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Value function as maximal solution

1. Introduction

We study a non-standard infinite dimensional, infinite horizon, linear—quadratic control problem as
follows. Take two real separable Hilbert spaces: the state space X and the control space U. Consider the
linear controlled dynamical system

y(t) = Ay(t) + Bu(t),  t<0, (1)
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where y : | — 00,0] — X is the state, u: | — 00,0] = U is the control, A: D(A) C X — X is the generator
of a Cp-semigroup and B : U — X is a linear bounded operator (the “control operator”). The goal is to find
the minimum energy, i.e. the minimum of the functional

0
| o ae

—00

among all controls u which drive a given stationary state Z = 0 (at time ¢t = —o0) into an arbitrary
non-stationary state x (at time ¢t = 0).

This kind of problems arises in the control representation of the rate function for a class of large deviation
problems (see e.g. [1] and the references quoted therein; see also [2, Chapter 8] for an introduction to the
subject). It is motivated by applications in the physics of non-equilibrium states and in this context it has
been studied in various papers, see e.g. [3-8] (see Section 3 for a description of a model case).

In such applications a departure point of the theory is to apply the dynamic programming approach to
characterize the value function as the unique (or maximal/minimal) solution of the associated Hamilton—
Jacobi-Bellman (HJB) equation, a problem left open e.g. in [6,8]. This problem is quite difficult since it
deals with the opposite to what is commonly studied in the literature on null controllability (where one
drives a generic state z into the equilibrium state £ = 0). For this reason we start studying here the simplest
case, i.e. when the state equation is linear and the energy functional is purely quadratic: so the problem
falls into the class of linear—quadratic optimal control problems, the value function is quadratic, and the
associated HJB equation reduces to an Algebraic Riccati Equation (ARE), which can be formally written
(with unknown R) as

0= —(Az, Ry)x — (Rx, Ay)x — (B*Rx, B*Ry)y, x,y € D(A). (2)

The above feature (i.e. the fact we bring 0 to x instead of the opposite) implies that the ARE associated
with this problem is non-standard for two main reasons: first, the sign of the linear part is opposite to the
usual one; second, the set of “reachable states” (i.e. the set, which we will call H, of all z € X such that there
exists at least a control u(-) steering the solution of (1) from 0 to x) is strictly smaller than the whole state
space X, so that the solution R is intrinsically unbounded in X. The combination of these two difficulties
does not allow to apply the standard theory of AREs (described e.g. in [9, pp. 390-394 and 479-486], see
also [10, p. 1018]). Therefore we are driven to use a different approach, that exploits the structure of the
problem; we partly borrow some ideas from [10] and from the literature about model reduction’ (see e.g. [11]
and [12]: indeed our results partly generalize Theorem 2.2 of [12], see Remark 5.5).

In the companion paper [13] we studied, as a first step, the associated finite horizon case. Here we partially
exploit the results of such paper to deal with the more interesting infinite horizon case, which is the one that
arises in the above mentioned papers in physics.

Our first main result (Theorem 5.8) shows that, under a null controllability assumption (after a given
time 7o > 0) and a condition on the range of the control operator B, the linear selfadjoint operator
R associated with the value function is the maximal solution (over a slightly restricted class of solutions
Q, see Definition 4.8) of the above mentioned ARE.

The second main result (Theorem 6.5) looks at the case where A is selfadjoint and the operators A, BB*
commute, characterizing all solutions of the ARE without any null controllability assumption, any condition
on the control operator and any restriction on the class of solutions. This allows to apply such result to the
case of Landau-Ginzburg model.

This is only partially similar to what has been done in [13]. Indeed, concerning the first main result,
Theorem 5.8, the proof that R is a solution of the above ARE is substantially similar to what is done

1 We thank prof. R. Vinter for providing us these references.
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in [13, Section 4.3]. On the other hand, while in [13, Section 4.4] we prove a partial uniqueness result
(i.e. uniqueness in a suitable family of invertible operators), here we are able to prove, through a delicate
comparison argument (based on a non-trivial approximation procedure), that R is the maximal solution
of the associated ARE in a wider class which goes beyond the one of invertible operators. To prove the
comparison argument (which is the content of the key Lemma 4.10) we need to introduce a family of auxiliary
finite horizon problems (see Section 4), which are different from the one studied in [13], and to rewrite the
unknown R of the ARE (2) as R = QP, where @ is a given unbounded operator in X, and P, the new
unknown, is a bounded operator on the set H of reachable states, endowed with a suitable Hilbert structure.

Finally, concerning the second main result, Theorem 6.5, we characterize all solutions of the ARE (2)
with a completely new approach that still uses the new unknown P introduced right above.

1.1. Plan of the paper

In Section 2 we present the setting of the problem, some preliminary results and the strategy to show the
main results. It is divided in five subsections:

e the first one (Section 2.1) is devoted to introduce some notation;

e the second one (Section 2.2) presents the basic setting and the assumptions used in the paper;
e Section 2.3 provides few basic results on the state equation;

e Section 2.4 concerns the minimum energy problem and the associated ARE;

e Section 2.5 describes the properties of the “reachable space” H.

In Section 3 we present, as an example, a special case of the motivating problem given in [6] (the case of the
so-called Landau—Ginzburg model): we show that it falls into the class of problems treated in this paper.

Section 4 concerns the auxiliary problem. After devoting the first part of the section to some basic results
on it, we show, in Section 4.1, the comparison Lemma 4.10 which will be used to prove the maximality result
in the infinite horizon case.

In Section 5 we state and prove the main maximality result.

In Section 6 we analyze the important case when the operators A and BB* commute: this case is applied
to the motivating example of Section 3.

2. Setting and preliminary material
2.1. Notation

e Given any two Banach spaces Y and Z, we denote by L(Y, Z) the set of all linear bounded operators
from Y to Z, writing £(Y) when Z =Y. The adjoint of an operator T' will be denoted by T*. We denote
by Iy the identity operator on Y. When Y is a Hilbert space we denote by S4(Y") the set of all elements
of L(Y) which are selfadjoint and nonnegative. The domain of an operator T will be denoted by D(T)
and its range by R(T).

e Given a possibly unbounded linear operator T : D(T) CY — Y and A in the resolvent set p(T'), we call
R(A\,T) = (My —T)~! the associated resolvent operator.

e Given a linear operator F : X — Y, where X and Y are Hilbert spaces, we define, as in [14, p. 209] (see
also [15, p. 429]), the pseudoinverse F'' of F' as the linear operator

FU.D(F"CY = X,

with domain D(FT) = R(F), where FTy is the element of the fiber F~!({y}) with minimal norm. Note
that R(F") = [ker F|*. Moreover

FFly=y, WyeR(F)CY,
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while
FiFe =1z VreX,

where IT : X — X is the orthogonal projection onto the subspace [ker F]*.

2.2. Basic setting and assumptions

Let —0o <s <t < 4+00. Consider the abstract linear equation

v(r) = Ay(r) + Bu(r), € Js.1], 5
y(s) =z e X
(here, when s = —oo the initial condition is meant to be lim;_, _, y(¢) = x), under the following assumption,

which will be always in force from now on, without mentioning it.

Hypothesis 2.1.
(i) X, the state space, and U, the control space, are real separable Hilbert spaces;

(ii) A:D(A) C X — X is the generator of a Cy-semigroup on X such that
le Nl < Me™, >0, (4)

for given constants M > 1 and w > 0;
(iii) B:U — X is a bounded linear operator;

(iv) u, the control strategy, belongs to L?(s,t;U).

To prove our main results (Theorems 5.8 and 6.5) we will also need three more assumptions: the first and
the second only for Theorem 5.8, while the third only for Theorem 6.5.
The first one is the following null controllability assumption.

Hypothesis 2.2. There exists Ty > 0 such that
R(e) S R(QY,). (5)

where the so-called controllability operator is given by
t
Q: :/ e*ABB*e™ ds, t € [0, +0].
0
The second one is an assumption on the image of the operator B.

Hypothesis 2.3. It holds

R(BB") = R(BB*) = R(Qc0)- (6)
The third one concerns the special commuting case.

Hypothesis 2.4. The operator A is selfadjoint and invertible, and commutes with BB*, i.e. for every
x € D(A) we have BB*z € D(A) and ABB*x = BB*Ax.

Since the last three assumptions will not be used everywhere, we will explicitly mention them whenever
they are used. Note, in particular, that the first equality of Hypothesis 2.3 is always true when X is
finite dimensional, while the second one is always true in the commuting case of Hypothesis 2.4 (see
[13, Proposition C.1-(iii)]).



P. Acquistapace and F. Gozzi Nonlinear Analysis: Real World Applications 63 (2022) 103413

2.3. The state equation
We recall the following well known result, pointed out e.g. in [13, Proposition 2.2].

Proposition 2.5. For —o0o < s <t < 400, 2 € X and u € L?(s,t;U), the mild solution of (3), defined by

y(rys,z,u) = e"™) Az 4 /T e""DABu(o)do, 1€ [s,1], (7)
is in C([s,t], X).
We now consider the state equation in the half-line | — oo, t]:
y'(r) = Ay(r) + Bu(r), 7€ ]—o0,t],
{ Jm y() =0 o

Since (8) is not completely standard we introduce the following definition of solution.

Definition 2.6. Given u € L?(—o0,t;U), we say that y € C(] — 0o,t]; X) is a solution of (8) if for every
—o0 <11 <19 <t we have

T2
y(ry) = 27 AY (p)) —|—/ e(r2= A By(7)dr. (9)
T
and
im y(s) = 0. (10)

Lemma 2.7. Given any u € L?(—o0,t;U), there exists a unique solution of the Cauchy problem (8) and it
is given by .

y(r; —00,0,u) = / e"=ABu(r) dr, r <t. (11)

— 00

Proof. We prove first that the function y(-; —o0,0,u) given by (11) is continuous. Fixed r < ro < ¢, we
have

y(TQ; —00, 0) U) - y(rh —00, 07 ’LL)

T2 T1
:/ e(”TT)ABu(T) de/ e(”*T)ABu(T) dr

— 00 —0o0

T1 2

= / (e(m_”)A — I) eM=DABy (1) dr 4 / e2=DABy(r) dr,
— 00 1

and then continuity follows by standard arguments. We now prove that (9) holds. For —co < 11 < 19 < ¢,

we have

9
y(ra; —00,0,u) = / e(TQ_T)ABu(T) dr

oo

T‘l ’(‘2
— lr=m)A / er1=DABy(r) dr + / er2=DA By (1) dr

—o0 1

r2
= 27 Ay (1) —00,0,u) +/ e2=DA By () dr,

T1

so (9) is satisfied. Moreover letting r — —oo, since u € L?(—o0,t;U) and thanks to inequality (4), we have
y(r; —oo, z,u) — 0 as r — —oo.
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In order to prove uniqueness, consider two solutions ¥ (-) and y»(+) and a point r € | — oo, ¢[. Since y1(+)
and yo(+) satisty (9), for their difference we have, for ro < r < ¢,

lyr () = y2(r)llx = 1" % (g1 (ro) = y2(ro))llx < M e™""0[|(y1(ro) — y2(ro))l|x-

As y1(+) and yo(-) satisfy (10), letting rg — —oo above we get y1(r) = y2(r) for every r < t¢. O

Remark 2.8. Notice that, if the initial condition (10) is not zero, then the above equation cannot have
any solution. Indeed any solution y(-; —oo, x, u) of the state equation (8), with 0 replaced by x € X \ {0} in
(10), must satisfy (9) and lims_, o y(s) = 2. But, as 1 — —o0, (9) implies, as in (11), that

T

2
y(ra; —00, x,u) == / e(r2= A By (7)dr, ro < t. (12)

— 00

Taking the limit as ro = —oo we get = 0, a contradiction. [

2.4. Minimum energy problems with infinite horizon and associated ARE

We now give a precise formulation of our minimum energy problem putting together the finite and the
infinite horizon case (see [13, Section 2.2 and Remark 2.8]).

