aw ay from th e E arth , it w as a b le
to tran sm it h ig h resolu tio n im ag es o f T riton , N ep tu n e's
la rgest m o o n (F igure 1 ). T h is g rea t feat w a s in n o sm all
m ea su re d u e to th e fact th a t th e sop h istica ted co m m u -
n ica tio n sy stem o n V oya ger h ad an ela b ora te error co r-

rectin g sch em e b u ilt in to it. A R eed-S olom on co d e w a s
u sed to en h an ce th e relia b ility o f th e tran sm issio n . E a ch
co d ew ord co n ta in ed 2 23 b y tes of d a ta (a b y te co n sistin g
of 8 b its) an d 3 2 b y tes o f red u n d a n cy. W ith ou t th e error
correction sch em e, V oya ger w ou ld n o t h av e b een ab le to

sen d th e v olu m e of d ata th at it d id , u sin g a tran sm ittin g
p ow er of on ly 20 w atts. T h e sp acecra fts G alileo (19 91),
M ars G lo b al S u rv ey or (199 7), M ars P ath ¯ n d er (1 99 7)
an d M ars E x p lora tio n R over (2 00 4) h ave all u sed R eed {
S olom on co d es in th eir d ata tran sm ission sch em es. It
w ou ld n o t b e ou t of p la ce to say th at R eed -S olo m on

co d es h ave go n e to th e fu rth est rea ch es o f th e solar sy s-
tem a n d b ey on d !

W e ow e to th e gen iu s o f C lau d e S h a n n on 1 , on e of th e
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Figure 1. Image of Triton
transmitted by Voyager 2.
(Courtesy: NASA/JPL-Caltech)

Figure 2. Shannon’s sche-
matic of a communication
system.

¯ n est scien tī c m in d s of th e la st cen tu ry, th e rem ark -
ab le d iscovery th a t reliab le com m u n ication is p ossib le,
even over an u n relia b le m ed iu m . In 19 48, S h a n n on ,

th en a yo u n g m a th em aticia n , sh ow ed th at arb itrarily re-
liab le co m m u n ica tion is p ossib le at an y rate b elow som e-
th in g ca lled th e chan n elcapacity. R ou g h ly sp eak in g, th e
ch a n n el cap a city is its u ltim ate cap a b ility to tran sm it
in fo rm a tio n , a n d on e ca n p u sh th e ch a n n el to th is lim it

an d yet co rrect a ll th e erro rs it m a kes u sin g erro r co r-
rection . T h e illu stration in F igure 2 sh ow s S h a n n on 's
sch em e for com m u n ica tin g relia b ly over a n u n relia b le
ch a n n el. T h e m essa ge is sen t over th e ch a n n el, b u t b e-
fore it is sen t it is p ro cessed b y an en coder. T h e en co d er
com b in es th e m essa ge w ith som e redun dan cy, in ord er
to crea te a codew ord . T h is m ak es it p ossib le to d etect
or correct errors in tro d u ced by th e ch an n el. A t th e re-
ceiver's en d , th e co d ew o rd , w h ich m ay b e co rru p ted b y
errors is decoded to recover th e m essage.
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The encoder is an

algorithm that the

sender uses to

pad the message

u  with redundant

information.

The received word

y 2 Fnq
is the output of the

channel which is a

possibly corrupted

version of the

codeword c.

In m ath em a tical term s th e im p o rtan t com p o n en ts of a
co d in g sch em e are as follow s.

² T h e in p u t a lp h a b e t is th e set from w h ich sy m -
b o ls to b e tran sm itted a re d raw n . W e a ssu m e th at

th e in p u t alp h ab et size is q an d th at th e sy m b ols
are from Fq th e ¯ eld of q elem en ts. T h e o u tp u t al-
p h ab et is th e set of sy m b ols fro m w h ich th e ch a n -
n el p ro d u ces ou tp u ts. H ere w e a ssu m e th a t th e
o u tp u t a lp h a b e t set is a lso Fq .

² T h e m e ssa g e u is a b lo ck o f sy m b o ls th at th e
sen d er w ish es to tra n sm it. F or ou r p u rp oses, u is
an arb itrary w ord of k sy m b ols fro m th e ¯ n ite ¯ eld

Fq , th a t is u 2 Fkq .
² T h e e n c o d e r is a n algo rith m th a t th e sen d er u ses
to p a d th e m essag e u w ith red u n d an t in form ation .
It ca n b e lo o ked u p on a s a fu n ction en c : Fkq !
Fnq th at tra n sform s a m essa ge of k sy m b ols to a
c o d e w o rd o f n sy m b ols.

