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Problems with Preconditioning

Au=Db
A € RVXN SPD

M = R’'R a SPD preconditioner
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Au=Db
A € RVXN SPD

M = R’'R a SPD preconditioner
R 7AR 'Ru=R'b
A=RTAR!,x=Ru b=R7h.
m Good clusterization but problem still ill-conditioned

A1 - Problems with Preconditioning
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i sy A PDE example

() ¢ R? simply connected bounded polygonal. Let
a(u,v) Vu,v € Hy(Q)
be a continuous and coercive bilinear form, and

Lv) e HY(Q).

The problem

Find u € H;(Q) such that
a(u,v) = L(v), W € H(Q),

has a unigue solution.
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A PDE example

a(u,v) = / A(x)Vu-Vvdx, Yu,v € H;(Q)
0

L(v) = [, 10vdx, Vv € Hj(Q2)
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2 CSLRC... A PDE example

a(u,v) = / Ax)Vu-Vvdx, Yu,v € H,(Q)
0

L(v) = [, 10vdx, Vv € Hj(Q2)

(G M) (1,0

1 xeQ\ {0 U0},
Q 5 ﬁ(X) — 106 X & Ql,
i 104 X € QQ.
Q, | |

-1,-1 0,-1)
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Using pdetool©, we generated a mesh satisfying the usual regularity
conditions of Ciarlet and we computed a finite-element
approximation of the problem with the use of continuous piece-wise
linear elements. The approximated problem is equivalent to the
following system of linear equations:

Au = Db.

In our mesh, the largest triangle has an area of 3.123 x 1074, therefore,
the resulting linear system has 16256 triangles, 8289 nodes, and 7969
degrees of freedom.
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We used three kinds of preconditioners: the classical Jacobi diagonal
matrix, M = diag(A), the incomplete Cholesky decomposition of
A with zero fill-in, and the incomplete Cholesky decomposition of
A with drop tolerance 10~2. Using the incomplete Cholesky
decompositions, we computed the upper triangular matrix R such
that M = R’ R.
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We used three kinds of preconditioners: the classical Jacobi diagonal
matrix, M = diag(A), the incomplete Cholesky decomposition of
A with zero fill-in, and the incomplete Cholesky decomposition of
A with drop tolerance 10~2. Using the incomplete Cholesky
decompositions, we computed the upper triangular matrix R such
that M = R’ R.

M kK(M™1A) Amin A s
| 2.6 10” 3.71072 | 9.6 10°
Jacobi 6.810° |3.1107Y | 2.08
Inc. Cholesky/(0) 94107 |1710°%| 1.6
Inc. Cholesky(1072) | 6.210° |1810° 7| 1.1
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Preconditioner M
m Jacobi | Inc. Cholesky(0) | Inc. Cholesky(10~2)
Amax/10° 3
Amax/500 | 5
Amax/200 | 18
Amax/100 | 43 3
Amax /50 11
Amax /20 32
Amax/10 | >200 68 3
Amax /D 9
Amax /2 40

Number of eigenvalues in [Amin, 1]
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@4 GRS  Problems with Preconditioning

m Good clusterization but problem still ill-conditioned
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% =49 1,% . Problems with Preconditioning

m Good clusterization but problem still ill-conditioned
m Several right-hand sides in succession
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% =49 1,% . Problems with Preconditioning

m Good clusterization but problem still ill-conditioned
m Several right-hand sides in succession
® Implicit matrix
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% GGGy Techniques for improving the solvers

m Deflation: compute the invariant space corresponding to the
smallest eigenvalues
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@4 CCLRG Techniques for improving the solvers

m Deflation: compute the invariant space corresponding to the
smallest eigenvalues

m Filtering + Lanczos
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@J GGk R S  The two-phase iterative approach

AN

m Fix p such that )\mm(i) < < Amax(A)
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AN

Fix p such that A\, (A) < pu < )\max(l&)

Start with an initial set of s randomly generated vectors (s is the
block-size), and “damp”, in these starting vectors, the
eigenfrequencies associated with all the eigenvalues in

1, Amax (A)].
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Fix 1 such that )\min(l&) << Amax(ﬁ)

Start with an initial set of s randomly generated vectors (s is the
block-size), and “damp”, in these starting vectors, the
eigenfrequencies associated with all the eigenvalues in

[Ua AmaX(A”'

Compute all the eigenvectors associated with all the eigenvalues
in the range [\ (A), 1.
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AN

Fix p such that A\, (A) < p < AmaX(K)

Start with an initial set of s randomly generated vectors (s is the
block-size), and “damp”, in these starting vectors, the
eigenfrequencies associated with all the eigenvalues in

[0, Amax (A)].