We take the Hilbert spaces X (state space) and U (control space), as well as the operators A and B, as in
Hypothesis 2.1. Given —oo < s < t < 400, an initial state z € X and a control u € L?(s,t;U) we consider
the state equation (3), which we rewrite here:

y'(r) = Ay(r) + Bu(r), r € ]s,t],
(13)
y(s) = 2
(when s = —oo we agree that z = 0). Denote by y(+; s, z,u) the mild solution of (13) as in Proposition 2.5
(for s > —o00) and Lemma 2.7 (for s = —o00). We define the class of controls u(-) bringing the state y(-) from
a fixed z € X at time s (z = 0 when s = —00) to a given target x € X at time ¢:
Ups,1 (2, ) def {u € L3(s,t;U) : y(t;s,z,u) = Jc} ) (14)

Consider the quadratic functional (the energy)

Tua) = 5 [ o) (15)

The minimum energy problem at (s,#;z,z) is the problem of minimizing the functional Jjs 4 (u) over all
u € Ups 11 (2, ). The value function of this control problem (the minimum energy) is

Vi(s,t2,2) i Jjg(u), (16)
uGM[s‘t](z,m)
with the agreement that the infimum over the emptyset is +oo. Similarly to what we did in [13, Section 2.2],
given any z € X we define the reachable set in the interval [s, t], starting from z, as

Pa S e X Uy(za) #0}. (17)

and set
S def 2
Rpsy = U R, 4- (18)
zeX
6
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Define the operators

t
Lot LP(5,t;U) = X,  Lou= / eDABu(r)dr, —co<s<t< 400 (19)
t
Ly:L20,,U) = X,  Lu= / eABy(T)dr,  te 0, +od] (20)
0
and .
Qi :/ eABB*¢™ zdr, zeX, tel0,+00). (21)
0

We have the following, mostly well known, result.

Theorem 2.9. Let —oco < s<t< +oo andlet z,x € X.

(i) Let s > —oco. The set Ujs (2, ) is nonempty if and only if
z—et=94 e R (Es,t (LQ(s,t; U))) =R (,Ct_s (LQ(O,t — s U))) =R( }12&)
In particular we have
[Zs)ﬂ =et=9)A4, 4 Lt (LQ(S, t; U)) =elt=9)4, 4 R(Q;ﬁi) (22)
(ii) Let s = —o00. The set Uj_oo 4 (0, ) is nonempty if and only if
2 €R(Lovor (L2(—00,1;U))) = R (Loo (L*(0,+00;U))) = R(QL?).

In particular we have

RY )= Lo (LP(s,:0)) = R(QY). (23)
(i) Let s > —oo: then
Vi(s,t;z,2) = Vi(s —¢,0;0,2 — e(t_s)Az) =V1(0,t —s;0,2 — e(t_s)Az). (24)

Hence from now on we set, for simplicity of notation,

V(t,z) = V1(—t,0;0,z) = inf Ji—i0) (), te 0,40, z€X. (25)
UEZ/{[imO](O,Q’:)
(iv) Let s = —o0: then
Vl(—OO,t;O,LC) = Vl(_O0,0;O,if). (26)

Hence from now on we set, for simplicity of notation,

Voo(z) = V1(—00,0;0,2) = inf J1—oo,01 (), x € X. (27)
ueu[—oo,o] (0,2)

(v) Ift >0 and x € R( i/z), there is exactly one minimizing strategy iy . for the functional Jj_ o over

U—4,0)(0,z), and moreover

) 1
V(t,2) = Jivo () = 5@ el (28)

where, fort >0, (Qi/z)T : R(Qtl/2) — [ker Qi/z]L is the pseudoinverse of Qz/Q.
(vi) If t > 0 and © € R(Q:) then V(t,z) = %(QIx,x)X, where Q] : R(Q1) — [ker Q] is the pseudoinverse
of Qt.
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Proof. Statements (i)—(iv)—(v) are classical, see e.g. [14, Theorem 2.3, p.210] or [13, Theorem 2.7]).
Statement (iii) is given in [13, Proposition 2.6]).
We now look at statement (ii). The fact that U[_ (0, ) is nonempty if and only if

2 €R(Lovoy (LP(—00,t;U))) =R (Lo (L*(0,+00;U)))

follows immediately from the form of the mild solution when s = —oo given in Lemma 2.7 and, for the second
equality, by a standard change of variable. The last equality in (ii) follows from the fact that Qoo = Loo L
and from [15, Proposition B.1] (see also [13, Proposition A.1]).

We finally look at statement (iv). Recalling that

u[foo,t] (O,$) = {U € L2(_Oovt; U) : y(ta —O0,0,U) = Jf} ’ (29)

by a simple change of variable we get

u() € u[—oo,t] (07 1‘) — u( - t) € u[—oo,O] (07 l‘) (30)
Hence
Vi(—00, 5;0, = inf J—co,s = inf J—oo = Vi(—00,0;0,z),
100500 = gy oy Tt () = gy 100y oot () = V20, 030,2)

with the agreement that the infimum over the empty set is +oco. This implies (26). O

We take now s = —oo and, based on the result above, t = 0. The peculiarity of this problem with
respect to the most studied minimum energy problems in Hilbert spaces (see e.g. [1,10,16-19], and the
general surveys [9,14,20-23]) is the “time reversal” of the formulation. If we apply the dynamic programming
principle, we find the following Algebraic Riccati Equation (ARE from now on) in the state space X, with
unknown R:

0= —(Az, Ry)x — (Rz, Ay)x — (B*"Rz, B*Ry)y, =,y € D(A)ND(R). (31)

or, in operator form,

0=—-RA—-A"R— RBB*R.

The time reversal of the problem is reflected in two main features of the above ARE which, to our knowledge,
prevent the application to it of the standard theory developed in the current literature:

e the ‘wrong’ sign® of the linear term RA 4+ A*R;
o the fact that the value function V,, is finite only in the reachable set R?f = R( (142), which in
general is not closed and is properly contained in X (see e.g. the diagonal example in [13, p. 29] where

[ker Qoo]t = X and R( (1)42) = D((—A)/?) is strictly contained in X).

00, 1]

To deal with such issues we find convenient to endow the space R(Q})éz) (which we will call H) with a
suitable Hilbert structure which is defined in next Section 2.5, together with some useful lemmas. Later, in

Sections 5 and 6, we will exploit such structure to study (31) in a more convenient form.

2 Evidently the linear and the quadratic terms in Eq. (31) have the same sign, while in the standard case they do not. We
infer that the ‘wrong’ sign is in the linear term looking at the corresponding finite horizon problem in [13].

8
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2.5. The space H and its properties

We define the already announced space H:
H =R(Q:L?). (32)

Of course it holds
H C R(QM?) = [ker Q%" = [ker Quo]*.

As shown right above, the inclusion is in general proper.
Define in H the inner product

(w.)r = QL) 2, QL) 'yx,  zyed, (33)
and, consequently, the norm
Izl = QL) el x,  =eH, (34)
Note that (33) implies
Q%2 QM) = (z,w)x . 2w € [ker Qo] (35)

Some useful results on the space H, which form the ground for our main results and are partly proved in [13],
are recalled in the remainder of this subsection, together with some new results.

Next Lemma 2.10 is exactly [13, Lemma 4.2], except for the statement (v): indeed here we need a slight
modification which can be proved exactly in the same way.

Lemma 2.10.

(i) The space H is a Hilbert space continuously embedded into X .

(ii) The space R(Qo) is dense in H.
(iii) The operator (Q},éz)T is an isometric isomorphism from H to [ker Q
(iv) We have QY% e L(H) and

L

1QY | ey = QY ey

(v) Let Z be another real separable Hilbert space. For every F € L(Z,X) such that R(F) C H we have
(QUMTF € £L(Z,X), so that F € L(Z, H).

Next Lemma 2.11 is an extension of [13, Lemma 4.3].

Lemma 2.11.

(i) Let Hypothesis 2.2 hold. Then, for everyt € [Ty, +00], the space Q¢(D(A*)) is dense in H and contained
in D(A).
(ii) Let Hypothesis 2.4 hold. Then, for everyt € ]0,+00], the space Q¢(D(A*)) is dense in H and contained
in D(A).

In particular D(A) N H is dense in H.

Proof. Part (i) and the last statement are proved in [13, Lemma 4.3].

Part (ii) can be proved in the same way, simply changing the last part as follows. First of all, when
Hypothesis 2.4 holds, by [13, Proposition C.2-(iii)] one has R( 1/2) = R( ééz) for all t > 0. Hence, by
the closed graph theorem, the operator ( %2)162,}/2 : X — X is bounded.

9
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Now fix € H and t € ]0, +00]. Then there is a unique z € [ker Qo]+~ = [ker Q;]* such that Qtl/Qz =z.

Recalling that

[ker Quo]* = R(Qw) = R(QX7) = R(Q,%),

there exists {z,} C X such that Qtl/zzn — z in X. Since D(A*) is dense in X, for each n € N\ {0} we can
find y, € D(A*) such that ||y, — z,||x < 1/n, so that Qiﬂyn — z in X, too. Hence, as n — oo,

1Qeyn — =l = QL) Quyn — QYD) Tallx = QYD) Quyn — (QU2)1Q12Ix
< @Y e lQr yn — 2l x — 0,
i.e. z belongs to the closure of Q:(D(A*)) in H. O

Remark 2.12. The above lemma immediately implies that, for every t € [T, +00] (when Hypothesis 2.2
holds) or for every ¢t € ]0,00] (when Hypothesis 2.4 holds), Q¢(D(A*)) is dense in [ker Qoo]* with the
topology inherited by X, since the inclusion of H into [ker Q)" is continuous.

Now we state and prove four very useful lemmas.

Lemma 2.13. Assume either Hypothesis 2.2 or Hypothesis 2.4. Then we have the following:

(i) For every = € H and r > 0 we have "4z € H; moreover the semigroup e'?|y is strongly continuous in
H. In particular, for each T > 0 there exists cp > 0 such that

le™z||g < er|zllm Vze€ H, Yrel0,T].

We denote by Ag the generator e |y and set e!40 .= et4|y.

(ii) For every A € p(A) we have X € p(Ap) and R(\, Ag) = R(\, A)| .

