GHT 19/20, lectuvez, 13/3)20 [version: 30/4/2020]

Let me h’ecall how e leEd' m-e‘lhzd wervke

1o find (prowe the exiclace of ) & mimmizer of aﬁwfaiu
funclionsl  F whieh 1= ha’fwa'.lj defived on & spae X of
""resulav,, objects (funelims, sSuvfame ) one constvuele
3 suwitable clees of 49e»1€mli2&dg dajise‘l's X (e»«dowad
it 3 swtabe 1‘cpoh:»33) and au exteugion f T toX
such tat T iz €.s.c. aund coovcive ow X.

Tiie wnplles the exicteue of > wimwnzer of F X,
awd LLoPefu@ej ome  Cak Showw thst  suek  wanimizer

aeﬁxauj k}elouss & X (V&gulav@ ﬂ-em:j).

It is imporfart o moliee fuat ul,ﬁe,vevsl te Pltese Pb.

may have wo Seblim u fhe clss  of requlsv Skifsces
(e 9., uvfoces o cl.agscl).

Tiis wesus  thst the soltim actusly thsh one Puds
witaw Hie ebss of wtegwel cuwredts (or any ofiey
closs of “genecliaed, sufoces) canvst be rea\l,j Censidered
“Hue , solutim of PP

However ome cow proe  sowe Paft'al regularity st show
Hst sucl solullone ove  2elisly vegulsr swfoas except

.f.'c:h' a sfusu‘?v set Of lower dumensiow .

Resulari‘g theovy for minimal suvfaces (acﬂ‘uallj, minimal
awiredte) s quite diffett aud by fov uot yet completed.
Ju fs couvze T will wst prove any vegulavity except the
mimwal one | hawely thsl n e ewd we olifsin 3
closed vestifable set.



1.3 Exc’amp\eg of non vegular minimal  surfaces

Thst is, example of boundsres M for whick Platesu P,
adwmite no scwbtion > of elass ¢!

5xawxp\ei (h=y,d=2)
T RO o> STt
M= (Si X SLOE)U (EOE X Si) < ;;;;:wﬁqifhcles
Z_ L= (Dl a(iﬁ}) U (101 \(FD‘J') H ?ni;;o:seﬁimg ‘::_“;Z}O]

D-= zxeﬁf_z s.t. |><|£|}

and

Noi‘e 'HﬂéT [Mis a ﬁmea‘f‘b\ Ck.LrUE»J

pg 2\{009] 1s > smecth suvfom but 2 i NOT, and move
F'-'e.c‘-ﬂeLj S & wot smocth st (DJG) ,w‘ﬂf;&h ie ﬁm?ove, S
sinﬁmav FO'i'.ﬂJr.

Thew 2 is the uﬂfelua welulion of PP wite Lound:vj "

Th-."s. senteuce s 1“—formu,laﬁ"ec‘ beceuteI hevev dEﬁned HAe,
closs of admsside suwfsees O ond what T wesns that [’
is the boundawy of T (or that 2 cpows l'"'),

The precice stetement ic- _ _
7 infended im ony vessonsble sence

ﬂe. 'Ihﬁimum m o? ‘9""10"‘3 8“ mﬂeﬁ Swr{gaces Z
of clacs C' woith 'oounda\rj " is NoT atteined.

—>re,avea(T,)—=>m
Moveover theve exisk a minimiz_incj séquemce_ af admissible

surfaceg Z.,. that CQHUEng Tc: Z i Heusdorﬁﬁ d".sfalnc{l, éhc:l
are.atzn] —_ = BVEB(Z) = QV'GBCS_*).




fxawxp\e. 2. (h=y, d=2)

Tw R~ CxC et

M= {(w-’f,w*) st we STCff_i
2= {(w?»,wl) s.t. weD’Lca:}

Note thst M iz 2 smesth (mmned’ed) Cuvve

> is howeowevphic To the dice D?,

Z*;:Z\E(qo]} s a swoollh suvface, bt 2 is NOT
Mowe preeisely 2 15 not smooth ot ©,0).

ana

Thew 2 is the unique elulion of PP wit Louhdavb- M
(The pvecise meaning being the <ame as w Exampe f[.)

fxamp\e 3 (n:lm} d=2k (ith lgk<m)
Let 00U ke an opew set un C*
o £: U= " be holomorphic. (= complex analjtic )
oD be 5 com paet dawsin n U with  emecth boundavy .-