² T h e c o d e C is th e set of a ll p ossib le co d ew ord s.
T h a t is, C = fen c(u ) : u 2 Fkq g .

² T h ree im p o rtan t p a ram eters o f a co d e are
² T h e b lo ck le n g th of th e co d e is th e len g th n of
th e co d ew ord s ou tp u t b y th e en co d er.

² T h e d im e n sio n k of th e co d e is th e len gth o f a
m essage w ord . T h is term is ty p ica lly u sed fo r lin -
ear codes w h en th e co d e fo rm s a v ector sp ace.

² T h e ra te R o f a co d e is th e ratio of its d im en sion
to its b lo ck len g th , or R = k = n .

² T h e re c e iv e d w o rd y 2 Fnq is th e o u tp u t of th e
ch a n n el w h ich is a p ossib ly corru p ted version of

th e co d ew ord c .
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In 1975 Sugiyama

et al.  discovered the

beautiful fact that one

can use Euclid’s

algorithm to decode a

class of codes called

Goppa codes and

hence also Reed–

Solomon codes.

² T h e d e c o d e r is a n alg orith m th a t th e receiver
u ses to recov er th e origin al m essag e u from th e
receiv ed w ord y . It can b e lo oked u p on as a fu n c-

tio n dec :Fnq ! Fkq th a t estim a tes a m essag e w ord
of k sy m b ols from th e receiv ed w o rd y of n sy m -
b o ls.

T h e p rim a ry ob jective in co d in g th eory is to d esig n co d -
in g sch em es w ith th e b est p o ssib le p a ram eters an d e± -
cien t en co d in g /d eco d in g algo rith m s. L in ea r b lo ck co d es
d e¯ n ed b elow , are th e b est k n ow n error correctin g co d es
an d are th e co d es o f ch oice in m ost p ractical ap p lica -
tio n s.

A co d e C w ith b lo ck len gth n ov er a n alp h a b et Fq is
a lin e a r b lo c k c o d e if it is a lin ear su b sp ace o f Fnq ,
th e vector sp ace of n -tu p les over Fq . If C h as d im en sion
k , w e w ill call th e co d e a n (n ;k )q lin ea r b lo ck co d e or
an (n ;k ) co d e if th e u n d erly in g ¯ eld is a ssu m ed to b e
k n ow n .

R eed { S olom on co d es a re a class o f lin ear b lo ck co d es
d iscov ered b y Irv in g R eed an d G u s S olo m on in 19 60.
W h ile th e co d es w ere n otab le b ecau se of th eir elegan t
m ath em a tical stru ctu re, th eir p ractical versa tility b e-
cam e a p p aren t o n ly after th e d iscovery in 1 968 , o f an
e± cien t d eco d in g algo rith m b y E lw y n B erleka m p [1].

In 197 5 S u g iy am a et al. [2 ] d iscovered th e b eau tifu l fact
th at on e can u se E u clid 's algorith m to d eco d e a class of
co d es called G o p p a co d es an d h en ce a lso R eed -S olo m on
co d es. W e w ill d escrib e th is a lg orith m p resen tly, b u t w e
¯ rst p resen t so m e b a ck gro u n d m ateria l.

2 . B a c k g ro u n d

T h e H am m in g distan ce b etw een tw o n sy m b o l w o rd s
is th e n u m b er of corresp on d in g p osition s in w h ich th ey
d i® er. T h u s if d sy m b ol erro rs o ccu r in a tra n sm itted
co d ew ord , th e H am m in g d ista n ce b etw een th e co d ew ord
an d th e received w ord is d . T h e m in im um distan ce o f a
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B o x 1 . C o n str u c tio n o f F in ite F ie ld s

