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I. Algorithms

Orthogonal similarity transformation of any
symmetric matrix into

1. tridiagonal form (Golub, Van Loan)

2. semiseparable form (Vandebril, Van Barel,
Mastronardi)

3. diagonal-plus-semiseparable form with free
choice of the diagonal (2 algorithms)



1. Reduction to tridiagonal form

Any symmetric matrix can be transformed into a
tridiagonal one by means of orthogonal similarity

transformations in order O(3n®).
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2. Reduction to semiseparable form

Any symmetric matrix can be transformed into a
semiseparable one by means of orthogonal
similarity transformations in order O(3n?®).

Definition

When every submatrix that can be taken out of
the lower-, resp. upper-, triangular part of a
symmetric matrix has rank at most 1, this matrix

is called a semiseparable matrix.
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3. Reduction to diagonal-plus-semiseparable form

with free choice of the diagonal

Any symmetric matrix can be transformed into a
diagonal-plus-semiseparable one where the
diagonal can be chosen in advance, by means of
orthogonal similarity transformations in order

O(5n3).

3
Definition

The sum of a symmetric semiseparable matrix
and a diagonal matrix is called a
diagonal-plus-semiseparable matrix.

So choose a diagonal d = [d;,ds, ... d,].
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Before the last step of the first algorithm:
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When applying the first algorithm starting with
D =|ds,d3s,...,d,, x| with x an arbitrary element,
instead of |dy,ds,...,d,], we get the following
situation before the last step:

x XXX X X X o 0 0 0 0 0 O
X X X X X X X 0 d 0 0 0 0 0
X X X X X X X 0 0 d 0 0 0 0
XX X XX XNX+00 0 dg 0 0 O
X X X X X X X 0 0 0 0 ds 0 0
X X X X X X X 0 0 0 0 0 dg O
X X X X X X X 0o 0 0 0 0 0 dy



No last step necessary:
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Any arbitrary symmetric matrix can be
transformed into a symmetric
diagonal-plus-semiseparable one with free choice
of the diagonal by means of an orthogonal
similarity transformation Q) such that Qe; = e;.



II. Accuracy
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III. Computational complexity
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IV. Convergence behavior of reduction algorithm

into diagonal-plus-semiseparable form




For the reduction to semiseparable form

Eigenvalues are equidistant 1 : 200.
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Eigenvalues 1 : 100 and 1000 : 1100.
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For the reduction to diagonal-plus-semiseparable form

Some notation

AD = A
AT = QRATTIQ,
[ A.| R
Ry | (D+S)n
— Q{mAle

where (D + S),, is a square diagonal-plus-
semiseparable matrix of dimensions
(m+1) x (m+1).



Lemma

Ql:m < ey, >= (A — dmI)(A — dm—ll) ce (A — dlI) < €n >,

for m=1,2, ... and Qo =1.



Proof.

. Form=0: Qio<e,>=<e,>.

. Suppose the theorem is true for m — 1, i.e.,
Qim-1<€epn>=A—-dn1I)...(A—-d2)(A—dyI) <e, >.
The structure of QL A™~1) is of the form:

(x...x()...()\ (O \

+ QL




Hence,
Qn(A™) = H+@Q,D
Qn(QT 1 AQum—1) = H+@QpD
= AQum-1 — QumD = QunH

Applying the former equality on < ¢, > and
using the induction hypothesis, we derive that:

(Alem—l T Ql:m—lD) < €y >— Ql:mH < e, >
(Alem—l — Ql:m—ldm]) < €y >= Ql:m < e, >
= (A—d,[)(A—d, 1I)...(A—di]) <e, >= Q1. < €, >



Lanczos-Ritz convergence behavior

a) Lanczos-Ritz values

Because AQ;.,, = Q1.,A"™ equals:

A, | BT

A\ Q| Grim| = [ Q1 @i

Ry | (D4 95)m

Hence, the eigenvalues of (D + S),,, are the
Ritz-values of A with respect to the subspace

spanned by the columns of 51:m-



b) Connection with the Krylov subspace

Some notation

Ko =< en, Aey, Ae,..... A™e, >
[ H|h hqT \
0 x|x ... < | ( F eRrr-m—Dxn-m-2)
Qm+1 = 0| X { he R(n—m—1)x1
\ q c R(m—{—l)Xl
\ 0 [0]0 x x




We want to prove by induction that:

We have:

H
Ql:m—l—l —

span (001(51:m+1)) = KCmt1-

[ h

[t—glzmlal:m] 0




Because:
N
o span (cal(@l:m)) =IC,, =< e,, Ae,,, ..., ATe, >

o 51:m—|—1<€n >= (A—dm+1])...(A—d1[)<€n>

P
— Ql:mh S ICm—H\ICm
We get:

=y m-+1
span (col(@l:mﬂ)) = KCm+1 =< €n,Ae,,.... A e, >



Theorem

The eigenvalues of (D + S),,, the lower diagonal
blocks that appear during the reduction
algorithm, are the Lanczos-Ritz values of A with
respect to the Krylov subspace IC,,.



Eigenvalues are equidistant 1 : 100 and
d=random.
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Eigenvalues 1 : 50 and 10001 : 1050 and

d=random.
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Subspace iteration

The semiseparable case

Demo with two clusters of eigenvalues.



The diagonal-plus-semiseparable case

first step

A

=

Hence,

A®) — Q,(QTAY)

(% -

X

(A—dil)<e,>=Q1 <e, >=q

o

(1)

n .




Transformation of basis:

A(l) — Q;FAQl

A vector y in the old basis, becomes Q7y in the
new basis. This means that qfql) becomes

errq,(ﬂl) = e, and hence, (A — d;I) < e, > becomes
< e, >.

mth step

(A—dpl).. . (A—diI) <enj,....en>=<q™ ...

for j=0,..., m—+ 1.

»

n



Conclusion

The reduction algorithm proposed in this talk in
order to transform any symmetric matrix into a
diagonal-plus-semiseparable one with free choice
of the diagonal has

e A Lanczos-Ritz behavior - Krylov subspace
e Subspace iteration.

= As soon as the Lanczos-Ritz values
approximate some eigenvalues good enough, the
subspace iteration starts converging.



