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Abstract. In this note we extend a 2018 result of Bardos and Titi (Arch Ration Mech Anal 228(1):197-207, 2018) to
a new class of functional spaces Cg’a((l). It is shown that weak solutions wu satisfy the energy equality provided that

u € L3((0,T); CS’Q(Q)) with a > % and A > 0. The result is new for a = % Actually, a quite stronger result holds. For
convenience we start by a similar extension of a 1994 result of Constantin and Titi (Commun Math Phys 165:207-209,
1994), in the space periodic case. The proofs follow step by step those of the above authors. For the readers convenience,
and completeness, proofs are presented in a quite complete form.

Mathematics Subject Classification. 35Q31, 76B03.

Keywords. Onsager’s conjecture, Holog spaces, Euler equations.

1. Introduction

In this note, we are concerned with the Onsager’s conjecture of incompressible Euler equations in a
bounded domain Q C R” with C? boundary

Ou+u-Vu+Vp=0, inQx(0,7),
V-u=0, in Q x (0,7), (1.1)
u(zx,t) -n(x) =0, on 90 x (0,7).

where T is a positive constant, and n(z) is the outward unit normal vector field to the boundary 0.
We say that (u(x,t),p(z,t)) is a weak solution of (1.1) in Q x (0,7), if u € L®(0,T;L*(Q)), p €
L}, (2% (0,7),V-u=0in Q2 x (0,7), u- n=0 on 92 x (0,7) and, moreover,

loc
<uaat¢>r + <U Qu: V?/J)x + <p7 A\ w>m - 07 in Ll(OvT)a (12)

for all vector field ¢ (x,t) € D(Q2 x (0,T)). We have used the notation (-,-), in [1], which stands for the
distributional duality with respect to the spatial variable x.
Onsager’s conjecture for solutions to the Euler equations may be stated as follows: Conservation

of energy holds if the weak solution u € L3((0,7); C%*(Q)), with o > £; Dissipative solutions u €

L3((0,T); C%*(£2)) should exist for @ < %. See [12]. This conjecture has been intensively studied by

many mathematicians for the last two decades. In the absence of a physical boundary (namely the case
of whole space R™ or the case of periodic boundary conditions in the torus T™), Eyink in [8] proved
1

that Onsager’s conjecture holds if @ > 5. Later, a complete proof was established by Constantin and

Titi in [7], for a > 1, under slightly weaker regularity assumptions on the solution. In [6] Cheskidov,
Constantin, Friedlander, and Shvydkoy proved energy equality in the space periodic case for solutions
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u € L?’([O,T];BEC(N)), where BB%’C(N) is a Besov type space for which Bg%’p C BB%’C(N) C Béoo, for
1 < p < oo, see reference [6] for details. See also the end of this section.

Recently, Bardos and Titi [1] considered the Onsager’s conjecture in bounded domains under the non-
slip boundary condition. They proved energy conservation if v € L3((0,7T); C%*(f)), for v > %. Later
on, Bardos, Titi and Wiedemann [3] relax this assumption, requiring only interior Holder regularity and
continuity of the normal component of the energy flux near the boundary. See also [11]. The result
obtained in [3] is particularly significant from the physical point of view. A very interesting extension
of Onsager’s conjecture to a class of conservation laws that possess generalized entropy is shown in by
Bardos et al. in Ref. [2].

Concerning the second part of Onsager’s conjecture, in a series of papers, Isett [9], Buckmaster et al.
[5], see references therein, by using the convex integration machinery, proved the existence of dissipative
energy weak solutions for any a < % Furthermore, Isett [10] constructed energy non-conserving solutions

under the assumption
é—B\/@
u(z +y,t) —u(w,t)] < Cly[> Vo

for some constants C' and B and for all (x,t) and all |y| < 1072,

In this note we will study Onsager’s conjecture in a new class of functional spaces, Holog spaces, which
have been considered by the first author in [4]. To state our main result, we first introduce the definition
of Holog spaces.