(iii) The operator Ag is given by
D(Ag) ={x€DA)NH : Av € H} (36)
Aol' =Ax Vx e D(Ao)

Proof. (i) Fix any z € H. When Hypothesis 2.2 holds, for ¢ > Ty we have z € R( %2) = R( i/Z) =
R(L_t0) (see (23)). When Hypothesis 2.4 holds, we have the same for all ¢ > 0 (see [13, Proposition
C.2-(iii)]). Hence there exists u € L?(0,r; U) such that

0
z=L_to(u) = / e~ 74 Bu(o) do.

—t
Thus, for every r > 0, o
ez = / e"=4 Bu(o) do = / e'=?)4 Bu(0) do,
—t —t

where
_v ] u(s) ifse]-t0]
u(s){ 0 if s € [0, 7].

Setting r — o = —s and v(s) = u(s + r), it follows that
0
ez = / e SABU(r+s)ds =Ly 0(v) € R(L_4_r0) = R( ;/_i) = R(QY?* = H.
—t—r

Let us now prove that the restriction of e™ to H has closed graph in H: if z,w, {2,} C H and if 2z, — z in
H, ez, — w in H, then, since H is continuously embedded into X,

Zn — 2 in X, ez, = win X;

but €™ € £(X), so that w = €™ 2. Thus €™z, — €™z in H, and it follows that e™ € L(H).

10
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Now fix € H and consider for ¢t > 0 the quantity ez — 2. We have

x—z||g = sup (etAx —z,Y)H.

lyll g=1

||6tA

Now, for every ¢ € ]0,1[ there exists y. € H with |ly-||z = 1 such that
ez — ||y < e+ (o — 2,y ) mr;
then, using Lemma 2.11 and choosing z. € R(Q) such that ||z. — y:||x < &, we obtain

”etAx —zllg <e+ <etAx —T,Ye — Ze)H + <etAx — T, %) H
< et llete =l lye = zella + (e — 2, QL ze) x

< etz —alln e + [l e — ollx 1Q%zx -

Hence
(1—e)les —zl|w < e+ [e e — x| x QL 2| x,
and letting ¢t — 07 we get

limsup ||e‘dz — z|| g < = 4o
t—0t 1-e

The arbitrariness of ¢ leads to the conclusion.
(ii) Let A € p(A). Then, by the resolvent formula (see [24, Theorem II.1.10]),

+oo
R\ A)x = / e MetAy dt Vo e X.
0

The same holds, in particular, for x € H; by [24, Theorem II.1.10-(i)], this implies that A € p(A4p) and that
the above integral is equal to R(\, Ag).
(iii) Let z € D(Ap) C H. By definition we have

Hence the above incremental ratio must also converge in the topology of X . This means that z € D(A)NH
and Az = Apz € H. This proves that

D(Ay) C{xeD(A)NH : Az € H}.

To prove the converse we first observe that, using (ii) and the definition of resolvent, we get, for n € N\ {0}
and z € H,
nAR(n, A)x = nx — n’>R(n, A)x = nx — n*R(n, Ag)x = nAgR(n, Ag)x.

We also recall that, by the properties of Yosida approximations of Ay (see [25, Section 1.3]), we get
nR(n, Aog)r — x in H Vo e H. (37)

Now assume that z € D(A) N H with Az € H. To prove that z € D(Ap) it is enough to show that
AgnR(n, Ag)z converges to some element y of H when n — +o0: in this case, since Ay is a closed operator,
such element is Agz. To do this we observe that, by the above remarks for the resolvents and by the
assumptions on z, we have

nAogR(n, Ap)z = nAR(n, A)z = nR(n, A)Az = nR(n, Ag) Az.

The latter, by (37), converges in H to Az as n — +o00, since Az € H. This shows that z € D(Ap) and
Agz=Az. O

11
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Lemma 2.14. Assume Hypothesis 2.4. Then we have the following:

(i) Qoo and Q},éz commute with R(\, A) for every A € p(A), and with et for every t > 0. Moreover, for
every © € D(A) we have Qoox € D(A), ch,ézx € D(A) and

AQoot = QuoAx,  AQN?x = QY Az, VaeD(A),

i.e. Qoo and Q})éZ commute with A.
(i) Q1. and ( %2)T commute with R(\, A) for every A € p(A), and with et for everyt > 0. This means that
for every x € R(Qoo) (respectively x € R(Q%Q)) we have etz € R(Qs) (respectively etz € R( clxég) ,
and
Qt etz = e Ql_x  (respectively (QiL%)TetAx = etA(QN?)Tx),
and similarly for R(\, A).
(iii) We have
e gy < Me ™" V¢ >0,

where M and w are the constants in (4).

Proof. (i) Hypothesis 2.4 and [13, Lemma B.2] easily imply that Q., commutes with A, R(\, A) and 4.
By [26, Theorem VI.9] we immediately deduce that Q? commutes with R(\, A) and e'4: so in particular
it commutes with A~!. Hence, for all z € H

QAT 2= ATIQN .
Let « € D(A) be such that z = Az. Then the above implies
QY’zr = AT'QY/*Ax.

This in turn gives Q%Qx € D(A) and the claim.
(ii) We just prove the result for ( %2)1 and e*, as the others are completely similar. Let z € H: then,

since e!z = e!40z € H, we have
1/2(1/2\1 tA tA
QL2(QLA) etz = et 2.

Moreover, since QL% and e*4 commute, and z € H,
Q%QetA(QééQ)TZ _ etAQééZ(QééQ)TZ — etAz.
It then follows
QULHQLD) ez = QUL Q).

Applying (Q})ég)Jr on both sides we get the claim.
(iii) Let « € H and t > 0. We have, using the above statement (ii),

leoz] i = [lea]ln = |QLAQI) e alln = QL) e ullx

= M@ z]x < M (QY) | x = Me™" |zl . O

Lemma 2.15. Assume either Hypothesis 2.2 or Hypothesis 2.4. Then we have the following:

(i) Qoo(H) is dense in H.
(7)) Qoo(D(AS)) is dense in H.
(i) Let Hypothesis 2.4 hold. Then Qo (D(Af)) C D(Ap); moreover Ag is selfadjoint in H.

12
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Proof. (i) Since ker QY2 = ker Quo, we have R(QL%) = R(Qw). Fix z € H and set 2z == Qu/?x €
R( %2) Then there exists {w,} C X such that, defining 2z, = Quow, € R(Qx), we have z, — z in X. Set

Tp = Q%ZZn = Q%QQoown = QooQiézwn-
Clearly z,, € Qoo (H). Moreover
20 — 2/l = QY220 — x| = |20 — 2llx =0 asn — 400,

which proves the claim.

(ii) Fix x € H. By part (i) there exists {z,,} C Qoo(H) such that z,, — = in H. We must have z,, = Qoo 2n,
with z, € H. Since D(A}) is dense in H, then, for every n € N\ {0} there exists w, € D(Af) such that
Iz — wy || < 1/n. Consequently, setting y, = Qoowy, we have, using Lemma 2.10(iv),

1
lyn = 2l < Qoo (wn — zu)llmr + llzn — 2l < |Qucllecm - + llon — @lla -

This proves the claim.

(iii) Let A be selfadjoint and commuting with BB*. Observe first that D(Af) C D(A*) = D(A). Indeed,
when = € D(Af), the linear map y — (x, Aoy ) is bounded in H. Using such boundedness and the fact
that A and Q. commute (see [13, Lemma B.2 or Proposition C.1-(v)])), we get, for every y € D(A),

(2, Ay )x = (2, Qoo Ay )i = (2, AQy ) = (7, AoQoy ) = (452, QoY ) < Cl|Qucyller < C'yllx,

which implies x € D(A*) = D(A).

Now, let € Quo(D(AF)) (which is contained in D(A) by Lemma 2.11, since D(AF) C D(A*)) and let
z € D(Af) be such that x = Q2. Using again the fact that A and Qo commute, we get Az = AQwoz =
QoAz € H. Hence, by definition of Agy, we deduce that 2 € D(Ap) and Agz = Ax.

Now we prove that Ay is selfadjoint in H. Let x € D(Ap) and y € Quoo(D(AF)). Then for some z € D(AY)
we have y = Quooz and QL y = z + 2o, where 2y € ker Q.. Hence it must be (Ax,zy )x = 0, since
Ax = Agx € H C [ker Qoo]*. Using this fact, we get

<A0x,y >H = <A$,y >H = <A'er<1;oy >X = <Aaj7z >X = <1‘,AZ >X
= (2,QAz )y = (2, AQc0z )1 = (z, Ay )1 = (z, Aoy )1,
where in the last step we used the inclusion D(Af) C D(A), the fact that Qo and A commute, and the
inclusion Qoo (D(Af)) € D(Ap). This implies that, for every @ € D(Ap), the linear map y — (x, Aoy )
is defined on Qo (D(Af)) (which is dense in H) and is bounded in H. This implies that z € D(Af) and
Afx = Apx. Hence Aj extends Ay. Since both Ay and Ajj generate a semigroup, we can choose A > 0 such

that A € p(Ag) Np(A). For such A we now prove that R(A, Af) = R(X, Ag), which immediately implies that
D(Ap) = D(A}). Indeed for z € H we have

2= (A= A RO\, Ag)z = (A — A5 R(A, Ao)z,

where in the last equality we used that D(Ag) C D(A§) and that Afz = Aoz for all © € D(Ap). Applying
R(\, Af) to both sides we get the claim. O

3. A motivating example: from equilibrium to non-equilibrium states

In this section we describe, in a simple one-dimensional case, the optimal control problem outlined
in the papers [3—8]. Such special case fits into the application studied e.g. in [6,8], in the case of the
Landau—Ginzburg model.

13
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We consider a controlled dynamical system whose state variable is described by a function p : ]—o0, 0]
(the choice of the letter p comes from the fact that in many physical models p is a density). The control
variable is a function F' : ]—o0,0] x [0, 1] — R which we assume to belong to L? (—oo7 0; L(0, 1)) The state
equation is formally given by

9 (t, x)_%%( )+ VF(t,z), te]—o00,0[, ze]0,1[,

p (=00, ) = p(x), € [0,1], (38)
p(t70)_p77 p(tvl):p+7 tE]—OO7O[,
p(0,2) = pg (2), x € [0,1],

where pi,p_ € (0,1), and p is an equilibrium state for the uncontrolled problem. Hence p is the unique
solution of the following system

so we have p(x) = (p4 — p—)z + p— .

For any datum pg € L?(0, 1) we consider any control driving (in Eq. (38)) the equilibrium state p (at time
t = —00) to po (at time ¢ = 0). Then we consider the problem of minimizing, over the set of such controls,
the energy functional

1 0
I ) =5 [ NP
Given the above structure it is natural to consider the new control
v=VF € L*(—o00,0; H'(0,1))

and take both the state space X and the control space U equal to H~1(0,1): here H=1(0,1) is the dual
space of H}(0,1).

We now rewrite (38) in our abstract setting as follows. First we denote by A the Laplace operator in the
space H~1(0,1) with Dirichlet boundary conditions, i.e.

D(A)=H; (0,1), Anp=7" Vne H}(0,1).

As A is dissipative, the fractional powers (—A)* of —A are well defined (see [9, Proposition 6.1, p. 113]).
Hence, formally, the state equation (38) becomes

{40 = A=A +10, ¢<0 .
p(—=00) = p.