The basic building blocks for these large ¯elds or extension ¯elds, as they are called,
are the prime ¯elds. Fp is the ¯eld whose elements are the set f0;1;2;:::p ¡ 1g where
p is prime and all arithmetic is performed modulo p . We illustrate with the construc-
tion of a ¯eld with p = 2 and with 23 = 8 elements. Let V 3 (F2 ) be the set of 3-tuples
a = (a 2 a 1 a 0 ) over F 2 , with addition being de¯ned component wise. Thus V 3 (F2 ) is the
set f000;001;010;011;100;101;110;111g , and, for example, (101) + (110) = (011) . We
can make V 3 (F2 ) into a ¯eld as follows. Assume f (x ) is of degree 3 over F2 and has no
roots in F2 . For example f (x ) = x 3 + x + 1: (No roots in F2 would mean f (1) and
f (0) are both non-zero modulo 2.) In such a case, f (x ) is said to be irred u cible over F2 .
Associate with each tuple a = (a 2 ;a 1 ;a 0 ) in V 3 (F2 ) the polynomial a 2 x 2 + a 1 x + a 0 , and
de¯ne the product of tuples a and b to be the tuple c de¯ned uniquely by the equation
a (x )b(x ) = c(x ) m o d (f (x ) ) . (c(x ) is the remainder when the product a (x )b(x ) is divided
by f (x ) . ) For example (010)(101) = (001) as (x ) (x 2 + 1) ´ 1 m o d (f (x ) ) . The ¯eld
constructed above, has 23 elements. Of course, since there may be several irreducible
polynomials of degree 3, there will be di®erent ways to de¯ne the multiplication above.
But all these ¯elds are isomorphic and we can talk of th e ¯eld with 23 elements called
G F (23 ) . (We will refer to this ¯eld as F8 . ) Every ¯eld has what is called a p rim itive
element, powers of which generate all the non-zero elements of the ¯eld. For example,
the element ® corresponding to the residue class f x g or the tuple (010) , is a primi-
tive element of this ¯eld, consecutive powers of ® generating the sequence of elements
(010);(100);(011);(110);(111);(101);(001) . We denote the multiplicative inverse of a
¯eld element ® by ® ¡ 1 :

co d e is th e m in im u m of th e H a m m in g d istan ces b etw een
all p airs of d istin ct co d ew ord s. F or lin ear co d es, th is is
also th e m in im u m H am m in g w eight o f a co d ew ord (th at
is, th e n u m b er o f n on -zero com p on en ts o f th e w ord ). In
gen eral, if u p to t sy m b ol errors in an arb itrary co d ew ord
h ave to b e corrected , th e m in im u m d istan ce d m in m u st
sa tisfy

d m in ¸ 2t + 1:
2 .1 . R eed { S o lo m o n C o d e s

F rom n ow on w e w ill con cen tra te on ¯ eld s w ith q m el-

em en ts. T h e con stru ction o f th ese large ¯ eld s is illu s-
trated in B ox 1.

W e w ill u se th e fa ct th a t th e n o n -zero elem en ts o f ev ery

su ch ¯ eld can b e g en erated b y p ow ers o f a sin gle elem en t
called a prim itive elem en t o f th e ¯ eld .
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A (255,223)

Reed–Solomon code

has a redundancy of

32 symbols per

codeword, a

minimum distance

33, and can correct

any combination of

16 symbol errors,

each symbol being

made up of 8 bits.

R eed { S olom on co d es w ork w ith elem en ts in a ¯ eld F q m .
W e con sid er th e case w ith q = 2 h ere. R eed -S olo m on
co d es h av e p a ram eters (n ;k ) w h ere n is at m ost 2 m ¡ 1,
m is th e n u m b er of b its p er sy m b o l, a n d k = n ¡ 2t
w h ere t is th e sy m b o l error correctio n cap a b ility o f th e
co d e. T h u s, on ly 2t red u n d an t sy m b o ls a re req u ired , to
b e a b le to correct t errors. F or ex am p le, a (2 55,22 3)
R eed { S olom on co d e h as a red u n d an cy of 32 sy m b ols

p er co d ew o rd , a m in im u m d istan ce 33 , an d can co rrect
an y co m b in atio n of 16 sy m b ol errors, each sy m b o l b ein g
m ad e u p o f 8 b its. W e d e¯ n e a R eed -S o lo m o n co d e a s
follow s. L et a co d ew ord c = (c0 ;c1 ;:::cn ¡ 1 ) b e rep re-
sen ted b y a p o ly n o m ial w h ich w e h en ceforth refer to a s
a co d e p o ly n o m ial c(x ) given b y

c(x ) = c0 + c1 x + :::cn ¡1 x n ¡1 : (1)

T h e p o ly n om ial c(x ) rep resen ts a co d ew ord o f th e R S
co d e if a n d on ly if ® ;® 2 ;::::::® 2 t are its ro ots w h ere ® is
p rim itiv e in th e m u ltip licative gro u p o f F2 m .