Definition 1.1. For each 0 < o < 1 and each A\ € R, set
CY(Q) = {f € C(Q) : [flvaq) < o0},

where
|f(x) = f(y)]
[f]cg,a(ﬁ) = ~sup Y . (1.3)
z,y€Q,0<|z—y|<1 (log \fﬂ*y|> |$ _ y|a
. . 0,0/ . o B -
A norm is introduced in C\*() by setting || fllco.(g) = [flooe @y + Iflo@)-
Now we can state our main theorem.
Theorem 1.2. Assume that
ue L¥(0,7); C3 (), (1.4)
with o > % and A > 0. Then the weak solution of (1.1) satisfies the energy conservation:
||u(~,t2)||Lz(Q) = ||u(-,t1)||L2(Q), fOT‘ any tl,tg S (07T) (15)

Clearly, for o > I the above results follow immediately from the relation C3*(€) C C%%(Q). The
new results are obtained for a = %

As still remarked in the abstract, the proof of the above result is a step by step adaptation of that
in Ref. [1]. So we are aware that the merit of the results goes in a greater part to the above authors.
However the new results are significantly stronger then the previous ones, in particular in the form stated
in the following theorem.

Y
Theorem 1.3. Theorem 1.2 still holds if one replace in (1.3) the function (log ﬁ) by w(lz —y|),

where w(s) is a positive and non-decreasing function for s > 0, and lims_,ow(s) = w(0) = 0.

1 _
The reason that led us to put in light the Cg"”’ (Q) case instead of the stronger case considered in
Theorem 1.3 is due to the effort employed by us to try to prove the first case, before realizing that the
way followed in Ref. [1] could be applied successfully.
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Let’s end this section by a comparison between the distinct results. Concerning Theorem 1.2, the gap
between the set consisting of all Holder spaces C*((), with a > %, and a fixed Holog space o ’3( )
is wide. In fact, the union of all the above Hélder spaces is contained in the single space C2 A ( ), which
is away from C ( ). Nevertheless, in comparison to the result stated in Theorem 1.3, also the spaces

C’g’?’ () are far from CO’S( ). In fact, roughly speaking, we may say that there is few “free space”

between the set of spaces considered in this last theorem, and C%3(€2). Recall also the sharp result,
still referred above, obtained for the space periodic case in Ref. [6]. Concerning this point, let’s consider

1 1
the relation between By |, and Hélog spaces 02’3( ) . The Besov space B '~ can be characterized as

follows, see Proposition 8’ in [14]:

Bz%,oo =: {f € L?:||flls+ sup Ity +/@—y) = 2/ @) < oo} .

ly1>0 ly|5

Hence one has Cg’% C Bioo, for any A > 0. From Shvydkoy [13], ¢(N) stands to indicate

1

Wl s |f(z—y) = f(z)Pde — 0, as |yl —0,

1
which implies that C 5 C B3 c(N)" Hence, in the case of period domain, our 02’3 result is covered by
that of Cheskidov, Constantin, Friedlander, and Shvydkoy’s.

2. Theorem 1.2 for the Period Domain T"

Before proving Theorem 1.2 we consider a simpler situation, the period domain case. This helps us to
understand the proof of the general bounded domain case. In this case, as in [7], taking in (1.2) ¢ = (u°)¢,
one can get

1d
§£/Tn |u6\2dx+/n(u®u)€:Vuedmzo,

which shows that

ol = el =2 [ [ o v (2.1

where, as [7], we introduce a nonnegative radially symmetric C*°(R™) mollifier, ¢(z), with support in
lz| <1 and [, ¢(z)dz =1, and for any 0 < € < 1 we define ¢ = 2-¢(%) and set u® = u * .
Now, we estnnate the term on the right side in (2.1). Firstly, it is well known that, see [7],

(0 u)(e) ~ (u° © ) = [ (5,00 6@y~ (u— u)(a) © (u - u) (o)
where
(8,0)(2) = u(x — ) — u(a).
Secondly, one has, for almost all ¢ € (0,T),
Y
ute =)~ u(@)| < (tog ) Iylull g, forany 0.< ] <1 22)

which gives

u(z) —u(z)| =

/H(U(fv) —u(z — y))@(y)dy‘ < <log i) s e llullgg.e- (2.3)
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Furthermore, one has

