
GMT 19/20 lecture 18 18/5/20

Review of basic multilinear algebra
(real)

setting : V Keeton
space,

Vt dual of V

(or K- corrector)
Def A k-h-ueae.at#wonV
is a function x : Uk→ R s .tv

(ai) x is linear wi each variable
,

Cii) x is alternating
,
that is :

4. ( Iggy , - e - y VGCK) ) =

= Sgu ACH
,
. .- , VE)

✓ Vi , . . . > Vw EV , t 6 C- Skis { permit.

of the set {I, . . . . , k} }
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Rainald • Cii) is equivalent to say that
a change sign if I swap Vu with

Wj for some lists
'

.

J,
• AMV ) is a linear space

-

Hui
,
-

→ Video
if view .

• Nev) = v* ↳±j
• It is convenient to set now ) is IR

• dem ( MCV ) ) - I if diuucvtk

( already known is part of free(
diehard . of determinant of kxkmatr!

• x ( Vi
,
- . .

.

, Va ) -O if y , . . He are

linearly dependent
( assume he is linear Camb . Of
Us . - - i Vn⇐, i Un - § do Vj

d- - n ) - duh
,
. . . , Umi, Ii dig )=

= II Kui , -→ Um, Vi ) - O . )
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• Iw paretic .
HCV ) - {o} if Ksdewv

Defy ( exterior product ) .

let a⑥ AHH , p eater) .

Thee d. AB is the element of Ahtklv)

given by

Nap (v, , -→ Vam) =

=
-1 Esg uk ) d(Vaca , , . -→ Vocal 'h !k ! sesame

. p(%,µ . .-
- - - Veena)

Remarks
• Ai Ahcvlxnkcv )→ nhtkcv)
is linear in each factor

,

• associative ( Ca , Awaaz = din kids ))
• A is not commutative but

Baa - C-Dkk an B
⇒ if his odd and -0



• de Rx AOCV ) then Ana = da

-

let now e , . . . . , en be a basis of V

( order is important ! ) T
dimAlen

Then ein. .
, evi is the

is finite

corresponding
"dual basis

,
ice

.

basis of V8
, namely

et. ( e; ) - Sij Viii

( et
to) is ith coordinate of www.t. )to the basis er, - - yen

(e' i , . . . > in) is a multi index .

⇒ is { list. Isi , seize . . - c e'nsn}

tf is C- In,n we set e i-ee.a.ua ein
in

New )



Theory For k > 0
,
{ egg : I C- In,u}

is a basis of MV ) , and indeed
✓
aenka)
x = E ai dis

isEthic

where he := New , . . . , ein) = : Kei ) .

In particular

dim ( Aka)) = {
0 if k- o or Ksn

# In,n= (mu ) ifosksn

bummed
t wi , . . , Va EV let M be the nxk matrix

whose j -th Colum . is given by the

coordinates of Vj Wint
.
to the ban's

.

tf is C- Juice

e (v, , . . .,vu)=det(Me)
Kxkminor of it
I

given by the

hows it
,
- . -

g like



In particulate
, Lej . . . . . . ein) ' SII

H

e Cei
.

)

Proof By induction on k -1 expansion of determinant

6uuea3_ let a EMV) .

If Nei ) = O VI c- In
,u

then X EO .

Booed a.Cee ) so t de Ink

⇒ New
,
.
. .

, eine) VIE { to , . . .,u3k

Use linearity of a to write

x (Y
,
-→ Va) as elelueew

ceunbiuatim of alee ) with
i E { I , . . . ,h}k . O



Proof of Th .
I

slept {e% : I ethic} are

linearly widependent .

It
e: Cevdet toute Cei) -0

Hdtv
steps

⇐ g. acne
a. Lei

, ,
-→ ein)

because

pi = a - { ace e:

satifisfees Bce, 1=0 HI C- In,a
"

aces ) - g. ace e:*.)
"

ace; ) - ace, sis o



Special ease
✓ = IR"

.

Then er
,
. . . ,
en devotes the

canonical basis of Rh , and
we write dxi instead of et

( in agreement with the differential
hotateetiom )
and ddxi instead of e .

-_

Computations in terms of the basis

x - dx ,
a dxz -12dg x don

ana = (dxiadxetzdxsndxg) A
A ( dxiadxaezdxzndxa )
= dxiadxandx

, a doz .

+ zdxiadxzandxzlldxa
+ 2 dxzadxandx , adxz
1- 6 dxzhdxuadllzadxa



= - dx¥dx, a dxineyxz
+ zdxindxzadlzadxg
+ 2 dx , a doz a dxzndxu
+ 0

= 4 (dxindxaadxoadxa)
=

Proposition ( Cauchy - Binet formula)
Given A

, B E Knik with lsksh

then
det (At B) = E detail det(By
~ Iet,n

- )
kxkmatrix T

kxk minor

⑤ ⑤ n of A eornesp .

to rows eh
, in

Iw particular det(AtA) = E @etlAiD2
T is C-Enon

( used for the Jacobian . -I



Proof let acne
,
-

→on)i=det(Atv)
( ✓ = nxk malaria with columns Vi

,
. . - ion)

CheBK that dis k- linear + alternating
then a - § Kei ) ei

then
det CATV) = No, .

. -son) =§ alee ) e (vii.ik
H H

det (AtEI) detail
11

det, CA )
detail)



Back to V linear space
-

Simple K- rectors will

%ega÷÷"
"eeiuuvaak%EE.%eF.SI

(Vi , . . . "wa) v GT . . . . ,Th)
'

means that

a Cv, , . . . , Va) = 9th , . . ..in)
Hae Aku )

Temporarily we write equivalence
classes a [o, .

. . , on] (eater Ha . . - Ava)
and write 0=0. - - - it I? oud



Biopsy ( i ) H , -→Va) NCO, . -→ o)
iff . Ni , . . . ,Vn are linearly dependent

Lii) If @, , .
-you) n GT , . . - ion) 46, -→ o)

then span CV, , -→ ow) = span CUT , -→Tn)
moreover the change- of -base matrix
M ( that is Fei = Ejrlijvj. Hi , j )
has details I