T h u s every co d e p oly n om ia l h a s th e a b ov e 2t con sec-
u tive p ow ers of ® as ro o ts. It is n o t d i± cu lt to sh ow
(see th e article o n R eed { S olom on co d es in [3]) th at th e
m in im u m d istan ce o f su ch a co d e is at least 2t + 1 . W e
illu strate w ith a n ex am p le b orrow ed from an a rticle b y

th e au th o r on R eed { S olom on co d es [3].

S u p p ose on e w ish ed to tra n sm it m essag es in E n glish u p -
p ercase. T h en w e w ou ld n eed a t lea st 5 b its (w h ich give

a tota l of 2 5 = 32 com b in a tio n s) to en co d e all 26 letters,
w ith 6 co m b in ation s left over to u se for b la n k s an d oth er
sp ecia l sy m b o ls like p u n ctu a tio n m ark s, etc. W e cou ld
u se a (2 5 ¡ 1;15 ) R eed { S olom on co d e for ou r p u rp o se.
T h is co d e h a s sy m b ols in F3 2 each req u irin g 5 b its for
en co d in g. T h e co d e h as a len g th of 31 sy m b o ls, w ith
15 m essag e sy m b o ls an d 16 ch eck sy m b ols, a m in im u m
d istan ce o f 1 7, a n d h en ce an erro r correctio n cap ab ility
of 8 sy m b ols. S u p p ose w e w a n ted to tra n sm it th e ¯ fteen
ch a racters, (in clu d in g th e b la n k ).
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Thus if the

transmitted codeword

is an n-tuple of

symbols from the field

Fq , the received n-

tuple is also made up

of elements from the

same field. If

transmission errors

have occurred, some

of the received

symbols may differ

from those that were

transmitted.

R E A D R E S O N A N C E !

T h e en co d er w o u ld a d d 1 6 m ore p a rity ch eck sy m b ols
of its ow n to form a co d ew ord . A ssu m e fo r th e sa ke of
arg u m en t th at th e resu lta n t co d ew ord is

R E A D R E S O N A N C E !Q T B P J !T L .,Z B F A L K

N ow even if th e m essage is ch an g ed to

R O A D R E P A IR S C E !S T O P J !T L .,Z B F A L K

w h ere errors o ccu r in b o th th e m essa ge, as w ell as th e
ch eck sy m b ols, th e d eco d er w o u ld b e a b le to correct all
of th ese (as th ere a re n o t m o re th an 8 of th em ) a n d
recov er th e orig in a l m essa ge!

2 .2 D eco d in g a n E rro r-C o rrec tin g C o d e

R eca ll th e a ssu m p tio n th at th e ch a n n el in p u t an d o u t-

p u t alp h ab ets are th e sam e. T h u s if th e tra n sm itted
co d ew ord is a n n -tu p le of sy m b ols fro m th e ¯ eld Fq , th e
receiv ed n -tu p le is also m ad e u p o f elem en ts from th e
sa m e ¯ eld . If tra n sm issio n erro rs h ave o ccu rred , so m e
of th e receiv ed sy m b o ls m ay d i® er from th o se th at w ere
tran sm itted . If x is tra n sm itted a n d y received , th e d if-

feren ce z = y ¡ x is ca lled th e error pattern . If th e
ith com p o n en t z i o f th e vector z is n o t eq u a l to 0 , an
error is said to h ave o ccu rred in th e ith p ositio n . T h e
d eco d in g p ro b lem is to id en tify th e error p attern given
th e receiv ed vector.

L et x̂ b e th e estim a te of th e tran sm itted co d ew ord x
ou tp u t b y th e d eco d er. T h u s, a d eco d in g error o ccu rs if
an d on ly if x̂ 6= x .
It is rea son a b le to assu m e th a t given a received v ector,
an error p attern w ith th e sm a llest H am m in g w eig h t is
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The problem to be

addressed is: Given

the received vector,

which may be seen as

the corruption of any

one of the codewords

with the appropriate

error pattern, find the

most likely transmitted

codeword.