[Vu(x)| = V(bs( ) -u(x — 2)dz

Voe(z) - (u(x = 2) — u(x))dz

Tn

Y (2.4)
1 (6%
<c(1gl) e ||u||co,a/ V6. ()\dz
€ A Tn
1 -
a—1
<C’<log€> € ||u||Cg,a,
and
A ’
/ <6yu®5yu><x>¢e<y>dy]<c[(1oge) EaUHcgva} [ o
) (2.5)

=C

1 -
(17) |u||cg=~]

Note that the estimates (2.3)—(2.4) are point-wise. In this sense they are stronger than the related
estimates (6)—(8) in [7].
Finally, noting that

1 1
/ u® ®u® : Vu'dr = / uc - V§|u6|2dm‘ = / §|u€|2V ~udr =0,
n k ’]I"n.

one can deduce from (2.3)—(2.5) that

/ttQ/ u®u) Vuedxdt‘
. (fowesmmonn| ) meen
to Y . Y
<c/ l(log ) ¢ ||u||cg,a] <log6) o g
1\ 3 - 2 ,
=C (10g€> € /tl H“||cg=~dt-

From this estimate, letting ¢ — 0 in (2.1), we obtain the Theorem 1.2, for the periodic domain case, since
o> % and A > 0.

3. Preliminary Results

When we consider a bounded domain, due to the boundary effect, one can not take (u) as test function.
To overcome this difficulty, Bardos and Titi [1] introduced a distance function: For any € € one defines
d(z) = inan |z —y|, and set Qy = {z € Q: d(x) < h}. Asin [1], since 9 is a C? compact manifold, there
yeE
exists ho(2) > 0 with the following properties:
e For any = € Qy,, the function x — d(x) belongs to C*(Qy,);
e for any = € {2, there exists a unique point o(z) € 9 such that

d(z) = |z —o(z)], Vd(z)=—-n(c(x)). (3.1)
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Now, let 0 < n(s) < 1 be a C*°(R) nondecreasing function such that 7(s) = 0, for s € (—o0, 3], and
n(s) =1, for s € [1,00). Then 0y (x) = n(@) is a C1(Q) function, compactly supported in 2. Denote by
the same symbol 6}, its extension by zero outside 2. Similarly, for any w € L>°(Q2), the extension §,w by
zero outside €2 is well defined over all R, and will be also denoted by 6,w.

It is natural to take 0, ((65u))" as a text function. Contrarily to the period domain case, now V-1 # 0.
Hence we will need to estimate the pressure in a suitable way. Actually, due to C’g’a () C C%¥(Q), we
can get the following result from Proposition 1.2 in [1].

Proposition 3.1. Under the assumption of Theorem 1.2 the pair (u,p) satisfies the following regularity
properties:

u@u e L3((0,1); LA(Q)), pe L2((0,1);C**(Q)),
and
du=—-V-(u®u)—Vpe L2((0,T); H *(Q)).

Furthermore, one has

T 3 T 5 T 5
/0 1Dl 20 ot < © / ulE0.0 gyt < C / e (3.2)

Remark 5.1. In [1], although the authors assume a > 1, it follows from the proof of their proposition 1.2

that the result holds for any « > 0, especially for o = %

Remark 3.2. According to Proposition 4.3 below, since

T T T %
3
| ot < ([ tpllde ) ( [ty )

3 ,
to obtain Theorem 1.2, we merely need to have the estimate fOT Ip|| e dt < C’fOT ||u||3co,adt. Hence, the
A

(%

estimate (3.2) is enough to obtain our theorem.

Compared with the periodic domain case, since the test function include the function 6j, we need
some estimates for 6.