Thew let

M= f(w) s+ wedd
aund ?' W] 3

2= 30@) st weD} [T edT" s he

complex gvadienﬁ'
’-l_hus M 3 smocth 2k-\ dimensions)
cuvbace W P ig iuJee‘dnﬂ on 9D and IrahK(vf(w"j):K VWEE}D,

and 2 s smecth 15 § is InjecRve on D and rank (W) =K
YweD. (But Z may be not smootn b x=f(w) if rank (W) <k )

Thew 2 s te um'c-!ue elulion of PP wite Loundavj "




Ex;rnpie ﬁ‘ (ﬂz.?_m with m24; c:l=h-L)
In R'= R"xR" et

M= { () € RR" st X=pl=if = §*xe™
and
2= {(x,g) e R™<R" st |x|=|yléi}

Then 1M is 2 swoeeth suvface, Z*;:Z\E(qm}ﬁ IS 3 Smeath surface
but 2- ic NGT. Move PV‘EG&SE.BJ 2 s .Sihﬂulav at CO}O].

Thew 2 is the U!m'elue, selution of PP wite Lounclavb{ "
(The precise meaning beimﬂ the <ame as wm Ea{am]da ‘i.)

Remarks

o Example 3 coveve both Exampe 1 and Exampe 2 and is
dclually 2 pavlewlav case of & move genersl Elass of
%x;mp\es that of (thdulav) Cowmplex Suvfaces with
(ﬂowPlex) dimeksion K mw C".

Oﬁe_ Froo{_‘ o{f the rmmmahhj of Z, In Examp'le 3 18 am

(e3sy) cowsequewa of Wirlinger inequallly for the
< 3hler -fc:.th

© In EX&W\PIEL] S - CND" where D s the elosed ball B
in R"~ IR"“xR and C is te so-called Simens' cewe -

= JNER™=R™ st Ixl=h] .

o The Ff'ra* p\rccE Of the Mihfmau+j o]f 2 in Example 418 due o
E. Bowmbeyi |, E. Ve Giovgi awd E. Giusti' (19¢9).
f simple proef was given I‘?ﬂ G.DePhiligis and E. Rycini (2009)



o Tor 2¢dg¢n-2 the reﬁulavl@ theory fov 20bilions of Ploteauw
Prodlem W the fawewok of iui’e\gval cuwvents  states thst 5
solwdion Can be vepreseited as o cloced set 5 wiueh i€
smosthh (ama'gljj('ic,) out of the boundavy M snd 3 closed singulav sef
S"n.«j(i) Eu"hlk (“au&dovfﬂ dimension at most d-2..

Exaupe 3 shows (for n,d even) thst this bouud cahnst ke
impvoved,

o For d=n-1 2 much slouger vesult holong since the
dhwmension  of  Siug(E) e 3t most -7
(Thus, fov d<g, Sing (£) -*-516 awd Z is awslytic away from T—.')

Exeampe 4 shows (for n=g , d=3) thst tus bouud camwsl ke
i mpvoved,



RE’,C@P ol basic measure Jr\/\@@l.zﬂ

e will wse only Pew clssces of messures

Outer measuves

Thatis, o-sukadditive measures ow a given set X.
Outer wmessuves ave relevaut (Tous) only becsuse they sve essiev To

conshvuet tiaw G- additive anwezsuves.

RBovel measuves
That s, ©-additive positive measwes on the Rovel G—alaefava J3(%)
of a topologiesl space X.

Real— ov VEC,TGeralued Rovel wmeacures

Thst 1s, 6-addlie messures ow R with values m Rovina
horw\Ec\ gpace E

Il’hPovTavﬂ' 'remav'l(s !_

Except for outer measuwes, whiek sve notivally defined cn sl subsels
of a gvew swblest et X, and will hawe o very Lmited role n

Thie couvee T will on consider Measure clcﬁ.‘med on the

Bcvel - abjebva J%(?ﬂ o) Sewe ".E:po|c\9i csl Space X.