th e m o st lik ely erro r p attern . T h e p rob lem to b e a d -
d ressed is: G iven th e receiv ed vecto r, w h ich m ay b e
seen a s th e corru p tion o f a n y on e of th e co d ew ord s w ith

th e a p p rop riate error p attern , ¯ n d th e m o st likely tran s-
m itted co d ew ord . (O n ce w e h av e th is estim ate w e can
easily recover th e m essage). If th e H a m m m in g w eigh t
of th e error p attern is a t m ost t, an d th e m in im u m d is-
tan ce of th e co d e is a t least 2t + 1 it is ea sy to see th at

th ere is ex a ctly on e co d ew ord th at is closest in term s of
th e H am m in g d istan ce to th e receiv ed vecto r a n d th is
is th e o n e th e d eco d er sh ou ld ou tp u t. T h is k in d of d e-
co d in g is k n ow n as boun ded distan ce decodin g. A b ru te
force ap p roach w o u ld in v olv e ch eck in g th e H am m in g d is-
tan ces of all co d ew ord s from th e received v ector, w h ich

is clea rly in feasib le. W e th erefore search fo r m ore e± -
cien t solu tion s to th is p ro b lem .

3 . T h e K e y E q u a tio n

A s w e sh all p resen tly see, th e b o u n d ed d istan ce d eco d in g
p rob lem can b e form u lated so th at it red u ces to th e so -
lu tion of an eq u ation th at is p o p u larly k n ow n a s th e K ey
E qu ation . W e ¯ rst d eriv e th is eq u ation an d th en sh ow
h ow E u clid 's a lgo rith m for ¯ n d in g th e g rea test com m on
d iv isor (gcd ), can b e u sed to g et th e solu tio n . L et a
co d ew ord c = c0 ;c1 ;:::cn ¡1 b e rep resen ted b y th e co d e-
w ord p oly n om ia l c(x ) d e¯ n ed earlier.

A ssu m e w e receive th e p oly n om ia l r(x ) w h en c(x ) is
tran sm itted . W e d e¯ n e th e error p o ly n om ial e(x ) a s
e(x ) = r(x ) ¡ c(x )
T h is p oly n om ia l w ill h ave n o n -zero co e± cien ts in p osi-
tio n s w h ere tra n sm issio n errors h ave o ccu rred .

F or ex am p le if e(x ) = 1 + x 4 th en errors h ave o ccu rred
in th e 0th an d 4 th p ositio n s.

T h e p ro b lem is to ¯ n d th e m ost likely erro r p oly n o -
m ial e(x ) given r(x ). R ecall th a t th e m̀ ost likely ' error
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Now if there were no

errors then all the 2t

syndromes defined

above would be zero.

Thus if one or more

of these syndromes

is non-zero it is an

indication that errors

have occurred in

transmission.

p attern m ean s th e error p a ttern of m in im u m H a m m in g
w eigh t. D e¯ n e

S i = e(®
i);i = 1 ;2;:::n ¡ 1 : (2)

A s every co d ew o rd h a s ® i;i = 1 ;2;:::2 t as ro ots, a n d
as r = c + e for som e co d ew ord c w e h ave

S i = r(®
i);i = 1;2;:::2t; (3)

w h ere S i is called th e i
th sy n d rom e.

N ow if th ere w ere n o errors th en all th e 2 t sy n d rom es d e-
¯ n ed a b ove w o u ld b e zero . T h u s if on e o r m ore of th ese
sy n d rom es is n on -zero it is an in d ica tio n th at erro rs h ave
o ccu rred in tran sm ission .

T h e d eco d in g p rob lem can b e restated a s fo llow s:

G iven S 1 ;S 2 ;:::S 2 t ¯ n d e(x ). W h en resta ted in th is
m an n er, th e d eco d in g p ro b lem lo o k s like a p ro b lem in
in terp o la tion . W e w ill o b tain a form u la tio n th at allow s
th e ap p lica tio n of E u clid 's p oly n om ia l gcd algo rith m .

L et th e H am m in g w eig h t of th e error p attern e b e at
m ost t, th at is, th ere are at m o st t n o n -zero co m p on en ts
of th e error p attern . R ecall th at w e a re th en gu ara n teed
th at th ere is ex actly o n e c̀lo sest' co d ew ord .

If th e j th n o n -zero co m p on en t (co u n tin g fro m th e left)
of th e erro r p attern is th e d ig it e k (w h ere th e su b scrip ts
of e b eg in w ith 0) th en d e¯ n e X j = ®

k .