Lemma 3.2. Let h € (0,min{hg, 1}). For any vector field w € C’g’a(Q), with w-n = 0 on 0N, there exists
a constant C independent of h such that

N\ L
(o) V0,(0)] < Cluilege ey (lox g ) 17, (33)
and
1\
/n |w(z) - VO (x)|dr < CHU/HCQ,Q(Q) <log h) he. (3.4)

Proof. The proof is completely similar to that of Lemma 1.3 in [1]. For completeness, and for the readers
convenience, we give here the proof. When z € ()¢, since VO (z) = 0, one has w(z) - VO (x) = 0.
When z € Qp, it follows from (3.1) that

V0u(0) = 11 () oo
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Noting that w(o(z)) - n(c(x)) = 0, one can get

) 90, =o' (52 Jtwle) — w(o() n(o (o))

c 1 -
<= 0.0 . — - @
—_ h ||wHC/\’ <10g |.T . O'(J?)) |l’ O'(l')‘

1\
<Clullge (o) 1

This gives (3.3). Integrating (3.3) over R™, combining with the facts that the support of V8, is a subset
of Qp,, and [Q,| < Ch, one obtains (3.4). O

4. Proof of Theorem 1.2

In this section, we focus on the proof of Theorem 1.2. First, we set h € (0, min{ho,1}) and € € (0, 2).
As in [1], we take in (1.2) ¢ = 6, ((0pu)°)" as test function. Note that, due to Proposition 3.1, ¢ €
WL3((0,T); HE(2). So it can be used as test vector field function. So one shows that

(u, Oy (Hh ((Hhu)€)6)>lc +{u®@u:V (Hh ((9hu)6)6)>g€

+(p, V- (0h ((Ohu))))s =0, in L'(0,7T). (4-1)

Next, as in [1], we establish three propositions to estimate the three terms on the left side of (4.1),
denoted here by Ji, Jo, and J3 respectively.
For .Ji, by arguing as in [1] Proposition 2.1, one proves the following statement.

Proposition 4.1. For any (t1,t2) € (0,T), one has

[ 1 1
}ng}) N Jidt = §||u(t2)||%2(m - 5”“@1)”%2(9)'

Next, we control .Js.

Proposition 4.2. The following estimate holds.

. 1\,
ol = (u @ : ¥ (6 ((04u)) )] sc(logh) B ] . g ]

1\ 0 € ’
a—1 (e}
0 (tot) e Mulgge ((tont) ey + Fhull

Proof. We first write J, as
J2 = <U Rdu: Veh & ((Ghu)€)6>z + <u Xu: th ((Qhu)5)6>m =: J21 + J22.
For Js1, by Lemma 3.2, one can get

[Jo1| =[{u@u: VO ® ((65u)) )|

/ (u - VOy) (u- ((Onu)) )dx
Qp

1
<C <log h) ho‘||u||cg.a
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For Jys, one has

where we have used that
€ € € € 1 €12 1 €12 €
u @ (Opu): V(Opu)de = [ u -V§|(9hu) |“dx = 5\(9hu) [V - ufdx = 0.
Ry
By using the identity

(v@w) () — (v @w)(x) = /R (00 @ byw)(2)de (y)dy — (v —v°)(z) © (w — w)(x),

n
Y

where

(0y)o(z) = v(z —y) —v(z), (Oy)w(z) =w(z-y) - w),

one can write Jaoo = Jao1 + Jaoo with

Joao1 :/ (/
Ry \JRp

:/Q (/}R (Gyu® 6y(6hu))(a:)¢e(y)dy> : (/R Voe(z) ® (Ou)(z — ZMZ) dz,

(6yu® 5y(9hU))(x)¢e(y)dy> : ( Voe(2) @ (Onu)(z — z)dz> dx

n
Rz

and

Jaa = [ (=) @ (On) ~ On))): V(Bpu)do

x

:/Q (= u®) @ ((Ont) — (Bnu)°)) : V(Onu)“da.