Moveover L assume Qrew stavt that
Xis a |ccallj compact, sepavabde melvic space, %Es:cg;xim%?“

I also assume that, unless T say otherwice :
sefe, maps and {umcims ave slways Rovel weaswvakle

Note indeed thst fcw most apphcaﬁ;ﬂ‘ﬂs i gﬂaljsig Hhere 1s ne wneed To
considey \arﬂer clesses of fumellons or sefe

Quite oftew n the next lectives the Term “measure,
will refer to positive finite Rorel messures,



7 11 Rovel measuves

Notshion and '\_ermimo\c\g}j

Qtueu P, N measures on X, FcX , P:X—L;,EJI+N]', .ﬁ:X—‘\f“X’f
(all Rorel) then:

+ Sup]ﬂov't's - MEaus }I-(X\F) = O_;
supp(i) = supporT of W = smallest closed set thst swpporfs

A& ="Ais abselifely codtinuous wrt W, thstis,
AE)>0 = n(E)>0;

AL =72 ond o are mutuslly singulav , thst s,
A and b ave suppovted en Two dig.\‘]olln“f (Bcwe]) sets
(it does NOT meaw Supp(p)N Sup]o(l):qb)j

M) =kl = pK) = mass of W,
-f_?',L = neasuvre \9Wem I::y [f).u:_l(‘E) ::_[EJIJCJ’_L}.r nc‘\‘e 11'161”
W LF = reshicfion of i to F, [ LF|(E) = 1 (E0F).
f#p, = pLLsh-f-’ovward of K ac_covdfugta]e} that is,
wmeasuvre oi )‘.ijiveu L:.j [-F&}L] (E] = P.(f(EJ}.
J{+(XJ = Space of Pos'f'ﬁve_ Linte weasuwres on X,

Basic results

Theorem 4 I-[f' 8 Is loc_ally .ﬂimife, Hneni'" 1S W‘e\rjuJav,Jrha"I"ls}
gcv eVev:) CEG'{E_!] set £ there helds

Wk (E) = inf Sl I.L(ﬂ) st A opew, .Q:.EE
= SLLF{}L(K} st K compaet, KCE}



Theorem 2 (Lebesgue_ + Radon - Michgm)

Let N, K be locally finite wmeasuves . Then
| ebesgue decomposition

(a) A= ?\,qﬁ-'hg Gt ;\G. L B % RS.LI-L and this ‘
decomposition is unique

Radon- Nikedym Th,
(b) Aa = f\ for some pe lfgm(p) , P20 |

I i addition XCR" or W is asymploTically dou.lolinj

(¢) {"or H-a.e. % 'Hne.ve helds , L
|_ebeggue Differenislion Th.

PO = Om ABG)  _ O Aa(BG)
r>o W(Bxr) >0 K(BRxr)

Reesll that w is asymptaticslly doubling if

€imsik (Bx2ZM) | | g v U-Q.e.X%
r-—'}'% I'*V('B('er}) < -FO H

RemarKe
The funetion p un(b) s called Radou-NiKodym deusity o hg wort .
Ststement (¢) shows That P can be recaieved frem the

values of A and w on kulls.
T+ does net mater whethery closed ov open balls.

Comcevhivls the Ual'\di"(q of (¢), nale st theve exist a Compad’
melvic space X and finite measwes A, Mmoo X such thst
A+ but A(B)= n(B) fov evevy ball B. Tssibly ﬂap'laelhj

wo it L) we fuvtwer  olgtain et A<t aud then

A = by (b), and p ie NOT K-ae. equal tod.
ThuJ:Ftc) dee s M*Vphcld-




Theorem 3 (”‘l:cmfs of L= Spproximale cohﬁmu@)

Let 0 be & locslly finte messwe on X, and assuwe thah
either XS R" or W i3 asymplalicslly doubling.
Let fe LL(p-} wth | sp<too. Then

re_l';no]t ]f(ﬂ—{-’ﬁ)\ d}k(x) =0 fov p-aeX.
B®,¥)
The symbol J(X stonds fov Sverage ovev X : J&Sdp. L= I""O* fadrk.

CoVo\'larj_LL
Take X ond w as in Theorew 2 and € L) (). Thew

S 20 duo = 1) fov e
BQR,¥)

In pavlicular if we toke f:']lE with E Borel we oldain

S o LEEED) _[* to paeRE,
,,l X)| = K@@) (O for p-aeReX\E.
ll,L_de.msir:j of E at X

R&matf KS

Theorem 2 and Corallav 4 hold even £ £ tskes vslues
W a {inite dimensional m@vmed Space

They held even f takes vslues in 3 cevlain eloss of
f\nfmtfe. dimensional ) Banadh space, wweh includes
separabe Hilbert spaces (bul wet all Bawach spaces).

Later m this cowee I will preve statement (e)
o@ Theoyrem iJ and Theoew Z.