Using a standard argument (see e.g. [27, Appendix C]), the state equation (38) can be rewritten in the space
X and in the new variable y(t) := p(t) — p as

y'(t) = Ay(t) +v(t), t <0,
{ y(—o0) =0. (40)
The function .
y(t; —o00,0,v) = / et=4y(s) ds, t <0, (41)

corresponding to p(t;v) = p+ ffoo e(t=5)41(s) ds, is the unique solution of (40), adopting Definition 2.6 and
applying Lemma 2.7.
The energy functional, in the new control variable v, becomes

0 0
Bw) =5 [ N P ds =5 [ I ds

—o0
14
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The set of admissible controls here is exactly U[_ o 01(0,%0) (see Section 2.4), which is nonempty if and only

it yo € H :== R( ééQ) =D((—A)Y?) = L?(0,1) (see e.g. [13, Section 5.2]). The value function Vi, is defined
as

V. = inf JO (V). 42

)=, W) (42)

Now, recalling that X = U = H~'(0,1) and setting B = I;;—1(9 1) € L(U, X), this problem belongs to the

class of the minimum energy problems studied in this paper and, in particular, all Hypotheses 2.1, 2.2, 2.3, 2.4

hold true. Hence all the results of the subsequent sections apply: in particular Proposition 5.4, Theorems 5.8

and 6.5, Corollary 6.8. In the last Remark 6.10 we summarize what can be said using such results in this

case.

4. The auxiliary problem

In this section we introduce an auxiliary problem which can be considered a “time reversed” version of
the auxiliary problem considered in [10] (see also Remark 4.3 about this). This problem will be a key tool to
prove our first main result, Theorem 5.8. Indeed, as we will see, any solution of our Algebraic Riccati Eq. (31)
can be associated, under appropriate assumptions, with a constant solution of this auxiliary problem with
itself as initial datum; a comparison argument will then lead to the main result.

In this section we consider, for x € X, the following set of controls:

U (@) = {(z,u) € H x L*(=t,0,U) : y(0) = =}, (43)

where y(-) := y(-; —t, z,u) is the solution of the Cauchy problem (similar to (3) but with [s,¢] replaced by
[—t,0]), ie.
{0 = A0 Bute), v )=t )
y(—t) = z.

Note that a control in H[—t,o] (w) is a pair: an initial point z € H and a control u € U|_ o)(z, ), where (see

(14))
Ut 0(z,2) ={u € L*(—t,0;U) : y(0;—t,z,u) = x}. (45)

The following is true:

Proposition 4.1. The set H[—tO] (z) introduced in (43) is nonempty if and only if x € I_{[_w]. Moreover
we have

Ri_0 C H. (46)

Furthermore, if Hypothesis 2.2 holds, we have equality in (46) for t > Ty. Finally, if Hypothesis 2.4 holds, we
have equality in (46) fort > 0.

Proof. The first statement is an immediate consequence of the definition of reachable set in (17) and of
Theorem 2.9(i). The second one follows from (22), Lemma 2.13(i), the fact that R( 2/2) CR( (1342) (with
equality for ¢ > Ty, when Hypothesis 2.2 holds, and for ¢ > 0, when Hypothesis 2.4 holds), and the equality,
proved in Theorem 2.9(i)—(ii),

R(L_to) =R, o =R(Q),  te[0,+] (47)

(here £_; ¢ is the operator defined in (19)). O
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Given a bounded selfadjoint positive operator N on H we want to minimize, in the class U (—t,0)(x), the
following functional with an initial cost:

1 1
T ) = 5Nz + 5 [ (o) s (15)

The presence of the operator N € S, (H) forces us to fix the starting point z at time —t¢ in H, rather than
in X. Define

VN(t,z) = inf JN, (z,u) = inf inf JN, q(zu)|, t>0, zeX, (49
(z0) €Uy 0 () =0 (%) 2€H |uell_, g)(z.0) =0l )

with the agreement that the infimum over the emptyset is +oc, so that V¥ (¢, z) is finite only when z € H.
Now we provide a relation between V¥ and the value function V defined in (25).

Proposition 4.2. We have

1
VN(t,z) = 1215 V(t,x —et2) + §<Nz,z>H , t>0, zelX, (50)
and, in particular,
VN(t,x) <V(t,z) VreX, Vt>O0. (51)

Proof. We use (16), (24) and (25) getting

. 1 1
inf J[]Xt’ol(z,u) =Vi(-t,0;z,2) + §<Nz, Vg = V(t,x —el2) + §<Nz, 2.
w€U_¢ g)(2,2)

This equality immediately implies (50). Taking z = 0 we get (51). O

It is possible to associate to our auxiliary problem a Differential Riccati Equation (DRE). Our aim is to
establish a comparison between the quadratic form associated to “stationary solutions” @ (see Definition 4.6)
of such DRE and the value function V" above when N = Q. This result will be a key tool to prove our
main result (Theorem 5.8 in Section 5).

Observe that the above mentioned DRE will not be studied in this paper. Here we only explain, in
Remark 4.3 just below, how such DRE arises, while we concentrate, in next Section 4.1, to give the precise
definition of stationary solutions of it and to prove the announced comparison result.

Remark 4.3. If A generates not just a Cy-semigroup but a Cy-group, the auxiliary problem can be shown,
under appropriate assumptions, to be equivalent, reversing the time, to a standard optimization problem
with final cost. Indeed, given x € H, consider the problem of minimizing, over all v(-) € L?(0,t;U), the
functional

t
T gt = 5wl w0+ [ Tl ds (52)
where w(-) := w(+;0, 2, v) is the mild solution of the Cauchy problem
w'(s) = —Aw(s) + Bv(s), s€[0,¢], w(0) = . (53)
Assume now that, for every x € H, the mild solution w(-;0, z,v) belongs to H for every t > 0. Setting

VNt )= inf TN (z,0),
(t,r) I - 0,4(%,0)

16
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it can be seen that
VN(t,x) = VV(t,x).
To see this, fix (¢,x) € [0,+oo[ x H and recall that, for every (z,u) € Uj_4 (), we have
0 0
ez +/ e *ABu(s)ds =z <+ 2 +/ etV Bu(s)ds = e

hence, changing variable in the integral,
t
2=y +/ == B(—u(—s))ds.
0

This means that R[,w] = H (see (18)). Moreover, with any (z,u) € ﬁ[,w] () we can associate a function
v € L?(0,¢;U) such that w(t) = z, namely, v(s) = —u(—s); consequently

TN oz u) = Ty (@, v). (54)

Conversely, given any v € L?(0,t;U), set z = w(t; 0, x,v) and u(s) = —v(—s): then, clearly, (z,u) € H[_tm (x)
and, again, (54) holds. In conclusion, there is a one-to-one correspondence between the control set of the
two problems and, in particular, VN (t,z) = VN (t,x).

The equation for the “time-reversed” problem (52)—(53) turns out to be the following:

PN ()i = —(Ax, PY () — (P (s)a, Ay
—(B*QLPY()r. BQLPY (s, s J0.d) (55)
PN(0) = N.

To give sense to (55) we must take x,y € D(A) N H with Az, Ay € H and PN (t)x, PN (t)y € R(Qs). When
B*Q1_ can be extended to a bounded operator H — U and A generates a group, then it is known that the
value function V¥ is quadratic and ‘7N(t7x) = <]3N(t)x,x>H, where PV : [0, +00] — S4+(H) is the unique
solution of (55). In our case this is not obvious, but it suggests anyway the right form of the Riccati equation
for our auxiliary problem. W

Remark 4.4. As in the case N = 0 treated in [15], in the above Riccati equations the sign of the linear part
is opposite to the usual one. In fact the control problem (44)—(48) involves an “initial cost”, instead of a final
cost like in the standard problems (see e.g. [10]). N

Our aim now is to prove that for every stationary solution @ of the Riccati equation (55) (in a suitable
class to be defined later) there exists an operator N, namely @ itself, such that

1
§<Nx, Vg <VN(t,z), for sufficiently large t.

Remark 4.5. It is possible to prove much more about the auxiliary problem, namely:

(i) that, for every N € S, (H) the value function V¥ is continuous and is a quadratic form in H;

(ii) that, when N is coercive (i.e., for some v > 0, (Nx,z Yy > v|z||% for all z € H), the linear operator
PY associated with the value function solves the Riccati equation (55);

(iii) that the comparison result mentioned above translates in the inequality PV > @, in the preorder of
selfadjoint positive operators, for every constant solution @ of the Riccati equation (55) in a suitable class.

This is the subject of a paper in progress.
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4.1. A key comparison result

Given any initial datum N € S;(H), we want to compare the “stationary” solutions of the Riccati
equation (55) with the value function V¥ of the auxiliary problem. This fact will be used, in the next
section, as a key tool to prove our first main result, Theorem 5.8. In order to do this we need first to give a
precise meaning to the concept of stationary solution of (55).

Roughly speaking, a stationary solution P € S;(H) of the Riccati Eq. (55) should also be a solution of
the following equation, which comes from the right-hand side of (55):

0= —(Ax, Py)y — (Pz, Ay)y — (B*QI_Px, B*Ql_Py)y. (56)

This equation is meaningful for every =,y € D(A) N H with Pz, Py € R(Q~) and Ax, Ay € H. Since the
last requirement appears too restrictive, we rewrite (56) by taking the first two inner products in X, getting:

0= —(Az, QI Py)x — (Ql Pz, Ay)x — (B*Ql Pz, B*Ql Py)y. (57)

This makes sense in a larger set of vectors x, y, namely for every z,y € D(A) N H with Pz, Py € R(Qx). It
is important to note that (57) is precisely the ARE (31) if we formally set R = Q[P (which is, in general,
an unbounded operator).

We can now provide the precise definition of solution of (57).

Definition 4.6. Let P € S (H) and define the operator Ap as follows:

{ D(Ap)={z€eH: Pr e R(Qx)}

Apz = QLPr  VaeD(Ap). (58)

We say that P is a solution of (57) (or, alternatively, a stationary solution of (55)) if D(A)ND(Ap) is dense
in [ker Qo]+ and

0=—(Az, Apy)x — {(Apz, Ay)x — (B*Apx, B* Apy)y Va,y € D(A)ND(Ap). (59)

Remark 4.7. In the above definition we added, beyond the fact that Eq. (57) is satisfied in the set where
it makes sense (i.e. D(A) N D(Ap)), a density condition on such set. We made this choice in order to rule
out solutions which would be not significant. For instance, consider the case when Hypothesis 2.4 holds and
choose P to be an orthogonal projection on the line generated by a vector v € R(Q ). Clearly, in this case
D(Ap) = {0}, hence D(A) N D(Ap) = {0}. Since the ARE (57) is obviously satisfied when 2z = y = 0, it
follows that any such P would be a solution. H

We now define a subclass Q of the class of all solutions of (57). First of all we recall that, by Lemma 2.13,
e!4|y is a strongly continuous semigroup in H, whose generator is denoted by Ay (see (36)).

Definition 4.8. Let P € S;(H). We say that P € Q if there exists D C D(Ap) such that D is dense in
D(A) N H with respect to the norm || - ||z + ||A - || x;

Lemma 4.9. The set R(Qoso) ND(A) is dense in D(A)N H, equipped with the norm ||+ ||g + ||A-||x. Hence,
choosing D = R(Quxo) N D(A), we have Iy € Q.