F or ex am p le, say n = 7. T h en e(x ) can b e w ritten a s
e(x ) = e 0 + e 1 x + e 2 x

2 + :::+ e 6 x
6 . If th e ¯ rst an d th ird

co e± cien ts a re n on -zero, i.e. e 1 an d e 3 are n on -zero,
th en th e ¯ rst n o n -zero co e± cien t is e 1 an d th e seco n d

is e 3 . T h u s X 1 = ®
1 an d X 2 = ® 3 , w h ere ® gen erates

th e cy clic gro u p of o rd er n in th e m u ltip licative gro u p
of G F (2 m ). T h e X j's a re called th e error location s a s if
® j is k n ow n th en j can b e fo u n d . N ote th at th is d o es
n ot solve th e d eco d in g p ro b lem com p letely, as th e error
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We define the error

magnitude Y
j
 at

location X
j
 to be e

k
,

where as mentioned

earlier, e
k
 is the j th

non-zero component

of the error vector.

m agn itudes a lso n eed to b e d eterm in ed . W e d e¯ n e th e
error m ag n itu d e Y j at lo catio n X j to b e e k , w h ere a s
m en tio n ed earlier, e k is th e j

th n on -zero com p o n en t of

th e error v ector.

F rom eq u ation (3 ), u sin g th e d e¯ n ition s o f X j an d Y j
an d th e assu m p tio n th at at m ost t errors h ave o ccu rred
w e h ave

S i =

tX
j= 1

Y jX
i
j;i = 1 ;2 ;:::n ¡ 1 : (4)

D e¯ n e th e follow in g series

1

1 ¡ X j x
= 1 + X jx + X

2
j x

2 + ::: (5)

M u ltip ly in g b oth sid es of eq u ation 5 b y Y jX j an d su m -

m in g b oth sid es fro m 1 to t w e h av e, u sin g eq u ation
(4)

tX
j= 1

Y j X j

1 ¡ X j x = S 1 + S 2 x + ::: :S 2 tx
2 t¡ 1 + ::: (6)

C o m b in in g th e term s on th e left h an d sid e of eq u ation
(6) in to a sin gle fractio n it ca n b e w ritten a sP t

j= 1 Y jX j

Q t
k = 1 ;k6= j(1 ¡ X k x )Q t

j= 1 (1 ¡ X jx )
: (7)

R ep lacin g th e n u m erato r of eq u ation (7) b y ! (x ) a n d
th e d en o m in ato r b y ¾ (x ) w e can rew rite eq u a tio n (6 ) a s

! (x )

¾ (x )
= S 1 + S 2 x + S 3 x

2 + :::S 2 tx
2 t¡1 + ::: : (8)

E q u ation (8) h a s th e follow in g p ro p erties;

1. T h e d en om in ator ¾ (x ) on th e left h an d sid e is of
d egree on e greater th a n th a t of th e n u m era tor.
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The numerator and

denominator on the

left hand side are

relatively prime

polynomials. This

can be verified by

checking that none

of the roots of the

denominator are

roots of the

numerator.

2. T h e ro ots of th e p o ly n om ial in th e d en om in a tor
are th e in v erses of th e erro r lo cation s. T h erefore
th is p o ly n om ia l is called th e error locator polyn o-
m ial.

3. T h e n u m era tor an d d en om in a tor o n th e left h a n d
sid e are rela tiv ely p rim e p oly n om ials. T h is can b e
verī ed b y ch eck in g th at n o n e of th e ro o ts of th e
d en om in a tor a re ro o ts o f th e n u m erato r.

4. C on sid er th e d erivative w rt x of th e d en om in ator.
T h is is

¾ 0(x ) =
tX
j= 1

¡ X j
Y

k = 1 ;k6= j
(1 ¡ X k x ): (9)

If th is is evalu ated at a p a rticu la r va lu e X ¡1
l a n d

w e form
! (X ¡ 1

l )

¾ 0(X ¡ 1
l )
, w e g et

! (X ¡ 1
l )

¾ 0(X ¡1
l )

=
Y lX l

¡ X l = ¡ Y l: (1 0)

T h e righ t h an d sid e is th e n ega tiv e of th e error
m a gn itu d e at th e error lo cation l. T h e p oly n o -
m ial ! (x ) is th erefore called th e error evaluator
polyn om ial.

N ow su p p o se w e co m p u te b o th sid es of eq u a tio n m o d u lo
th e p o ly n o m ial x 2 t a n d w e set

S (x ) = S 1 + S 2 x + S 3 x
2 + :::S 2 tx

2 t; (1 1)

w e h ave th e eq u ation

! (x )

¾ (x )
´ S (x )(m o d x 2 t): (1 2)

E q u ation (12) is called th e k ey eq u a tion b ecau se if w e
can solve it an d o b tain th e p oly n om ials ¾ (x ) a n d ! (x ),
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Euclid’s algorithm  is

an iterative algorithm

to find the gcd of a

pair of polynomials.