27

For Jy21, noting that supp ¢ C {y : |y| < €}, that [6,0,(z)| < C% for all |y| < e, and that [, |[Ve|dz <

Ce™ 1, one shows that

/R (6,0 6, (0)) () b () dy

n
Y

/R (Oyu @ (On(z — y)(6yu)(x) + (3,0n) (2)ulz — y)) Pe(y)dy

n
Y

- —A
1 o 1 o €
<c(ogr) e [ ((ng) : U||cg=a+h||uLoo>¢e(y)dy

Y

A o I o €
=007 ) eulloge | (log7) g + £ lull |
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and

Vo (z) @ (Opu)(x — 2)dz

n
R z

Voe(2) @ (Onu)(z — 2) = (Onu)(2)) d=

RZ

Voe(2) ® (0.0n(x)u(z — 2z) — Op(x)du(z)) dz

Ry

0 o €
<c<(1og6) e ||u||cg,a+h||u||m> [ wouya:

Y
1 €
—1 (e
< ce <<1og D) g+ h||u||Loo> .
Hence, one has

1\ 0 €
el < € (1or 7)€l ((bge) ea||u||cg,a+h||u||m>

For Jag9, it follows from (4.2) that

2

|V (Opu)(x)] = Voe(z) @ (Opu)(x — 2)dz

R

—x
1 €
-1 «
<Ce <<log e) € ||uHCg,a + h|u||Loo> .

On the other hand, for all x € supp 9h+€7 one has
og € ||uHCg,a,

u(z) — u(z)| =

/ (u(a) — u(z — 1))de(y)dy
R

n
Y

and
|(Onu) (@) = (Onu) ()|

[ (@@) = )z~ )enl)dy

n

=1L Pe(y) (0y0n(x)u(z —y) — On(x)dyu(x)) dy

Y
1 o €
<c ((loge) lul o + h||uLoo> .

Combining with (4.3)—(4.5), one gets

J <0117AcH 11%“ ¢
ol <O (tog =) e Hulloge [ (log o) elulloge + 5 ull

2

JMFM

(4.4)

Now, collecting the above estimates obtained for Jo1, Jo21, and Joso, one obtains the desired estimate for

Ja.

Finally, we estimate J3.

O
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Proposition 4.3. One has

.9 - (80 (B3)) )l < Clpll = e <<1og (2)) e+ (1o (1)> ) .

Proof. First, one has
(P, V- (6 ((0r1))))a Z/QPV'(%((QW)E)S)GZ%

= [0V - () e+ [ 900 (@) da
Q Q
=:J31 + J30.

Concerning J31, from (2.22) and (2.25) in Proposition 2.3 of [1], one obtains

J31 :/Q(P(x)eh(x)/m

by Lemma 3.2, which implies that

“A
1
gl <l luleg (10 (7)) e

de(x — Y)Pe(z — y)u(z) - V@h(z)dzdy) dx,
R

n
Y

For Js2, as in [1], one has

J3o = /Qh (p(x)VGh(x) . /R;z s On(x —y+ 2)u(z —y + z)qﬁe(y)gbe(z)dydz) dx,
=/ p(x) (/ De(Y)Pe(2)0n(x — y + 2) (u(z —y + 2) — u(2)) - V9h(x)dyd2> dzx
Qn Ry JR?

+ /Qh p(x) (/R? s De(Y)Pe(2)0h(x — y + 2)u(x) - Vﬁh(x)dydz> dx
=:J321 + J322.

Noting that

oy +2) 0] < g (o (1)) e

€
for the relevant x, y, z for which the integrand in the definition of J33; is not zero, and that
th VO, (x)|dx < C, one shows that

—A
1
| < Cllpllclul e (108 (7)) e

Concerning J399, it follows from Lemma 3.2 that

ol < [ Ipta) ( | [ oot veh<x>dydz> o

) Y
<Clplelullege (108 (7)) e

Collecting the above estimates, one proves the proposition. (I
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Now, it follows from Propositions 4.2, 4.3 and the estimate (3.2) in Proposition 3.1 that

2 1\ 1\\ t2
/ |Jo + J5|dt <C (log ()) he + <1og <)) € / Hu||300,adt
t1 h € t1 A

1\ 301 1\\ *extt 23 o)
+ <log (6» ol <log <E)> . /t lulidg.edt
by choosing € = hTts and by letting h — 0, since o > z and A > 0, one has f:f |Jo + J3|dt — 0.

Combining this fact with Proposition 4.1 and Eq. (4.1), one proves the Theorem 1.2.
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