Proof. Let x € HND(A) such that

(,2 )g + (Az, Az )x =0, Vz € R(Qs) ND(A).

18
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It is enough to prove that x = 0. Observe that, writing z = Qv,

(z,Qo0y )1 + (A2, AQooy )x =0,  Vy € D(AQ).
Then
This means that Az € D((AQ)*) and (AQ)* Az = —x. Hence

(AQu)*Aw, Az ) x = —(, Ax )x = | (—A)/22[% > 0;

the fractional powers of —A are well defined since, by Hypothesis 2.1(ii), —A is a positive operator: see
e.g. [28, Chapter 4]. On the other hand we know, from [13, Lemma 3.1-(ii)], that, for every y € D((AQx)*) C

D(AQx)
2((AQw)"y,y )x = —IIBylIZ,

so that
2((AQo)* Az, Az Y x = —||B* Az||? < 0.

This implies that ||(—A)/2z||% = 0; hence Az = 0 and, since A is invertible, z = 0. [

Lemma 4.10.  Assume Hypotheses 2.2 and 2.3. Let P € Si(H) be a solution of (57), according to
Definition 4.6, and suppose moreover that P € Q. Then the following estimate holds:

1
2
where VT is the value function defined in (49) with N = P.

(Pr,x)g <VFP(t—Ty,x) VrxeH, Vt>Tp,

Proof. Step 1 We prove the estimate

0

(Pr,z)un < (Py(To —t),y(To — ) u +/T B lu(s)lFds, ¢ > To, (60)

for every (z,u) € H[—t,o] (z) with € H, where y is the state corresponding to (z,u), i.e.

S

y(s) = T4, 4 / ¢4 Bu(o)do, s € [—t,0]. (61)

—t
Such inequality would be easy to prove if we were able to compute - (Py(s),y(s)) g and prove that

d

25 Py () < u6)E, s [-0]

Unfortunately we even do not know if such a derivative exists. Hence we need to build a delicate
approximation procedure as follows.
Fix t > Ty and @ € H; consider any (z,u) € U[_¢q)(z). It is not restrictive to assume in (61) that

u(o) € R(B*) for every o € [—t,0]: indeed, writing, for every such o,

(o) =wi(0) + uz(0), wi(o) € R(BY), uslo) € R(B*) =kerB,
it is clear that e*~?)4 Buy(o) = 0. Hence

y(s) = elstDA, +/ e~ 4 Buy(0)do, s e [—t,0].
—t
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Since, evidently, Jlityo](z,u) > J[Iit’o](z,ul), we can always choose uj in place of u. Next, select a
sequence {(z,un)} C [D(Ag)] x C3([—¢,0];U),* such that u, is R(B*)-valued and (z,,u,) — (2,u)
in H x L?(—t,0;U). Thus we can set u, = B*v,, where v, € C}([-t,0],X) and, denoting by ¥, the
corresponding state, we have y,, € C1([—t,0]; H) N C([—t,0]; D(A)) (see e.g. [25, Chapter 4, Corollary 2.5])
and s

Yn(s) = etsHDA4 +/ e(*=94 BB*v, (0) do, s € [—t,0].

—t

Thanks to the properties of the set D of Definition 4.8, we can now choose, for every n € N, another

approximating sequence {ynxtneny C CY([—t,0], H) N C([—t,0],D(A)), such that y,x(s) € D for every
s € [—t, 0] and satisfying, as k — 400,

Ynk = Yo 0 CH([=t,0; H),  Aynr — Ay, in O([=1,0]; X) (62)
(see e.g. [25, Chapter 4, Theorem 2.7]). Set now wyx = Y, — AyYnk. By (62) we get, for every n € N,

Wk — Yy, — Ay, = BB*v, in C([—t,0]; X) as k — +oo0. (63)
We now can differentiate the quantity (Pynx(s),ynr(s))m for s € [—t,0]. Indeed, taking into account the

above definition of wy,, we obtain, for s € [—¢,0] and n,k € N:

P ().t (5)) 1 = W (5). Pone(5)) 11 + (Puns (), ()
= (), APt (8))x + (Apyar(s), vl () x

= (Ayni(3) + wnk(8), ApYni(8)) x + (APYnk(S), AYnk(s) + wnk(s))x .

Since P solves the ARE (59) we get, for every s € [—t, 0],

%(Pynk(s)yynk(s)m

= 1B Apynr ()7 + (wnr(5), Apyni(s))x + (Apyni(s), wnr(s)) x

= 1B Apynr(s)Tr + (B*vn(s), B* Apyni(s))v + (B* Apyni(s), B va(s))v
+ (wnk(s) — BB*v,(8), Apynk(8))x + (ApYnk(8), wnk(s) — BB v, (s))x

= —[|B* Apynr(s) — B vn(s)|tr + 1B vn(s)

+ (Wnk(s) = BB vn(s), Apynk(s)) x + (ApYni(s), wnk(s) — BB vn(s))x.
Before going on, we make some remarks on the terms

(wnk(s) = BB on(s), Apynk(s))x + (Apynk(s), wnk(s) — BB vn(s)) x
= 2Re (wni(s) — BB*v,(s), Apyni(s))x -

Denote by IT the orthogonal projection onto R(Qw,) = R(BB*). As both Apy,k(s) and BB*v,(s) belong

to R(Qw) = R(BB*), we may write
(wnk(s) — BB (), Apyni(8))x = (HHwni(s) — BB 0, (8), Apynik(s)) x.
Next, the pseudoinverse (BB*) is well defined and, since R(BB*) is closed, it satisfies (BB*)'IT € £(X),
due to the closed graph theorem. In addition, we have BB*(BB*)'II = II, so that
<wnk(8) - BB*Un(S)a APynk:(s)>X = <Hwnk(‘9) - BB*’U,,L(S)7 APynk(S)>X
= <BB* [(BB*)THwnk(s) — vn(s)] ,Apynk(s)>x .

3 C}([~t,0];U) is the set of C* U-valued functions which take the value 0 at the extrema.
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We go back now to the expression of the derivative of (Pyk(s), Ynk(s)) m:

d%<Pynk(8),ynk(8)>H = — B Apynr(s) — B va(s)|F; + 1B vn(s) 17
+2Re (BB* [(BB*) Mwyk(s) — va(s)] , Apyni(s))
= —||B* Apynr(s) — B vn(s)[IF + B va(s) It
+2Re (B* [(BB*)THwnk(s) — p(s)] ,B*Apynk(8)>x .

X

Hence we may write for every € > 0,

d
——(Pynr(s),ynr () < = B*Apynk(s) — B*vn(s)[ + | B vn(s)]|

: oI
S
+2 HB* [(BB*)THU}“/C(S) - Un(s)} HX HB*APynk(S)HX (64)
< —||13*/1Pynk(8) = B un(s)[f + 1B vn(s) I,
* * 2 *
+ | B* [(BB*) Twni(s) = va(s)] || + €l B* Apynr(s) %
Now observe that
el B* Apynr ()% < 26| B* Apynr(s) — B va(s)|[E; + 2¢l| B va(s) |-
Inserting this inequality into (64) we get
d * *
75 \LPunk(8)syni(s)m = — (1= 2¢) [ B"Apyni(s) — B un ()% (65)
1 N " 2
+(1+ 2¢) HBﬂ}n(s)H,QJ + - HB [(BB )Tﬂwnk(s) — ’Un<8)} HX .
Hence, for all positive € < % we get
d * 1 * * 2
7 (Pynk(s), yni(s)) i < (1+2¢) [ B*on(s)ll + < || B™ [(BB ) Mwi(s) = on(s)] | - (66)

Now we have as k — oo, for every s € [—t,0],
[ynk(s) = yn () = 0, ypx(s) = yn($)lz = 0, [lwar(s) = BB vn(s)llx — 0;
as a consequence, using the fact that (BB*) I BB* = (BB*)!BB* = II, we obtain as k — oo
(BB*) Hwpy,(s) — (BB*) I BB*v,(s) = Tv,(s) in X,
and also, since ker BB* = ker B,
B*(BB*) Twyx(s) — B*ITv,(s) = B v,(s) in X.

1

Thus by (66) we get, for every n € N\ {0}, s € [-t,0] and 0 < ¢ < 3,

d x

=5 (Pyn(s),yn ()i < (14 2¢) | B on (s)ll7

Finally, letting ¢ — 0 and recalling that u,, = B*v,,

d

= (Pyn(s), ()i < Jun(s)lf; ¥ € N\{0}, Vs € [~t,0]
We now integrate in the smaller interval [Ty — ¢, 0]:

0

(P00 < (Po(Ta = 0)5(To =)+ [ ()] .
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Letting n — oo, since y,(s) — y(s) for every s € [—t,0], y(0) = z, and u, — u in L?(—¢,0;U), we deduce
for every (z,u) € Ui_,0)(x)
0
(Pa,a)n < (Py(To ~ 00T~ + [ Ju(s)lfds,  ¢> T
To—t

this is Eq. (60).
Step 2 We complete the proof of the lemma. Consider a sequence (2, i,) € H[To,t’o] (z), such that, as
n — 00,

Tty —1.0)(Zns ) = _inf Jiry .0 (zu) = VI (t = Tp, ). (67)
(z,u) €U [Ty 0] ()

Thus 2, € H, @, € L*>(To —t,0; U) and the corresponding state is
Gn(s) = etsHt=T0)Az —|—/ e~ D4B0, (0)do, s e [Ty —t,0];
To—t
in particular g, (0) = x. Now choose ©,, € L?(—t, Ty — t; U) such that
To—t
/ eTo=t=)ABs (5) do = 2,; (68)
—t

this is possible since, due to Hypothesis 2.2, the range of the operator (defined in (19))
(N ad ,Cft’TO,t(’U) = ’C*TOD(VU(. +t— To))
is all of H (see [14, Theorem 2.3]). Then, setting

— {)n in [—t, TO — t]
Un = 4, in [T —t,0],

the state corresponding to (0,%,) in [—t,0] is

By (68) we have
To—t
7, (To —t) = / e(TO_t_")ABHn(U) do = 2,;

hence, by uniqueness,

7,(s) = elstt=To)As 4 / e(s_c’)ABan(a) do = g, (s) Vs € [Ty —t,0],
To—t

so that 7,,(0) = §,,(0) = «. This shows that (0,u,) € U|_;0)(x), and consequently, by (60),
0
(P, < (Pan b+ [ (o)l ds = 27, ()
o

Finally, by (67), as n — oo we get

1
(P, a)n < VPt —To,x) Vt>T,, VYeeH O
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5. Results on the minimum energy problem
5.1. Optimal strategies
We start proving the existence of optimal strategies.