Our aim is to exploit

the properties of the

algorithm and those of

the polynomials in the

key equation  so that

σ (x) and ω (x) fall out

at the i th stage of the

algorithm for some i.

th en u sin g p rop erties 2 a n d 4 ab ove, w e can g et th e er-
ror lo cation s as w ell a s th e error m ag n itu d es of th e error
p attern , an d th u s a so lu tion to th e d eco d in g p rob lem .

N o te h ow ev er, th at o n ly th e p oly n o m ial S (x ) of d eg ree
at m o st 2t a n d w ith co e± cien ts in F2 m is k n ow n . W e
m ay p o se th e p rob lem a s fo llow s: G iven an ap p rox im a -
tio n S (x ) to a ration a l fu n ctio n (w h ich in th is case is
! (x )
¾ (x )

w h ere b oth th e n u m era tor an d th e d en om in ator are

u n k n ow n to th e d eco d er), w h ich ag rees w ith th e p ow er

series ex p a n sio n o f th e ration a l fu n ctio n to th e ord er
of th e ¯ rst 2t term s, ¯ n d a ration al fu n ction w h ere th e
n u m erato r an d d en om in ator are relatively p rim e, th e d e-
gree of th e d en om in a tor is at m ost t, an d th e d egree of
th e n u m erato r is on e less th a n th a t of th e d en om in ator.

In th e n ex t section w e sh ow h ow th e E u clid algo rith m
for p oly n om ia l g cd 's solves th is p rob lem .

4 . D e c o d in g U sin g E u c lid 's A lg o rith m

W e state th e g cd p rob lem fo r p o ly n o m ials a s follow s:

G iven p oly n o m ials a (x ) an d b(x ) w ith co e± cien ts in a
¯ eld , a n d w h ere d egree (a (x )) ¸ d egree (b(x )), ¯ n d p oly -
n om ials s(x ) a n d t(x ) su ch th a t th e fo llow in g eq u ation
is sa tis¯ ed :

s(x )a (x ) + t(x )b(x ) = r(x ); (1 3)

w h ere r(x ) is th e gcd of a (x ) an d b(x ).

E u clid 's algorith m w h ich w e w ill p resen tly d escrib e, is
an iterativ e a lg orith m to ¯ n d th e gcd of a p a ir o f p oly -
n om ials. O u r aim is to ex p loit th e p rop erties o f th e
algo rith m an d th ose o f th e p o ly n om ials in th e key eq u a -

tio n so th at ¾ (x ) an d ! (x ) fa ll o u t a t th e ith sta ge o f th e
algo rith m for som e i.

W e m ake u se of th e p rop erties of th e E u clid algo rith m

(n ot p roved h ere) d isp lay ed in B ox 2 .
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B o x 2 . P r o p e rtie s o f th e E u c lid g c d A lg o rith m

At stage i of the iteration there will be four polynomials

s i(x );ti(x );q i(x ) and ri(x ) . The ¯rst two are the ith multipliers, the next two are the
ith quotient and the ith remainder. The equations that hold at each stage are:

r i¡ 2 (x ) = qi(x )r i¡ 1 (x ) + r i(x ); (a)

where
d e g (r i(x ) ) < d eg (ri¡ 1 (x ) ); (b)

s i(x ) = s i¡ 2 (x ) ¡ q i(x )s i¡ 1 (x ); (c)

ti(x ) = ti¡ 2 (x ) ¡ q i(x )ti¡ 1 (x ): (d)

The initial conditions are:

s ¡ 1 (x ) = 1 t¡ 1 (x ) = 0 r ¡ 1 (x ) = a (x )
s 0 (x ) = 0 t0 (x ) = 1 r 0 (x ) = b(x )

Three properties that hold during iteration are:

A: s i(x )a (x ) + ti(x )b(x ) = r i(x )

B: degree(s i(x ) )+ degree(r i¡ 1 (x ) )= degree(b(x ) )

C: degree(ti(x ) )+ degree(r i¡ 1 (x ) ) = degree(a (x ) )

P rop erty A (B ox 2) can b e rew ritten as:

ti(x )b(x ) ´ r i(x )m o d (a (x )): (1 4)