Compute all the eigenvectors associated with all the eigenvalues
in the range [\ (A), 1.

If the eigenvalues are well clustered the number of remaining eigen-

values in [\ (A), 2], with reasonable 1t (Amax/100, OF Apax/10),
should be small compared to the size of the linear system.
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& CCLRC..  The two-phase iterative approach

D
1.8F | |
26 eigs. are below the threshold (uz)\maxllo) -
16F
14k | |
1.2 :
0.8
0.6
oal | UL D A |
0.2 .
0 ! ! ! ! ! ! !
10 10" 10° 10° 10 107 10°

Smallest eig. = 1.0897e-13; Largest eig. = 2.5923
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3T L. The two-phase iterative approach

We can use Chebyshev polynomials to damp

{ Tolw)=1, Ti(w)=w
Thi1(w) =2wT,(w) — Ty -1 (w) n > 1.

If we consider d > 1 and

T, (w)

T,(d)

then H,, has minimum [, norm on the interval [—1, 1] over all

polynomials (),, of degree less than of equal to » and satisfying the
condition @,,(d) = 1, and we have

H,(w) =

H., = .
ey ) =77
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€ CCERE ., The two-phase iterative approach

Amax (A) + p — 2\
Amax(A) — pt

with )\min(;&) < < )\max(;&> given above.

This transformation maps A...(A) to —1, . to 1, and 0 to

ANER— w,(N) =

)

Amax (A) +
w,(0) = du = — > 1.
(0) N (A)
Then,

T T.(d,)
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A = UAU?
the eigendecomposition of the SPD matrix K, with A = diag(\;)
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ey The two-phase iterative approach

A = UAU?
the eigendecomposition of the SPD matrix K, with A = diag(\;)
7 — Z ui‘fi?
1=1

with ¢, =ulz,i=1,...,n,

1
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2 G The two-phase iterative approach

A = UAU?
the eigendecomposition of the SPD matrix K, with A = diag(\;)

n
Z — Zui&h
i=1
with ¢, =ulz,i=1,...,n,

1

v ="P,(A)z = Z w; (Pn(Ai)&i)
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& CCLR

e The two-phase iterative approach
A = UAU?
the eigendecomposition of the SPD matrix A, with A = diag(\;)

n
AR Z ui€i7
1=1

withé =ulz,i=1,...,n,

v ="P,(A)z = Z w; (Pn(Ai)&i)

The eigencomponents of the resulting vector v are close to that of
the initial vector z for all 2 such that \; Is close to 0 and relatively
much smaller for large enough degree »n and all 7 such that

i € [ Amax (A)].
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2 Gl The two-phase iterative approach

Eigencomponents of the starting set of Eigencomponents of this set of vectors

orthonormal vectors (6 vectors, ran- after 51 Chebyshev iterations (the result-

domly generated, and orthonormalized). Ing 6 vectors have also been reorthonor-
malized).

e Theeigenvectors of A areindexed on the X-axis (from 1 to 136) in increasing order of their corresponding eigenvalue.
e Theindexes (from 1 to 6) of the vectorsin the current set are indicated on the Y-axis.

o TheZ-axisindicates the logarithm of the absolute values of the eigencomponents in each of the 6 vectors.
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3L The two-phase iterative approach

We can interpret the use of Chebyshev polynomials as a filtering tool
that increases the degree of colinearity with some selected
eigenvectors. Then, after “filtering” the initial starting vectors, we
obtain a set of s vectors with eigencomponents below a certain level

e for those eigenvalues in the range (1, Amax (A)], and relatively

much bigger eigencomponents linked with the smallest eigenvalues
in A
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We can interpret the use of Chebyshev polynomials as a filtering tool
that increases the degree of colinearity with some selected
eigenvectors. Then, after “filtering” the initial starting vectors, we
obtain a set of s vectors with eigencomponents below a certain level

e for those eigenvalues in the range [, Amax(A)], and relatively
much bigger eigencomponents linked with the smallest eigenvalues
in A.

The block-size s v.s. the number £ of remaining eigenvalues outside
the interval [z, Amax(A)].