Proposition 5.1. The set U_,0)(0, ) is nonempty if and only if x € H. Moreover, for every x € H there
exists a unique Uy € U_o,0)(0,) such that

Voo (.r) = J[,OO’O] (’ELI)

Proof. The first statement follows from (17) as in Proposition 4.1. Now take z € H and observe that
any minimizing sequence {u,, },en must be bounded in L?(—o0, 0; U); so, passing to a subsequence, we have
Up — Ty in L2(—00,0;U). As the functional J[—c0,0] 8 weakly lower semicontinuous, we get

Voo(x) < J[—oo,O] (ﬁm) < lim inf J[—oo,O] (un) = Voo(x)a

n— oo

i.e. i, is optimal. Uniqueness is an easy consequence of the strict convexity of the functional Ji_ . U

Moreover we have the following result about the optimal pairs when © € R(Qo) (see [13, Proposition
C.3 and Remark C.4]).

Proposition 5.2. Let z € R(Qoo). Let (§z,Us) be the optimal pair for our problem with target x. Then we

have
Qg (r) = B*e 4 Qlox, re]—o0,0]. (69)

Moreover the corresponding optimal state 3, satisfies
J(r) = Qooe_TA*Qlox, re]—o0,0]; (70)
and the optimal pair satisfies the feedback formula

Gy (r) = B*Ql_§.(r), re€]—o00,0]. (71)

Remark 5.3. We observe that in Proposition 5.2 §, is, formally, a solution of the backward closed loop

equation
y'(r) = (A+BB*QL)y(r), re€]-00,0[, y(0)=uz (72)

Since @, solves the Lyapunov equation
AQ+ QA"+ BB* =0
(see [13, Proposition 3.3]), Eq. (72) rewrites as
Y (r) = —QuA*QLy(r), re]—o00,0]. (73)

Finally, if A* commutes with @, (e.g. when A is selfadjoint and invertible, and A and BB* commute), then
(73) becomes
y'(r)=—A"y(r), re]—o00,0[. (74)

This means that, in such case, the optimal trajectory arriving at x is given by

y(r) = e*’”A*x, re|—o0,0].
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5.2. Connection with the finite horizon case

We now prove the connection between V,, and the value function V of the corresponding finite horizon
problem studied in [13].

Proposition 5.4. Let Hypothesis 2.2 or Hypothesis 2.4 hold. For every x € H we have

Voolz) = lim V(t,x) = %gg V(t,x).

t—+o0

Moreover

1 1
Vee(2) = 5llally = 5 1@ all%

and, for & € R(Quo), Voo () = 1(Qlow, )x.

Proof. Step 1. First of all, by [13, Proposition 4.8-(i)], the function V (-, z) is decreasing for every x € H;
hence, for every such x
3 lim V() = t11>12 V(t, x).

t—+o0

We now prove that Vo (z) < infyso V (¢, 2). With an abuse of notation we can write
Ui—1,0)(0,2) € U_,0(0, ) vVt >0:

indeed, given a control bringing 0 to z in the interval [—t,0], we can extend it to a control bringing 0 to
x in the interval [—oo, 0] just taking the null control on | — oo, —t]. So, if the set U_; (0, z) is not empty,
a fortiori the set U_ o (0, ) will be not empty. This fact, together with the monotonicity of V (-, z), implies
that
<i .
Voo () < mf V(t, ) (75)

Note that this inequality is true without assuming Hypotheses 2.2 or 2.4.
Step 2. We prove now the reverse inequality and the last statement under Hypothesis 2.2. Fix any € > 0
and consider the optimal state @, € U_,0)(0,2) corresponding to x, such that Ji_ (%) = Voo(2). By

(9) we get . .
T :/ e TABi, (1) dr = e, (—t) +/ e "Bl (t)dr VYt > 0;

—0o0 -t

hence we have 1 |[_¢,0] € U—¢,0(Jz(—t), z), which in turn implies that

Vit e 5u0) < § [ Na(o)} 05 Isea(ia) = V(o) (76)
Now we claim that for every § € ]0,1[ we may choose ts > T such that
le4gu(~t)lm <6 Vi> 1y (77)
indeed, by Hypothesis 2.2 and Lemma 2.10(v) we have for t > Tg
"9 (=)l = QL) e 9 (=0l x < QYD) ™| x I ™4 g, (=1) | x
< (@A) ™0 iy Me =701, (<) x -

Since, as a straightforward consequence of Lemma 2.7, §,(—t) is uniformly bounded in X for ¢ > 0, the
claim is proved.

Going ahead with the proof, we recall that, by [13, Proposition 4.8-(iii)-(b)], we have uniform continuity
of V on [Ty, +o0] x B (0, R) for every R > 0, where By (0, R) is the ball of center 0 and radius R in H. So,
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setting R = ||z||g + 1, and denoting by pr the continuity modulus of V' on [Ty, +o0] X Br (0, R), by (77) we
have for ¢ > ts
V (t,z — egu(—t)) > V(t,z) — pr(d).
The above, together with (76), implies that
V(t,z) — pr(d) < V() Vit > ts.
Choose now 4 such that pr(d) < e: then for ¢ > t5 we get V(t,7) < Voo(z) + €, so that
tlgt(")V(t,x) < Voolx) + ¢

by the arbitrariness of €, (75) becomes an equality, as desired.

Finally the last statement follows from [13, Proposition 4.8-(iii)-(d)].

Step 3. Assume now Hypothesis 2.4. In order to prove the reverse of inequality (75), we repeat the
argument of Step 2, with the only difference in estimating ||e*4§,(—t)| z: since §,(—t) € H, we have now
by Hypothesis 2.4 and Lemma 2.14(iii)

e 90 (=)l = l|e"0Loso,—tlallr < M ™| Lo, —4lia] |11
On the other hand, setting @, ;(s) = 4. (s — t), we have @, ; € L?(—o0, —t;U) and
1£—o0,~tla|lm = || £—co,0tia,t] 1,
so that, by Lemma 2.10(v),

45, (~0) s < M e = M e (@) Lo

< M e “MI(QM) Lo 0ll £(22(— 00,00y, 3) 1t £2( —o0,0007) -

Since

||ﬁ1,t||L2(foo,0;U) = ”ﬁIHLQ(foo,ft;U) < ”ﬂﬂ?HLQ(foo,O;U) = 2V (),
we obtain

||etA ) < V2Veo(z)Me™ th Q1/2)T£700 0||£ L2(—00,0;U),X)"

Hence, again, for every 6 € }0, 1[ we may choose t5 > 0 such that (77) holds. Proceeding as in Step 2, we
conclude that, as before, (75) becomes an equality.

Step 4. We now prove the final statement under Hypothesis 2.4. Arguing as in [13, proof of Proposition
4.8-(iii)], for t > 0 and z € R(Qx) = R(Q:) we have

2V (t,2) — ||z]3] = (QeQlz — 2, 2)n
= [{(Qu — Q1)Qlz,2) | = |{(Que — Q1)QI, QL) x|

Since, for suitable ¢ > 0,

<ce *z|lx Vze X
X

n@m—@vw_]

o0 *
/ eABB* e’ 2 ds
t

we obtain
2V (t,2) — [[|F] < ce”|Qfz] x |QLz] x-
Now we observe that, using [13, Proposition C.1-(iv)], it holds, for every ¢ > 0,
Qoo = Qi + e Qoo Vr e X.
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This is equivalent to
(1—e*MQoz = Qux Ve e X

which implies, since R(Qos) = R(Q), that (1 — e?*4) maps R(Qo) into itself. Hence, for large ¢ > 0,
Qoo = (1 — e 71Qux Vo € X. (78)
We claim now that passing to pseudoinverses we have
Qlz=Ql(1—e*)z,  VzeR(Qu) (79)

Indeed, fix z € R(Qo) and set
v=QI 2, w= Qi(l — &2z,

Applying Q. we get, since (1 — e?4)z € R(Qoo) = R(Q;), and using (78),

Qocv = QOOQLOZ =z,
Qoo = (1 _ thA)letw — (1 _ e2tA)71QtQ;f(1 _ thA)Z — (1 _ 62tA)71(1 _ e2tA)Z = 2.

Hence Qoow = Qoov: since @ is injective on R(Q ) (where both v, w live), we obtain w = v, thus proving
our claim.

Since [|(1—€e*4) 71| z(x) = 1 as t = 400, then, by (79) we deduce, for large ¢ > 0 and for some constant
K

2V (¢ @) — |23 < ceQfzllx |Qkxlx = (1 - ) QLzlx QL] x < K e | QLal,

which proves that )
; L2
Jim V(t,2) = 5 el

The proof is complete. [

5.8. Algebraic Riccati Equation

We now deal with the Algebraic Riccati Equation associated with our infinite horizon problem, i.e. (31).
As usual we expect that the operator representing the value function is a solution of it. Moreover, as the
solution cannot be unique (the zero operator is always a solution), we only expect the above solution to be
maximal in some suitable sense. This is our main goal. Before starting we note that, by Proposition 5.4,
Vs is a quadratic form represented, in H, by the identity operator Iy € L(H) and, in X, by the possibly
unbounded operator Q.

To prove our maximality result, it seems better, to avoid unboundedness issues, to work with the
representation of Vi in H. Hence in analogy with what is done in Section 4.1 (see (57)) we consider Eq. (31)
where the unknown R is formally set equal to QI P and P is the new unknown.

0= —(Az, QL. Py)x — (QL. Pz, Ay)x — (B*QL Pz, BQL Py)u. (80)

Note that such expression makes sense only when Pz, Py € R(Qo) and z,y € D(A)N H.

Remark 5.5. In the finite-dimensional case, when the operator ()., is invertible, it is proved that the
operator R = Q7! solves (31), using the fact that its inverse W = Q. is the unique solution of the Lyapunov
equation

AW +WA* = —-BB* (81)
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among all definite positive bounded operators X — X. This is reported by Scherpen [12, Theorem 2.2], who
quotes Moore [11] for the proof (see also, among others, [29, Chapters 5 and 7], [30] and [31] for related
results). In fact, as we will see, this procedure works in our infinite dimensional case, too, but with more
difficulties.

Clearly the issue of maximality /minimality of solutions of ARE have been studied also in the infinite
dimensional case, but in cases different from ours, see e.g. the books [21, Section 9.2] [22,23]. W

We now provide the definition of solution of both forms of our ARE, i.e. (80) and (31), which include,
along the same line of Definition 4.6, a density condition motivated by Remark 4.7.

Definition 5.6.

(i) An operator P € S (H) is a solution of the ARE (80) if the set D(A) ND(Ap) (see (58)) is dense in H
and Eq. (80) is satisfied for all z,y € D(A) N D(Ap).

(ii) A positive, selfadjoint, possibly unbounded operator R : D(R) C X — X is a solution of the ARE (31)
if the set D(A) ND(R) is dense in [ker Q]+ (in the topology inherited by X) and Eq. (31) is satisfied
for all z,y € D(A) ND(R).

Proposition 5.7. The following statements hold.
(i) If P € S, (H) is a solution to (80), then R = QI_P is a solution to (31) and it satisfies, in addition,
VPRQY? € L(X) and D(A) ND(R) dense in H.
(i) If R is a solution to (31) and it satisfies, in addition, QYPRQN? € L(X)* and D(A)ND(R) dense in H,
then P = QxR € Sy (H) is a solution to (80).