E q u ation (14 ) lo o k s lik e th e k ey eq u a tion w ith a (x ) p lay -
in g th e role o f x 2 t, an d ti(x );b(x ) an d r i(x ) th e roles of
¾ (x );S (x ) a n d ! (x ) resp ectiv ely. A s can b e seen , th e d e-

gree o f th e ti(x )'s in crea ses w ith th e itera tio n i w h erea s
th e d eg ree of th e r i's d ecreases w ith i. U sin g th is fa ct,
w e get from p ro p erty C

d eg ree(ti(x )) + d eg ree(r i(x )) < d eg ree(a (x )): (1 5)

T h e n ex t lem m a a n d th eorem h elp id en tify th e step at
w h ich w e sh o u ld h alt w h en u sin g E u clid 's a lg orith m for
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Lemma 4.1 indicates

that if there is any pair

of integers whose

sum is one less than

the degree of a(x),

and where one of

them is greater than

the degree of the gcd,

then there is a unique

stage i  in the Euclid

algorithm where the

degree of t
i
(x) is

bounded above by

one of the integers

and the degree of r
i
(x)

bounded above by the

other.

d eco d in g. W e p resen t th ese resu lts w ith o u t p ro o fs. R ead -
ers in terested in th e p ro o fs can lo o k th em u p in th e ex -
cellen t b o o k b y M cE liece [4].

L e m m a 4 .1 G iven tw o n on -n egative in tegers u an d v
w ith v ¸ degree(gcd(a (x );b(x ))), satisfyin g u + v = de-
gree a (x ) ¡ 1, there exists a un ique in dex j, 0 · j · n
such that

d eg ree(tj(x )) · u ; (1 6)

an d

d eg ree(r j(x )) · v : (1 7)

T h e lem m a in d icates th a t if th ere is a n y p air of in te-
gers w h ose su m is on e less th a n th e d egree of a (x ), a n d

w h ere on e of th em is greater th a n th e d egree o f th e g cd ,
th en th ere is a u n iq u e stag e i in th e E u clid algo rith m
w h ere th e d egree o f ti(x ) is b ou n d ed ab ov e b y on e of
th e in teg ers an d th e d eg ree of r i(x ) b o u n d ed ab ove b y
th e o th er. In oth er w o rd s, at lea st o n e o f th e b ou n d s is

v io la ted b efore or after th is u n iq u e in d ex is reach ed in
th e iterative p ro cess. T h is is tru e for a ll p airs o f in tegers
sa tisfy in g th e assu m p tion s. N ow r i(x ) p lay s th e role of
! (x ) an d w e k n ow th at its d eg ree of th e latter is a t m o st
t ¡ 1 . T h is g iv es u s a clu e a s to w h en to stop th e iter-
ation . H ow ever w e n eed th e n ex t th eorem to in d icate
h ow th e p oly n om ia ls o b tain ed from E u clid 's algo rith m
are rela ted to th e o n es of in terest to u s.

T h e o re m 4 .2 . L et r (x ) an d t(x ) be polyn om ials satis-
fyin g

t(x )b(x ) ´ r(x )m o d (a (x )); (1 8)

w here degree (t(x ))+ degree (r(x )) < degree (a (x )).

T hen there exists a u n iqu e in dex j an d a polyn om ial¸ (x )
such that

t(x ) = ¸ (x )tj(x ); (1 9)
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r (x ) = ¸ (x )r j(x ): (2 0)

W e n ow h av e a ll th e resu lts w e n eed to a p p ly E u clid 's
algo rith m to th e so lu tion o f th e k ey eq u atio n . W e state

th is as a th eo rem .

T h e o re m 4 .3 . If ¾ (x ) an d ! (x ) are the error locator
an d the error evaluator polyn om ials for an (n ;n ¡ 2t)
R eed{S olom on code, an d the error pattern has w eight at
m ost t, then

¾ (x ) = ¸ tj(x ); (2 1)

! (x ) = ¸ rj (x ); (2 2)

w here r j an d tj are the polyn om ials obtain ed from the ap-
plication of E uclid's algorithm to the polyn om ials a (x ) =
x 2 t an d b(x ) = S (x ), w here j is the ¯ rst in dex at w hich
the degree of r j (x ) drops to below t. T he con stan t ¸ is
chosen so that ¸ tj (x ) has con stan t term 1.

T h u s th e erro r lo cator p oly n o m ial ¾ (x ) an d th e error
evalu ator p o ly n om ial ! (x ) ca n b e fou n d b y sim p ly a p -
p ly in g E u clid 's algorith m to x 2 t a n d S (x ) an d sto p p in g
w h en th e d egree of th e rem ain d er d rop s to b elow t!