Cortona, 20-24 September, 2004 — p.17/30
L



3L The two-phase iterative approach

We can interpret the use of Chebyshev polynomials as a filtering tool
that increases the degree of colinearity with some selected
eigenvectors. Then, after “filtering” the initial starting vectors, we
obtain a set of s vectors with eigencomponents below a certain level

e for those eigenvalues in the range (1, Amax (A)], and relatively
much bigger eigencomponents linked with the smallest eigenvalues

in A.
The block-size s v.s. the number £ of remaining eigenvalues outside
the interval [z, Amax (A)].

k < s, a Ritz decomposition enables us to get the £ wanted
eigenvectors.
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Z e The two-phase iterative approach

We can interpret the use of Chebyshev polynomials as a filtering tool
that increases the degree of colinearity with some selected
eigenvectors. Then, after “filtering” the initial starting vectors, we
obtain a set of s vectors with eigencomponents below a certain level

e for those eigenvalues in the range [, Amax(A)], and relatively
much bigger eigencomponents linked with the smallest eigenvalues
in A.

The block-size s v.s. the number £ of remaining eigenvalues outside
the interval [z, Amax(A)].

k < s, a Ritz decomposition enables us to get the £ wanted
eigenvectors.

k > s, we use a Block-Lanczos type of approach to build a
Krylov basis starting with these filtered vectors and to stop when
appropriate.
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Lanczos/Block-Lanczos algorithm does not maintain the nice
property of the filtered vectors.
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2 e The two-phase iterative approach

Lanczos/Block-Lanczos algorithm does not maintain the nice
property of the filtered vectors.

Eigendecomposition of the Krylov basis obtained after 5 block-Lanczos steps (Block
Lanczos with block size 6 and full classical Gram-Schmidt reorthogonalization).
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= CLLRE Lanczos/Orthodir approach

To maintain the level of the unwanted eigenfrequencies in the
orthonormal block Krylov basis under ¢, perform, at each
Block-Lanczos iteration, a few extra Chebyshev iterations on the
newly generated Block Lanczos vectors V(<1
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AL T Lanczos/Orthodir approach

To maintain the level of the unwanted eigenfrequencies in the
orthonormal block Krylov basis under ¢, perform, at each
Block-Lanczos iteration, a few extra Chebyshev iterations on the
newly generated Block Lanczos vectors V(<1

Eigendecomposisiton of the Krylov basis obtained after 5 block-Lanczos/Orthodir steps
with additional Chebyshev filtering at each Lanczos iteration
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P AL T Partial Spectral Factorization phase

S

7 = Chebyshev_Filter(Y, €, |16, Amax ], A)

IS the application of a Chebyshev polynomial in AtoY, viz.

AN

7 =P, (A)Y,

where P,, has a degree such that its L., norm over the interval
16, Amax] 1S l€ss than €.
Fixing the block size to s, the cut-off eigenvalue 4,

AN AN

Amin(A) < 1 < Anax(A), and the filtering level ¢ < 1:
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&/ CLLRE ., Partial Spectral Factorization phase

P = random(n, s); and Q'») = orthonormalize(P?)
79 = chebyshev_Filter(Q'?, &, [14, Amax], ;‘1)
Y@ 5 W] =svp(Z®,0); and 5o = omin ()
7 = Chebyshev_Filter (Y9 8o, [1t, Amax], ;‘1), and V(© = orthonormalize(z(o))
V=V®: andsetd, =1
fork =0,1,2,...,until convergence do :
PHEHD = AVE) _ yVTAVE): [vE+D skt w1 = syp(P*+D | 0);
set 91 = amin(zgk“))/xm and 0 = max(e, §1 X d2)
fori=1,2
Z* 1) — chebyshev_Filter (VD 8, (1, Amax], A)
v (E+D) _ g (k1) _ T g (k1)
[VERD 5D W1 = svp(Y *+1D) o)
2 = omin (EFT) and set § = &,
end
V = [V; VD]
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= CCLRC Solution of the system

Once the near-invariant subspace linked to the smallest eigenvalues
IS obtained, we can use it for the computation of further solutions.
The 1dea is to perform an oblique projection of the initial residual

(fo=b — Kxo) onto this near invariant subspace in order to get the
eigencomponents in the solution corresponding to the smallest
eigenvalues, viz.