Proof. (i) Assume that P € S, (H) solves (80). Setting R = QI P, we easily see that R is selfadjoint
and positive and that its domain is exactly D(Ap), which is dense in H by Definition 5.6(i). Hence it is also
dense in [ker Qo ]*. Then, again by Definition 5.6(i), the set D(A) N D(R) = D(A) N D(Ap) is dense in H.
The fact that such R satisfies (31) for every =,y € D(A)ND(Ap) follows by simple substitution. Finally, for
every ¢ € X we have

1QLPRQL ellx = 1052 PRI x| x = [PQL el i < |Pllen Qe = I1Plleqn 2] x-

(ii). Let R : D(R) — X be a solution of (31), having the properties that D(A) N D(R) is dense in H
and Q%QRQéf € L(X). We set P = Qs R: then we easily see that P is selfadjoint and positive. Hence
P € 8§, (H) since, for every z € H,

[Pzl = |QuoRelln = |QMAQYZRQNNQLY) i = |[QMPRQYAQY) x| x
< QMPRQY | o) QYA 2l x = 1QYPRQYA x| -

Moreover, we see immediately that D(Ap) = H ND(R). In addition, (31) transforms into (80), and it holds
for every x,y € D(A) N D(R), i.e. it holds for every =,y € D(A) N H ND(R) = D(A) N D(Ap), as required
by Definition 5.6. [

Concerning the two AREs (80) and (31) we have the following result:
Theorem 5.8. Let Hypothesis 2.2 hold.

4 Here we mean that the set of z € X such that Qifx € D(R) is dense in X and that the operator QiéQRQ;/,z can be
extended to a bounded operator in X.
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(i) The operator R = Ql_ is a solution of the Riccati equation (31) in the sense of Definition 5.6 (ii).

(i) The operator P = Iy is a solution of the Riccati equation (80) in the sense of Definition 5.6 (7).

(@ii) Let also Hypothesis 2.3 hold. Then the operator Iy is the mazimal solution of (80) in the following
sense: zfp is another solution of (80) in the sense of Definition 5.6 (i), belonging to the class Q introduced
in Definition 4.8, then

%(PI,@H < %Hxni, =Vyo(z) VzeH.
(iv) Let also Hypothesis 2.3 hold. Then the operator Ql_ is the mazimal solution of (31) in the following

sense: if R is another solution of (31) in the sense of Definition 5.6 (i), such that Qééz]%Q:;éz € L(X),
D(A) ND(R) is dense in H, and Qoo R € Q (see Definition 4.8), then

“(Ra,z)x < =(Qf 2,2)x = Voelz) V€ R(Quo)-

N

Proof. (i) By [13, Proposition 3.3], Qo solves the Lyapunov equation, i.e. we have for every & € D(A*)
AQoo€ + QuoA™{ + BB™¢ = 0.
This implies that, for every £ € D(A*) and n € X,

(AQoc&, M x + (Qo A&, ) x + (B*E, B )y = 0.

When 7 € D(AQ) the second term above rewrites as (€, AQ~.n) x. Consequently, when 1 € D(AQ ), the
functional £ — (AQ&,n ) x, well defined since £ € D(A*), can be extended to a bounded linear operator on
X since, by the above equation, it is equal to —(§, AQoon ) x — (B*E, B*n )y. Hence, choosing in particular
£ € D(AQx), we get

Now set £ = Qo€ and y = Qoon. Then x,y € D(A) and the above rewrites as
(Az,n)x + (§, Ay)x + (B, B™n)u = 0. (83)

Observe that & = QI _x + & and 7 = Ql_y + o for suitable &y, 7o € ker Qo C ker B*. Hence, using the fact
that Qo solves the Lyapunov equation in the form (82), we have, for £ € D(AQ ),

(Az,m0)x = (AQoo&,m0) x = —(§ AQoomo) x — (B*E, B mo)u = 0

and, similarly, for n € D(AQ), (o0, Ay)x = 0. We then get, substituting into (83) and observing that
B*§ = B*no =0,

(Az, QLy)x +(Qlx, Ay)x + (B*QLoz, B*QLy)u =0, 2,y € Qoo (D(AQ)). (84)

The above is exactly equation (31) for R = QI_. To end the proof of (i), it is enough to observe that
Qoo (D(AQy)) is dense in [ker Qo] (using Remark 2.12 and the fact that it contains Q.. (D(A*))), and
moreover that

Qoc(D(AQx)) = D(A) NR(Qw) = D(A) N D(QL,).

Indeed if € Qo (D(AQw)) then it must be 2 = Q& with £ € (D(AQw)), so that AQ..& is well defined
and clearly coincides with Az, proving that € D(A). Obviously it must also be € R(Q ). The converse
is similar.
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(ii) It is enough to observe that (84) coincides with (80) with P = Iy, and that D(Ar,,) = R(Qw)-
(iii) Let P be a solution of (80) belonging to the class Q introduced in Definition 4.8. It is immediate
to see that P is a stationary solution of (55) in the sense of Definition 4.6. Now we apply Lemma 4.10 and
(51), getting
%(ﬁx,w}H <VP(t,z)<V(ta) ze€H, t>T,.
Taking the limit as ¢t — 400, the result follows by Proposition 5.4.

(iv) Let R be a solution of (31) with the required properties. Then, from Proposition 5.7, we have
P = Q. R e S.(H), Pis a solution of (80) and P € Q. By part (iii) we then obtain, for z € R(Qx0),

A A

(Rr,z )x = QL. Pr,x )x = (Pr,2 )y < (2,2 )y = (Qlz, 2 )x.

The claim follows. [

Remark 5.9. The statements of Theorem 5.8 still hold if we consider the slightly more general problem
where the energy functional has the integrand (Cu,u)y instead of (u,u)y , where C' € S (U) is coercive
and hence invertible. Indeed it is enough to define the new control variable v = C'/2u and, consequently, to
replace the control operator B in the state equation by BC~Y/2. W

Remark 5.10. Theorem 5.8 can be applied to a variety of cases (e.g. delay equations treated in [13,
Subsection 5.1] or wave equations). Here, according to our motivating example arising in physics (see
Section 3), we develop a deeper analysis in the case where the operator A is selfadjoint and commutes with
BB*; in particular, when both are diagonal. This will be done in the next section. W

6. The selfadjoint commuting case

We consider the case where A is selfadjoint and invertible, and commutes with BB*. We do not use here
Theorem 5.8: so we need neither Hypothesis 2.2, nor Hypothesis 2.3. We just assume Hypothesis 2.4.
From [13, Proposition C.1-(v)] we know that, for every z € X,

1
Qoo = —§A‘1BB*3;

and
24z = —BB*Ql.z  Vz € R(Qu) C D(A). (85)

Multiplying at the right the last equality by (BB*)' and using that (see [13, Proposition C.1-(iii)])
[ker BB*|*+ = [ker Qo]+, we get

2(BB*)TAx = —(BB*)'BB*Ql_x = Ql_x  Vz € R(Qu) C D(A).

In this section we deal with the ARE (80) in H (with unknown P € £(H)) under Hypothesis 2.4. Such
equation, using (85), becomes

0=—(Az, QL. Py )x — QL. Pz, Ay )x +2(APz,Ql.Py )x. (86)

This makes sense, as for (80), when z,y € D(A) ND(Ap) (see Definition 4.6). We now want to rewrite this
equation using the inner products in H. Observe first that in R(Qs) we have Qf_ = (QééQ)T(QééQ)T. Then,
if Az, Ay and APz belong to H, we rewrite (86) as

0=—(Az, Py )y — (Px,Ay )y + 2(APx, Py )u. (87)
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Now, recalling the definition of Ay (see Lemma 2.13(iii)), Eq. (87) can be equivalently rewritten as
0= —(Aox, Pyyy — (Px, Aoy)m + 2(Ao Pz, Py)p, (88)

provided that x,y, Pz, Py belong to D(Ay).
We now clarify the relationship between (86) and (88). First we set

DY .= {x € D(Ap) : Pr € D(Ap)}. (89)
Next, we provide the following definition of solution for (88) (compare with Definition 5.6):

Definition 6.1. An operator P € S, (H) is a solution of the ARE (88) if the set D¥ is dense in
H and Eq. (88) is satisfied for every =,y € DF.

Finally, we observe that every solution of (86) is also a solution of (88): indeed, if P € S;(H), then, by
definition, we have D C D(A) N D(Ap). Hence, if P € S, (H) solves Eq. (86), then, choosing in particular
z,y € DF we can turn (86) into (88).

The reverse procedure is also possible: we postpone the proof at the end of the section (Proposition 6.6),
since some more informations on solutions P of (88) are needed.

We now give a preparatory result about the properties of such solutions.

Proposition 6.2. Assume Hypothesis 2.4. Then any solution P of (88) satisfies

(Aox, AgPz Y = (AgPx, Aoz Yy Vz,z € DF. (90)

Proof. Let P be a solution of (88). We observe that for all z,y € DF we have, since Ay is selfadjoint in
H (see Lemma 2.15(iii)),
(AoPz,y ) + (PAox,y )u = 2(PAo P,y )u . (91)

By density, this equation holds for every z € DF and y € H. Symmetrically we have also
<$,PA0y >H + <xaAOPy >H = 2<xaPAOPy >H (92)
for every x € H and y € DP. We choose in (91) y = PAgz — AgPz, with z € D and we obtain:

<A0PQS,PA()Z>H — <A0P$,AQPZ>H + <PA0$,PA()Z>H — <PAQ],‘,A0PZ>H
= 2<]DA/4()Z‘_)IL’7 PA()Z>H — 2<PAOP’I, AOPZ>H .

We isolate on the left the symmetric terms:

2<PAOPJ,‘,AOPZ>H - <AOP$,AOPZ>H + <PAO$,PA()Z>H
= 7<A0PI,PA()Z>H + <PA01‘,AOPZ>H + 2<PAOPI, PA()Z>H .

Next, we apply (91) to the last term on the right:

2<PAOP.Z‘,AOPZ>H - <AOP$,AOPZ>H + <PAO.1?,PAO,Z>H
= —<A0Px, PA()Z>H + <PA0.I, A0PZ>H + <A0P17,PA02’>H + <PAQ:L',PA()Z>H,

which simplifies to
2<PAOP.’I,‘,AOPZ>H - <AOP$,AOPZ>H = <PAO.’L‘,AOPZ>H.
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Applying (92) to the term on the right, rewritten as (Aoz, PAgPx), we obtain for every z,z € DY
1 1
2<PA0P33, AQPZ>H — <A0P$, A0PZ>H — §<PA0$, A0Z>H = §<AO$7 AQPZ>H . (93)

We now restart from (92), and choose x = PAgz — AgPz, with 2 € D acting on the left variable of the
inner product, and proceeding exactly in the same way as before, we get for every z,y € DF

2(AgPz,PAgPy)g — (Ao Pz, AoPy)m — %(PAOz,AOwH = %(AOPZ,AOwH . (94)
Comparing Egs. (93) and (94), both written with variables z,y, we immediately obtain
1 1 b,
§<A0x,AoPy>H = §<A0Pm,A0y>H, x,y € D7,
which is (90). O

We can now prove:

Theorem 6.3. Assume Hypothesis 2.4. Then any solution P of (88) commutes with Ag, i.e. Px € D(Ayp)
for every x € D(Ap) and
AgPx = PAyx Vx € D(AO)

In particular DY = D(Ay).
Proof. We start from (90) with w = Agz and y = Apz, i.e.
(w, AgPAG 'y Yir = (AgPAy ' w,y Vi Vw,y € Ag(DP). (95)

Notice that Ag(DT) is the natural domain of the operator AgP Ay *; which might be (a priori) not dense in
H. Let us denote by Z the closure of D(AgPAy ") in H; so we have

A= A(](DP) = D(A(]PAal)

Obviously Z is a Hilbert space with the inner product of H. Eq. (95) then tells us that Ay(DF) C
D((AgPAG")*) and

(AgPAGY ) w = AgPAg'w  Yw € Ag(DY) = D(AgPAG"). (96)
On the other hand, if z € D(Ap) and y € D(AgPA; ") we may write
(z, AgPAG'y )i = (Ay ' PAoz,y )i s

consequently
D(Ao) € D((AgPA")") (97)

and

We now claim that AgPAy ! is selfadjoint in the space H, i.e.
D((AoPA;")") = D(AgPAG") = Ao(DT) (99)

is dense in H and (96) holds.
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Indeed, assume that z € D((AgPAy*)*): then there is ¢ > 0 such that
(AgPAy w, 2 Y| < c|lz||u Vr € D(AgPAyY).

In particular, by (96),

(2, (AgPAGY) 2 Y = (AgPAy ', 2 Y = ((AgPA ) 2,2 ) Vo € D(AgPAGY).
This shows that z € D(AgPAy ") and AgPA; 'z = (AgPAy")* 2. Hence

D((AgPAGY)*) C D(AgPAyY) and AgPA;' = (AgPA;Y)* on D((AgPAG)*).
Conversely, we know from (96) that

D(AgPAG"Y) = Ag(DY) C D((AgPAGY)*) and (AgPAy!)* = AgPAy" on D(AgPAG?).

In particular, by (97), Z coincides with H, i.e. both domains in (99) are dense in H. This proves our claim.
Take now x € D(Ag). As, by (97), D(Ag) € D(AgPAy"), we have

PA;'z € D(Ag) Vx € D(Ay), ie. DT =D(A). (100)
(see (89)). Moreover, by (98) and by the above claim we deduce
Ag'PAgr = AgPAy 'z Vo € D(Ay).
Applying Ay ! we have Ay 2PAgx = PAy L2 for every z € D(Ayp), or, equivalently,
AgiPAYz = 2 Vz € D(A2), ie. Ag?Pw = PA;?w Yw € H.

This means that the bounded operators A, 2 and P commute. Now, since Ay ! is a non-negative operator
such that (A;1)? = A2, by a well known result (see [26, Theorem VI.9]), A;" must commute with every
bounded operator B which commutes with Ay 2 for instance B = P. So

Ag'Pw=PA;'w  YweH, ie  Pz=Aj'PAjz  Vz€ D(Ap);

this implies that P(D(Ag)) C D(Ap) and AgPz = PAgz for every z € D(Ap). Thus P commutes with Ao,
as required. Moreover P(D(Ag)) C D(Ag) implies D(Ag) € DP. The reverse inclusion immediately follows
from the definition of D. O

Remark 6.4. By Theorem 6.3 we easily deduce that any solution P of (88) commutes with the resolvents
R(\, Ag) for every X € p(Ap), i.e.

PR(\, Ag)xz = R(\, Ap) Pz Vo € H.

Indeed, for all x € D(Ap) we have PAgxz = AgPx; so, for all A € p(Ag) we have P(A — Ag)x = (A — Ap) Px.
Choosing © = R(X, Ag)z we get

P()\ — Ao)R(A, Ao)z = ()\ — ‘A())PAR()\7 A())Z — Pz = ()\ — ‘A())PAR()\7 A())Z
We then conclude multiplying both sides by R(\, Ag).

We are now able to characterize all solutions of the ARE (88).
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Theorem 6.5. Assume Hypothesis 2.4 and let P € S (H). Then P is a solution of (88) if and only if P is
an orthogonal projection in H and it commutes with Ag. In particular the identity Iy is the mazimal solution
among all solutions of (88).

Proof. Let P be a solution of (88): by Theorem 6.3 we have Px € D(Ay) for every x € D(A4p) and
AgPz = PAgpx. Hence the ARE (91), equivalent to (88), becomes

O:_2<PA0xay>H+2<PAOany>Ha xEDP, yEH

Since y is arbitrary, using (100) we get 2PAgx = 2P AgPx for every x € D(Ap), and successively, for all
x € D(Ag), PAgx — PAgPx = 0, PAo(Iy — P)x = 0, AgP(Iy — P)x = 0, P(Ig — P)x = 0, Pz = P?x;
finally, by density, P = P2.

Assume, conversely, that P is an orthogonal projection in H and it commutes with Ag. Then

PAgPz = P2A02 = PAgz = AgPz Vz € D(Ao),
and consequently P solves (91). Finally, since Iy solves (88), the last statement is immediate. [

We conclude this section proving the equivalence of the two forms (86) and (88) of the ARE.
Proposition 6.6. FEvery solution of (86) is also a solution of (88) and vice versa.

Proof. We have already seen that every solution of (86) is also a solution of (88).

Consider now a solution P of (88). First of all, if z,y € DF = D(Ay), Eq. (88) transforms into (86), so
that (86) holds true for x,y € DF.

We claim that D¥ is dense in D(A)ND(Ap) (see (89)) with respect to the norm |- ||z +||A-||x +||AP- || x-
Indeed, for z € D(A)ND(Ap), recalling Lemma 2.13, we take the Yosida approximations of A (see [25, Section
1.3]), and define, for n € N,

zn =nR(n, A)z =nR(n, A)|g z = nR(n, Ag)z.
Then 2, € D(4y) = DF and, as n — oo,

Zn — 2 in H,
Apzn = nAoR(n, Ag)z = nAR(n,A)z — Az in X,
AoPz, =nAoPR(n, Ag)z = nAR(n, A)Pz — APz in X;

this proves our claim.
Let now x,y € D(A)ND(Ap); we select again z, = nR(n, Ag)z, yn, = nR(n, Ao)y: we have z,,, y, € D(Ap)

and, as n — oo,
Tp, — xin H, Az, - Axin X, APz, - APz in X,
Yn —yin H, Ay, — Ayin X, APy, — APy in X.

In addition we have by Remark 6.4, Lemma 2.10(ii)

QI Pz, = QI_PnR(n, Ag)x = Ql_nR(n, Ay)Px = Ql_nR(n, A)Px = nR(n, A)Q!_Px,

so that, as n — oo,
Qlonn — Qlon in X,

and similarly Qf_Py, — QI Py in X as n — co. For x,, and y,,, (86) holds:

0= _<A-rn7Qloyn >X - <Q:r>opmnaAyn >X + 2<APxn7QloPyn >X~
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By what established above, we can pass to the limit as n — oo in all terms, obtaining

i.e. P solves (86). O

Remark 6.7. It is easy to verify that for every solution P of (88) the space DY = D(A4y) is dense in
D(A) N H with respect to the norm || - ||z + |4 - ||x: it suffices to repeat the argument above, i.e. to
consider, for fixed x € D(A) N H, the approximation z, = nR(n, Ag)z, observing that x,, — = in H and
Apxy, = Az, — Az in X. Thus, P belongs to the class @ introduced in Definition 4.8.

Corollary 6.8. Assume that Ag is a diagonal operator with respect to an orthonormal complete system {ey}
in H with sequence of eigenvalues {A\,} C | — 00,0[. Let P be a solution of the ARE (88). Then

(i) every eigenspace of Ag is invariant for P;

(i) if all eigenvalues are simple, then P is diagonal with respect to the system {e,};

(#ii) if there exists an eigenspace M whose dimension is m > 2, then the restriction of P to M may not be
diagonal: in particular, if m = 2 a non-diagonal P on M must have the following explicit form.:

( ) azzl_a) + 1a(_1; a) ) for some a € ]0,1]. (101)

Proof. To prove (i) it is enough to show that, for every eigenvalue A of Ag and x eigenvector of Ay associated
with A, we have APz = AgPx. This is immediate since Ay and P commute.

Concerning (ii) we observe that, for every n € N we have Ape,, = \,e,, so that A\, Pe, = AgPe,,. Since
An is simple, it is Pe,, = ke,, for some k € R. Since P is a projection, it must be £k =0 or k = 1.

Now, to prove (iii), let us assume that M is an eigenspace of dimension 2 associated to an eigenvalue
A < 0 and generated by the orthonormal eigenvectors e and f. We know that M is invariant with respect
to P and that P is symmetric. This implies that P on M (with basis (e, f)) can be identified with a 2 x 2
symmetric matrix 7" of the form

< Z lc) ) for some a,b,c € R. (102)

Moreover T is a projection. If T has rank 2 then it must be the identity matrix. If not, it must be of the
form Tz = (z1v1 + x2v2)v for some vector v of M of norm 1. Hence

T = ( vl Vit )
V1V (%)
Setting v} = a we get the claim. [

Remark 6.9. Let A be a diagonal operator with respect to an orthonormal complete system {e,} in H,
with sequence of eigenvalues {\,} C | — 00, 0[, where all \,, are simple. Then BB* must be diagonal, too.
Indeed we have, for every n € N,

+oo +oo
1 1 1
> (BB*en,er )mex = BB e, = /\—nBB*Aen = )\—nABB*en =5 > Me(BBen,ex ) en,
k=0 k=0
which implies
A
(BB*en, er, Vi (1 - A’“) =0 VkneNl.
n
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Since all eigenvalues are distinct, it must be BB*e,, = b,e, for all n € N for a suitable sequence {b,} € £>°.
This implies that Qs and Q2 are diagonal with respect to {en}, too. Following [13, Subsection 5.2] we
may also consider the case when BB* is unbounded and characterize the space H, for specific choices of
BB*, in terms of the domain of a suitable power of (—A). The example developed in Section 3 fits into this
framework. W

Remark 6.10. We can now apply our abstract theory to the example of Section 3. First of all, by
Proposition 5.4, we know that the value function (42) is given by

1 2
Voo (y0) = 5”3/0”112(0’1)'
Moreover, by Theorem 5.8, we obtain that:

e by point (i), the operator Qf_ = 24 solves the ARE (31) where we replace B* by Ty—101);

e by point (ii), the identity in L2(0,1), I12(0,1y, solves the ARE (80) where we replace B and B* by
IH*1(0,1);

e by point (iii) I;2¢p) is the maximal solution of the ARE (80) among those belonging to the class
Q introduced in Definition 4.8.

Finally, since Hypothesis 2.4 holds, we can apply Theorem 6.5. Then, noting that A is the Laplace operator
with Dirichlet boundary conditions in the space H = L?(0, 1), whose domain is H2(0,1)NH}(0,1), we obtain
that:

e the identity I;2( 1, is a solution of the two (equivalent) AREs (86) and (88);

e the set of all solutions of (86) and (88) consists of all orthogonal projections P which commute with Ay,
i.e. all projections whose image is generated by a subset of the eigenvectors of Ag;

® ;20,1 is the maximal solution among all solutions of (86) and (88). W
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