P P —1
Pl —f,— AV (VTAV) VT,
1

with  x1 =%+ V (VTAV)_ V7.
To compute the remaining part of the solution vector Ax, = T,

one can then use the classical Chebyshev algorithm with eigenvalue
bounds given by g and A\ (A).
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Soammmmen  Solution phase

[#1, %] = Chebyshev_Solve(Fo, X0, &, [t Amax]s A)
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. GSibnaan  Solution phase
1, %] = Chebyshev_Solve(fg, X0, &, [t Amax], A)

Solution phase
For any right-hand side vector b, set x, and tp = b — Ax,

and perform the following consecutive steps:
1, x1] = Chebyshev_SoIve(f‘o,Xo, e, [1by Amax), A)

P—f — AV (VTKV) VT#,:  and
X=X+ V (VTAV) ) Vi,
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S Error Analysis

AN
A

81z = [x"—x[lz  eo=ATH=x"—x

v = Pu(A)io/]|Pa(A)eol|s:
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SkER S  Error Analysis
81z = [x"—x[lz  eo=ATH=x"—x

v = Pu(A)io/]|Pa(A)eol|s:

IEllass _ map izt
AL < || A3 ol |A o]l (= VVT)Vo
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Bz = Ix" —x|[z  eo=ATT)=x"—xg

v = Pu(A)to/[[Pa(A)egls.

- < [|Az ||| A2 o] | T = VV )]s,

Theorem Let U; € R™*™ be the matrix of the eigenvectors of A
corresponding to A; and Uy € R™(»=™) pe the matrix of the

remaining eigenvectors of A. Let V € R™*‘ be the full basis
generated by the Algorlthm using a filtering level ¢ and

v =P, (A)Eo/||Pn(A)eo]|o. If me < 1and ¢ > m then
(I —VVv||y < 2ev/m + 2e°m.
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Bz = Ix" —x|[z  eo=ATT)=x"—xg

v = Pu(A)to/[[Pa(A)egls.

]|z

[[Fol| -1

Theorem Let U; € R™*™ be the matrix of the eigenvectors of A
corresponding to A; and Uy € R™(»=™) pe the matrix of the

remaining eigenvectors of A. Let V € R™*‘ be the full basis
generated by the Algorlthm using a filtering level ¢ and

v =P, (A)Eo/||Pn(A)eo]|o. If me < 1and ¢ > m then
(T — VVT)VH2 < 2e/m + 2e°m.
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107
T T
Eigencomponents of residual Rk
—— Eigencomponents of error (Xk — Xsol)

107 i\

|
10° | j? .
i |
107 ﬁ : l v s

-12 |
10 " L b
10714 | %ﬂ
107°°F
107 | | ! L ‘ ‘
0 20 40 60 80 100 120 140

Computation of the solution of a linear system with a right-hand side
vector b corresponding to a given random exact solution vector x*.
The filtering level ¢ has been fixed at 10~° in both phases of the
algorithm.
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= The choice of the starting block size s
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& cCLrRC Influence of the different parameters

= The choice of the starting block size s
= The choice of the cut-off eigenvalue
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The choice of the starting block size s
The choice of the cut-off eigenvalue

The choice of the filtering level ¢
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V= , i | R C
= “— A LN\
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The choice of the starting block size s
The choice of the cut-off eigenvalue

The choice of the filtering level ¢
me =108
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T
T
T

e C
e C

e C

hoice of t
hoice of t

noice of t

me =10"°
O

K(A) = [|Afl[|A™

ne starting block size s
ne cut-off eigenvalue p

ne filtering level ¢

il
1Fol|z
_

E =

w(A)

“a posteriori” good approximation
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Influence of the different parameters

Number of Chebyshev lterations (s = 6)
[ = Amax/D [ = Amax/10 f = Amax /100
Block Krylov Value of ¢ Value of ¢ Value of ¢
Iteration 10-'*  107°® 107 107°® 10~ 1078
Start 35+2 20+3 51+4 30+3 165+14 96+14

1 10 9 15 15 59 56
2 11 11 20 18 88 90
3 16 15 32 30 165 96
4 25 20 43 30 - -
5 35 20 - - - -

In the case © = Amax /5, there are 33 eigenvectors to capture.
In the case u = Amax /10, there are 26 eigenvectors to capture.
In the case © = Amax /100, there are 19 eigenvectors to capture.
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@4 CCLRC Numerical experiments

Back to the starting example
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= - L
2 fbe b Numerical experiments

= Amax /"y Spectral Factorization Solution phase
v Tot. Chebyshev | Size V || Chebyshev Error Energy
Iterations Iterations Norm
Jacobi
1000 1030 (1004) 3 231 71072 (2.6 107°)
500 1101 (1114) 5 163 610~* (7.0 1079)
200 2234 (2615) 1 103 25107* (41079
Inc. Cholesky(0)
100 433 (248) 5 (3) 68 7.4107° (1.8107°)
50 462 (503) 9 48 3107° (1.3107°)
Inc. Cholesky(10~2)
10 55 (70) 3 19 8.2107° (3.3107°)

Summary of the results
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THE END
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